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1. Introduction
We give necessary and sufficient conditions for the 

boundedness of the fractional maximal commutators Mb,α and 
the commutators of the fractional maximal operator [b, Mα] 
on the Lorentz spaces Lp,r (Rn). We obtain some new charac-
terizations for certain subclasses of BMO (Rn). 

The study of maximal operators is one of the most impor-
tant topics in harmonic analysis. These significant non-linear 
operators, whose behavior are very informative in particular 
in differentiation theory, provided the understanding and 
the inspiration for the development of the general class of 
singular and potential operators (see, for instance [1]). For 

1 ( )n
locf L R∈ , the fractional maximal operator Mα is defined by

                                                                              ,( ) ( ) ( )
( )
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0
0

,
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r B x r

M f x B x r f y dy n
α
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where B(x, r) is the ball of radius r centered at x ∈ Rn, CB(x, r) 
is its complement and |B(x, r)| denotes the Lebesgue meas-
ure of B(x, r). If α = 0, then M = M0  is the well-known Hardy-

Littlewood maximal operator.
The commutator estimates play an important role in 

studying the regularity of solutions of elliptic, parabolic and 
ultraparabolic partial differential equations of second order, 
and their boundedness can be used to characterize certain 
function spaces (see, for instance [1, 2]).

The fractional maximal commutator generated by 
1 ( )n
locb L R∈  and the operator Mα is defined by

               .
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The commutator generated by a suitable function b and 
Mα the operator   is defined by

[b, Mα] (f) (x) = b (x) Mα (f) (x) – Mα (bf) (x).

The mapping properties of Mb,α and [b, Mα] have been 
studied extensively by many authors. See, for instance, [3-8]. 
The operator Mb

 := Mb,0 plays an important role in the study 
of commutators of singular integral operators with BMO 
symbols (see, for instance, [6, 9-11]). The operators Mα

 , [b, Mα] 
and Mb,α play an important role in real and harmonic analysis 
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and applications (see, for example [1, 8, 12]). The nonlinear 
commutator of Hardy-Littlewood maximal function [b, M] 
can be used in studying the product of a function in H1 and a 
function in BMO (see [13] for instance).

Note that, the boundedness of the operator Mb on Lp  spac-
es was proved by Garcia-Cuerva et al. [6]. In [14] by Bastero 
et al. studied the necessary and sufficient condition for the 
boundedness of [b, M] on Lp spaces. In [15] by Zhang and Wu 
considered the same problem for [b, Mα], see also [8].

Our main aim is to characterize the commutator func-
tions b, involved in the boundedness on Lorentz spaces of 
the fractional maximal commutator  Mb,α (Theorem 3.1) and 
the commutator of the fractional maximal operator [b, Mα] 
(Theorem 4.1).

The structure of the paper is as follows. In Section 2 we 
give some definitions and auxiliary results. In Section 3 we 
find necessary and sufficient conditions for the boundedness 
of the fractional maximal commutator Mb,α on Lp,r (Rn) spaces. 
In Section 4 we find necessary and sufficient conditions for 
the boundedness of the commutator of fractional maximal 
operator [b, Mα] on Lp,r (Rn) spaces.  

By A <


B we mean that A ≤ CB with some positive constant 
C independent of appropriate quantities. If A <



B and B <


A, 
we write A ≈ B  and say that A and B are equivalent.

2. Definition and some basic properties 
We start with the definition of Lorentz spaces. Lorentz 

spaces are introduced by Lorentz in the 1950. These spaces 
are Banach spaces and generalizations of the more familiar    
Lp spaces, also they are appear to be useful in the general 
interpolation theory.

Suppose that f is a measurable function on Rn, then we 
define

{ }0( ) inf : ( )ff t s d s t∗ = > ≤
where

{ } 0( ) : : ( ) ,n
fd s x R f x s s= ∈ > ∀ > .

Definition 2.1. [16] The Lorentz space Lpq
 ≡ Lpq

 (Rn), 0 < p, 
q ≤ ∞  is the collection of all measurable functions f on Rn such 
the quantity

( )
1 1
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/ /

,
: ( )

p q q

p q
L L

f t f t− ∗

∞
=

is finite. Clearly Lp,p
 ≡ Lp and Lp,∞

 ≡ WLp. The functional 
,p qL

⋅  is 
a norm if and only if either 1 ≤ q ≤ p or p = q = ∞. 

Lemma 2.1. [16] Let 
1 11 1,  ,  ,  ,  p p r r
p p

′ ′< < ∞ + =
′  and 

1 1 1
r r
+ =

′
. Suppose that f ∈ Lp,r

 (Rn) and , ( )n
p rf L R′ ′∈ . Then 

( ) ( ) ( )1
2

, ,
n n n

p r p rL R L R L R
f g f g

′ ′
≤ .

The following result completely characterizes the bound-
edness of M on Lorentz spaces.

Lemma 2. 2. [16] Let 1 < p, r ≤ ∞.
(I) If 1 < p ≤ ∞ , then the operator M is bounded on the 

Lorentz spaces Lp,r (Rn).
(II) If p = 1, then the operator M is bounded on the Lorentz 

spaces L1,r (Rn) to WL1 (Rn).
The following result completely characterizes the bound-

edness of Mα on Lorentz spaces.

Lemma 2.3. [17] Let 0 ≤ α < n,
 
1 np

α
≤ <

 
and p ≤ q < ∞.

(I) If 1 ,np
α

< <  1 ≤ r ≤ s ≤ ∞, then the condition 
1 1
p q n

α
− =  is 

necessary and sufficient for the boundedness of the operator 
Mα from the Lorentz spaces Lp,r (Rn) to Lq,s (Rn).

(II) If p = 1, 1 ≤ r ≤ ∞, then the condition 
11
q n

α
− =

 is neces-

sary and sufficient for the boundedness of the operator Mα 
from the Lorentz spaces L1,r (Rn) to WLq (Rn).

3. (Lp,r, Lq,s) - boundedness of the fractional 
maximal commutator operator Mb,α 
In this section we find necessary and sufficient conditions 

for the boundedness of the fractional maximal commutator 
Mb,α from Lp,r (Rn) to Lq,s (Rn).

Definition 3.1. We define the space BMO (Rn) as the set 
of all locally integrable functions f with finite norm

( ) ( ) ( )
( )

1

0
,

, ,

sup ,
n

B x t
x R t B x t

f B x t f y f dy
−

∗
∈ >

= − < ∞∫
where

                                            .( ) ( ) ( )
( )
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,
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,B x t
B x t

f B x t f y dy
−

= ∫

Lemma 3.1. ([9, Corollary 1.11]) If b∈BMO (Rn), then  
there exists a positive constant C such that
 ( ) ( )2

bM f x C b M f x
∗

≤

for almost every x∈Rn and for all 1 ( )n
locf L R∈ .

Lemma 3.2. [18] Let 0 < α < n and b∈BMO (Rn). Then  
there exists a positive constant C such that 

(1)
           ( ) ( )( ) ( )( )( ),bM f x C b M M f x M Mf xα α α∗

≤ +

holds for almost every x∈Rn and for all functions from
1 ( )n
locf L R∈ .

Theorem 3.1. Let 0 ≤ α < n, 1 ( )n
locb L R∈ , 1 np

α
< < ,   

1 ≤ r ≤ s ≤ ∞ and 1 1
p q n

α
− = . The following assertions are  

equivalent:
(I) b∈BMO (Rn).
(II) The operator Mb,α is bounded from Lp,r (Rn) to Lq,s (Rn). 
(III) There exist a constant C > 0 such that

                                            .
( )( ) ( )

( )

,

,

sup
q s n

q s n

B B
L R

B B L R

b b
C

χ

χ

⋅ −
≤

(IV) There exist a constant C > 0 such that

                                           .
( )( ) ( )1

sup
nB B

L R

B

b b
C

B

χ⋅ −
≤

Proof. (I) ⇒ (II). Suppose that b∈BMO (Rn). Combining 
Lemmas 2.2 and 3.1, we get

            
.

( ) ( ) ( ) ( )
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, ,
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q s n q s n

q s q rn n

p r n

b L R L R

L R L R

L R

M f b M M f M Mf

b M f M f

b f

α α α

α

∗

∗

∗

< +

 < + 
 

<

(II) ⇒ (III). Assume that the operator Mb,α is bounded  
from Lp,r (Rn) to Lq,s (Rn). Let B = B (x, r) be a fixed ball. We con-
sider f = χB. It is easy to compute that

                      .( ),p r n

n
p

B L R
rχ ≈

On the other hand, for all x∈B  we have
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Since Mb,α is bounded from  Lp,r (Rn) to Lq,s (Rn), then by (1) 
we obtain

( ) ( )
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q s q sn n
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B B b BL R L R

B BnL R L R

B BL R L R

B Bn L R L R

b b M

B
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χ χ
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which implies that (3.1) holds since the ball B ⊂ Rn is arbitrary.
(III) ⇒ (IV). Assume that (3.1) holds, we will prove (3.2). 

For any fixed ball B, by Lemma 2.1 and (3.1), (1), it is easy 
to see

                                              .
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(IV) ⇒ (I). For any fixed ball B, we have
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B
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B B L

b b
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B

χ
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−
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−
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which implies that b∈BMO (Rn).
The proof of Theorem 3.1 is finished.

4. (Lp,r, Lq,s) - boundedness of the commutator of 
fractional maximal operator [b, Mα] 
In this section we find necessary and sufficient conditions 

for the boundedness of the commutator of fractional maximal 
operator [b, Mα] from Lp,r (Rn) to Lq,s (Rn).

For a function b defined on Rn, we denote

0 0
0

,   if ( )
( ) :

( ) , if ( )
b x

b x
b x b x

−
 ≥=  <

and ( ) : ( ) ( )b x b x b x+ −= − . Obviously, ( ) ( ) ( )b x b x b x+ −− = .
The following relations between [b, Mα] and Mb,α are valid.
Let  be any non-negative locally integrable function. 

Then for all 1 ( )n
locf L R∈  and x∈Rn the following inequality 

is valid

                    .

( ) ( ) ( )( )
( )( )( ) ( )( ) ( )( )( )

( ),

, ( )

b

b M f x b x M f x M bf x

M b x f x M bf x M b x b f x

M f x

α α α

α α α

α

  = − = 

= − ≤ − =

=

If b is any locally integrable function on Rn, then

( ) ( ) ( ) ( )2,, , n
bb M f x M f x b x M f x x Rα α α

−  ≤ + ∈ 

holds for all 1 ( )n
locf L R∈  (see, for example [8, 12]).

Obviously, the Mb,α and [b, Mα] operators are essentially 
different from each other because Mb,α is positive and sublin-
ear and [b, Mα] is neither positive nor sublinear.

Let B = B(x, r) be a fixed ball. Denote by Mα,B f the local 
fractional maximal function of f:

                                                                    .( ) ( )
1

1
,

:
: sup , n

B
B x B B Bn

M f x f y dy x R
B

α α
−′ ′∋ ⊂ ′

= ∈
′

∫

Applying Theorem 3.1, we obtain the following result

Theorem 4.1. Let 0 ≤ α < n, 1 ( )n
locb L R∈ , 1 np

α
< < , 1 ≤ r ≤ s ≤ ∞ 

and 1 1
p q n

α
− = . The following assertions are equivalent:

   
(I) b∈BMO (Rn) and ( )nb L R− ∞∈ .   
(II) The operator [b, Mα] is bounded from Lp,r (Rn) to Lq,s (Rn).
(III) There exist a constant C > 0 such that

( ) ( )( ) ( )

( )

,

,
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sup

q s n

q s n

B B
L R

B B L R

b M b
C
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χ

⋅ − ⋅
≤

(IV) There exist a constant C > 0 such that

( ) ( )( )( ) ( )1
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nB B
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B

b M b
C

B

χ⋅ − ⋅
≤

Proof. (I) ⇒ (II). Suppose that b∈BMO (Rn) and ( )nb L R− ∞∈  
Combining Lemma 2.2 and 3.1, and inequality (4.8), we get

                                        .
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∞

−

−

−

∗

  ≤ + 

≤ +
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Thus, we obtain that [b, Mα] is bounded from Lp,r (Rn) to 
Lq,s (Rn).

(II) ⇒ (III). Assume that [b, Mα] is bounded from Lp,r (Rn) 
to Lq,s (Rn). 

We divide the proof into two cases according to the range 
of α.

Case 1. Assume α = 0. For any fixed ball B and x∈B, we 
have

                           .
( ) ( )( ) ( ) ( )( ) ( )( )

( )( ),
B B B

B

b x M b x b x M x M b x

b M x

χ χ

χ

− = − =

 =  

Assume that [b, M] is bounded from  Lp,r (Rn) to Lq,s (Rn), 
then by Lemma 2.3, we get
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1
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, ,

,

.
~
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q s q sn n

q s q sn n
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B B BL R L R

B BL R L R
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b M b b Mχ χ

χ χ

χ

χ

−   
≤

< =

which implies that (4.9) holds since the ball B ⊂ Rn is arbitrary.
Case 2. Assume 0 < α < n. For any fixed ball B and x∈B, we 

have, since

( ) ( ),B B BM b M bα αχ χ =
and

( ) ( ),
n

B B B B B BM M B
α

α αχ χ χ χ χ= =

we obtain
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For I. For any x∈B,
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Since [b, Mα] is bounded from Lp,r (Rn) to Lq,s (Rn), then by 
Lemma 2.3, we get

    .
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Next, we estimate I2. For any x∈B, MB(χB)(x) = (χB)(x) (see, 
for example, [7]) and then M(χB)(x) = (χB)(x) and M(bχB)(x) = 
= MB

 (b) (x) for any x∈B. Then

                                                                    .
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Since [b, Mα] is bounded from Lp,r (Rn) to Lq,s (Rn), then by 
Lemma 2.3, we get

                           .
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This gives the desired estimate
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,
~
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q s n

B B
L R

B L R

b M b χ

χ

−
<

which deduces that (III).
(III) ⇒ (IV). Assume that (4.9) holds, then for any fixed ball 

B, by Lemma 2.1, we conclude that
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B B
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B L R

b x M b x dx b M b
B B

b M b

χ χ

χ

χ

′ ′
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−
<
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∫

(IV) ⇒ (I) Assume that (4.10) holds, we will prove 
b∈BMO (Rn) and ( )nb L R− ∞∈

Denote by

                                                                      .( ){ } ( ){ }: : ,   : :B BE x B b x b F x B b x b= ∈ ≤ = ∈ >

Since

( ) ( )B B
E F

b t b dt b t b dt− = −∫ ∫
in view of the inequality b(x) ≤ bB

 ≤ MB(b), x∈E, we get

                                   .

( )

( )

1 2

2

2

B B
B E

B
E

B
B

b b dt b b dt
B B

b M b dt
B

b M b dt c
B

− = −

≤ −

≤ − ≤

∫ ∫

∫

∫
Consequently, b∈BMO (Rn).
In order to show that ( )nb L R− ∞∈ , note that MB(b) ≥ b. 

Hence
                                                                     .( ) ( )0 B Bb b b M b b b M b b− + + −≤ = − ≤ − + = −

Thus
( )

B
b c− ≤

and by the Lebesgue Differentiation theorem we get that

( ) ( )
0

10 lim  for . . .n

B
B

b x b y dy c a e x R
B

− −

→
≤ = ≤ ∈∫

Remark 1.  Note that in the case of α = 0 from Theorem 
3.1 we get [19, Theorem 3.1] and Theorem 4.1 we get [19, 
Theorem 4.1], see also [5].
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