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Abstract

In the present paper, we will characterize the boundedness of the generalized fractional
integral operators /, and the generalized fractional maximal operators M, on Orlicz
spaces, respectively. Moreover, we will give a characterization for the Spanne-type
boundedness and the Adams-type boundedness of the operators M, and I, on gener-
alized Orlicz—Morrey spaces, respectively. Also we give criteria for the weak versions
of the Spanne-type boundedness and the Adams-type boundedness of the operators
M, and I, on generalized Orlicz—Morrey spaces.
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integral - Orlicz spaces - Generalized Orlicz-Morrey spaces
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1 Introduction

The aim of this paper is to obtain the necessary conditions and the sufficient condtions
for the generalized fractional maximal operator M, and the generalized fractional
integral operator /,, to be bounded on Orlicz spaces. Our results can be extended to
generalized Orlicz—-Morrey spaces of the third kind which will be defined later in this

paper.
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Let R" be the n-dimensional Euclidean space. For a function p : (0, 0o) — (0, 00),
let 1, be the generalized fractional integral operator:

e = [ 2520 pdy.
Rr X — Y

Here f is a suitable measurable function. Note that this type of generalization goes
back to [25]. If p(r) = r%, 0 < a < n, then I, is the fractional integral operator or
the Riesz potential and denoted by I,. Hereafter, we assume that

1
/ PO 4 <o (1)
0 t

so that the fractional integrals I, f are well defined, at least for characteristic func-
tions of balls. The operator /,, was introduced in [19] and some partial results were
announced in [18]. We refer to [16] for the boundedness of I, on Orlicz space L?(£2)
with bounded domain £2 C R". See also [20-23] for the boundedness of 1, on various
spaces. In these papers we assumed that p satisfies the doubling condition:

1 p(r) 1 r
Cq p(s) 27 s
and that r — p(r)/r" is almost decreasing:
p(s) < Czﬁ, if r <, 3)
Sn rn

where C and C, are positive constants independent of r, s € (0, co). Under these
conditions we proved the boundedness of I,, on Orlicz spaces in [18,19].

In this paper, instead of these conditions, we assume that there exist positive con-
stants C, k1 and kp with k; < kp such that, for all » > 0,

kor
sup p(t) < C/ ’ @dt =:p(r). 4)
k

r/2<t<r \r

The condition (4) was considered in [26] and also used in [31]. If p satisfies (2) or (3),
then p satisfies (4). Let

(&)

- r(log(e/r)~12, 0 <r <1,
r) =
P e~ =1, 1 <r <o0.
Then p satisfies (1) and (4), but fails (2) and (3). Therefore, the results in this paper
improve ones in [19]. Moreover, we give necessary and sufficient conditions for the
boundedness of 1, not only on Orlicz spaces but also on Orlicz—Morrey spaces of the
third kind.

Next, we define the generalized fractional maximal operator M. For a function
p :(0,00) = (0, 00), let
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p(r)
M, f () = sup 20
p r>0 |B(x, 1) B(x,r)

LfDlidy, (6)
where |G| is the Lebesgue measure of a measurable set G C R". We do not assume
(1) on the function p in (6). Instead we suppose that p is an increasing function such
that r € (0, 00) — r~"p(r) € (0, 00) is decreasing.

If p = 1, then M, is the Hardy-Littlewood maximal operator denoted by M. If
p(r) =r%, then M, is the usual fractional maximal operator denoted by M. We give
some necessary conditions and some sufficient conditions for the boundedness of M,
on Orlicz and Orlicz—Morrey spaces.

The structure of the remaining part of the present paper is as follows: First we recall
Young functions and Orlicz spaces in Sect. 2. In Sect. 3, we investigate the bound-
edness of generalized fractional integrals on Orlicz spaces. We will give a necessary
and sufficient condition for the boundedness of the generalized fractional maximal
operators on Orlicz spaces in Sect. 4. In Sect. 5 we discuss some properties of gener-
alized Orlicz—Morrey spaces of the third kind. Moreover, we will give necessary and
sufficient conditions for the Spanne and Adams-type boundedness of the generalized
fractional integral operators on generalized Orlicz-Morrey spaces of the third kind
in Sect. 6. Finally, in Sect. 7 we give criteria for the boundedness of the generalized
fractional maximal operators on generalized Orlicz—Morrey spaces of the third kind.

2 Young functions and Orlicz spaces

We recall the definition of Young functions.
Definition 1 A function @ : [0, co] — [0, oo] is called a Young function if @ is
convex, left-continuous, lim,_, 1o ®@(r) = @(0) = 0 and lim, ., @ (r) = @ (c0) =

Q.

From the non-negativity, convexity and @ (0) = 0 it follows that any Young function
is increasing. We denote by Y the set of all Young functions such that

O0<®(r)<oo for 0O0<r<oo.
If @ € ), then @ is absolutely continuous on every compact interval in [0, co) and
bijective from [0, co) to itself.
Next we recall the generalized inverse of Young function @ in the sense of O’Neil
[24, Definition 1.2]. For a Young function @ and 0 < s < oo, let

@& (s) =inf{r >0: @(r) > s}, where inf ) = co.

Note that if s < oo, then so is @ ~1(s). As in [24, p.- 301, Remarks], we always have
@~ (00) = co. An important inequality we use is

@7 ') <r <o l(@)).
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See [24, Property 1.3]. Then @~ 1(s) is finite for all s € [0, 00), continuous on (0, 00)
and right continuous at s = 0. Observe that @~ (@) =rif0 < &(r) < oo and
that @ (@~ 1(s)) = s if s € [0, @ (inf{r > 0 : @(r) = oo})]. Furthermore, if ® € ),
then @ ! is the usual inverse function of @.

Remark 1 For a Young function @, its inverse function @ ~! is increasing and concave.
Hence, we have the following properties:

o lt)y>d N at) >ad (), if 0<a <1
o'y <o Vat) <ad @), if o>1.

Since ®@~! is increasing, the left inequality is clear. In particular, @ satisfies the
doubling condition: @~ !(2s) < 2&~!(s) for all s > 0.
Infactfor0 < o < 1,

@ (at) = inf{s >0 : @(s) > at}.

1
Since —PD(s) < @ (i) we have
o o

@~ (ar) > inf {s >0: @ (2) > m} —ainf{s >0 : ®(s) > 1} =ad(1).
The right inequality for « > 1 is a consequence of the one for 0 < « < 1.
As in [24, Property 1.6], we have
r<o '@ '(r)y<2r forr >0, (7)
where @ (r) is the complementary function of @ defined by

sup{rs — @(s) : s € [0,00)}, r €[0,00)
00, r = 0Q.

() ={

Then & is also a Young function and <1-5 = Q.
A Young function @ is said to satisfy the A,-condition, denoted also by @ € A,,
if
DQ2r) < CP(r), r>0

for some C > 1. If @ € Aj, then @ € ). A Young function @ is said to satisfy the
V,-condition, denoted also by @ € Va, if

1
D(r) < %4’(6‘?), r=0

for some C > 1.
We denote by ¢ the characteristic function of the set G C R”.
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Definition 2 (Orlicz space) For a Young function @, the Orlicz space L®(R") is
defined by:

L®@®R") = {f € LIIOC(R") : / @ (k| f (x))dx < oo for some k > 0} .
Rn

The space L%C(R”) is defined as the set of all measurable functions f such that
fxz € LP(R") for all balls B C R”.

If @ is a Young function, then L? (R") is a Banach space under the Luxemburg—
Nakano norm

1fll e =inf{)\ >O:/n¢<|f;—x)|)dx < 1}.

For example, if ®(r) = r?, 1 < p < oo,then L?(R") = LP(R").If®(r) =0, (0 <
r<1)and ®(r) = oo, (r > 1), then L? (R") = L®(R").
For a measurable set £2 C R”, a measurable function f and z > 0, let

m($2, f, )= {xeR:|f)]>1r}

In the case £2 = R", we abbreviate it to m(f, f).
LO(R™) is the set of all measurable functions.

Definition 3 For a Young function @, the weak Orlicz space
WL?R") = (f € L°R") : || fllwre < o0}
is defined by the quasi-norm

I fllwre =sup A X o (DI
A>0
For 2 C R", let

IfllLe@) = IIfxellLe and | fllwre) = IIf xellwre-

A tacit understanding is that f is defined to be zero outside 2.
We note that || fllwre @) < IIfllLoq), that

I fllwee = Sugq)(f)m(f?, fi0
>

=suptm(2, f, @1 (1))

t>0

=suptm($2, @(f), t)

>0
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732 F. Deringoz et al.

and that

/qu(m—x)')dxgl, supd)(t)m(.Q S t)§1 (8)

I fllLe ) >0 " fllwee )

according to [13, Proposition 4.2].
The following analogue of the Holder inequality is well known; see [32] as well as
the paper [24, § II] and the textbooks [14,29].

Theorem 1 Let 2 C R" be ameasurable set and, let f and g be measurable functions

on §2. For a Young function @ and its complementary function @, the following
inequality is valid:

[ 1 @gids < 20f 10500y

By elementary calculations we have the following property:

Lemma 1 Let @ be a Young function and let B be a set in R" with finite Lebesgue

measure. Then |

Ixslze = lxgllwee = o1 (1B )
By Theorem 1, Lemma 1 and (7) we get the following estimate:

Lemma 2 Fora Young function ® and B = B(x, r), the following inequality is valid:

[ 17ty < 218107 (1B17) 112 sy
B

We recall the boundedness property of M on Orlicz spaces since we use it later.

Theorem 2 Let @ be a Young function.

1. [2, Theorem 1] The maximal operator M is bounded from L® (R") to WL® (R™),
and the inequality

IMfllwre < Coll fll e 9)

holds with constant C independent of f.
2. [2, Theorem 1], [11, Corollary 3.3] The maximal operator M is bounded on
L® (R™), and the inequality

IMflige < CollfllLe (10)
holds with constant Cq independent of f if and only if ® € V.

See the textbooks [14,15,27,29] for more about Orlicz spaces.
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3 Generalized fractional integrals on Orlicz spaces

The following theorem is one of our main results and gives necessary and sufficient
conditions for the boundedness of the operator /, from L?(R") to WLY (R") and
from L? (R") to LY (R").

Theorem 3 Let @, ¥ be Young functions.
1. Let p satisfy the conditions (1) and (4). Then the condition

o \(r —”)f &dw/ ,o(t)q§_l(t_”)? <cy~'(r™) D

forallr > 0, where C > 0 does not depend on r, is sufficient for the boundedness
of 1, from L?(R™) to WLY (R™). Moreover, if ® € Vs, then the condition (11) is
also sufficient for the boundedness of 1,, from L?(R") to LY (R™).

2. The condition

q§_1(r_")/ &dt <cy '™ (12)
forallr > 0, where C > 0 does not depend on r, is necessary for the boundedness

of I, from L® (R™) to WL¥ (R") and from L® (R") to LY (R").
3. Let p satisfy the conditions (1) and (4). Assume the condition

/ p(t)@—la—")? =cvi(r) (13)

holds for all v > 0, where C > 0 does not depend on r. Then condition (12) is
necessary and sufficient for the boundedness of 1, from L?@R") to WLY (R").
Moreover, if @ € Vs, then the condition (12) is necessary and sufficient for the
boundedness of 1, from L®([@R") to LY (RM).

Remark2 We cannot replace for LW gy by p(r) in (11), see [23, Section 5].

t

We need a couple of auxilary estimates. The following lemma was proved in [6,
Lemma 2.1]:

Lemma 3 There exist a constant C > 0 such that for all x € B(0,r/2) andr > 0,

)
/O "—dr < CLyxso.n @)

holds.

Proposition 1 Let p satisfy (4). Define

kor ds
p(r) :/k 'O(S)T (r>0). (14)

1r
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734 F. Deringoz et al.

Let T : (0,00) — (0,00) be a doubling function in the sense that T(r) ~ t(s) if
0 <s <r <2s. Then, for eachr > 0,

—1

> NS /O £ g, as)
j=—o0
> p@InT(@Ir)™) g/koo @r(s—")ds. (16)
1r

J=0

Proof We invoke the overlapping property in [31] and by Remark 1 we have

2]k2r
> sin= Y [ e
j=—00 =0 Phir
kor —1
p(s)
5/ Z X[2ikir, 2ikyr](S) Tds
0 o
k2r p(s)
5/ ds
0 S

and

o]

Y p@INT(@In™) = /k

J=0

1r

Z‘” PG)
X2ikir, 2kor](S) S f((zjr)_n) ds
J=0

p(s) . _
X2ikyr, 27kyr)(8) Tr(s ")ds

< foo @r(s_")ds.
kir

A
—
2
WK

N

To prove Theorem 3, we need the following estimate of Hedberg-type [12]:

Proposition 2 Under the assumption of Theorem 3, for any positive constant Cy, there
exists a positive constant Cy such that, for all nonnegative functions f € L® (R") with

f#0,
Mf(x)

Coll fliLe

Proof The idea of the proof comes from [6]. First note that

If(x) < Cilflle¥ "o cb( ) (x € RY). (17)

0< q>—1(0)f0o @dr <w 0
0

as long as ®~10) > 0.
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Let x € R". Keeping in mind that M f (x) > 0, we may assume

M 0§¢<M><
Coll fllzo Coll fllzo

)

otherwise there is nothing to prove. If

q)( Mf(x) >:O’
Coll flle

then
Mf(x) , o 1
—C0||f||L<P <sup{u >0: ®u) =0 =0 (0
and hence
o0 ~ 2]
prw=c Yy 22D ol
j=— o0 x—y|<
<C (/oo pls) d )
< —ds | Mf(x)
0 S
w=1(0)
= ComigM/®

1 _ Mf(x)
C v o —L12 ) )M
=10 ( <Co||f||L¢>> 1

1 Mf(x) >> ’
=cv <¢ <C0||f||m> 17 0ze-

So, this case the result is valid.

If
o (M) -0,
Coll fll e

o (20,
Coll fllLe

choose r € (0, 00) so that

We have

—1

o0 ~2]
Lifm=c| Y 43 22D F(ydy | =Ca+m
=0

_ 2/ryn lx—y|<2/r

j=—o00
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736 F. Deringoz et al.

for given x € R" and r > 0.
Then from Proposition 1

-1

1=c Y 5@ (/k”p(s) >
< p2IrMf(x)<C " ds | Mf(x)
0

j=—o0

o0
I=<CY e (@ ")fle@ein
j=0

< Cllfllo fooqb*l(s*n)@ds.

kir s

Consequently, we have

kor 00
1 f &) < ( fo @d) MFGO) 4+ 11 £l f

kir

q)_l(s_")@ds.

Thus, by the doubling property of @ ! and ¥ !, (11) and Remark 1 we obtain

U (k)™
1o () £ MP) S 2l 0 (G
l[/_l —n
S Mf()c)% + U fle @™ ™.

Recall that ®_1(¢(r)) =rif0 < @(r) < oo. Thus Q_I(F_n) = —Mf(X) an
Coll fll e
I < oWl = bl <¢( Mf(x) ))
oS ) SIfIlL ™ =11l il

Therefore, we get (17).

Now we move on to the proof of Theorem 3. The third statement is a consequence
of the remaining statements. So we concentrate on the first and the second ones.

— Let Cp be asin (9). Let f be a non-negative measurable function. Then by (9) and
a7,

SupW(r)m(M r) =Suprm(l1/( Ip f(x) )r)

r>0 Cill fllige’ r>0 Cillfli e
M M
< suprm(@(ﬂ),o < sup@(r)m(ﬂ,r) <1,
>0 Coll £l o r>0 1M [l Lo
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ie.
1o fllwee SUSfllpe.

— Assume in addition that @ € V5, so that we have (10). By (10), we have
1 M
/ W<M>dx§/ (D(ﬂ)dx
v \Cillflle o \Collflie
M
< / 0] (ﬂ) dx < 1’
n \IMfllpe

Mo fliLe SIS lzo.

1.€.

— We can and do concentrate on the boundedness of /,, from L?(R") to WLY (R"),
since the boundedness of 1, from L?(R™) to LY (R") is stronger than the bound-
edness of 1, from L?([R") to WLY (R"). With this in mind, assume that 1, is
bounded from L? (R") to WLY (R").

Then we have by Lemma 3

2 p(s )d
) 5 s xso,r/2llwee Bo,r2) S S Mo xso.n llwey s, r/2))"

Therefore, by the doubling property of ® ! and Lemma 1, we have

/ &ds <
0 N

1
(r™) MpxBo.) llwLe 80.r/2))

v )

() 1 B llwre
() Ixso.n e
v )

()]

Remark 3 In [19, Corollary 3.2] the third author found the sufficient conditions which
ensures the boundedness of the operator /,, from LP(R") to LY (R"), including its
weak version. Theorem 3 improves the third author’s result in that Theorem 3 also
covers the necessity by imposing a weaker condition on p.

Remark 4 In the case @ (t) = t?, Theorem 3 was proved in [6, Corollary 1.5].
Example 1 Let p be as in (5) and

2e ,
32
132, 0<r=<1, 30 0=r=1l

Q1) = tlog(et)'2, > 1, Vo = 2e expexp(t)

3 expexp(l)’
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Then the pair (p, @, ¥) satisfies (11). In fact, we have

o ul3, 0<uc<l,
D (u) ~ _1
u(log(eu)) , u>1,
2/3 0< <1
vy ~ {4 ==
log(log(e€u)), u > 1,

and forallr > 0

/r @ dr @~'(1/r") < min(1, r=2/3),

0

/°° p(t) @1 (1/t")
r t

lI/_l(l/”") ~ min(loglog(e€/r), r—2n/3).

dt < min(loglog(e®/r), r

See [20] for other examples.

4 Generalized fractional maximal operators on Orlicz spaces

We recall that, for a function p : (0, 00) — (0, 00), M, is defined by (6). Here we
suppose that p is an increasing function such that r € (0, o0) — r"p(r) € (0, c0)

is decreasing.

Under this assumption, we have the following localized estimate:

Lemma4 There exists a positive constant C such that, for all balls B = B(x, r) and

all measurable functions f supported on B,

M, f(x) < Cp(r)Mf(x).

(18)

Proof Let B(R) = B(x, R) withx = 0 for R > 0. By the definition of M, we have

Mpf(x)

B p(R) p(R)
=max | sup [f(»Idy, sup
0<r<3r |B(R)| Jp(x,R) r>3r | B(R)|

If(y)ldy}-

For the first term, we use the fact that p is increasing and doubling to have

o(R) p(r)

|f(M)Idy S sup

sup
0<R<3r |B(R)| JB(x,R) 0<R<3r |B(x, R)| JB(x,R)

< p(NMf(x).

@ Springer

| f(W)dy



Generalized fractional maximal and integral operators. .. 739

For the second term, since » € (0, 00) > r~"p(r) € (0, 00) is decreasing and f is
supported on B(x, r)

p(R) p(3r)
[f(Wldy < sup ———— | f()|d
r>3r |IB(R)| JB(x,R) FOidy Rz};r |B(x,3r)| Jpx,R) F Oy

= p(r)Mf(x).

Thus, combining these estimates, we obtain the desired result.
The Hedberg inequality for M, and L? can be stated as follows:

Lemma5 Let @, V¥ be Young functions. Assume that there exists a positive constant
C such that, for all v > 0,

cev ) 19
p(r) < ﬁ (19)

Then, for any positive constant Cy, there exists a positive constant C| such that, for
all f € L*(R") with f #0,

Mf(x)

My ) < Cll flle @~ o @) (o
L®

)(xeR%. (20)

Proof First note that

2L

if ®~1(0) > 0. Let x € R” be an arbitrary point. We may assume that 0 < Mf(x) <
oo keeping in mind that f does not vanish on a set of positive measure. Furthermore,
we can assume that

’

M (x)
*(Go17ie) <

otherwise there is nothing to do since ¥ ! (c0) = oo. If

M (x)
@<C0|If|)lcub)

’

then

Mf(x)

o~ 10
O = i
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according to the definition of @~ !, Thus, thanks to 21

v=1(0)
@-1(0)

_ ! w—locp(M)
>-1(0) Coll £l

< Coll fllLe vl od ( Mf(x) )
Mf (x) Coll fllLe

lim p(r) <
r—o0

Thus by (18) we have

M
Mpf(0) S lim p(IMFG) S I fllew™ o @ <_f(x> ) |

Coll fliLe

It thus remains to handle the case where
M
[ (—f(x) ) < 00
Coll fllLe
In the case we can choose » > 0 such that
oo (20,
Coll fliLe

Let B = B(x, r) and represent f as

f=n+f Nfi=fxe Sfo=[fxrns

so that M, f(x) < M, f1(x) + M, f>(x).
We have (18) for f;. Meanwhile by Lemma 2,

p (1)
M = B — d
o J200) ?Eg |B(x, | JBx,nnR\B(x,r) |/ (@)ldz
= su ﬂ | £ (2)|dz

r<t<oco |B(x,1)| B(x,t)
< sup p(f)¢_1(|B(xst)|_l)”f”L‘I’(B(x,t))

r<t<oo

SUflge sup p@ @™,

r<t<oo

Consequently we have by Lemma 4

My f(x) S prIMf @)+ 1 fllge sup p@) @~ "),

r<t<oo
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Thus, by (19) and the monotonicity of ¥ ~! we obtain

gl
My f () < Mf(X)ﬁ IS )
Since @1 (r—") = M, we have
Collflize
L, _ Mf(x)
< @ e = @ ! —_— .
Mpf) SIflle ¥ ) =1 flige ¥ <<P (Collfllm)>

Therefore, we get (20).

In [10] we obtain a counterpart to generalized Orlicz—Morrey spaces of the second
kind defined in [7]. However, as is written in [7] generalized Orlicz—Morrey spaces
of the second kind do not cover L2(R") N L3(R"). So, the following theorem can be
viewed as a different theorem from [7]:

Theorem 4 Let @, W be Young functions. Assume that p is increasing and that r —
r~"p(r) is decreasing. Then the condition (19) is necessary and sufficient for the
boundedness of M, from L®(R") to WLY (R"). Moreover, if ® € Vs, then the
condition (19) is necessary and sufficient for the boundedness of M, from L?R") to
LY (R™).

Proof We start with the necessity. For the necessity, we can concentrate on the bound-
edness of M, from L? (R") to WLY (R"), since the boundedness of M, from L? (R")
to LY (R") is stronger than the boundedness of M, from L? (R") to WLY (R"). With
this in mind, assume that M, is bounded from L?([R") to WLY (R"). We utilize a
trivial pointwise estimate

P xBO,r) < MyxB(©,2r)- (22)

Therefore, by the doubling property of ® ! and Lemma 1, we have

p(r) SO TIMpxB0.20) Iwee B0.)
ST TIM X800 lwie
SYETxB02 e
—1¢,.—n
Y Ga0)
ARG
We move on to the sufficiency. Here and below we let f be a nonzero measurable
function.
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— Let Cg be as in (9). Then by (9) and (20), we have

sup l1’('”)”1(M r) = suprm(lll(—Mpf(y) )r)

r>0 Cl||f||L‘15 ' r>0 Cl”f”L‘I’
M M
< suprm(¢<ﬂ),r> < sup@(r)m(ﬂ, r) <1,
r>0 CO”f”L‘P r>0 ”Mf”WL‘P
ie.
1Mo fllwre S N fllge- (23)

— Assume in addition that @ € V;. Let Cyp be as in (10). By (10) and (20), we have

/ q’@lﬁ;ﬁy))dyf/ ¢(cﬁf}(u” )dy
n 1 L® n 0 L®
Mf(y)
—\d 1,
E/n(p(anum) v=

IMpfllpe SN lipe. (24)

1.e.

5 Generalized Orlicz-Morrey spaces of the third kind

In [3], the generalized Orlicz—Morrey space M ®-¢ (R") was introduced to unify Orlicz
spaces and generalized Morrey spaces. Other definitions of generalized Orlicz—Morrey
spaces can be found in [22,31]. In words of [8], our generalized Orlicz—Morrey space is
the third kind and the ones in [22,31] are the first kind and the second kind, respectively.
Notice that the definition of the space of the third kind relies only on the fact that
L®(R") is a normed linear space, which is independent of the condition that it is
generated by modulars.

The definition of generalized Orlicz—Morrey spaces of the third kind is as follows:

Definition 4 Let ¢ be a positive measurable function on (0, co0) and @ any Young
function. We denote by M®#(R") the generalized Orlicz—Morrey space of the third
kind, the space of all functions f € L® (R") with finite norm

loc

1fllpee = sup o) '@ G fllLe Berr-
xeR" r>0

Also by WM®¢(R") we denote the weak generalized Orlicz—Morrey space of the
third kind of all measurable functions [ € Wlef)C (R™) for which

Iflwames = sup o) '@ G fllwre sy < 00
x€R?,r>0
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A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost
decreasing) if there exists a constant C > 0 such that

o) < Co(s) (resp. (r) = Cop(s)) forr <s.

For a Young function @, we denote by G the setof all ¢ : (0, co) — (0, co) functions
such that r € (0, 00) > (b_‘”l((’t)_,,) is almost increasing and ¢ € (0, c0) > %
is almost decreasing. Note that ¢ € G implies doubling condition of ¢.

We investigate the structure of M®# (R"). We denote by @ the set of all measurable
functions equivalent to 0 on R". To exclude some trivial cases, we can use the following

lemma was proved in [4]:

Lemma 6 Let @ be a Young function and ¢ be a positive measurable function on
0, 0).

W If

(p—l(r—n)
sup ————— =00 forsomet >0 (25)
t<r<oo @(r)

then M®¢(R") = ©.
(i) If

sup ga(r)_l =00 forsomet >0 (26)

O<r<rt
then M®¢(R") = ©.
Remark 5 1If

o'y
sup ——— = oo forsomer > 0,
O<r<t @(r)

then M®% = @. Actually, by Remark 1 one has
Ty <o (T < 00
and then

sup (p(r)_1 = 0.
O<r<t

Remark 6 Based on Lemma 6 and Remark 5 and an observation similar to the one made

by Nakai [17, p. 446] it can be assumed that ¢ € Go in the definition of M®-¢(R").
More explicitly, we have the following observation:
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(i) By Lemma 6 we may assume that inf, <; <o #’tl” > 0 for every r > 0. Let

o l—ny @(1)
Yv(r)y=® (r )rilpfwm, r>0.

Then r € (0,00) +— q),'/fx),,,) is increasing and M®¢R") = M®¥V(R") with

equivalent norms. Indeed, it is clear that ¥ (r) < ¢(r) by the definition of vr. Hence
MEV R € M®#R") and || fl| pqe.0 < | £ pge.v - On the other hand,

to~lo 1
Sup Y/ (r) ™ @ S o ey = SUP- o e )
r>0 r>0 inf, <t <00 >0
( QD_IW)) £
=su sup ——— ®
r>I(; r§t<poo (1) L®(B(x,r))
- Sugw(t)_l(p_l(’_")Ilflqub(B(x,z))-
t>

Hence M®¢R") ¢ M®V[R") and || f || pov < |1 f | poe-
(i1) By Remark 5 we may assume that info; <, #

iy > 0 forevery r > 0. Define
¥ (r) by the formula:

(D_l(l‘_”)l” (p—l(r—n)rn
sup =
e, 9(0) v(r)

It is easy to see that ¥ (r) < ¢(r) for any r > 0. Thus, M® ¥ (R") ¢ M®¢(R") and

I fllpmee < Nl fllpqe.v. Conversely, let f e M®¢(RM). For any r € (0, 00), choose
t € (0, r] so that

o~ - 2<1>_1(t_")t"7
v(r) (1)

and cover B(x, r) with a family of N balls {B(x;, t)}ﬁ.vzl, where N < r7"t". Let jo
be such that

I le ey = NISILe B0

=N max )
jnax If e B0

S tinrn”f”L‘I’(B(xjo,r))'
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Thus,
(D_l(r_n) rn¢—l(r—n)
W||f”L¢(B(x,r)) S Wﬂfﬂm(mxjo,t))

o)
<2— )
= (p(t) ||f||L¢(B(x]0,z))

=20 fllpmees

implying f € M?¢®") and || fllpmes < [ flapqee. Thus, MPVRY)
MP2 R,

As the following lemma shows, G is useful:

Lemma 7 ([5]) Let By := B(xo, o). If ¢ € Go is almost decreasing, then there exist
C > 0 such that

< lxByllpge0 <

@(ro) — @(ro)’

6 Generalized fractional integrals on generalized Orlicz-Morrey
spaces

We remark that there are two types of the boundedness of the fractional integral
operators. One is the Spanne-type boundedness obtained in [28]. Another boundedness
is of Adams-type obtained by Adams [1]. In the classical case due to the fact that
Morrey spaces are nested we can say that the Adams-type boundedness is stronger
than the Spanne-type boundedness. However, we need to depend on the pointwise
estimate of Hedberg-type [12], so the Adams-type boundedness is unavailable for
local Morrey spaces. In this section we give a characterization for the Spanne-type
boundedness and the Adams-type boundedness of the operator /, on generalized
Orlicz—Morrey spaces, respectively.

6.1 Spanne-type result
We need the following lemma is valid:

Lemma 8 Let @, ¥ be Young functions, and let p satisfy (1) and (4). Assume that the
condition (11) is fulfilled. Then there exists a positive constant C such that, for all
feL® (R") and B = B(x,r),

loc

1o fllwey )

e ¢]

< ClIf 0 +Lf fllomam @ )0 @)
< ween oy fy, e @en ;
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Moreover if we assume @ € Vy, the following inequality is also valid:

1o f Nl v (B

< Cllf o o + — /Oo I£ o (). @8
= L®(2B) lll—l(r—") ks L?(B(x,1)) 1Y .

Proof We represent f as

f=hHa+/f, H=fxs fH=f-f, r>0.

Then we have

||Ipf||WLW(B) = 2(||Ipf1||WL‘P(B) + ||I,of2||WL‘1’(B))~

From the boundedness of 7, from L®(R") to WLY (R") (see Theorem 3) it follows
that:

1o fillwer gy S Mo fillwee ey = Cllfillpo@ny = Clfligo@ry, (29

where constant C > 0 is independent of f.
For f> we have

1, /20| s/c(zB)p('y G )|dz—2/2 PO =D, ) de.

i+ipoig |y —zI”
A geometric observation shows that y € B, z € R*\(2B) implies

1I <1 I<3I I
Sl —ad=ly—zl=7lx—zl

Using (4) and Lemma 2, we have

f, | Mm )l dz
2+1p\2ig |y — 2

1
S sup  p(t) ) —= |f(@)]dz
<2j1r<t<3 2ir 127 B| Jai+1\2i

327 kpr p() . |
Sf le‘ I fllLe B2+t P~ Y2/t B
2

Tkyr

2/ max (3ka,4)r
1 emy P (D)
< /2 | 1 £11o seem @' (") = d

Jkir

Then
ULy

; (30)

o0
|1, ()] gfzk 1o Be @
1r
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Thus by Lemma 1 we have

o0

1 dt
1o P2 llwre sy S —/ (alyEs o (tp)—. (3D
P WLY (B) l[/—l(r—n) ok L?®(B(x,1)) ( ) P

Therefore we obtain (27) by (29) and (31).
If @ € V,, then we can use strong type inequality instead of (29) and obtain (28)
by using the same argument.

Remark 7 In the case @ (1) = t” (1 < p < 0co) Lemma 8 was proved in [9].

The following theorem gives necessary and sufficient conditions for Spanne-type
boundedness of the operator 7, from MP21(RY) to MY -92(R").

Theorem 5 (Spanne-type result) Let @, ¥ be Young functions, and let ¢ € Go and
@2 € Gy.

1. Let p satisfy (1) and (4). Assume that (11) is fulfilled. Then the conditions

@1(r) o2(r)
o1 = Cwi() (32
o0 d
/ wl(r)pm{ < Cor(r), (33)

for all r > 0, where C > 0 does not depend on r, are sufficient for the bound-
edness of 1, from MP21(RY) to WM92(R"). Moreover, if ® € Vs, then the
conditions (32) and (33) are sufficient for the boundedness of 1, from MP-21(R"Y)
to M¥-22(R").

2. Let @1 be almost decreasing. Then the condition

o1 () /0 @dr < Coa(r), (34)

forallr > 0, where C > 0does not depend on r, is necessary for the boundedness

of 1, from MP21 (R to WML-22(R™) and hence M®#1 (R") to MY #2(R").
3. Let p satisfy (1) and (4). Assume that (11) is fulfilled, that @1 is almost decreasing

and that @1 and @3 satisfy (32). Assume also that @1 and p satisfy the condition

o0 d
/ wl(t)p(t)Tt < Co(Mp(r), (35)

forallr > 0, where C > 0 does not depend on r. Then the condition (34) is neces-
sary and sufficient for the boundedness of 1, from MPLLRY) 1o WMY -2 (R").
Moreover, if @ € Vs, then the condition (34) is necessary and sufficient for the
boundedness of 1, from MP1RY) to MY -22(R").
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Proof 1. By (27), (32) and (33) we have

1o fllwpeer S sup @) '@ Fll e ae2ry)

xeR™,r>0

IR I dt
+ sup  @a(r) . 1f 1o By @ (1 )me
1r

xeR" r>0

S osup o ()T f e By

xeR? r>0
N RN
+ sup  ¢o(r) 1) p@)— 1 f | pme0
xeR? r>0 2kr t

S Il

Simply replace WLY (B) with L¥ (B) and WMY 1(R") with M¥-7(R") and use
(28), (32) and (33) for the strong estimate.

2. We will now prove the second part. Let Bg = B(0, R) and x € Bg,>. By
Lemma 3 we have

R/2
p*(R/2) :=/0 @dl < Cl,xBg(x).

Therefore, by Lemma 7 and the doubling property of ¢,
P (R/2) S |BR/2|_1||I,0XBR||WL1(BR/2) S 02(R/D M p x g llw pg1

92 (R/2) _ ¢2(R/2)
S e2(R/Dxs e S @1(R) < e1(R/2)

Since this is true for every R > 0, we are done.
3. The third statement of the theorem follows from the first and second parts of the
theorem.

6.2 Adams-type result

The following theorem was proved in [3, Theorem 4.6]:

Theorem 6 [. Let ¢ € Go be almost decreasing. Then the maximal operator M is
bounded from M® ¢ (R") to WM®-¢(RM).

2. Let ® € V, and ¢ € G be almost decreasing. Then the maximal operator M is
bounded on M®¢ (R").

The following theorem gives necessary and sufficient conditions for Adams-type
boundedness of the operator 7, from MP-2R") to MY-1(RM):

Theorem 7 (Adams-type result) Let @ be a Yougn function, and let ¢ € Gg be almost

decreasing. Let B € (0, 1) and define n(t) = (p(t)ﬂfort >0and W () = Q>(tl/5)f0r
t > 0.
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1. Let p satisfy (1) and (4). Then the condition

d
@(r )f &dt-i-/ (t)<p(t)7t = Cn(r), (36)

forallr > 0, where C > 0 does not depend on r, is sufficient for the boundedness
of 1, from MP2[R") to WMY-1(R"™). Moreover, if & € Vs, then the condition
(36) is sufficient for the boundedness of 1,, from MP2RY) to MY-1(RM).

2. The condition

o(r) / &dr < Cnr), 37)

forallr > 0, where C > 0does not depend on r, is necessary for the boundedness
of 1, from MP2RY) to WML RY) and hence for the boundedness of I, from
MP2RY) to MY -1(RM).

3. Let p satisfy (1) and (4). Assume that ¢ satisfies the condition

o0 d
/ p(t)so(t)Tt < Cp(rp(r). (38)

forallr > 0, where C > 0 does not depend on r. Then the condition (37) is nec-
essary and sufficient for the boundedness of I, from M®¢(R") to WMY¥ -1 (R™).
Moreover, if @ € V,, then the condition (37) is necessary and sufficient for the
boundedness of 1, from MP2RY) to MY-1(RM).

We notice that the function ¢ and 1 come into play, unlike Spanne-type. Similar to
Lemma 5, we have the following pointwise estimate:

Lemma9 Let @ be a Young function, ¢ € Go, B € (0,1), n(t) = ¢ ()P and ¥ (1) =
@ (t1/P). If (36) holds, then there exists a positive constant C such that, for all non-
negative measurable functions f and for every x € R",

Lf(x) < COUF P Il (39)
Proof Let p be defined by (14). We have
-1

© s0nj
Lifw=c| Y 43280 Fody | =ca+m
j=

0 (27r)n [x—y|<2/r

j==o0

for given x € R” and r > 0. Thus from (15) and (16) with T = ¢ we deduce

—1 kor
1<c Yy ﬁ(2/r)Mf(x)§C(/2 PO, )Mf(x)
j==00 0

H<CY 5@ neQRr)Iflipes < Clflpes / o(s)22 as

=0 kir s
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Consequently we have

kor oo
Lf(x) < (/0 2 @dS) Mf(x)+ ||f||/\/14’~w/ w(S)&dS-

kir s
Thus, the technique in [30, p. 6492] by (36) and the doubling property of ¢ we obtain

L, f(x) < min {or)f "' MF (), o) || fll pow }
< supmin {s# 7 Mf(x), sP1| f | poe )

s>0

= (MfC)P 1 -

where we have used that the supremum is achieved when the minimum parts are

balanced. Hence we have I, £ (x) < (Mf ()P 1 f1l\ /..

We have the following scaling law:
Lemma 10 Let B > 0. Let ¥ and ® be Yougn functions, and let B be a ball. Then

APy = 1150 and 11FPlwio s = 1F Wy 0, for all measurable
functions f.

Proof Simply note that
B
/ Py (Ll P / o (H}Ji(xn )dx
B 1f 175 B L?(B)
for L? (B). The equality for weak spaces can be proved similarly.

Proof of Theorem7 1.

— We deal with the weak-type estimate. By using inequality (39) we have for an
arbitrary ball B

17
1o f iy gy S NP o oy 1 -

Consequently by using this inequality and Lemma 10 we have
Mo Fllwzo ) S 1M o g 11 - (40)
From Theorem 6 and (40), we get
1o f Iweren = supn @) =1 o f wee s
S sgpn(r)_l!lf‘l(r‘")IIMfIIfVLq»(B)

B
=111y (Sgp¢(r)1¢I(Vn)||Mf||WL¢(B)>

S I llmes-
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— Simply replace WLY (B) with LY (B) and WM¥-1(R") with M¥-7(R") for the
strong estimate.

2. We will now prove the second part. Let Bg = B(0, R) and x € Bgjs. By
Lemmas 1, 3 and 7 and the doubling property of ¢, we have

p*(R/2) < C|BR/2|_1||IpXBR||WL'(BR/2) < Cn(R/2) | xBg lwain
n(R/2) _ n(R/2)
e(R) — @(R/2)

< Cn(R/D) I xBgl pmoe < C = Co(R/2)F 1.

Since this is true for every R > 0, the proof is complete.
3. This part follows from the first and second parts.

7 Generalized fractional maximal operators on generalized
Orlicz-Morrey spaces

In this section we give a characterization for the Spanne-type boundedness and the
Adams-type boundedness of the operator M, on generalized Orlicz-Morrey spaces,
respectively.

7.1 Spanne-type result

We use the following lemma:

Lemma 11 Ler @, ¥ be Young functions. Assume that p is increasing and that r +—
r~"p(r) is decreasing. Assume also that the condition (19) is fulfilled. Then there
exists a positive constant C such that, for all f € LI?;C (R™) and B = B(x,r),

IMp fllwee sy

C _1/—
=Clfllzeep) + m sup (1 fll 2o (peeany @ (17")p(0). (41)

r<t<oo
Moreover if we assume @ € Vy, the following inequality is also valid:

1Mp fllLe By

< ClfllLo@s) + 7, Sup 1f e Beeam @ ()o@, (42)
r<ir<oo

Cc
wl(rn
Proof We represent f as

f=hHa+/f, A=fxs f=f-f, r>0.

Then we have
1My fllwee gy S WMy fillwee gy + 1 Mp f2llwre s)-
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From the boundedness of M, from L 2 (R") to WLY (R") (see Theorem 4) it follows
that:

IMp fillwre gy = IMp fillwre ey < Clfillewny = CllifliLe s (43)

where constant C > 0 is independent of f.
If y e Bandr < ¢, then B(y, t) C B(x, 2t). Then, using Lemma 2, we have

p(1)
My fo(y) = sup ——— | f(2)|dz
P >0 1B, D JBy,o\Bx,2r)
p(1)
= sup —— |f(2)ldz
t>r |B(x, )| Jp.2n
S sup oM@ T (1 lpo gy fory € B. (44)
r<t<oo
Thus by Lemma 1 we have
1
M, Hllwre g < ——— sup p() @ '@ o . 45)
My follwe (B) W‘l(r_”) r<l<130010 (WAlFs (B(x,21)) (

Therefore we obtain (41) by (43) and (45).
If @ € V;, then we can use strong type inequality instead of (43) and obtain (42)
by using the same argument.

The following theorem gives a necessary and sufficient condition for Spanne-type
boundedness of the operator M, from MP-91(R") to M¥>#2(R™): We notice that the
requirement is the same as the Orlicz spaces.

Theorem 8 (Spanne-type result) Let @, ¥ be Young functions, and let 91 € Go and
@2 € Gy.

1. Assume that p is increasing and that r +— r~"p(r) is decreasing. Assume also
that the conditions (19) and (32) are satisfied. Then the condition

sup @1(t)p(t) = Cea(r), (46)

r<t<oo

forallr > 0, where C > 0does not depend on r, are sufficient for the boundedness
of M, from MP21(RY) to WMY-92(R™). Moreover, if ® € Vs, then the condition
(46) is sufficient for the boundedness of M, from MPLLRY) to MY -22(RM).

2. Let @1 be almost decreasing. Then the condition

p1(N)p(r) < Cea(r), (47)

forallr > 0, where C > 0 does not depend on r, is necessary for the boundedness
of M, from MP21 (R 10 WML22(R") and hence M®P-#1(R") to M¥-#2(R").
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3. Assume that p is increasing and that v +— r~ " p(r) is decreasing. Assume also
that the conditions (19) and (32) are satisfied. Let @1 and @2 be almost decreasing.
Then the condition (47) is necessary and sufficient for the boundedness of M,
from M®1(R") to WMY-92(R"). Moreover, if ® € Vs, then the condition
(47) is necessary and sufficient for the boundedness of M, from MP21 R to
MY RM).

Proof 1. By (32), (41), (46) and the doubling properties of ¢; and @ ~! we have

IMpfllwaer S sup - @) ') FllLe Bie.2ry

xeR",r>0

+ sup @7 sup 1 fllepan @ (") e

xeR*,r>0 r<t<oo

< osup o) () llLe ey

xeR? r>0

+ sup @) sup @1 e f Iy

xeR™ r>0 r<t<oo

S e -

Simply replace WLY (B) with L¥ (B) and WMY¥-1(R") with MY -"(R") for the
strong estimate.
2. We will now prove the second part. We utilize (22). By Lemma 7, we have

p(r) < 1B, )] 1MpxBo2nlweriso.r) S €20 1MpxB©.2r) lwagie
@2(r)
@1(r)

S oM xBo2n l pmeer S

3. Since ¢, is almost decreasing, (46) and (47) are equaivalent. Then the third
statement of the theorem follows from the first and second parts of the theorem.

7.2 Adams-type result

The following theorem gives necessary and sufficient conditions for Adams-type
boundedness of the operator M, from MP-2R") to MY-1(RM).

Here we suppose that p is an increasing function such that r € (0,00)
r~"p(r) € (0, 00) is decreasing.

Theorem 9 Let @ be a Young function, and let ¢ € G be almost decreasing. Assume
that p is increasing and that r +— r~" p(r) is decreasing. Let B € (0, 1), n(t) = go(t)/3
and W (t) = & (tYP). Then the condition

P S e, (48)
is necessary and sufficient for the boundedness of M, from M®¢ (R") to W MY -1(R").

Moreover, if @ € V3, then the condition (48) is necessary and sufficient for the bound-
edness of M, from MP2 (R to MY 1(RM).
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As before, we start with an auxiliary pointwise estimate.

Lemma 12 Under the assumption of Theorem 9 including (48), there exists a positive
constant C such that, for all f € M®P#(R") and all x € R",

My f(x) < CMFE)P IS oo (49)

Proof For arbitrary ball B = B(x, r) we represent f as

f=h+f NH=fxs, fo=f—-fQHh, r>0

so that

M, f(x) = My fi(x) + M fo(x).

Hence by Lemma 2,

p (1)
M d
ZE fzg [B(x, D] JB,n\(Bx,r) |/ @)ldz
<sip 20 [z

t>r |B(x,t)| B(x,t)
<supp() @~ (B, H)|™H I f 1L B

t>r

S Il agee sup o (@) @(0).
t>r
Consequently by Lemma 4 we have
My f(x) S p(MFx) + [ fll pgoe sup p(1) @(1).
t>r
Thus, using the technique in [30, p. 6492] as before and (48) we obtain

M, f(x) < minfe(r)? ' MF @), )P Il Fllpgoe)
< supmin{s? T Mf (x), sP || fll pqo0)

s>0

= (MfC)P 1 f oo

where we have used that the supremum is achieved when the minimum parts are
balanced. This shows (49).

We prove Theorem 9.

Proof of Theorem 9 By using inequality (49) and Lemma 10 we have, for all balls B,

1M fllw e sy S IO ooy 1 Wiy = IMF Iy p0 g 1F Lo

@ Springer



Generalized fractional maximal and integral operators. .. 755

Consequently, by using the boundedness of the maximal operator M, we get

_ _ _ — — — 1—
()" ABITYIM, Fllwew sy S 00 ABIDIME NG, o ) 11 oo

B _
= (¢ 'O UBITOIMS Nwzow) 11 5oy S 1 Tpgoe-

By taking the supremum over all balls B, we get the desired result. Moreover, if
@ € V,, then we have the strong type estimate.
We will now prove the necessity. We utilize (22). By Lemmas 1 and 7, we have

p(r) SW N TIMy X020 lwey 0.y S 1Mo xB©.20) llwagen

n(r) _
< < NV < =1
SN xeo2nlmee S o) ~ @(r)

Then the proof is complete.
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