SOCAR Proceedings No.3 (2024) 113-117

OF SCIEy,
Wes © Nep

EMERGING
SOURCES
CITATION

& INDEX

) SOCAR Proceedings
) Fundamental Research
SOCAR

<1z, <&
(ATE ANAYY

journal home page: http://proceedings.socar.az

&

‘Scopus
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ABSTRACT

In the paper we study the fractional maximal commutators M. and the commutators of the fractional maximal operator [b, M.] in the
Lorentz spaces L7"(R"). The study of maximal operators is one of the most important topics in harmonic analysis. These significant
non-linear operators, whose behavior are very informative in particular in differentiation theory, provided the understanding and the
inspiration for the development of the general class of singular and potential operators. The commutator estimates play an important
role in studying the regularity of solutions of elliptic, parabolic and ultraparabolic partial differential equations of second order, and
their boundedness can be used to characterize certain function spaces. Our main aim is to characterize the commutator functions b,
involved in the boundedness on Lorentz spaces of the fractional maximal commutator M. and the commutator of the fractional max-
imal operator [b, M.]. We give necessary and sufficient conditions for the boundedness of the operators M;. and [b, M.] on Lorentz
spaces L?"(R") when b belongs to BMO (R") spaces, whereby some new characterizations for certain subclasses of BMO (R") spaces are
obtained. We can apply this boundedness of fractional-maximal commutators in Lorentz spaces to study the regularity in Lorentz
spaces of of the Navier-Stokes equations. Solutions to the Navier-Stokes equations are used in many practical applications. However,
theoretical understanding of the solutions to these equations is incomplete. In particular, solutions of the Navier-Stokes equations
often include turbulence, which remains one of the greatest unsolved problems in physics, despite its immense importance in science

and engineering.
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1. Introduction

We give necessary and sufficient conditions for the
boundedness of the fractional maximal commutators M, and
the commutators of the fractional maximal operator [b, M.,]
on the Lorentz spaces L?"(R"). We obtain some new charac-
terizations for certain subclasses of BMO (R").

The study of maximal operators is one of the most impor-
tant topics in harmonic analysis. These significant non-linear
operators, whose behavior are very informative in particular
in differentiation theory, provided the understanding and
the inspiration for the development of the general class of
singular and potential operators (see, for instance [1]). For
fel

loc

(R"), the fractional maximal operator M, is defined by

Maf(x):srlj(?‘B(x,r)‘in” J- ‘f(y)‘dy, 0O<a<mn,

E(x,r)

where B(x,r) is the ball of radius r centered at xeR", “B(x, r)
is its complement and |B(x,7)| denotes the Lebesgue meas-
ure of B(x,r). If =0, then M=M, is the well-known Hardy-
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Littlewood maximal operator.

The commutator estimates play an important role in
studying the regularity of solutions of elliptic, parabolic and
ultraparabolic partial differential equations of second order,
and their boundedness can be used to characterize certain
function spaces (see, for instance [1, 2]).

The fractional maximal commutator generated by
beL,.(R") and the operator M, is defined by

loc

Muf(x)=suplpler) ™ [ plx)-b(s)l (v

0<a<mn.

The commutator generated by a suitable function b and
M., the operator is defined by

[b, M. ] (f) (x)=b (x) M. (f) (x) =M. (bf) (x).

The mapping properties of M,, and [b, M,] have been
studied extensively by many authors. See, for instance, [3-8].
The operator M,:=M,, plays an important role in the study
of commutators of singular integral operators with BMO
symbols (see, for instance, [6, 9-11]). The operators M., [b, M.]
and M,,, play an important role in real and harmonic analysis

113



V. S. Guliyev / SOCAR Proceedings No.3 (2024) 113-117

and applications (see, for example [1, 8, 12]). The nonlinear
commutator of Hardy-Littlewood maximal function [b, M]
can be used in studying the product of a function in H; and a
function in BMO (see [13] for instance).

Note that, the boundedness of the operator M, on L¥ spac-
es was proved by Garcia-Cuerva et al. [6]. In [14] by Bastero
et al. studied the necessary and sufficient condition for the
boundedness of [b, M] on L? spaces. In [15] by Zhang and Wu
considered the same problem for [b, M.], see also [8].

Our main aim is to characterize the commutator func-
tions b, involved in the boundedness on Lorentz spaces of
the fractional maximal commutator M, (Theorem 3.1) and
the commutator of the fractional maximal operator [b, M,]
(Theorem 4.1).

The structure of the paper is as follows. In Section 2 we
give some definitions and auxiliary results. In Section 3 we
find necessary and sufficient conditions for the boundedness
of the fractional maximal commutator M, on L*"(R") spaces.
In Section 4 we find necessary and sufficient conditions for
the boundedness of the commutator of fractional maximal
operator [b, M,] on L*"(R") spaces.

By A < B we mean that A<CB with some positive constant
C independent of appropriate quantities. If A< B and B< A,
we write A=B and say that A and B are equivalent.

2. Definition and some basic properties

We start with the definition of Lorentz spaces. Lorentz
spaces are introduced by Lorentz in the 1950. These spaces
are Banach spaces and generalizations of the more familiar
L, spaces, also they are appear to be useful in the general
interpolation theory.

Suppose that f is a measurable function on R”, then we
define

f'(t)=inf{s>0:d(s) <t}

where

df(s)::|{xeR": Vs>0.

F)|>s)],

Definition 2.1. [16] The Lorentz space L,=L,,(R"), 0<p,
g<e is the collection of all measurable functions f on R" such

the quantity
| L, = ||t1/P*1/‘l f*(t)||Lq(o )

is finite. Clearly L,,,=L, and L,-=WL,. The functional |-, is
a norm if and only if either 1<q<p or p=g=c°

11
Lemma 2.1. [16] Let l1<p, p, 1, 1r'<o», ;+?:1 and

1 1
;+7 =1. Suppose that feL,,(R") and feL, . (R"). Then

<A, (e lel,, e

The following result completely characterizes the bound-
edness of M on Lorentz spaces.

Lemma 2. 2. [16] Let 1<p, r<ee.

(I) If 1<p<e, then the operator M is bounded on the
Lorentz spaces L""(R").

(I) If p=1, then the operator M is bounded on the Lorentz
spaces L (R") to WL (R").

The following result completely characterizes the bound-
edness of M, on Lorentz spaces.

"f g"L, (R” -

Lemma 2.3. [17] Let 0<a<n, 1<p <— and p<g<ee.

(I If 1<p<— 1<r<s<eo, then the Condltlon 11 @ is
a p g n

114

necessary and sufficient for the boundedness of the operator
M, from the Lorentz spaces L*"(R") to L?*(R").
(II) If p=1, 1<r<eo, then the condition 1—l =2 is neces-
n

q
sary and sufficient for the boundedness of the operator M,

from the Lorentz spaces L'"(R") to WL7(R").

3. (L»", L?*) - boundedness of the fractional

maximal commutator operator M,,,

In this section we find necessary and sufficient conditions
for the boundedness of the fractional maximal commutator
M, from L7 (R") to L1 (R").

Definition 3.1. We define the space BMO(R") as the set
of all locally integrable functions f with finite norm

.= sup [Bxe)] Jlf ~ figen

dy <o

where

foen =|B(xE) B(J ,)f (v)dy

Lemma 3.1. ([9, Corollary 1.11]) If beBMO(R"), then
there exists a positive constant C such that

Mur(x) <] M7 (x)
for almost every xeR" and for all f e Lo (R").

Lemma 3.2. [18] Let 0<a<n and beBMO(R"). Then
there exists a positive constant C such that
Mo f (x) <CJp], (M (M, £)(x) + M, (Mf)(x)) (1)
holds for almost every xeR" and for all functions from
feL,(R".
Theorem 3.1. Let 0<a<n,
1 1 «a

1<r<s<o and ———==
p g n

IOC(RW)

. The following assertions are

n
I<p<—,
a

equivalent:
() beBMO(R").
(II) The operator M, is bounded from L?”(R") to L**(R").
(III) There exist a constant C>0 such that

"(b( )=bs) 25 ()
sup
i P

(IV) There exist a constant C>0 such that

l(e()-

8

Z 1 n
B L(R)SC

sup
B

Proof. (I)=(II). Suppose that beBMO (R"). Combining
Lemmas 2.2 and 3.1, we get

¥l PO ) 1, ()

"

17+(R")
1 (R") + "M f"w (R”)j

U’"(R"),

(ID=(I). Assume that the operator M,, is bounded
from Lr"(R") to L**(R"). Let B=B(x, r) be a fixed ball. We con-
sider f=);. It is easy to compute that

n
"l*‘ ||LV"(R”) =r’ .

On the other hand, for all xeB we have
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=———[[p(x) = b(v)| x5 (v)dy

_a
s|B "

My, (25)(x)-

Since M, is bounded from L[*"(R") to L*(R"), then by (1)
we obtain

"(b by ) 25| (r") ! "M""” (ZB )"Iﬂ'S(R")
Pl af T
1 "ZB "U R

| - % el e

ik ”(R”)
"ZB"L""(R") 3
||Z B"U”’(R”)

which implies that (3.1) holds since the ball Bc R" is arbitrary.

(IIT)=(IV). Assume that (3.1) holds, we will prove (3.2).
For any fixed ball B, by Lemma 2.1 and (3.1), (1), it is easy
to see

|B|”b |dy<| ||| (0=ts) ZB" |ZB"L" ®)
<||(b by ZB"L""‘(K")
) "13 4 (R")
<I.
(IV)=(). For any fixed ball B, we have
e
B
- e,
- |

<1
which implies that be BMO (R").
The proof of Theorem 3.1 is finished.

4. (L7, L%*) - boundedness of the commutator of

fractional maximal operator [b, M,]

In this section we find necessary and sufficient conditions
for the boundedness of the commutator of fractional maximal
operator [b, M,] from Lr"(R") to L?*(R").

For a function b defined on R*, we denote

0, ifb(x)=0
b (x):= .
{|b(x)|, if b(x) <0
and b*(x):= |b(x)| - b~ (x) . Obviously, b*(x)-b (x) =b(x).

The following relations between [b, M.,] and M,,, are valid.

Let b be any non-negative locally integrable function.
Then for all f €L, (R") and xeR" the following inequality
is valid

|[b M, f(x | |b(x)M f(x |
M, (0(x) £)(x) = M. (b ) (x | (
=M, f(x).
If b is any locally integrable function on R”, then
|[b,Ma]f(x)| < Mb/af(x) +2b” (x)Maf(x), xeR"
holds for all f e L, (R") (see, for example [8, 12]).

“)t)

Obviously, the M,, and [b, M.] operators are essentially
different from each other because M, is positive and sublin-
ear and [b, M,] is neither positive nor sublinear.

Let B=B(x, r) be a fixed ball. Denote by M,sf the local
fractional maximal function of f

Ma,Bf( |dy, xeR",

B> BB||

Applying Theorem 3.1, we obtain the following result

Theorem41 LetO<a<n, be L, (R"), 1<p<7 1<r<s<eo

1
and ———=—_. The following assertions are equlvalent

p g n
(I) beBMO(R") and b~ e [*(R") .
(II) The operator [b, M,] is bounded from Lr"(R") to L% (R").
(III) There exist a constant C>0 such that

M(b)(-
sup || 2 (R")

B "ZB ||L“(R")

(IV) There exist a constant C>0 such that

[(60)-Ma(0)(-) 2

8

1) < e

sup
B

Proof. (I)=(II). Suppose that be BMO (R") and b~ € L*(R")
Combining Lemma 2.2 and 3.1, and inequality (4.8), we get

o,
< "Mh/"’f (R

<(l. +[e 0. e

Thus, we obtain that [b, M,] is bounded from L»"(R") to
Lo (R").

(I=(I1I). Assume that [b, M,] is bounded from L (R")
to Lo (R").

We divide the proof into two cases according to the range
of a.

Case 1. Assume a=0. For any fixed ball B and xeB, we

have
b(x) =My (b)(x) = b(x)M (15 )(x) - M(bzs ) (x) =
=[0:M](z5)(x)-
Assume that [b, M] is bounded from Lr"(R") to L**(R"),
then by Lemma 2.3, we get
"(b ~ M, (b))h o (r?)

"ZB ||L""‘(R")

()
) 2. Im..£ li e

wr (R)

oMz ),
72 .
||ZB||U )

which implies that (4.9) holds since the ball BcR"is arbitrary.
Case 2. Assume O<a<n. For any fixed ball B and xeB, we
have, since

M, (bys) x5 =M, 5(b)

and B
M, (ZB)ZB = Ma,B(ZB)ZB :|B|; V4:

we obtain
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ortn
1+ (R")

,B(b)]zg

(6~ M, (8)) 2

()

<
s o (r") s o (R")
617 44,0 (6)-4(0)
N L""‘(R”)
||ZB||U~'(RH)
=1+1I.

For I. For any xeB,
()M 8)0) =[] 0 0.0} |

- (b(x)M, (26)(x) - M, (b2 ()
*[0,M,](ze) ()

Since [b, M,,] is bounded from Lr"(R") to L?*(R"), then by
Lemma 2.3, we get

[+

M, (b)jzg

.
_ 1 "[b’MQ](ZB )",ﬂ,s(Rn)
|B|% s

1 "ZB Jig

(R

s (R")
_ L (®')
ol

"ZB (=)

v(r)
Next, we estimate I,. For any xeB, Mz(x;)(x)=(x5)(x) (see,

for example, [7]) and then M(x;)(x)=(xs)(x) and M(bx;)(x)=
=Mj; (D) (x) for any xeB. Then

B[ M, (6) ()~ My (8) )
M, (b)(x)~ Bl M, (b))

Mo (075)() = Mo (1) (x) M (025 ()
)

"ZB

B

<[ B[ M (b2 (x) ~[ () M. (26 (3
B ()M (20) () Mo () ()M (026 )
M, ([elzs)(x) P | zﬁ(ﬂ
+|B| M, () ||b<x (m)( )
- (20)(x).

Since [b, Ma] is bounded from U’"(R”) to L7%(R"), then by
Lemma 2.3, we get

116

197 0 . 0
1T = e (r)
.
AR W LD
B +
B% ||ZB||L“ K" "ZB"U,s(RW)
o IIZBIIU
< ~
||L‘"’ R ||ZB 11 R)

This gives the de51red estimate

(6~ Ma(8)) 2

[ "U"‘(R")

which deduces that (I1I).
(III)=(1V). Assume that (4.9) holds, then for any fixed ball
B, by Lemma 2.1, we conclude that

L‘“(R”)

<1

| |.”b dx<| |||b M (b))ZB :)||ZB||U",V’
|| b Ms b))ZB (R
<
) "ZB v (r")

<1.
(IV)=(I) Assume that (4.10) holds, we will prove
beBMO(R") and b~ € L*(R")
Denote by
E:= {x eB :b(x) < bB},

Since

F:= {xeB:b(x)>bB}.

Jlo(0)= ool = fe(e) -

in view of the inequality b(x)<bs<Mj5(b), x€E, we get

ﬁyb—bgwt:ﬁgb—bswt
sﬁj}]b—MB(bﬂdt
gﬁﬂb—MB(bﬂdtSc.

Consequently, be BMO (R").
In order to show that b e L"(R"), note that Mjz(b)>b.

Hence
0<b =[b|-b" <My(b)-b"+b = M,(b)-b.

Thus
(b’ )B <c

and by the Lebesgue Differentiation theorem we get that

Hm dy<c for ae xeR".
B

0< 11m|B|fb

Remark 1. Note that in the case of a=0 from Theorem
3.1 we get [19, Theorem 3.1] and Theorem 4.1 we get [19,
Theorem 4.1], see also [5].
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