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Have you ever watched somebody in class or at the office skillfully twirl a pencil around

his or her thumb, and wondered how that person did it? Have you tried to do it on your own

and found that it’s not as easy as it looks? Such real life situations can be motivating for

connecting to mathematics. In this snapshot, we examine this motion by using dynamic

mathematics software.

GeoGebra is a dynamic mathematics software whose fundamental idea is producing

multiple representations (Hohenwarter and Preiner 2007). GeoGebra can provide both

algebraic and geometric representations synchronously through its algebra and geometry

windows. With the help of this feature, clues for abstraction can be obtained when a visual

model is created geometrically. That is, it will be easier to read the visual model, and to

express it in a more mathematical way as is described by Doerr and Pratt (2008). GeoGebra

offers deeper understanding of the mathematical models by providing the opportunity to

examine algebraic and geometric representations together (Duval 1999).

Based on the features of GeoGebra described above, Kabaca and Aktumen (2010)

described the abstraction process of cycloid curves’ parametric equation from its visual

model. Aktumen et al. (2011) described a real life situation concerning the change in

surface area of the water in a cylinder, half full and positioned perpendicularly to the

ground. In that work, they generated partial functions which calculate the surface area of

the water depending on the angle between the cylinder and the floor. This process is
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visualized using GeoGebra. In another work, the concept of parametric equation was used

(Aktumen et al. 2010). That example featured a pen placed with its point on a barrier and

its back on the floor. They examined the trace of the tip-point while pushing the back of the

pen through a line towards the barrier, and generated the parametric equations. This

process was visualized using GeoGebra.

In this study, we demonstrate the process of mathematical abstraction grounded in a

well-known situation taken from daily life. Specifically, we investigate the movement of

the writing end (tip point) of the pencil shown in Fig. 1 as one executes a thumbaround

motion. To model this motion, we designed a GeoGebra construction and algebraically

derived the parametric equations for the movement of the end of the pencil.

1 Methodology of the Study

This study describes an abstraction process to show how a relation is constructed between a

geometric model and an algebraic model of a real life situation. First, the visual model,

created by GeoGebra, is described. Then, a preliminary description of the mathematical

model in terms of the components of the visual model is given. Third, the process of obtaining

the mathematical model, which is a parametric equation, is described in detail. Last, the

mathematical model and the visual model are compared again in the GeoGebra environment.

2 Abstraction Process

2.1 Description of Visual Model

In modeling the situation, we represent the cross-section of the thumb as a circle and the pencil

as a line segment. The length of the pencil, the radius of the thumb, and the point on the pencil

where it initially meets the thumb, are each changeable via sliders in the GeoGebra con-

struction. An animation simulates the thumbaround action, in which the pencil rotates around

the thumb. During the animation, the tip point of the segment that represents our pencil traces

a curve. In the discussion below, we derive the parametric equation of this curve. Figure 2

shows the final position of the counter-clockwise rotation; Fig. 1 shows the initial position.

2.2 From Visual Model to Mathematics

Let’s assume that the circle, which represents the cross-section of the fingertip, is on the

x-axis and the initial position of the pen is also along the x-axis. Let’s define the tip point of

Fig. 1 Initial position of the pencil before thumbaround motion
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the line segment as P(x, y). This point will be the producer of the curve. Let’s call the back

point of the line segment R and position it at the origin (Fig. 3). By defining the variables in

Fig. 3 in terms of sliders of the visual model, we will try to obtain the parametric equation of

the curve, which is produced by the point P(x, y). Lastly, the curve will also be drawn by using

the GeoGebra command Curve[x-component, y-component, name of parameter, initial point,

end point] to check if it is overlapped by the trace of the tip point P(x, y).

The length of the pen can be defined as PRj j ¼ r0 þ r1 þ r2, which corresponds to the

slider ‘‘length of pen’’, where OMj j ¼ r0; MEj j ¼ r1, which corresponds to the slider

‘‘Radius of finger’’, and EPj j ¼ r2.

During the thumbaround movement, the pen will rotate around the circle whose center is

M0. While the angle h, which controls the rotation, corresponds to the slider ‘‘Animation’’,

let’s examine the mathematical situation at any position of the rotating pencil (Fig. 4).

The sum of the length of the circular arc EA and the length r3 is equal to r2 at the initial

position of the pen. So, it can be written that PRj j ¼ r0 þ r1 þ r3 þ jAE
_
j where |OM| = r0,

Fig. 2 The trace of the pencil’s tip after the complete rotation

Fig. 3 GeoGebra Model of the first position of the pencil
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MEj j ¼ r1 and r2 ¼ r3 þ jAE
_

j. From here r3 ¼ PRj j � r0 � r1 � jAE
_

j is obtained. We can

define the length of the arc jAE
_

j as 2pr1
h

2p

� �
¼ r1h where h is in radians. Now, we need to

write x and y components of the point P in terms of h; x ¼ OMj j þ MEj j þ ECj j þ CKj j þ
KDj j where OMj j ¼ r0, MEj j ¼ r1 ECj j ¼ r1 tan h

2

� �
, CKj j ¼ r1 tan h

2

� �
cosðhÞ and

KDj j ¼ r3 cosðhÞ. So, x ¼ r0 þ r1 þ r1 tan h
2

� �
þ r1 tan h

2

� �
cosðhÞ þ r3 cosðhÞ.

Since, y = h1 ? h2 where h1 ¼ ACj j sinðhÞ ¼ r1 tan h
2

� �
sinðhÞ and h2 ¼ r3 sinðhÞ, so,

y ¼ r1 tan h
2

� �
sinðhÞ þ r3: sinðhÞ. At last, the parametric equation is obtained as

x;yð Þ¼ f ðhÞ;gðhÞð Þ

¼ r0þ r1þ r1 tan
h
2

� �
þ r1 tan

h
2

� �
cosðhÞþ r3 cosðhÞ;r1 tan

h
2

� �
sinðhÞþ r3:sinðhÞ

� �
:

2.3 Comparing the Mathematical Model with the Visual Model

The parametric equation above can be easily verified by showing that the curve obtained by

the parametric equation and the trace of the tip point of the pencil overlap (Fig. 5).

We used ‘‘Curve code’’ from GeoGebra to draw the curve obtained by the parametric

equation. We define ro, r1, r2 and h as in Figs. 3 and 4 and define 0 B b B 2p to be the

value used to run the animation and 0 B i B 30 to the position of the finger. Value of b

‘‘run animation’’ and value of i ‘‘change position of finger’’.

Fig. 4 The instant position of the pencil a moment later
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Curve½ðro þ r1 þ r2 � i� r1 � 2pr1h=360=�Þ cosðhÞ þ iþ r1 þ r1 tanðh=2Þ cosðhÞ
þ r1 tanðh=2Þ; sinðhÞðro þ r1 þ r2 � r1 � i� 2pr1h=360=�Þ þ r1 tanðh=2Þ sinðhÞ; h; 0; ðro

þ r1 þ r2 � r1 � iÞ=ð2pr1Þb�

3 Conclusion

In this study, we obtained the parametric equation of the curve for a motion well-known to

most students. In accordance with the literature, this study again brings up two important

issues. First, a dynamic model of a real situation can help us to express and interpret the

mathematical model (Doerr and Pratt 2008). Second, it is possible to support a better

understanding of a mathematical model by showing its relationship with a graphical rep-

resentation (Duval 1999). GeoGebra provides a suitable environment for creating such

supports and for designing multiple represented models.
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