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POINTWISE HEMISLANT SUBMERSIONS FROM COSYMPLECTIC MANIFOLDS

Meltem Karaismailoglu,''?> Sezin Aykurt Sepet,” and Mahmut Ergiit* UDC 514.7

We study pointwise hemislant submersions as a generalization of pointwise slant submersions and hemis-
lant submersions from cosymplectic manifolds onto Riemannian manifolds. We investigate the integra-
bility of distributions and the geometry of totally geodesic foliations arising from the definition of these
submersions. Moreover, we study the ¢-pluriharmonicity of these maps and obtain some inequalities con-
necting the Ricci curvature with the scalar curvature, depending on whether £ is vertical or horizontal,
for pointwise hemislant submersions from cosymplectic space forms onto Riemannian manifolds.

1. Introduction

The theory of submersions especially the theory of Riemannian submersions is one of the important topics
in Riemannian geometry. Riemannian submersions between Riemannian manifolds were introduced by O’Neill
[27] and Gray [19]. Later, such submersions were considered by Watson [34] under the name of almost Hermitian
submersions between almost Hermitian manifolds by proving that the base manifold and each fiber have the same
kind of structure as the total space in most cases. Since then, many works considering different types of Riemannian
submersion have been done (see, [1, 15, 22, 30, 31, 33]).

B. Sahin studied slant submersions from almost Hermitian manifolds to Riemannian manifolds [31] and exam-
ined geometric properties of such submersions. In other respects, H. M. Tastan, B. Sahin and S. Yanan introduced
the notion of hemi-slant submersions as a generalization of invariant, anti-invariant, semi-invariant and slant sub-
mersions in [33]. Later, pointwise slant submersions which extend slant submersion were studied by J. W. Lee
and B. Sahin [24]. Pointwise slant submersions from cosymplectic manifolds were studied by S. Aykurt Sepet and
M. Ergiit [7]. On the other hand, S. Aykurt Sepet and H. Giin Bozok [8] studied pointwise semi-slant submersion
from almost Hermitian manifolds onto Riemannian manifolds.

The most important Riemann invariants and the most natural invariants of Riemannian geometry are the cur-
vature invariants. Chen, in 1993, found some relations between the extrinsic invariants and the intrinsic invariants
of a submanifold in a real space form [12] and published a collection of the results in this direction as a book [13].
Recently, many studies have been conducted on these inequalities (see, [2-6, 9, 10, 14, 16-18, 23, 25, 28, 29]).

In this paper, we introduce pointwise hemi-slant submersions from cosymplectic manifolds. We investigate
the geometry of leaves of the vertical distribution and the horizontal distribution and give necessary and sufficient
condition to be totally geodesic of such submersions. Next, we discusses ¢-pluriharmonicity of pointwise hemi-
slant submersions from cosymplectic manifolds. Finally, we obtain some inequalities involving the Ricci curvature
and the scalar curvature according to whether £ is vertical or horizontal for pointwise hemi-slant submersions from
cosymplectic space forms onto Riemannian manifolds.
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2. Basic Properties

In this part, we give a brief view basic properties of cosymplectic manifolds and Riemannian submersions
between Riemannian manifolds.

2.1. Cosymplectic Manifolds. Let a (2n + 1)-dimensional manifold M which having an almost contact
structure (¢, £, 1), where a (1, 1) tensor fiels ¢, a vector field £ and a 1-form 7, satisfying

PP =-I+n®E =0, nop=0, nE =1 (2.1)

Here I is the identity tensor, [7]. Then, it is said that (M, ¢, &, n) is called an almost contact manifold. If there is
a Riemannian metric g on almost contact manifold M such that

gu(9U, ¢V) = gu (U, V) = n(@)n(V),  n(U) = g (U, §) (2.2)

for any vector fields U,V € I'(TM). (¢,&,m,gn) and (M, ¢, &, m, gar) are respectively called an almost contact
metric structure and almost contact metric manifold. The almost contact metric structure (¢, &, 7, gar) is said to
be normal if

(¢, 0] +2dn @ & =0,

where [¢, @] is the Nijenhuis tensor of ¢. The fundamental 2-form ® of M is defined as (U, V') = gp (U, ¢Y')
for any vector fields U,V € I'(T'M). An almost contact metric manifold (M, ¢, &, n, gar) is called a cosymplectic
manifold if it has a normal almost contact metric structure and both ® and 7 are closed, that is to say d® = 0
and dn = 0. Then the structure equation of a cosymplectic manifold (M, ¢,&,n, gar) is given by

(Vugp)V =0

forany U,V € I'(TM ), where V is the Levi-Civita connection of the metric g on ). Furthermore, for a cosym-
plectic manifold, we have

V=0
for every vector field U € I'(T'M), [7].

Example 1. We consider R>"*! with Cartesian coordinates u;, v;, z, i = 1,...,n and its usual contact

form n = dz. The Reeb vector field £ is given by P and its Riemannian metric g and tensor field ¢ are given by
z

n 0 & 0
g= Z((duz)2 + (dvl)Q) + (dZ)Q, ¢ - 62] 0 0 ) 1= ]-7 , 1
=1 0 0 0
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In this case, the vector fields e; = Jv;, en4; = Ou;, & form a ¢-basis for the cosymplectic structure. On the other
hand, it can be shown that (R*"*! ¢, ¢, 7, g) is a cosymplectic manifold, [28].

2.2. Riemannian Submersions. Let (M, gys) and (N, gn) be Riemannian manifolds with m and n-di-
mensional. A Riemannian submersion o: M — N is a surjective map of M onto N satisfing the following
conditions:

(1) o has the maximal rank,
(2) the differential map o, preserves the lengths of horizontal vectors.

Foreach ¢ € N, 0~ (q) an (m—n)-dimensional submanifold of M is called fiber and is indicated by o1 (q).
If a vector field on M is always tangent (resp. orthogonal) to fibers, then it is said to be vertical (resp. horizon-
tal) [31]. A vector field X on M is called to be basic if it is horizontal and o-related to a vector field X, on N,
Le., 0.Xp = X,p(p) forall p € M. We will show the projection morphisms on the distributions ker o, and
(ker o,)* by V and H, respectively.

The geometry of Riemannian submersions is characterized by O’Neill’s tensors 7 and A defined by

TeF = HVyeVE + VVypHE, (2.3)
ApF = VVygHF + HVygVF, 2.4

where E, F € I'(TM) and V the Levi-Civita connection of (M, gar), [27].
We now recall the following lemma from [27].

Lemma 1. Let o be a Riemannian submersion between Riemannian manifolds (M, gpr) and (N, gn). If X
and Y are basic vector fields of M, then

(i) gu(X,Y) = gn(Xs,Yi) o0,

(ii) the horizontal part [X,Y ™ of [X,Y] is a basic vector field and o, ([X,Y]") = [X,,Y.],
(iii) [V, X] eI ({kero,) for Ve I'(kero,),
(iv) (V%Y)H is the basic vector o-related to V)]\(f* Y.,

where VM and VN the Levi-Civita connections on M and N, respectively.

Considering equations (2.3) and (2.4), we have

Vv W =Ty W + Vy W, (2.5)
Vv X =HVvX + T X, (2.6)
VxV = AxV +VVxV, Q2.7)
VxY =HVxY + AxY (2.8)

for X,Y € I'((kero,)t) and V,W & T'(kero,), where ViyW = VVyW. If X is a basic vector field, then
HVy X = AxV. Furthermore, for any F € ['(TM), it is said that T is vertical, i.e., Tg = Tyg and A is
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horizontal, i.e., Ap = Ay g. The tensor fields 7 and A that are skew-symmetric on tangent bundle of M satisfy
the following equations

ToW = TwU, (2.9)
AxY = —Ay X = %V[X, Y] 2.10)

for U,W € T'(kero,) and X,Y € T'((kero,)"). On the other hand, it is said that a Riemannian submersion
o: M — N has totally geodesic fibers if and only if 7 identically vanishes.

Let (M, gyr) and (N, gn) be Riemannian manifolds and o: M — N is a smooth mapping between them.
Then the second fundamental form of o is given by

Vo (X,Y) =V%0.(Y) — 0.(VxY) (2.11)

for X, Y € I'(T'M), where V is the pullback connection and V the Riemannian connection of the metrics g/
and gy. If o is a Riemannian submersion, then we can write

(Vo) (X,Y) =0 (2.12)
for X,Y €T ((kero,)™") . Also, from [11], o is said to be totally geodesic map if
(Vo.) (X,Y) =0 (2.13)

for X, Y € I'(TM). A smooth map o: M — N is said to be harmonic if traceVo, = 0, [11].
Denote by R, R, R, R* the Riemannian curvature tensor of Riemannian manifolds M, N, the vertical distri-
bution V' and the horizontal distribution #, respectively. Then, the Gauss—Codazzi-type equations are given by

RU,V,E,W) = R(U,V,E.W) + g(TuW, Tv F) — g(Ty W, Tu F), (2.14)
R(X,Y,Z,H) = R"(X,Y,Z,H) — 29(AxY, AzH) + g(Ay Z, AxH) — g(Ax Z, Ay H), (2.15)
where
o.(R*(X,Y,Z2)) = R(0.X,0.Y,0.7)
forany U,V, F,W € I'(kero,) and X,Y, Z, H € I'((ker o)), [27].
Moreover, the mean curvature vector field H of any fiber of Riemannian submersion ¢ is given by
H=nN, N=) TyU;
j=1

where {Uq,...,U,} is an orthonormal basis of the vertical distribution V. Furthermore, o has totally geodesic
fibers it 7~ vanishes on ker o, and (ker o.)=*.
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A plane section ¢ in TM is called a ¢-section if it is spanned by X and ¢X, where X is a unit tangent
vector field orthogonal to €. The sectional curvature of a ¢-section is called a ¢-sectional curvature. A cosym-
plectic manifold with constant ¢-sectional curvature c is said to be a cosymplectic space form [10] and is denoted
by M (c). The curvature tensor R of M (c) is expressed by

R(X,Y)Z = H{g(Y. 2)X = g(X. )Y + g(6Y. 2)9X — g(¢X, Z)6Y - 29(¢X.Y)oZ

+n(X)n(2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E}- (2.17)

3. Pointwise Hemi-Slant Submersions for Cosymplectic Manifolds

In this section, we will give some characterizations for £ € I'(kero,) by defining pointwise hemi-slant
submersions from cosymplectic manifolds onto Riemannian manifolds.

Definition 1. Ler (M, ¢,&,n,gn) be a cosymplectic manifold and (N, gyn) be a Riemannian manifold.
A Riemannian submersion o: M — N is said to be a pointwise hemi-slant submersion if there exists a pair

of orthogonal distributions D’ and D+ on ker o, such that

(1) the space ker o, admits the orthogonal direct decomposition D? @ D+ @ & (if € is horizontal, ker o, =
DY @ D),

(2) the distribution D is anti-invariant,
(3) the distribution DY is pointwise slant with slant function 6.

In this case, the angle 0 is called the hemi-slant angle of the submersion. If the angle 0 is constant, o submersion
becomes hemi-slant submersion. We call the pointwise hemi-slant submersion o : M — N proper if D # {0}

and 0 # 0, g

Example 2. Let R be a cosymplectic manifold as in Example 1. Define a map o : R” — R3? by

o(z1, T, ..., 27) = (x2,tanh gz — sech g3, x6) for ¢: R" — R.
Then,
0 0 0 0 0
ker g, = Vi =sech g +tanh g Vo = —— Va3 = —— V= £ = ——
ero span{ 1 = sec cpaxl—i- an ('083,’3 2 074 3 o5 1=¢ 81’7}
and

0 0 0 0
ker o, )t = H, = — — — Hy=— H3=—73.
(ker o) span{ 1 =tanh 908361 sec h 9081'3’ 9 B 3 8%}

Then, o is a pointwise hemi-slant submersion with the hemi-slant function € satisfying cos § = sec hy such that

DY = span{V;,V5}, and D' =span{V3}.
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Example 3. R has a cosymplectic structure as in Example 1. Let (R3, gs) be a Riemannian manifold. Let
o: R” — R® be a map defined by

o(x1,xz2,...,27) = (sinax; + cos axs, sin Sy — cos frg, x2) for «,f: R" = R.

Then,

0 0 0 0 0 0
k x = ‘/ = — _—qj -, ‘/ — - 1 , ‘/ — , — —
er o Span{ 1 COSOZam1 SlHOéax3 2 COS 66(1}4 + Slnﬁax6 3 = 81‘5 [/4 = 5 = 8377}

and

0 0 0 0 0
ker o) = Hy = sina—— 2 Hy=cos B —sinf2 Hy = 2\
(ker o) span{ 1 smaax1 —i—cosoaaxg, 9 00858:1;4 smﬁa%, 3 83:2}

Thus, o is a pointwise hemi-slant submersion such that ker o, = D? @ D+,
DY = span{V;, 5} and Dt = span{V3},

where DY is a poinwise slant distribution with the hemi-slant function # = o + 8 and D~ is the anti-invariant
distribution.

Let o: (M,gm,0,6,m) — (N,gn) be a pointwise hemi-slant submersion from a cosymplectic mani-
fold (M, gnr, ¢, &, m) onto a Riemannian manifold (N, gn). Then, we have

TM = (kero,) & (kero,)*.
For any U € I'(kero,), we put
U = PU + QU + n(U)E, 3.1)
where PU € I'(D%) and QU € I'(D1). For any U € T'(ker 0,), we have
oU = U + wU, (3.2)

where ¢U and wU are vertical and horizontal components of ¢U, respectively. Similarly, for any X € T'((ker o)),
we have

X = BX +CX, (3.3)

where BX and CX are vertical and horizontal components of ¢.X, respectively.
We can write the following theorem, which has the proof in a similar way as in the article in [33]:

Theorem 1. Let o be a pointwise hemi-slant submersion from a cosymplectic manifold (M, gnr, ¢,&,m) onto
a Riemannian manifold (N, gn') with hemi-slant function 0. Then, we have

VU = — (cos2 9) U

for U e T(D?).
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Theorem 2. Let o: (M, gnr, ¢,&,m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gar, é,€,m) onto a Riemannian manifold (N, gn'). Then, the distribution D+ is always integrable.

Proof. The proof of this theorem is similar to the proof of Theorem 3.13 in [33].

Considering the case where ¢ is vertical, we can give the following theorems that we will use later:

Theorem 3. Let o: (M, gy, ¢,€,1m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gy, ¢,€,1m) onto a Riemannian manifold (N, gy). Then, the distribution D? is integrable if and
only if we have,

g (TzwpW,U) — g (Twwip Z,U) = gy (HV zwW, 9U) — gy (HVwwZ, 9U),

where W,Z €T (DY) and U € T (D) .
Proof. The proof of this theorem is similar to the proof of Theorem 3.11 in [33].

As can be seen from the Definition 1, the notion of pointwise hemi-slant submersion is a natural generalization
of pointwise slant, hemi-slant, slant, anti-invariant, invariant submersions. Then, if we take the dimensions of D+
and DY as m; and mo, respectively, we can analyze the following theorems with respect to the values of m1, m;
and 6.

Theorem 4. Let o: (M, gy, ¢,€,m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gur, ¢,&,1n) onto a Riemannian manifold (N, gn) with the hemi-slant function 6. Then, the distri-
bution D is a totally geodesic foliation on M if and only if we have,

g (TwwpZ,U) = gy (HVwwZ, ¢U)

and
sin 20X [0]gn (W, Z) = —gn (AxwypW, Z) + gy (AxwW, ¥ Z) + gu(HV xwW,wZ),

where W,Z € T(D?), U € T'(D+), and X € T((kero,)*).

Proof. For W,Z €T (D) and U € T (D1), by using (3.2), we write
gm(VwZ,U) = gu(¢Vw Z, ¢U)
= gm(dVwZ, ¢*U) + gu(VwwZ, ¢U).
Considering (2.1), we get
g (VwZ,U) = —gu(Vw*Z,U) — gy (Vww Z,U) + gu(VwwZ, ¢U).
From Theorem 1, the above equation is obtained as follows

g (Vw Z,U) = cos® Ogar(Vw Z,U) — gu(Vwwp Z,U) + gy (ViwwZ, ¢U).
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Using (2.6), we have
sin® Ogar (Viw Z,U) = —gu (Tww Z,U) + gu(HVwwZ, ¢U).
Similarly, for W, Z € T'(D?) and X € T'((kero,)1), we get
gm(VwZ,X) = —gu((W, X1, Z2) — gu(oVxW, ¢ 2).
By using (3.2), we write
gu(VwZ, X) = —gu (W, X, Z) + gs(Vx0* W, Z) + gy (Vxwip W, Z) = gar(VxwW, 2).
Considering Lie operation [W, X| = Viy X — VxW, we write
g (VxW, Z) = —gu (Vxp* W, Z) — gur(VxwpW, Z) + g (VxwW, ¢ Z).
On the other hand, from Theorem 1, we arrive
g (VxW, Z) = cos® 0gar (Vx W, Z) — sin 20X [0)gar (W, Z)
— g (VxwW, Z) + gu(VxwW, ¢2).
If we consider the Lie operation again, we have
sin? 0gr (VxW, Z) = —sin 20X [0lgar(W, Z) — gar (Vxwyp W, Z) + gar(VxwW, 2).

By using (2.8), we arrive

sin? 0gar (VxW, Z) = —sin 20X [0]gar (W, Z) — gar (AxwiyW, Z)

+ g (AxwW, ¥ Z) + g (HV xwW,wZ).

This completes the proof of the theorem.

Theorem 5. Let o: (M, gnr, ¢,&,m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gy, ¢,&,m) onto a Riemannian manifold (N, gn ). Then, the distribution ker o, defines a totally
geodesic foliation if and only if we have,

sin? Ogar ([U, X1, V) = sin 20X [0)gar (U, V) + gar (AxwypU, V)
— g (AxwU, ¢V) — gy (HV xwU, ¢V'),

where U,V € T (kero,) and X € T'((ker o,)™).
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Proof. Given U,V €T (kero,) and X € I'((ker 0,)"). Then, we derive
gu(VoV, X) = —gu(Vu X, V)

= —gu([U, X, V) — gu(¢VxU, ¢V).

From (3.2), we write
g (VoV, X) = —gu([U, X1, V) + gu(Vxd?U, V) + gur(VxwpU, V) = gar(VxwU, ¢V).
From Theorem 1, we have
g (VoV, X) = —gu([U, X], V) + cos® Ogar ([U, X], V) — cos? 0gr (Vi X, V)

+5in 20X [0]g0 (U, V) + gar (VxwipU, V) — gar (VxwU, ¢V).

Then, we have
sin? gy (Vy X, V) = sin? 0gp ([U, X], V) — sin 20X [0]gr (U, V)
— g (VxwpU, V) + gu(VxwU, V).
By using (2.7) and (2.8), we obtain
sin? g (Vo X, V) = sin® Ogar ([U, X1, V) — sin 20X [0)gar (U, V)
— g (AxwpU, V) + gu (AxwU, ¢V) 4+ gar (HV xwU, V).

Considering ker o, as being totally geodesic, we obtain the formula given in the theorem.

Theorem 6. Let o: (M, gy, ¢,€,1m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gur, ¢,&,1) onto a Riemannian manifold (N, gn). Then, o is a totally geodesic map if and only if
we have,

sin? 0gar([U, X1, V) = cos® 0gar(Vx QU, V) + sin 20X [0]grr (PU, V)
+ 9N (V& (0x(wp PU)), 0.V) — gr (AxwPU, ¢V)

— g (HVxwPU,¢V) — gu(AxoQU, ¢V') — gn(HV x9QU, V')

and
cos® Ogr (VxQU,Y) = —gn (V% (04(wPU)), 0.Y) + gn (V& (04 (wPU)), 0.CY)
+ g (AxwPU, BY ) + gu (Ax¢QU, BY') + gn (HV x9QU, CY),

where U,V €T (kero,) and X,Y € T'((ker o,)™+).
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Proof. By definition, it follows that ¢ is totally geodesic if and only if

(Vo.)(X,Y)=0 for X,Y €T((kero,)t), (Vo )(X,U)=0 for U eTI'(keroy)

and
(Vo )(U,V)=0 for U,V € '(keroy).

From (2.12), it follows that (Vo,)(X,Y) = 0. Since o is a Riemannian submersion, now we will consider cases
of (Vo,)(X,U) =0 and (Vo,)(U,V) = 0. Then we can write

(Vo) (U, V) =0
for U,V € T (ker o) and X € I'((ker o,)*). Then,
gn (Vo) (U, V), 0.X) = gu([U, X], V) + gm (6V x U, §V).
By using (3.1) and (3.2), we write
gn(Vo)(U,V),0.X) = gu([U. X1, V) — gu (Vx9* PU,¢V) — gur(Vxwyp PU, 6V

+ 9 (VxwPU, ¢V) + gr(¢pV xQU, ¢V).

From Theorem 1, we get
an (Vo) (U,V),0.X) = gu([U, X], V) + cos® Ggar(Vu X, V) — cos® Ognr ([U, X], V)
— o8 0gp (VxQU, V) — sin 20X [0]gns (PU, V)
— g (VxwypPU, V) + gu(VxwPU, ¢V) + gn(oVxQU, §V).
By using (2.7), (2.8) and (2.11), we find
sin? 0gn (Vo) (U, V), 0.X) = sin? 8gp ([U, X], V) — cos? Oga (VxQU, V)
—sin 20X [0]gn (PU,V) — gy (V& (£ (wp PU)), 0.V
+ g (AxwPU, ¢V) + grr (HV xwPU, ¢V)
+ 9u(Ax9QU, ¢V) + g (HV x pQU, $V').
Similarly, for U € I'(kero,) and X,Y € I'((ker o)), we can write (Vo )(X,U) = 0. Then, we get

sin® Ogn (Vo) (X, U), 0.Y) = = cos? 0gur (VxQU,Y) — gn (V (04 (wp PU)), 0,Y)
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+ gn (V& (04 (wPU)),0,.CY) + gy (AxwPU, BY)
+ 9u(Ax9QU, BY ) + g (HV x9QU, CY).
This concludes the proof.

4. ¢-Pluriharmonicity of Pointwise Hemi-Slant Submersion

Recently, several authors studied the concept of pluriharmonic map by considering different structures.
Y. Ohnita established J-pluriharmonicity from an almost Hermitian manifold in [26]. If on contact metric mani-
folds, Ianus and Pastore [20] obtained results regarding harmonic maps.

In this section, we investigate some theorems for pointwise hemi-slant submersions by applying the notion of
¢-pluriharmonicity on certain distributions, for the characteristic vector field being vertical.

Let o be a pointwise hemi-slant submersion from a cosymplectic manifold (M, gas, ¢,&,n) onto a Rieman-
nian manifold (N, gy ). Then, pointwise hemi-slant submersion is ¢-pluriharmonic, DY — ¢ - pluriharmonic and
(ker o) — ¢ - pluriharmonic if

(Vo) (U, V) + (Vo) (oU, ¢V) = 0, 4.1
forany U,V € T (TM), forany U,V € I'(D?) and for any U,V € I'(ker o.), [20].
Theorem 7. Let o: (M, gy, ¢,€,1m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic

manifold (M, gur, ¢, €,n) onto a Riemannian manifold (N, gn). Suppose that o is D° — ¢-pluriharmonic. Then,
DY defines totally geodesic foliation if and only if

Vouo«(wypV) = — 08 00, (Vo V) + 0 (VyrwhV) + 04 (Vuuwp V)

forany U,V € I'(D?).

Proof. Forany U,V € I' (De), itis YV € F(De) and since o is D? — ¢-pluriharmonic, from (4.1), we write
Vo (U, 0V) + Vou(¢U, $uV) = 0.
By using the second fundamental form of o, we get

—0:(VupV) = =Viyou(¢9V) + 0. (Veu V).

Using (3.2), we obtain
—0(VuV) = =Vu0.(0*V + wipV) + 0. (Veut®V + wipV).
Considering Theorem 1, we have
—0.(VuypV) = Vo (wpV) — cos® 00, (VypyV) — cos? 00, (V' V)

+ 04« (VypuwpV) + 04 (VopwpV).
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If DY is a totally geodesic, it becomes 7. (Vy1)V) = 0 and 0.(V V) = 0. Then, this completes the proof of
theorem.

Theorem 8. Let o: (M, gy, ¢,€,1m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gur, ¢,&,1n) onto a Riemannian manifold (N, gn). Suppose that o is (ker o.) — ¢-pluriharmonic.
Then, the distribution (ker o) defines totally geodesic foliation if and only if

Vo, (U, wPV) + Vo (9QV) = 0 (Vv PV) + 0. (w[vU, QV])

+ 0.(Vovw PU) + 0. (VouoQV)

forany U,V € I'(ker o).

Proof. For U,V € I'(keroy), since o is (ker o,) — ¢-pluriharmonic, then by using (4.1), we have
Vo.(U,V)+ Vo.(oU,pV) = 0.
According to the second fundamental form of o, we obtain
VoV =0 (VyV) = =Vi,0.(dV) + 0. (VeudV).
From (3.1) and (3.2), we get
—0x(VuV) = =V o (wPV) = Vo (¢QV ) + 04 (Vyu PV

+ Voo PV + VyywPV + V¢U¢QV + VUJU(ZSQV),

where

Vo ox(WPV) — 0 (VgywPV) = Vo, (¢U,wPV).

Then, we write
—0.(VyV) = =Vo.(oU,wPV) — Vo (¢QV) + 01V PV)
+ 0 (Vv PV) + 0. (VypudQV) + 0+ (Vo dQV)
= —V0.(pU,wPV) — Vo (dQV) + 02 (VyuyPV) + 04 (V,up PV)
+ 0 (WU, QV]) + 0.(Voui* PU) + 0.(Vovw PU) + 4 (Vur¢QV).
Considering Theorem 1, we have
—0:(VuV) = =Vo,(¢U,wPV) = Vyuo.(pQV) + 0 (Vyup PV) + 02 (Vo PV)

+ 0 (WU, QV]) + cos? 00, (Vv PU) + 0 (Vouwi PU) + 0. (V,u¢QV).
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If (ker o,) is a totally geodesic, it becomes
Vo, (oU,wPV) + V0. (0QV) = 0 (Vuup PV) + 04 (w[vU, QV])

+ 04 (VQle/JPU) + 0% (VWU(;SQV) .
Then, this completes the proof of theorem.

Theorem 9. Let o: (M, gy, ¢,€,1m) — (N, gn) be a pointwise hemi-slant submersion from a cosymplectic
manifold (M, gy, ¢, €,m) onto a Riemannian manifold (N, gy ). Suppose that o is D’ — ¢-pluriharmonic. Then,
the distribution D° is integrable if and only if

g (VowypV, W) = —gn (0.wV, Vo oW) + gy (0xwV, Vo (¢U, W) + gu (VywipU, W)
+ gN<O'*WU7 VVU*(ZSW) - gN(U*WUa VO'*(¢V, W))a

where U,V € F(DG) and W € F(DL).

Proof. For U,V € T’ (DQ) , this must be [U,V] € T (De) . As examined in Theorem 3, the following
equation is obtained for W € I (DL) :

sin? gy ([U, V], W) = =g (VuwpV, W) + gu (VuwV, W) + gur (VywpU, W) — grr (VywU, ¢W).
Considering equation (2.11), we write
sin® 0gar ([U, V], W) = —gar (VowpV, W) — gy (0.wV, Vyo.¢W) + gn (0:wV, Vo, (U, W)
+ 9 (VywpU, W) + g (0wwU, Vyo.¢W) — gn(0.wU, Vo (V, oW)).
Since o is ¢-pluriharmonic, we get
sin® Ogas ([U, V], W) = =g (VywpV, W) — gn(0.0V, Vo dW) + gy (0.wV, Vo, (¢U, W))
+ g (VywpU, W) + gn (0:wU, Vy o, dW) — gy (o.wU, Vo (¢V, W)).
This completes the proof.

5. Inequalities for Pointwise Hemi-Slant Submersions

In this section, we obtain some inequalities involving the Ricci curvature and the scalar curvature according
to whether ¢ is vertical or horizontal for pointwise hemi-slant submersions from cosymplectic space forms onto
Riemannian manifolds.

Let 0: M(c) — N be a pointwise hemi-slant submersion from a cosymplectic space form (M (c), g) onto
a Riemannian manifold (N, gx).
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From the equations (2.14), (2.15) and (2.17), we have

~

RUV, F,W) = LoV, F)g(U, W) = g(U, F)g(V, W) + n(U)n(F)g(V, W)

—n(V)n(F)g(U,W) +n(V)n(W)g(U, F) —nU)n(W)g(V, F)

+9(oV, F)g(oU, W) — g(¢U, F)g(¢pV, W) — 2g(¢U, V) g(¢F, W)}

—9(TuW, TvF) + g(TvW, Ty F) (5.1
and

RY(X,)Y,Z,H) = E{Q(K 2)9(X, H) — g(X, Z)g(Y, H) +n(X)n(Z)g(Y, H)

—n(Y)n(Z)g(X, H) +n(Y)n(H)g(X, Z) = n(X)n(H)g(Y, Z)
+9(8Y, 2)9(¢ X, H) — g(oY, H)g(¢X, Z) — 29(H, $Z)g(¢X,Y)}
+29(AxY, AzH) — g(Ay Z, AxH) + g(Ax Z, Ay H), (5.2)
where U, V, F,W € I'(kero,) and X,Y, Z, H € I'((ker o,)").
Case 1. Assume that ¢ is vertical.

Then, for every ¢ € M, we can write

{Ul,UQ, .. ~;Ur;Ur+1, .. -,Ur+2maUn - f}

an orthonormal basis of (ker o) and {X7i,..., X;} an orthonormal basis of ((ker o.)"), respectively, such that
{Uy,Us,...,U,} is an orthonormal basis of D, while {U, 11, ..., U+, } is an orthonormal basis of DY, where
n =1+ 2m + 1. Obviously, we have

0, for ie{l,...,r},
G (Ui Uig) =
cos?f, for ic{r+1,....,r+2m—1}

and
Z g* (U, Uj;) =2m cos? 6. (5.3)
ij=1

Theorem 10. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M(c), g) onto a Riemannian manifold (N, gn) with § € (ker o). Then, we have

(i) for a unit vector field U € I'(D?)

Ric(U) > =(n — 2+ 3cos?0) — ng(TuU, H), (5.4)

=0
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(i) for a unit vector field U € I'(D+)

Ric(U) > Z(n—2) —ng(TyU, H). (5.5)

>0

The equality cases of (5.4) and (5.5) holds identically respectively, for a unit vector field U € F(DQ) and a unit
vector field U € I'(DV) if and only if each fiber is totally geodesic.

Proof. For a unit vector field U € I'(D?) and ¢ € (ker 0., using (5.1)

Ric(U) = ${n =243 g*(0U, U} — ng(ToU. H) + Y_ || ToUs |I°, (5.6)
i=1 i=1

where

Ric(U) = > R(U.U,U;, U).
=1

Using the equation

n

Z > (¢U,U;) = cos> 6

=1

in (5.6), we get
Ric(U) = g{n —2+3cos’0} —ng(ToU, H)+ > _ || ToUi |I* . (5.7)
=1

Therefore, we arrive the inequality (5.4) in (7). Similarly, for a unit vector field U € I'(D+), by using (5.1),
we have

Rie(U) = Z(n = 2) = ng(ToU, H) + _ || ToUs |I%, (5.8)
=1

which implies (5.5).

Theorem 11. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M(c), g) onto a Riemannian manifold (N, gn) with £ € (ker o). Then, we have

27 > —(n? —3n+2+6mcos?0) —n? | H|*.
The equality case of the inequality holds if and only if each fiber is totally geodesic.
Proof. For U;,U; € I'(kero,) and £ € (ker o), from equation (5.1)

X c n n
20 = 7{n® —3n+2+3 .Zlg%qui,Uj)} —n’g(H, H) + -le I 70,05 I,
1,]= 1,J=
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where

= RU,U;,U;, Uy

and to be (5.3), the required statement is obtained.

Theorem 12. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M(c), g) onto a Riemannian manifold (N, gn) with § € (ker o). Then, we have

2r* < —(n*+2n+ 3 C |?).

=0

The equality case of the inequality holds if and only if (ker o) is integrable.

Proof. For X;, X; € I'((kero,)") and ¢ € (kero.), since A is anti-symmetric, using (5.2) we have

n n
« C 2 2 2
S A 2] B Sy

i,5=1 i,J=1
where
n
*
T = Z R*(XZ‘7X]',X]',X7;).
ij=1

Then, we arrive

n
% C 2 2 2
27 = L{nt 4+ 20+ 3] C P} -3 Y Il Ax X I

ij=1
where
n
ICIP= )" ¢°(CXi, X;).
ij=1
Case 2. Assume that £ is horizontal.

We can think of the basis of (kero,) and ((kero,)t) as {Ui,...,Uprom} and {Xi,..., Xy = &}, re-
spectively, such that dim(D+) = r and dim(D?) = 2m, where n = r + 2m. Then, it can be easily seen that
equality (5.3) is satisfied. By using this equality, we can write the following theorems.

Theorem 13. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M(c), g) onto a Riemannian manifold (N, gn) with ¢ € ((ker 0,)*). Then, we have

(i) for a unit vector field U € I'(DY)

Ric(U) > Z(n — 1+ 3cos?6) — ng(ToU, H), (5.9)
(i) for a unit vector field U € I'(D+)
Ric(U) > i(n —1) - ng(ToU, H). (5.10)
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The equality cases of (5.9) and (5.10) holds identically respectively, for a unit vector field U € I' (De) and a unit
vector field U € I'(D*) if and only if each fiber is totally geodesic.

Proof. For a unit vector field U € I'(DY) and ¢ € ((ker o, )1), using (5.1), we have
. c n n
Ric(U) = 1 {n -1+ 32192(¢U, UZ)} —ng(TyU, H) + Zl | ToUi |1? (5.11)
1= 1=
From here, we can write
n
=Y c 2 2
Ric(U) = 2 {n —1+3cos’ 0} —ng(TyU, H) + S I ToU 1P
i=1
Thus, the inequality (5.9) in (i) is satisfied. Similarly, for a unit vector field U € I'(D"), we have

Ric(U) = Z(n = 1) = ng(TuU, H) + Y || ToUs |I%, (5.12)
=1

which implies (5.10).

Theorem 14. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M (c), g) onto a Riemannian manifold (N, gn) with ¢ € ((ker o4)*"). Then, we have

27 > —(n® —n+ 6mecos?0) —n? | H | .

>0

The equality case of the inequality holds if and only if each fiber is totally geodesic.

Proof. For U;,U; € I'(kero,) and ¢ € ((ker o,)L), from (5.1), we obtain
c n n
20 = {n® —n+3 ) ¢*(@Us,Uj)} —n’g(H. H)+ > || To.U; |-
i,j=1 i,J=1
This completes the proof of the theorem.

Theorem 15. Let o: M(c) — N be a pointwise hemi-slant submersions from a cosymplectic space form
(M (c), g) onto a Riemannian manifold (N, gn) with ¢ € ((ker o,)*). Then, we have

21 < (n2—1—|—3 | C HQ)

oY

The equality case of the inequality holds if and only if (ker U*)J‘ is integrable.

Proof. For X;, X; € I'((kero,)*) and ¢ € ((kero,)t), since A is anti-symmetric, using (5.2) we have

x«_ Cy 9 = 2 v . 2
27 _Z{n _1+3¢]Z—1g (CXuX])} 3“2_1 | Ax, X <.
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Then,

n
% &
2t = St 143 C P} -3 Y | AxX; P,

1,j=1
where

n
™= RY(X;,X;, X;, X))
ij=1
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