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ered model is associated with blood-related diseases, the effect coefficients are
effectively captured. The corresponding parameters-based consequences of the
generalized model in different order are deduced. The parametric charts for both
examples reveal intriguing results. The current work enables investigations into
complex real-world problems as well as forecasts of essential techniques.

KEYWORDS

Sanliurfa, Turkey.

Email: hmbaskonus@gmail.com bifurcation, Caputo fractional derivative, hematopoiesis, numerical method

MSC CLASSIFICATION
35A20, 35A24, 37M99, 34C11

Communicated by: P. Agarwal

Funding information
There are no funders to report for this
submission.

1 | INTRODUCTION

The most effective tools for analyzing complicated issues in physics, chemistry, and biology are numerical approaches
and mathematical modeling [1, 2]. Recently, it has become more common to find research articles in the literature that
explain the fundamentals and effects of differential equations, particularly ordinary differential equations, which appear
straightforward but are dependent on a single independent variable and can only provide a chaotic nature. Since Lorentz
first noticed this chaotic behavior in electron interactions, scientists have attempted to comprehend this interesting aspect
of dynamical systems. Researchers are interested in these systems because they display the butterfly effect and asymptotic
stability. However, this interest has also led to the development of several tools that facilitate effective analysis of these
models [3-6].
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Chaotic behavior has been seen in several disciplines of science, including optics, climate, earthquakes, epidemics, fluid
mechanics, and quantum mechanics. The Lorenz attractor [7] is a collection of chaotic solutions to a set of differential
equations representing atmospheric convection. Chaotic behavior may be seen in a wide range of physical systems. It may
be identified by how sensitive the system's behavior is to the initial conditions. The significance of chaotic behavior in
physics stems from its ability to describe complicated phenomena that are inexplicable using traditional methods. Chaotic
systems can exhibit a variety of behaviors, including periodic orbits, quasiperiodic orbits, and odd attractors [8, 9].

Many studies collectively highlight the extensive use of fractional calculus (FC) in modeling and analyzing complex
systems across various domains. Mohammadi et al. [10] develop a Caputo-Fabrizio fractional model to control hear-
ing loss due to the Mumps virus, while Chakraborty and Veeresha [11] investigate chaos dynamics and control in a
transformed fractional Samardzija-Greller framework. Baleanu et al. [12] employ the Laplace Adomian decomposi-
tion method to model epidemic childhood diseases using Caputo-Fabrizio derivatives. Khan et al. [13] focus on the
fractal-fractional tuberculosis model in China, examining its existence and stability theories through numerical sim-
ulations. Additional studies by Baleanu, Etemad, and colleagues [14] model boundary value problems on the glucose
graph, and by Baleanu et al. [15] apply Caputo-Fabrizio fractional derivatives to human liver modeling. Tuan et al. [16]
use Caputo fractional derivatives to model COVID-19 transmission, while Chakraborty and Veeresha [17] study global
warming and chaos control in atmospheric propagation models. Hussain et al. [18] investigate stochastic modeling of
COVID-19 with environmental noise, while Ahmad et al. [19] examine the stability of neutral stochastic fractional dif-
ferential systems. Raghavendra and Veeresha [20] analyze digital payment markets in India using a predator-prey model.
Khan et al. [21] present a fractal-fractional waterborne disease model, exploring theoretical and numerical solutions.
Aydogan et al. [22] use Caputo-Fabrizio fractional derivatives to model Rabies, and Gao et al. [23] apply iterative methods
to fractional thermoelasticity systems with Mittag-Leffler kernels. Finally, Dehingia et al. [24] investigate the dynam-
ical behavior of within-host SARS-CoV-2 using fractional order models. Many researchers captured some interesting
behaviors underscoring the broad applicability of FC in addressing diverse scientific challenges [25, 26].

The one-dimensional Mackey—Glass model is based on a system of delay differential equations (DDEs) that describe
the dynamics of hematopoietic stem cells and their progeny [27]. The model assumes that stem cells divide asymmetri-
cally to produce two types of progeny: self-renewing stem cells and differentiating progenitor cells. One of the key features
of the one-dimensional Mackey-Glass model is the presence of feedback mechanisms that regulate the production of
blood cells. In this model, the production of blood cells is regulated by a feedback mechanism that involves the concen-
tration of mature blood cells in the bloodstream. When the concentration of blood cells is low, the feedback mechanism
stimulates the production of new blood cells. Conversely, when the concentration of blood cells is high, the feedback
mechanism inhibits the production of new blood cells. The model has been used to study the effects of various perturba-
tions on hematopoietic dynamics, such as chemotherapy-induced damage to the bone marrow. Studies using the model
have shown that chemotherapy can disrupt the delicate balance between stem cell self-renewal and differentiation, lead-
ing to a depletion of stem cells and a reduction in blood cell production. Overall, the one-dimensional Mackey-Glass
model provides a useful tool for studying the dynamics of hematopoiesis and understanding the mechanisms regulat-
ing blood cell production in health and disease. Further research using this model could lead to new insights into the
treatment of blood disorders and the development of new therapies for blood-related diseases [28-30].

In concerned with the essence of modeling the phenomena associated with daily life help appreciate the understanding
blood cell population (), the following ordinary differential equation without time delay is presented as follows with a

death rate of blood cells u
B aB@®)

dr 1+ BOF

DDE:s are used to simulate time delay in differential equations. DDEs are used to represent systems in which the current
state is dependent on previous states. The time delay may have a substantial influence on a system's behavior, causing
oscillations, instability, and other complicated dynamics [31, 32]. In all the studies, the authors consider the delay effect
or time lag (7) in Equation (1) with the constant «, as follows [33]:

+ uB(t) = 0. 1)

dB _ aB(lt-r1)

U 1xBa—o  MBO )

Since the above equation helps us to understand more interesting behavior the real-world problems, the authors
consider two constant time delays (namely, 7; and 7,) [33]

dB _ _ a(Bt—1)+ Bt - 1)
dt 14 Bt —11) + aB(t - 13)°

— uB(t). 3)
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In order to create a perfect and effective model of the complex nature, humanity selected the greatest tools for studying
and documenting the resulting impacts. Despite the fact that employing both integral and differential operators, calculus
theory has been shown to be the most precise and effective way to study and analyze these occurrences. The connected
system's shortcomings and the necessity to generalize it to encompass additional significant physical aspects related to
time, hereditary, historical, and material properties were frequently brought up by scholars during the 20th century. Due
to their curious thinking, a lot of academics have recently been interested in FC, which goes back to 1695 [34, 35].

Scientifically speaking, FC offers a more plausible explanation of nonlinear, nonlocal, and memory-dependent behavior
in physical systems, enabling the extension of conventional real-world models to fractional order models. Traditional
models based on integer-order differential equations make the mistake of thinking the process under study instantaneous
and memory-free, which is generally not the case in reality. Systems having memory, nonlocality, and nonlinearity can
be described mathematically using FC. In many situations where typical integer order models fall short of adequately
describing the behavior of the system, such as in signal processing, control engineering, and biomedical systems, fractional
order models have been successfully used.

FC is a theoretical area with minimal room for innovation and a reputation for challenging theoretical submissions,
according to a number of scholars. However, Michele Caputo’s method from 1967 mentions has had a considerable impact
on the concept of FC [36], despite the fact that the majority of them believe that present restrictions are mostly to blame
for the tool's shortcomings [37-39]. The Caputo operator is the sole tool that can be used to generalize the majority of the
newly suggested notations. Moreover, several scholars investigate other theories in regard to this operator cited in [40, 41].
A number of young academics' careers were influenced by the appraisal of both the new and the old fractional operators
[42-46].

Here, we employed the Adams-Bashforth-Moulton (ABM) technique [47, 48]. Many scientists employ this technique to
examine complex phenomena, and the recommended procedure is especially useful in researching ODEs [49-51]. From
Equation (2), we have

a B(t— 1)

P = 7
DIBO) = T g ey ~ HBO: 4)

The corresponding fractional order equation for Equation (3) is

b ABE—T)+Bl-1))
DB = 1+ (Bt —m) +aBit—m)) " B®. )

Here, p is the fractional order. A bifurcation diagram depicts the qualitative changes in the behavior of a dynamical
system as one or more parameters are altered. It is used to examine the stability of differential equation solutions and
to identify the critical parameter values that cause qualitative changes. It has been testified by researchers reading the
parameter in the considered model

2 | PRELIMINARIES

Theorems and findings used to examine the system's stability and boundedness are presented in this section.

Definition 2.1 ([52]). Let f(t) be 'n’ times continuously differentiable function. Then the p order Caputo fractional
derivative is defined as

1 A
CDPf(t) = de,n—1<p<n, 6
oD@ Tn=p J, G=opr ¢,n p<n (6)
where the Gamma function is denoted by I'(-).
Lemma 2.2 ([53]). For the system
cDI () = g(t, ).t > o, ™

with the initial condition y(ty), where 0 < p < land g : [ty, 0] X ¥ — R", ¥ € R". There exists only one solution of
Equation (7) on [ty, o0) X ¥ if the local Lipchitz condition with respect to y is followed by g(t, x).
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Lemma 2.3. ([54]). Let g(t) be a continuous function on [ty, +o0) and satisfying
L Drg(t) < —yg(®) + v, g(to) = go(®). (®)

Here,0 < p <1, (w,v) € R, w # 0and ty > 0 is the initial time. Then

g < <g(t0) - i) E,[—w(t—to)’] + i )

Lemma 2.4. ([55]). The equilibrium y, is globally stable if a function G(y) is globally positively definite, radially
unbounded, and its time derivative is globally negative, G'(y) < 0 for all y # y.

3 | BOUNDEDNESS

Boundedness is significant since it implies that the system will not continue to develop or degrade endlessly. A dynamical
system is considered to be limited if its state variables stay inside a given range or region of the phase space across time.
The boundedness of the solutions of Equation (4) is established as follows:

Theorem 3.1. The solution for Equation (4) is uniformly bounded.

Proof. Consider
gpr(t) +ht) = gD;’B(z) + h(t)B(t)

_ aBt-7)
ST B= o MBOFROBD (10)
aB(t—-1)
< m + () B(t).
The solution exists and is unique in
A={B(t-7): max{(Bt—-1)|} <N} 11

Then

cryp a
LDy B + 1) < + <1 N + h(r)) N.

By Lemma 2.3, we get

CDIB(1) < <B(t0) - L ( 4+ h(t)> N) E,(—6(t — to)").

n) \1+ N«
Then
Cnyr N @ —
DI B(t) <1+Nk+h(t)> Nt — .

It confirms that the solution of Equation (4) remained bounded in

= a
= {BeA|N(r)s <1+NK +h(t)>./\f+€,€>0}.
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4 | EXISTENCE AND UNIQUENESS OF THE SOLUTIONS

The existence and distinctness of the solutions to the proposed model are shown in this section using the Banach
fixed-point theorem. Then by (4), we have
DI[B(®)] = G(t, B). (12)

With a Volterra-type integral equation, we have
t
B~ B = o= [ 610,51 - 9y-'as, (13)
T J,,

a(h=dpth 5=35h)

Theorem 4.1. The kernel G, holds the Lipschitz condition and contraction if 0 < ( T
1 2

/4) < 1 holds.
Proof. We shall consider the two functions 3 and B; such as:

B B
naam—gmBmv:(Tﬁggg—uao>—<f§é%y—ymnﬁu

a(B(t) — B(t) + B()B*(t) — B*(©)B(t1))
sn( - - - —#)MW@—Bmm
(1 + B<())(A + B(t1)) (14)
a(l — Ay + M AE — A% Ay)
< —=2 L= ) 1BO) - Bl
1+ 4D + 45)
< CIBE) — Bl
. a(hg— Ay A A= A5 0)
where || B(t)|| £ A1 and ||B(11)|| £ A,. Taking ¢ = W — u, we have
[1G(t, B) — G(t, B)|| < {|1B = B(t)l]. (15)
o . . . . a(Ay— Ayt Ay 1S =A% Ay) . .
Therefore, G satisfies the Lipschitz condition, and if 0 < (W - ,u) < 1, then it follows a contraction.
1 2
Now, by Equation (13), the recursive form is
Bn(t) = By(t) + m/ G1(8, Bp_1)(t — 8)"71d9, (16)

with
Bo(t) = B(to).

Then by the successive terms difference, we have

R (t) = Bp(t) = Bpa () = I )/ (G189, Bp-1) = Gi(8, Bp-o))(t — 9)°d9.

Notice that

Ba() = Y Ni(0).
i=1

Applying norm on system (17) and then using Equation (15), we have

|mamsﬁ¢/ﬂmuwws (17)

By using the above theorem, we prove the following results. O
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B(t)

0.0 05 1.0 15 0.0 0.5 1.0 15
It I

(A) (B)

FIGURE1 Bifurcation for Equation (4) at @ = 2,k = 10 and p = 1 with (A) 7 = 1.5 and (B) = = 3.5. [Colour figure can be viewed at
wileyonlinelibrary.com]

Theorem 4.2. The solution of Equation (4) will exist and is unique if we obtain some t, such that

mcto <1

Proof. Let B(¢) is the bounded function which satisfy the Lipschitz condition. Now, by Equation (17), we have

[IN(O] < [1Bn(to)]] [m ]

Hence, both the existence and continuity are shown for the obtained solutions. To prove that relation (4) is the solution
for (4), we consider

B(t) — B(to) = Ba(t) — B (0).

Now, we set
||ml(>||—||m/ (= 9V 1Go(8. B) = G1(9. By1)dd|
Sm/ t — 9" (C1(8, B) — Gi(8, Bn_1))||dS (18)
< mgllB Byu-1lt.
At ty, we get
¢ n+1

8, < 0 n+lpr "
128, 0| < (r(,,)> ¢ )

From Equation (19), we can see that as n tends to oo, ||28,,(t)|| approaches to 0 prov1ded ) <1.

We prove uniqueness on contrary, if there exists other set of solutions 3*(t). Then

t
B(t) - B'(1) = %p) / (GA(8, B) = G1(9, B*))do.
Ly
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FIGURE 2 Parametric nature for Equation (4) at pis (A) 1, (B) 0.9, (C) 0.7, and (D) 0.5 combined with k =10,z = 1.5,y = 1,and @ = 2.
[Colour figure can be viewed at wileyonlinelibrary.com]

By employing the norm, the above equation becomes

. I .
150 = B0l = 117 [ 66,5 = 6100, 5l
L'(p) /i, (20)
1
< =—=¢t||B - B @)l
L(p)
For some ty, one can get
1
B(t) — B*(t) <1 — —t ) <0.
I H{1= 60
Since
1
1-—<t) >0, (21)
( I'(p) >
from the above inequality, it is clear that B(t) — B*(t) = 0. Hence, Equation (21) proves the required result. O
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FIGURE 3 Parametric nature for Equation (4) at 7 is (A) 0.5, (B) 1, (C) 1.5, (D) 1.7, (E) 2, and (F) 2.5 combined with
k =10,y =1, p=1, and a = 2. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 The power spectrum behavior of the Equation (4) ata = 2, u = 0.8,7 = 2, and x = 10 for p is (A) 1, (B) 0.9, and (C) 0.7. [Colour
figure can be viewed at wileyonlinelibrary.com|

Tt 71:6.”.,72:1.8 _71:7,‘1'2:2

- 1.0 -05 0.0 0.5 1.0

FIGURE 5 The power spectrum behavior of Equation (5) at &« = 2, u = 0.8. [Colour figure can be viewed at wileyonlinelibrary.com]

5 | NUMERICAL METHOD

In this segment, the ABM method is used to analyze the projected model. Now, consider

“DIy(t) = ¢p(t, y(1), 0<t < T,

M)y — ,M — — 22)
y™O0) =y, , m=0,1,2,3, ... ,v,v=[p].
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1.10ry — p=1 — p=75 — p=0.50 1

50 100 150 200
t

FIGURE 6 The power spectrum behavior of the Equation (4) at a = 2, u = 0.8, 7 = 1.656, and « = 10 for different p. [Colour figure can be
viewed at wileyonlinelibrary.com]
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FIGURE 7 The power spectrum behavior of Equation (5) at @ = 2, u = 0.8, 7; = 1.8, 7, = 6.2, and « = 10 for different p. [Colour figure can
be viewed at wileyonlinelibrary.com]|

Now, the above equation becomes with help of the Volterra integral equation

v—1 m t
) = %y&”‘% + %p) /0 (t = 5171 b(s, y(s)ds. 23)

The ABM technique at h = % t, = nh, n € Z* is derived in [50] to integrate Equation (23). System (4) becomes

B(t - 1)
DBty = 222" B, 24
L B(t) Y Ba—or uB(t) (24)
Then
h? aBl (t—1) "
Bpi = Bo + —ulB3" (t
T T+ 2) <1 B (o w1
) (25)
h* a Bi(t — 1)
t— N [ ——— — B ).
T(p+2) ; Gini1 (1 Y B—or M ( )>
Here
et —(n—-p)(n+1y, i=0,
Qi m—i+2)* '+ (m—iytt—2m—i+1)*, 1<i<n, (26)
1, i=n+1,
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6 | RESULTS AND DISCUSSION

A bifurcation diagram illustrates the qualitative shifts in behavior that occur when a parameter is altered in a dynamical
system. It is used to investigate if equilibrium and periodic orbits are stable and whether chaos exists in the system.
Bifurcation diagrams are helpful because they illustrate how little changes in a system may have a big impact on how
it behaves. In this connection, the bifurcation behavior for Equation (4) is cited in Figure 1. In a chaotic behavior plot,
the state of a system is represented as a point in phase space. The system's phase space route is shown over time. The
resultant plot is known as an analytic plot because it shows how the system is attracted to certain states in phase space.
For Equation (4), chaotic nature is presented in Figure 2 and effect delay is drawn in Figure 3. The power spectrum can be
used to investigate the periodic behavior of a solution in a differential equation context. The power spectrum in Figure 4
helps to investigate the periodic behavior of the blood cell population model for Equation (4). Equation (5) is captured
the power spectrum in Figure 5. Time series graphs can reveal data anomalies, seasonality, patterns, and cycles. The time
series Equation (4) in Figure 6 and for Equation (5) in Figure 7.

Since the systems having after-effect or dead time include hereditary systems, equations with diverging arguments,
and functional differential equations. It has been captured in Figure 8 for Equation (5). The parameter « influences in
extensive cases in the nature of the model which is the co-efficient of Equation (4), and its effect has been captured in
Figure 9. These figures help us to understand the significance of fractional order and time delay in biological, mainly
real-world problems to capture more inside behaviors. These behaviors are quite essential and not possible to capture
using classical models. Further, this helps to understand the effect of delay changes can bring more complexity as delay
increased for certain values.

7 | CONCLUSION

The mathematical model which describes the hematopoiesis (called the Mackey—Glass model) is examined with the help
of the Caputo operator. The system is associated with more complex behavior due fact of its parameters and blood cells
with delayed production rate. Two cases are considered to add more delay and which are captured in figures. In a chaotic
behavior plot, the state of a system is represented as a point in phase space. The system's phase space route is shown
over time. The resultant plot is known as a numerical plot because it shows how the system is attracted to certain states
in phase space. We presented the theoretical acceptance including the condition for existence and then we captured the
range for bifurcation. Also, we have drawn the power spectrum for both cases. The current investigation can help us to
illustrate the system associated with parameters representing blood diseases. The present study can help researchers to
apply the considered numerical algorithm and the theory of FC to examine day-to-day issues to study the more interesting
consequences and so on [56].
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