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Abstract We show continuity in generalized Morrey spaces of sublinear integral
operators generated by Calderén-Zygmund operator and their commutators with
BM O functions. The obtained estimates are used to study global regularity of the
solution of the Dirichlet problem for linear uniformly elliptic operators.
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1 Introduction

The classical Morrey spaces L, are originally introduced in [18] in order to study
the local behavior of solutions to elliptic partial differential equations. In fact, the
better inclusion between the Morrey and the Holder spaces permits to obtain higher
regularity of the solutions to different elliptic and parabolic boundary problems.
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844 V.S. Guliyev, L.G. Softova

Recall that for a bounded domain Q C R” satisfying the cone property, the space
L, with 1 < p < oo consists of all functions f € L,(2) such that

1/p
1
I fllL,.@ = (SUPA/ |f()’)|pd)’) <00
r ne

r r

where B, ranges over all balls in R” centered in some point x € Q and of radius
r > 0. For the properties and applications of the classical Morrey spaces, we refer the
readers to [3, 18, 21, 23] and the references there. In [5] Chiarenza and Frasca show
boundedness of the Hardy-Littlewood maximal operator in L, ;(R") that allows
them to prove continuity of fractional and classical Calderén-Zygmund operators in
these spaces. Recall that integral operators of that kind appear in the representation
formulae of the solutions of elliptic/parabolic equations and systems. Thus the
continuity of the Calderén-Zygmund integrals implies regularity of the solutions in
the corresponding spaces. In [17] Mizuhara gives a generalization of these spaces
considering a weight function w(x, r) : R” x R, — R, instead of r*. He studies also
a continuity in L, , of some classical integral operators. Later Nakai extends the
results of Chiarenza and Frasca in L,, imposing certain integral and doubling
conditions on w (see [19]). Taking a weight @ = @Pr" the conditions of Mizuhara-
Nakai become

/ o(x, t)Pﬂ < Co(x,r)?, Cc'< faSib) <C Vr<t<2r
r t (/)(x’ r)
where the constants do not depend on ¢, r and x € R".

In series of works, the first author studies the continuity in generalized Morrey
spaces of sublinear operators generated by various integral operators as Calderén-
Zygmund, Riesz and others (see [11, 12, 14]). The following theorem obtained in
[11] extends the results of Nakai in Morrey-type spaces with weight w = ¢r" (for the
definition of the spaces see Section 2)

Theorem 1 Let 1 < p < oo and (@1, ¢2) satisfy the condition

© d
/ e Y < Contr., (1)
t

where C does not depend on x and t. Then the maximal operator M and the Calderén-
Zygmund integral operators K are bounded from M, , to M, ,, for p > 1 and from
M, ,, to the weak space WM, ,.

Later this result is extended on spaces with weaker condition on the weight
pair (¢r, ¢2) (see [14]). For more recent results on boundedness and continuity of
singular integral operators in generalized Morrey and new functional spaces and
their application in the differential equations theory see [2, 13, 20, 22, 25, 26] and
the references there.
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Elliptic Equations in Generalized Morrey Spaces 845

Throughout this paper the following notations will be used:
Dju = du/dx;, Du = (Du, ..., D,u) means the gradient of u,
Diju = 3*u/dx;dx;, D*u = {Dyu}}_, is the Hessian matrix of u,
B, = B(xo,r) ={x e R": |x —xo| <7}, B =R"\ B,, 2B, = B(xo, 2r),
S"~!is a unit sphere in R", @ ¢ R" is a domain and , = Q N B,(x), x € 2,
R ={xeR": x=(,x,,x € R"! x, > 0},
Bf =B r) = Bx°, r)nix, > 0}, 2B = B (x°, 2r) where x° = (¥, 0).

The standard summation convention on repeated upper and lower indexes is
adopted. The letter C is used for various positive constants and may change from
one occurrence to another.

2 Definitions and Statement of the Problem

In the present section we give the definitions of the functional spaces to which the
coefficients and the data of the problem belong. The domain £ C R” supposed to be
bounded with 9Q € C!!.

Definition 2 Let ¢ : R” x R, — R, be a measurable function and 1 < p < co. The
generalized Morrey space M, ,(R") consists of all f € LII?C(R”)

1/p
I fllag,,@n = sup @(x,r)”" <r*”/8 If(y)l”dy> < o0.
(x,r)

xeR" r>0

For any bounded domain Q we define M, ,(R2) taking f € L,(2) and €, instead of
B(x, r) in the norm above.

The generalized Sobolev-Morrey space W, ,(€2) consists of all Sobolev functions
u € W, ,(Q2) with distributional derivatives D*u € M, ,(R2), endowed with the norm

lullw,, @ = D 1D* flim,,@-

0=ls|=2

The space W»,,.,(2) N WY () consists of all functions u € W, ,(2) N W} () with

D’u € M, ,(S), and is endowed by the same norm. Recall that W} ,(2) is the closure
of C§°(€2) with respect to the norm in Wy .

Definition 3 Let ¢ : R” x Ry — R, be a measurable function, the generalized weak
Morrey space WM, ,(R") consists of all measurable functions such that

1 -
I fllwam, s = sup @G, r " || flwL,Bar
xeR”,r>0

where WL, denotes the weak L;-space. For a bounded domain 2 we define the
space WM, ,(2) taking f € WL, ().
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846 V.S. Guliyev, L.G. Softova

Defi;llition 4 Letae L'IOC(R”) and ap, = Il’;‘ifl /, B, a(y)dy is the mean integral of a. We
say that

e a € BMO (bounded mean oscillation, [15]) if

1
lall = sup sup —— f la(y) — ag,ldy < +oo.
rR>0B,r<r |Br| JB,

The quantity |a||, is a norm in BM O modulo constant function under which
BMO is a Banach space;
e a € VMO (vanishing mean oscillation, [24]) if a € BM O and

|
im sup

lim y,(R) =1
R—0 7alR) R=>0 5, r<R ||

/ la(y) —ag,|dy = 0.
B,

The quantity y,(R) is called V M O-modulus of a.

For any bounded domain @ C R"” we define BMO(2) and VM O(R) taking a €
L(2) and €, instead of 5, in the definition above.

According to [1, 16], having a function a € BM O(2) or VM O() it is possible to
extend it in the whole R” preserving its BM O-norm or V M O-modulus, respectively.
In the following we use this property without explicit references. Any bounded
uniformly continuous function f € BUC with modulus of continuity w¢(r) is also
VMO and y;(r) = ws(r). Besides that, BMO and VMO contain also discontinu-
ous functions and the following example shows the inclusion W, ,(R") Cc VMO C
BMO.

Example 5 f,(x) = |log|x||* € VMO for any « € (0, 1);
foeWi R fora e (0,1 —1/n), f, ¢ Wi, (R fora € [1 —1/n, 1),
f(x) =|log|x|]| € BMO\VMO:; sin f,(x) € VMO N L (R").

In the Sections 3, 4 and 5 we study continuity in the spaces M, of certain
sublinear integrals and their commutators with B M O functions. These results unified
withe known estimates in L,(R") permit to obtain continuity of the Calderén-
Zygmund operators in M, ,(R") that is shown in Section 6. The last section is
dedicated to the Dirichlet problem for a linear uniformly elliptic operator with VM O
coefficients. This problem is firstly studied by Chiarenza, Frasca and Longo. In their
pioneer works [6, 7] they prove unique strong solvability of

Lu=d'(x)Dju= f(x) aa xecQ, 2

ue Wy, (NW (Q), pe(l,o0)
providing such way the classical theory on operators with continuous coefficients
to those with discontinuous ones. Later their results are extended in the Sobolev-
Morrey spaces W , 5 (22) N W(l”p(Q), A € (1,n) (see [8, 9]). In the present work we
show that Lu € M, ,(2) implies the same regularity of the second order derivatives
Djju. The weight ¢(x, r) satisfies an integral condition weaker than Eq. 1.
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Elliptic Equations in Generalized Morrey Spaces 847

3 Sublinear Operators and Commutators Generated by Singular Integrals
in the Space M, ,(R")

In this section we present results obtained by the first author in [14] concerning con-
tinuity of sublinear operators generated by singular integrals as Calderén-Zygmund.
Let T be a sublinear operator such that for any f € L;(R") with compact support
and x ¢ supp f holds

[fD)I
lx — y|"

Trwi<c [ HOCay ©)

where C is independent of f.

Theorem 6 Let 1 < p < o0, ¢1,¢ : R" x Ry — R, be measurable functions such
that for any x € R" and for any t > 0

%dtf Cpa(x,r) 4)

oo ess inf ¢ (x, s)s%
[ tr

and T be sublinear operator satisfying Eq. 3.

(i) If p>1 and T bounded on L,[R") then T is bounded from M, , (R") to
M, ., (R") and

ITFllm,,, @n < Cll fllu,,, @&

(i) If p=1 and T bounded from L{(R") to WL{(R") then it is bounded from
M, ,, (R") to WM, ,, (R") and

ITfliwm, ,, @ < CIl fllm,,, @

with constants independent of f.

Note that condition 4 is weaker than the one in Theorem 1. Indeed, if condition 1
holds then

oo ess inf ¢ (x, s)s% 0 dt
1<s<00
/ — dtf/ wl(x,t)7
r r

rr
that implies Eq. 4. We give also two examples of admissible pairs of functions.
Example 7 For g € (0, ip) consider the weight functions

sin(max {1, %})

Ifr € (0,1) then ess infwl(s)s% =0 and
r<s<oo

o1 =r""r . e =

A e < Cpr(1).

[FEEe, o reo
r tr B re (1,00

Hence the pair (¢, ¢,) satisfies Eq. 4 but not Eq. 1.
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Example 8 For g € (0, %) consider the functions

pi1(r) = . e =r (1477

X 77"
They satisfy condition 4 but not Eq. 1.

Consider now the commutator 7, f = Tla, f] =aTf — T(af) such that for any
f € Li(R") with a compact support and x ¢ supp f holds

[fD)I
lx — y|"

|Ta f0)] < C/Rn la(x) —a(y)| dy, ®)

where C is independent of f and x. Suppose in addition that 7, is bounded in
L,(R") satisfying the estimate |7, f|z,®" < Cllall«|l fllLr@®~. Then the following
result holds (see [14]).

Theorem 9 Let 1 < p <oo,a € BMO and (¢, ¢>) satisfy

oo £y €88 inf ¢ (x, s)s%
/ (1 +1In 7) e dt < Coy(x,7) (6)
- r

7
t;+1

where C does not depend on x and r. Suppose T, be a sublinear operator satisfying
Eq. 5 and bounded on L,(R"). Then the operator T, is bounded from M, , to M,

N Ta fllaty, @ < Cllalls Il fllag,,, -
4 Sublinear Operators Generated by Nonsingular Integral Operators in the Space
Mp,,(RY)
We start with a known result concerning the Hardy operator

1 r
Hg(r) := ;/ g(dt 0<r<oo.
0

Theorem 10 [4] The inequality

ess sup w(r) Hg(r) < Aesssupv(r)g(r) (7)

r>0 r>0

holds for all non-negative and non-increasing g on (0, co) iff

" dt

A = Csup we) / < 00. (8)

~0 T Jo esssupu(s)
O<s<t

For any x € R} define ¥ = (¥, —x,) and recall that X0 = (¥, 0). Let T be a
sublinear operator such that for any f € L;(R") with a compact support holds

S

X =yl

ﬁﬂMECA ©)
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Lemma 11 Let f € LIOC(R ), 1 < p < oo be such that

o0
_n_g
/ £ flle, s po.ndt < 00
1

and T be a sublinear operator satisfying Eq. 9.

(i) Ifp>1land T bounded on L p(R}) then

o0
~ n _n_y
1T fll,Brwom < Cre f £ fllL, o, dt.

2r

(i) Ifp=1and T bounded from L\(R'}) on WL (R"}) then

o0

5 —n—1
VT Fllwe, e oy < CF" / N FlL s o

2r

where the constants are independent of x°, r and f.

Proof

(10)

(11)

(12)

(i) Denote by Bf =B*(x’r), B =B"(x’ 1) and for any fe L“(R%), pe
(1, c0) write f fi+ f» with f| = f oy and fo = fxophe Because of the

(p, p)-boundedness of the operator T and fi € L,(R") we have

IT fill, ) = IT fil L,y < Cllfillz,eyy = ClfllL, @8-

It is easy to see that for arbitrary points x € B and y € (2B;") it holds

1, . 3.0
— — < — < — — vyl
2Ix yI<lx—=yl =< 2Ix Yl

Applying Eq. 9 and the Fubuni theorem to T > we get

T S0l sCf LWL,
R X —yI"

<cC L f DI y<cf | f( )|/ |t"“

@B/ ) X0 — y|

(13)

o0 dt dt
C d <C d —
<c[ ( /2 L y) s ( /B 17 y) =

Direct calculations give

o dt
||Tf2||L @) < Cre / I fll, a0 )

2r

(14)

and the last estimate holds for all f e L,(R"}), 1 < p < oo satisfying Eq. 10.

Thus

~ a [ dt
1T fll,mH =C <||f||Lp<2B,+) +re /2 I fllz, s ﬁxﬁ) .
r

(15)
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On the other hand,

n > dt
1,8 = Cré I fllL, s, f s
2r tP

W [ dt
5Crﬂ/ ||f||Lp(B,>lﬂﬁ (16)

2r

which unified with Eq. 15 gives Eq. 11. _
ii etnow f € L, , the weak (1,1)-boundedness of 7 implies
(i) L fe Li(RY), th k (1,1)-bounded f T impli

0T fillwe, sy < 1T Alween < Cl fill Ly = ClL fll,esr-
The estimate Eq. 12 follows by Eq. 14. m]
Theorem 12 Let 1 < p <00, ¢1, ¢2 : R" x Ry — Ry be measurable functions satis-
fving Eq. 4 and T be a sublinear operator satisfying Eq. 9.

(i) If p>1 and T bounded in L,(RY) then it is bounded from M, R}) in
M, ,,(RY) and

IT Fllay, @) < Cll Flla,, @)- (17)

(i) If p=1and T bounded from Li(R}) to WL{(R") then it is bounded from
M, (RY) to WM, ,,(RY) and
0T flian,, @ < Cll flwar,, @)

with constants independent of f.

Proof Let p > 1 than by Lemma 11 we have

~ 0 dt
0 -1
||Tf||Mp,¢2(R1) < C sup ¢r(x",7) /r ||f||LP(B+(x0,t)) t%ﬁ

X0, r>0

r
— 0 -1 ;
- C Sup (/)2(x ’ r) \/0 ” f”LP(B*(x(',[’IW))dt

X0, r>0

==

r
0 —Zy—1
= C sup ) [ Ay e
0 |

X0, r>0

Applying the Theorem 10 to the above integral with

we ) =eC T e = ey
r
0 .y — ) 0y — 1
A L LI
where the condition 8 is equivalent to Eq. 4 we get

5 0 —2\—1
”Tf”M,z,M(R'fr) =C sup @ (x”, ron r”f”L],(B*(xO,r’%)) = C”f”M,w] R)-

x0,r>0
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The case p = 1 is treated in the same manner making use of Eqgs. 12 and 7

*© dt
IT fliw,, @y < C sup @r(x°,7) /r I Ly

X0, r>0

—n

= C w2 [ Al

x0,r>0

.
_1li_q
=C sup @p(x,r n /(; ||f||LI<B+(x0,z‘%))dt

X0, r>0

< C sup gol(x ra

X0, r>0

I, oo by = Cll Pl @

5 Commutators of Sublinear Operators Generated by Nonsingular Integrals
in the Space M, ,(R")

For a function a € BMO and sublinear operator T satisfying Eq. 9 define the
commutator 7, = T'a, fl= an T(af) Suppose that for any f e L;(R’) with
compact support and x ¢ suppf holds

[f(p)]
[ — y|"

Tafol = C [l - a2 ay, (18)

with a constant independent of f and x. Suppose in addition that T, is bounded
in L,(RY}), p € (1, 00) satisfying 7, fller@ey < Cllall«ll fllz, 2. Our aim is to show
boundedness of 7, in M, o (R"). For this goal we recall some well known properties
of the BM O functions.

Lemma 13 (John-Nirenberg lemma, [15]) Let a € BMO and p € (1, 00). Then for
any ball B there holds

p

(IBI |a(y)—aB|de>' < C(p)lall..

As an immediate consequence of Lemma 13 we get the following property.

Corollary 14 Leta € BMO then for all 0 < 2r < t holds

t
|as, — ap,| < Cllall*ln;~ (19)

To estimate the commutator we shall employ the same idea which we used in the
proof of Lemma 11.
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Lemmal5 Let | < p <oo, ae BMO and T, be a bounded operator in L,[R"})
satisfying Eq. 18. Suppose that for all f € L];’C(Ri) and r > 0 holds

o t\ _n_
/ (1 +In ;)l‘ » 1|| f”L,,(B,*(x“,t))dt < 0. (20)
1

Then

o0

1Tl < Clalrf |

t dt
s (1 + ln;)llfllL,,(waU,t)) p

Proof Decompose f as f= fx.gr + fxesr) = fi + f». From the boundedness of
T,in L,(RY) it follows that

1Tafill, sy < M Ta fillL,@yy < Cllall Nl fillz, @y = Clall | fllL,e8;)-

On the other hand, because of Eq. 13 we can write

3 muyw@Mﬂwl)p y
T, H=C v)
1T ol ) = (/w (/(26,*)“ X0 — y )&
§C</ (/ |a(y)—a5,+||f()’)|dy>pdx>']’
B \JeBy [0 =yl

1
~ s AN
+C(/ </' la(x) OﬂB,— ||f()’)|dy) dx) 4L
B+ \J@Br)e [0 — y|"

We estimate [, as follows

Lgcﬁ/‘ 4 —as: 1S,
QB X0 — y|"

" o dt
=Cw/1 hmo—%ﬂmwn/ oy
2B;})e [x0—y| £

cﬂ/w/ la(y) — ags | FO)Idy -
=Crr a(y) —ags
2r 2r<|x0—y|<t Y 5 PNy !

dt
+1°

506/ /|mw—wwmwwwn
2r JBf 4
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Applying Holder’s inequality, Lemma 13 and Eq. 19, we get
u [ dt
L <C(rr la(y) —agt | fDdy ——
2r JB i
P dt
+rv f lag; — aBﬂ/ [ f(»)ldy ﬁ)
2r B 1"

C u [ P d p;l dt
< — —1 -
<C(r f2 /B laG) —as17dy )l

t

n [ dt
+re lag; —ap:Il fllz, @0 pea)

2r

n [ t dt
< cnau*rﬂ/ (140 )00 )
14

2r

In order to estimate I, note that

L, = </ la(x) — dB;r|de> ! f |Of(7y)|dy
B} e 1X0 = y|"

r

By Lemma 13 and Eq. 14 we get

oo

L < C||a||*r?/ o

dy < Clal,.rr /
By 1x0— y|

||f||L BH oy
2r P l;+1

Summing up /; and I, we get that for all p € (1, 00)

o0

= n t dt
||Taf2||L,,(B,+) < Cllallsrr f (1 +In ;)”f”L,,(B,*) F

2r

Finally,

o0

~ 2 t dt
0T fllL, ) < lallall Fll, s + lallr? f (112 =

2r

and the statement follows by Eq. 16. O

Theorem 16 Let | < p <00, a€ BMO and ¢y, > : R" x Ry — R, be measurable
functions satisfying Eq. 6. Suppose T, be a sublinear operator bounded on L,(R})
and satisfying Eq. 18. Then T, is bounded from M, , (R"}) to M, ,,(R"}) and

0T Flvy, @t < Cllall || Flly,, @) @1)

with a constant independent of f.
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The statement of the theorem follows by Lemma 15 and Theorem 10 in the same
manner as the proof of Theorem 12.

6 Singular and Nonsingular Integral Operators in the Spaces M, ,

In the present section we deal with Calderén-Zygmund type integrals and their
commutators with BM O functions. We start with the definition of the corresponding
kernel.

Definition 17 A measurable function K(x, &) : R” x R”\ {0} — R is called a vari-
able Calderén-Zygmund kernel if:

(i) K(x,-)is a Calderén-Zygmund kernel for almost all x € R" :

(a) K(x,) e C*@R"\{0}),

(b) Kx,ué) =p"Kx,§) Yu >0,

(c) / K(x,§)do; =0 / IK(x, &)ldos < 400,
§n-1 §n—1

(ii) “rsr@(n H D?K(x, g)HLw(RnxSH) = M < oo independently of x.

The singular integrals

/() = P.V. /R K, x — y) f(y)dy.

Cla, fl(x) = P.V. /ﬂ;ﬂ Kx, x —y) fy)lax) —a(y)ldy = a(x)R f(x) — Raf)(x)

are bounded in L,(R") (see [6]), moreover

K &) < 11K (x, %)\ < Mg

which implies

la(x) —a)Il () dy

" lx — yI"

|ﬁf(x)|§C/ LfO)I

R X — yI"

dy. |Cla. flw)| < C /

and hence the validity of all results from Section 3. Let us note that any measurable
function ¢ : R” x R, — R, satisfying the condition 6 satisfies also Eq. 4 with ¢, =
¢> = ¢. Hence the following results hold as a simple application of the estimates from
Section 3.

Theorem 18 Let 1 < p <00 and ¢ : R" x Ry — R, be measurable function such
that forallx e R" andr > 0

00 t e[ss inf p(x, s)s%
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Then for any f e M, ,(R") and a € BM O there exist constants depending on n, p, ¢
and the kernel such that

1R fllm,, @y < Cll fllm, @y, I€a, fliim,, @) < Clalldl fllm,,e)-
The assertion follows by Egs. 17 and 21.

Example 19 The weight ¢(r) = P70 < B < % satisfies condition 22. Let us note
that in this case M, , coincides with L, g,.

Example 20 The weight ¢(r) = P75 I (e+r),m=>1,0<pB< % satisfies condition
22 and the space M, , does not coincide with any Morrey space.

Since we aim at studying regularity properties of the solution of the Dirichlet
problem 2 we need of some additional local results.

Corollary 21 Let Q CR", Q€ C""',a € BMO(Q) and f € M, ,(Q) with p and ¢ as
in Theorem 18. Then

1R1m,,@ < Clflm,, @ I€a, flim,, @ < Clallll flim,, (23)
with C = C(n, p, ¢, 2, K).

Corollary 22 Let p and ¢ be as in Theorem 18 and a € VMO with VM O-modulus
va. Then for any ¢ > 0 there exists a positive number py = po(€, v,) such that for any
ball B, with a radius r € (0, py) and all f € M, ,(B,) holds

1€]a, f]||Mp,¢(B,+) =< C8||f||Mp_q,(B,+)a (24)
with C = C(n, p, ¢, 2, K).

To obtain the above estimates it is sufficient to extend K(x, -) and f(-) as zero
outside Q2 (see [6, Theorem 2.11] for details). Recall that the extension of a keeps its
BMO norm or VM O-modulus according to [1, 16].

For any x, y € R}, ¥ = (¥, —x,,) define the generalized reflection T (x; y) as

a'(y)
a"(y)

where a” is the last row of the coefficients matrix a. Then there exist positive
constants Cy, C, depending on n and A, such that

T(x;y) =x—2x, Tx)=T7Tx;x) : R} - R"”

CIX—y|<ITx) -yl =GIX¥—yl Vx,yeRL.

Forany f e M, ,(R") and a € BMO consider the nonsingular integral operators
R = [ K T =010y, Ea, 1100 = aRF) =~ Ra ).

The kernel K(x, 7 (x) — y) : R” x R — R is not singular and verifies the conditions
(b) and (ii) from the Definition 17. Moreover

IKx, T(x) = = MITx)—yI™" <= Clx—yl™
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856 V.S. Guliyev, L.G. Softova

that implies

If(y)l
X -yl

Ujéf(x)'EC/ | f)I

SOy (@a il =€ [ law - ao)
Ry X — Yl R

The following estimates are simple consequence of the results in Sections 4 and 5.

Theorem 23 Leta c BMO(R ). p € (1, 00) and ¢ be measurable function satisfying

Eq. 22. Then the operators ﬁf and €Ja, f1 are continuous in M, , and for all f e
M, ,(R?}) holds

1R flia,, &y < Cll fllm,, @
1€la, flllm,, @ < Clallll fllm,, & (25)

with a constant dependent on known quantities only.

Corollary 24 Let p and ¢ be as in Theorem 23 and a € VMO with a VM O-modulus
va. Then for any ¢ > 0 there exists a positive number py = py(g, y,) such that for any
ball B with a radiusr € (0, po) and all f € M, ,(B}") holds

I€La, Flll,, i) < Cell Fllu,, a0 (26)

where C is independent of ¢, f and r.

The proof is as [6, Theorem 2.13].

7 The Dirichlet Problem

We consider the Dirichlet problem for second order linear equations

Lu :=d'(x)Dju = f(x) aa.xeg,
(27)
ue Wapo(@NW (Q), pe(l,o0)
subject to the following conditions:
(Hy) Uniform ellipticity of L : there exists a constant A > 0, such that
TP < /g < AlEP aa.xeQ, VEER
al(x) = a¥(x) l<ij<n.
The last assumption implies immediately essential boundedness of the
coefficients a’ € L, ().

(H,) Regularity of the data: a7 € VMO(Q) and f € M, ,(R2) with | < p < oo and
¢ : Q2 xR, — R, measurable.
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Theorem 25 (Interior Estimate) Let u € W;?;(Q) and L be a linear uniformly elliptic

operator with VMO coefficients such that Lu € Mllgfﬂ(Q) with p € (1,00) and ¢

satisfying Eq. 22. Then Djju € M, ,() for any Q' CC Q" CC Q and

ID*ullum, @) < C(lullm, @) + 1 Lully, @) (28)
where the constant depends on known quantities and dist (', 9Q").
Proof Take an arbitrary point x € supp « and a ball B,(x) C @, choose a point xy €
B, (x) and fix the coefficients of £ in x,. Consider the constant coefficients operator

Lo =a'l (x0) D;j. From the classical theory we know that a solution v € C§°(B,(x)) of
Lov = (Lo — L)v + Lv can be presented as Newtonian type potential

v(x) = /13 I = PI(Lo — Lyv(y) + Lo(y)ldy

where I'(x — y) = I'(xp, x — y) is the fundamental solution of £,. Taking D;v and
unfreezing the coefficients we get for all i, j =1, ..., n (cf. [6])

Djjv(x) = P.V. / Lij(x, x — y) [Lo(y) + (a"(x) — "™ () Dpev(y)] dy

"

+ Lv(x) / [';(x, y)yidoy
Sn

= RLv(x) + C{a"™, Dpvl(x) + Lo(x) / T(x; y)yidoy. (29)
Sn—l

Here T';(x, &) stand for the derivatives Dgg I'(x, §). The known properties of the
fundamental solution imply that I';i(x, &) are variable Calderén-Zygmund kernels
in the sense of Definition 17. The representation formula 29 still holds for any
veW,,(B)nN W‘f’ »(Br) because of the approximation properties of the Sobolev
functions with C§° functions. In view of Egs. 23, 24 and 29 for each ¢ > 0 there exists
ro(e) such that for any r < ry(e) it holds

2 2 .
D v”p,tp;r <C (5“D v”p.w;r + ”»CU”p,go;r) Il - “p,(p:r = ”Mp,q,(l’)’,*)'

Choosing ¢ (and hence also r!) small enough we can move the norm of D?v on the

left-hand side that gives
1DVl pgsr < CILV]|pgir - (30)

Define a cut-off function n(x) such that for 6 € (0,1), 8 =63 —6)/2 > 6 and s =
0, 1,2 we have

_ 1 xe Ber 00 " _ s
nx) = {0 x ¢ By, n(x) € G5 (By), D'yl = ClO(1 —O)r]™.

Applying Eq. 30 to v(x) = n(x)u(x) € W, ,(B,) N W‘l{p(B,) we get

2
”D u”p,(p;ﬁr < C”£U”p,<p;9’r

| Dull p.giorr llell p.giorr
<C (||ﬁullp,¢;9/r + .

01—y  [0(1 —06)r)?
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Define the weighted semi-norm

Oy = sup [0(1 =) I1Dullpyor  s=0,1,2.
0<f<1

Because of the choice of 8 we have 0(1 —0) < 20’'(1 —6’). Thus, after standard
transformations and taking the supremum with respectto 6 € (0, 1) the last inequality
rewrites as

®, < C (Pl Lull p.pir + O1 + Op) . (31)

Lemma 26 (Interpolation Inequality) There exists a constant C independent of r such
that

C
O < €0, + —0 forany ¢ € (0, 2).
£

Proof By simple scaling arguments we get in M, ,(R") an interpolation inequality
analogous to [10, Theorem 7.28]

C
”Du”p,(p;r =< SHDZM”p,(p;r + gnunp,zp:r 8€(0,r).
We can always find some 6, € (0, 1) such that
O <2[6(1 — 90)r]||Du||p,¢;6(,r
’ C
<2[60(1 — Op)r]{ 8D u“p.go;é?or + E”unp,w:@or .
The assertion follows choosing § = £[0p(1 — 6o)r] < 6pr for any ¢ € (0, 2). O

Interpolating ®; in Eq. 31 we get

2
r
TP ulp g2 < ©2 < C (P Lutlpgir + 1l pger)

and hence the Caccioppoli-type estimate
1
||D2u”p$<p;r/2 <C <||£u||p.rp;r + rj”””p,(pﬁ) . (32)

Letv= {v,-]-}fj:l e M p,w(B,)]"z be arbitrary function matrix. Define the operators

Sijnk (i) (x) = Cla™ vl (x) i jhk=1,...,n.

Because of the VMO properties of a’/’s we can choose r so small that

n

> ISl < 1. (33)

ijh k=1

@ Springer



Elliptic Equations in Generalized Morrey Spaces 859

Now for a given u € W ,(3,) N W?,p(B,) with Lu € M, ,(B,) define

Hij(x) = KRijLu(x) + Lu(x) / Lj(x; y)yidoy
Sn—l

and Eq. 23 implies H;; € M, ,(B,). Define the operator )V by the setting

Wy = ( 3 (S,-jhkvhk—l—H,-j(x))] My BD]" = [Myy,(B)]"

ij=1

By virtue of Eq. 33 the operator W is a contraction mapping and there exists a unique

fixed point v = {v;}],_, € [M,.,(B,)1"™ of W such that W¥ = ¥. On the other hand it
follows from the representation formula 29 that also D*u = {Djju}j,_, is a fixed point

of W. Hence D*u =¥V, that is Diju € M, ,(B,) and in addition Eq. 32 holds. The
interior estimate Eq. 28 follows from Eq. 32 by a finite covering of &’ with balls B,,,
r < dist (2, 9Q"). u]

To prove a local boundary estimate for the norm of D;u we define the space

W', (B}) as a closure of C,, = {u € C3°(B(x’, 1)) : u(x) = 0for x, < 0} with respect

to the norm of W .

Theorem 27 (Boundary Estimate) Let ue€ W, (Bf) and suppose that Lu e
M, ,(B) with p € (1,00) and ¢ satisfying Eq. 22. Then Dju € M, ,(B}) and for
each ¢ > 0 there exists ro(&) such that

||Di/u||p,(p;8,+ = C‘”‘Cu”p,gp;B:r Vr e (03 r0)~ (34)

Proof Foru e W;"p (B;") the boundary representation formula holds (see [7])

Dyuo) = PV. [ Tyxx = y)Lutrdy
B+

r

+PV. [Tyt @ - )] Dy

'

+ Lu(x) / L'j(x, y)yidoy + 1ij(x)
SVI—I

Vij=1,....n, (35)
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where we have set

Lij(x) =/B+ Lyj(x, T (x) — y)Lu(y)dy

+ /B Ty T = [0 — ()] Digau(y)dy

r

Vi j=1,....n—1,

o) =10 = [ Tue. T = (DT )

r

x {[a"™ (x) — d"™ ()] Dua(y) + Lu(y)} dy
Vi=1,...,n—1,

Lun (%) =/B+ Tis(x, T(x) = (DT () (D, T (x))°

x {[a"™* (o) — d"™ (1) ] Diu(y) + Lu(y)} dy

where D, 7 (x) = ((D,T(x)',.... (D,T(x))") =T (ey, x). Applying the estimates
Egs. 25 and 26, taking into account the VMO properties of the coefficients a’/’s,
it is possible to choose ry so small that

I Dijull .55 < CllLull .35 for each r < ry.
For arbitrary function matrix w = {wiii_, € IM po(BF )" define

Sk (%) = Cyla"™  wid ) i jhl=1,....n,

S () = Cla"™ wiyd () i j=1.....n—1 hk=1,....n,

S @) = Cyla"™, w I(D, T (), i, hk=1,....n,

Sunnic W) (¥) = Ela™, wpd ) (DT ) (DT () hok=1,....n.
Because of Egs. 24 and 26 we can take r so small that

n

Z ISijnk + Sijnell < 1. (36)

i, j,hk=1
Now, given u € W;”OP(B,*) with Lu € M, ,(B) we set
Hij(x) = RyLu(x) + RKijLu(x) + Ry Lux)(D, T (x))
4 R L) (DyT () (DyT () + Lu(x) / Fj(x. y)yido,
Sn—]

and the Theorems 18 and 23 imply ﬁij € M, ,(B). Define the operator

hk=1

Uw = Z (Sijhk(whk) + gijhk(whk))) + ﬁij(x)]

ij=1
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By virtue of Eq. 36 it is a contraction mapping in [M,, ,(B;" )]"2 and there is unique
fixed point W = {w;;}};_, such that /W = W. On the other hand, it follows from the
representation formula 35 that also D*u = {Diju};_, is a fixed point of /. Hence
D*u=W, Djju € M, ,(3)) and the estimate Eq. 34 holds. O

Theorem 28 (Main Result) Let £ be uniformly elliptic operator satisfying conditions
H)) and H>). Then for any function f € M, ,(2) the unique solution of the problem
27 has second derivatives in M, ,(2). Moreover

||D2U||MW(Q) = C(||M|| M, T I f||MN(Q)) (37)

and the constant C depends on known quantities only.

Proof Since M, ,(Q2) C L,(R2) the problem 27 is uniquely solvable in the Sobolev
space W ,(2) N W?, »(§2) according to [7]. By local flattering of the boundary,
covering with semi-balls, taking a partition of unity subordinated to that covering
and applying of estimate Eq. 34 we get a boundary a priori estimate that unified with
Eq. 28 ensures validity of Eq. 37. m]

Acknowledgements The research of V. Guliyev was partially supported by the grant of Science

Development Foundation under the President of the Republic of Azerbaijan project No-01/023 and

by the grant of 2010-Ahi Evran University Scientific Research Projects (BAP FBA-10-05) and by

the Scientific and Technological Research Council of Turkey (TUBITAK Project No: 110T695).
The authors are indebted to the referee for the valuable remarks.

References

1. Acquistapace, P.. On BM O regularity for linear elliptic systems. Ann. Math. Pura Appl. 161,
231-269 (1992)

2. Akbulut, A., Guliyev, V.S., Mustafayev, R.: Boundedness of the maximal operator and singular
integral operator in generalized Morrey spaces. Preprint, Institute of Mathematics, AS CR,
Prague, 1-15, 26 Jan 2010

3. Campanato, S.: Sistemi ellitici in forma divergenza. Regolarita all’interno. Quaderni. Pisa, Scuola
Normale Superiore (1980)

4. Carro, M., Pick, L., Soria, J., Stepanov, V.D.: On embeddings between classical Lorentz spaces.
Math. Inequal. Appl. 4(3), 397-428 (2001)

5. Chiarenza, F., Frasca, M.: Morrey spaces and Hardy-Littlewood maximal function. Rend. Mat.
Appl. 7(7), 273-279 (1987)

6. Chiarenza, F., Frasca, M., Longo, P.: Interior W2-P-estimates for nondivergence ellipic equations
with discontinuous coefficients. Ric. Mat. 40, 149-168 (1991)

7. Chiarenza, F., Frasca, M., Longo, P.: w2p -solvability of Dirichlet problem for nondivergence
ellipic equations with VMO coefficients. Trans. Am. Math. Soc. 336, 841-853 (1993)

8. DiFazio, G., Palagachev, D.K., Ragusa, M.A.: Global Morrey regularity of strong solutions to the
Dirichlet problem for elliptic equations with discontinuous coefficients. J. Funct. Anal. 166(2),
179-196 (1999)

9. Fan, D., Lu, S., Yang, D.: Regularity in Morrey spaces of strong solutions to nondivergence
elliptic equations with VMO coefficients. Georgian Math. J. 5(5), 425-440 (1998)

10. Gilbert, G., Trudinger, N.S.: Elliptic partial differential equations of second order, 2nd edn.
Springer (1983)

11. Guliyev, V.S.: Integral operators on function spaces on the homogeneous groups and on domains
in R”. Doctor’s degree dissertation, Mat. Inst. Steklov, Moscow, 329 pp. (1994) (in Russian)

12. Guliyev, V.S.: Boundedness of the maximal, potential and singular operators in the generalized
Morrey spaces. J. Inequal. Appl. Art. ID 503948, 20 pp (2009)

@ Springer



862 V.S. Guliyev, L.G. Softova

13. Guliyev, V.S., Hasanov, J.J., Samko, S.G.: Boundedness of the maximal, potential and singular
operators in the generalized variable exponent Morrey spaces. Math. Scand. 107(2), 285-304
(2010)

14. Guliyev, V.S., Aliyev, S.S., Karaman, T., Shukurov, P.: Boundedness of sublinear operators and
commutators on generalized Morrey spaces. Integr. Equ. Oper. Theory 71(3), 327-355 (2011)

15. John, F., Nirenberg, L.: On functions of bounded mean osillation. Commun. Pure Appl. Math.
14, 415-426 (1961)

16. Jones, P.W.: Extension theorems for BMO. Indiana Univ. Math. J. 29, 41-66 (1980)

17. Mizuhara, T.: Boundedness of some classical operators on generalized Morrey spaces. Harmonic
Anal., Proc. Conf., Sendai/Jap. 1990, ICM-90 Satell. Conf. Proc., pp. 183-189 (1991)

18. Morrey, C.B.: On the solutions of quasi-linear elliptic partial differential equations. Trans. Am.
Math. Soc. 43, 126-166 (1938)

19. Nakai, E.: Hardy-Littlewood maximal operator, singular integral operators and the Riesz poten-
tials on generalized Morrey spaces. Math. Nachr. 166, 95-103 (1994)

20. Palagachev, D.K., Softova, L.G.: Fine regularity for elliptic systems with discontinuous ingredi-
ents. J. Arch. Math. 86(2), 145-153 (2006)

21. Peetre, J.: On the theory of L ;.J. Funct. Anal. 4, 71-87 (1969)

22. Persson, L.E., Samko, N.: Weighted Hardy and potential operators in the generalized Morrey
spaces. J. Math. Anal. Appl. 377(2), 792-806 (2011)

23. Piccinini, L.C.: Inclusioni tra spazi di Morrey. Boll. Unione Mat. Ital. 2(4), 95-99 (1969)

24. Sarason, D.: On functions of vanishes mean oscillation. Trans. Am. Math. Soc. 207, 391405
(1975)

25. Softova, L.G.: Singular integrals and commutators in generalized Morrey spaces. Acta Math.
Sin., Engl. Ser. 22, 757-766 (2006)

26. Softova, L.G.: Morrey-type regularity of solutions to parabolic problems with discontinuous data.
Manuscr. Math. 136(3-4), 365-382 (2011)

@ Springer



	Global Regularity in Generalized Morrey Spaces of Solutions to Nondivergence Elliptic Equations with VMO Coefficients
	Abstract
	Introduction
	Def initions and Statement of the Problem
	Sublinear Operators and Commutators Generated by Singular Integrals in the Space Mp,(Rn)
	 Sublinear Operators Generated by Nonsingular Integral Operators in the Space Mp,(Rn+)
	 Commutators of Sublinear Operators Generated by Nonsingular Integrals in the Space Mp,(Rn+)
	Singular and Nonsingular Integral Operators in the Spaces Mp,
	The Dirichlet Problem
	References


