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Abstract In this paper, the authors establish several general theorems for the boundedness
of sublinear operators (B sublinear operators) satisfies the condition (1.2), generated by B
singular integrals on a weighted Lebesgue spaces L, , (R} ,), where B = Zf;l(% +
r—:ﬁ) The condition (1.2) are satisfied by many important operators in analysis, including
B maximal operator and B singular integral operators. Sufficient conditions on weighted
functions w and w; are given so that B sublinear operators satisfies the condition (1.2) are
bounded from L ., , (R} ) to L, o, (R} ).
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1 Introduction

Suppose that R” is the n-dimensional Euclidean space, x = (xy,...,x,), € = (&1,...,&,)
are vectors in R", (x,&) = x1& + -+ + x,&,, |x]| = (¥, 1), x = (&', x"), X' = (x1, ..., %),
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2 V.S. Guliyev and FA. Isayev

X=Xt %)y ¥ =W s 1> 00 v > 0, () =x]" o xf Let R, =
{x/e]Rk:xl>0,...,xk>0},RZY+={XGR":)€1>0,...,xk>0},1§k§n,Sk,+={x€
Ry , x| =1}

For measurable set £ C R} | let |E|, = fE(x/)de, then |E(0,7)|, = w(n,k,y)
x r"tl where w(n, k,y) = |E(0, 1)|,.
Let f € L11°°y (R{ ;) and B be the Laplace-Bessel differential operator:

k 3?9 32
Ap=B+Av, B=) B, Bi=os+_o— Av=3) o
i—1 i i i

The B maximal function (see [9-12]) is defined by

1
My S ) =S e e e

/ T F 1) dy
E,r)

and the B singular integral (see [2, 7, 15, 16, 19, 20]) defined by

K, f(x) =p.v. / KO T f(x) () dy,
Ry 4
where K (rx) = r""I"1K (x) for each r > 0, x € R}

SUPyeg, . |K(0)] <00 and

4> do is the element of area of the S 4;

/ K(x)(x") do(x)=0. (1.1)
Sk.+

We also consider the high order Riesz-Bessel transformations (see [19], pp. 60, see
also [6])

P(y) .,
) _ k y N
Ry f(x) =p.v.cr fﬂ%’; D L f)() dy.
o+
where Py(x) = Pe(x7, ..., X}, Xk41, ..., %,) is @ homogeneous polynomial with order k

which holds A g P, = 0 and satisfies the cancellation condition (1.1).

The B maximal function has introduced and L, boundedness investigated by V.S.
Guliyev [9] (in the case n = k = 1 by K. Stempak [22], see also [10-12]). The singu-
lar integral operators that have been considered by S. Mihlin [17] and A. Calderon and
A. Zygmund [3] are playing an important role in the theory Harmonic Analysis and in par-
ticular, in the theory partial differential equations. M. Klyuchantsev [16] and I. Kipriyanov
and M. Klyuchantsev [15] have firstly introduced and investigated by the boundedness in
L ,-spaces of multidimensional singular integrals, generated by the B; ,, Laplace-Bessel dif-
ferential operator (B, singular integrals). I.A. Aliev and A.D. Gadjiev [2], A.D. Gadjiev
and E.V. Guliyev [7] and E.V. Guliyev [8] have studied the boundedness of B, , singular
integrals in weighted L ,-spaces with radial and general weights consequently.

Suppose that T represents a linear or a sublinear operator, which satisfies that for any
f €Ly, (R ) with compact support and x ¢ supp f

T e [ TR0 dy, (12)

Rk,+

where T f (x) is the generalized shift operator (see below) and ¢ is independent of f and x.
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The Two-Weighted Inequalities for Sublinear Operators Generated by B 3

In the paper, we shall prove the boundedness of the sublinear operators T satisfies the
condition (1.2) (B sublinear operators), generated by B singular integral operators on a
weighted L, , spaces. Sufficient conditions on weighted functions @ and w; are given so
that the sublinear operators 7 satisfies the condition (1.2) is bounded from the weighted
Lebesgue spaces L, ., (R} ) into L, ,, (R ,).

We point out that the condition (1.2) (see below) was first introduced by Emin Guliyev in
[8], which in the case y = (0, ..., 0) and the generalized shift operator 77 f (x) is the usual
shift operator f(x —y) was first introdused by Soria and Weiss in [21]. The condition (1.2) is
satisfied by many interesting operators in harmonic analysis, such as the B singular integral
operators (for example, for k = 1 see [2, 7, 8, 15, 16, 19, 20]), the B Hardy-Littlewood
maximal operator ([12], for n = k = 1 see [22], for k = 1 see [11] and for k = n see [9]), the
high order Riesz-Bessel transformations (see [6, 19]) and so on.

2 Notations and Preliminary Results

For x € R}, and r > 0, we denote by E(x,r) ={y € R{ , : [x — y| < r} the open
ball centered at x of radius r, and by ¢ Ex,r)= ]RZ, + \ E(x,r) denote its complement,
E@, rn={yeR:, :[x—y|<r), E'G&.r)=R, \ E'(,r).

Let 1 <m <k <n, we put R;_ z+ {Xmatn = Xty oo s Xn) S Xty oo X > 0}, X' =
X1k = (X1 s X1 £)> Where Xy = (X1, o, X)) € R Xk = (gt -, 1) € RA" In
this case we write ¥ = (V1,m, Vit 1,6)> Yiom = (Vis -« s Yi)s Y1,k = Vimt1s -+ 5 Vi) X{l,,f" =
o, x:,"rll,f =) X E (e 1) = {Vim € Rt [xX 0 — yiml <7

Note that Ey(x14,7) = E'(x',r) and E, (x1,,,7) = E(x, 7).

An almost everywhere positive and locally integrable function w : R} | — R will be
called a weight. We shall denote by L, , (R} ,) the set of all measurable function f on
IR} | such that the norm

1/p
1 ey @ = 1 lpoyizy, = ( / n |f<x)|f’w(x>(x/)ydx) , l<p<oo
k,+
is finite. For w =1 the space L, , (R} ) is denoted by L, , (R} _), and the norm

1Ly @y Y L, @)
The operator of generalized shift (B-shift operator) is defined by the following way
(see [12, 18-20]):

TV f(x) = yk/ / (. 3") o x" = y")dv(B).

where C, = S D T, S, ()5 = (g, - (e Y g)- (i 3, =
(x? £ —2x;y;cos Bi + y; )1/2 1<i<k.

Note that this shift operator is closely connected with B-Laplace-Bessel singular differ-
ential operators (see [12, 19]).

The following generalized Hardy inequalities have an important role in proofs of our
main results see [5], Chap. 1 (see also [1, 4, 14]).

Lemma 2.1 Suppose that 1 < p <q <oo, p'=p/(p — 1) and w(x) and v(x) are positive
functions defined on R".
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4 V.S. Guliyev and FA. Isayev

1. For the n-dimensional Hardy inequality

q 1/q /p
</ (/ If(y)ldy> w(x)dx) 5C5< If(x)lpv(x)dx>
n \Jyl<lxl/2 "

with a constant Cs, independent on f, to hold, it is necessary and sufficient that the
following condition be satisfied:

1/q , 1/p'
sup(/ w(x)dx) (/ vl (x)dx) < 00.
r>0 |x|>2r |x|<r

2. For the n-dimensional (dual) Hardy inequality

q 1/q 1/p
(/ <f If(y)ldy> w(x)dx> < C6< |f(x)|1’v(x)dx>
R® |y|>2|x| R?

with a constant Cg, independent on f, to hold, it is necessary and sufficient that the
following condition be satisfied:

1/q9 , 1/p
sug(/ w(x)dx) (/ vl (x)dx> < 00.
r> |x|<r |x|>2r

This lemma could be directly deduced from results proved by P. Drabek, H. Heinig and
A. Kufner (see Theorem 2.1, p. 4 and Theorem 2.2, p. 7 in [13]).

3 Main Results

In the following theorems we give the boundedness in weighted L, ,, spaces for the B sub-
linear operators satisfies the condition (1.2).

Theorem 3.1 Let p € [1,00), T be a B sublinear operator satisfies condition (1.2), and
for p > 1 bounded on L,,_V(RZ#) and for p =1 bounded from Ll_y(]RZ#) to the weak
WLl_y(]RZ#). Moreover, let w(x), wi(x) be weight functions on ]RZ’+ and the following
three conditions are satisfied:

(ax.n) there exist b > 0 such that

sup w1 (y) <bw(x) forae xeR]_,
[x1/8<|yl=8|x]|

p—1
(bn) Ag.n =sup w; (x)|x |~ FYDP (x/)ydx P (x)(x/)ydx < 00,
¢ E(0,2r) E,r)

r>0

p—1
(cn) Bin= sup(/ wl(x)(x’)ydx> </ o'"P (x)le_("H”“”/(x’)ydx) < 0.
E(0,r) ¢ E(0,2r)

r>0

Then, for p > 1 the operator T is bounded from L, ,,,(R} ,) to L}, o, , (R} | ) and for
p=1from Ly ,,R; ) to WL, (R} ). Moreover, there exists a constant c, indepen-
dent of f, such that for all f € L, (R} ) for p > 1

/ ITF ()P () (x') dx < /
]R"+ R?

k, k,

|f @) o@)(x) dx 3.1)
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and for p=1

/ c /
/ w1 () (') dx < — | f O (x)(x") dx. (3.2)
(xeR! | Tf()|>1) AP Jgy
Remark 3.1 Note that, the condition (ax,) can be replaced by the condition (ay,’) there
exist b > 0 such that

1
a)l(x)< sup —) <b forae.x eR".
el/8<lyl<six| @ ()

Corollary 3.1 Let p € [1,00) and T be the B maximal operator or the B singular inte-
gral operator. Moreover, let w(x), w|(x) be weight functions on R} | and conditions (ay.,),
(bi.n)s (ck.n) be satisfied. Then, for p > 1 the operator T is bounded from L, , (R} ,) to
Ly oy RE ) andfor p=1from Ly, R} ) to WLy, , R} ).

Remark 3.2 Note that, the Theorem 3.1 in the case k = 1 was proved in [8] and the Corollary
3.1 for the high order Riesz-Bessel transformations was proved in [6].

Theorem 3.2 Let p € [1,00), | <m <k <n, T be the B sublinear operator satisfying
(1.2) and for p > 1 bounded on L, ,, (R} | ) and for p =1 bounded from L, , (R} ,) to the
weak WLI,V(RZ,+)' Moreover, let w(x1m), w1(x1,m) be weight functions on R and the
following three conditions are satisfied:

(ak.m) there exists a constant b > 0 such that

m
sup o1 (Y1) Sbo(xm) forae xi, eRY,,
Vet 1/8 <131 <811

bem) Ami = SUP(/ ol (Xl,m)|xl,m|7(m+|yl’"’|)pxilr}77 dxl,m)
Em(0,2)

r>0

p—1
_ ’
X (/ P (xlym)xlyy‘,‘nm dx1,m> < 00,
Em(0,r)

— Yi,m
(Ck.m) Bm,k = Sup(/ i (me)xl,m dxl,m)
r>0 E;;(0,r)
p—1
1-p —(m+ f Yim
X </ w!™P (xl,m)|x1,m| (m+[y1,mDp xi dxl,m < 00.
E;,(0,2r)

Then, for p > 1 the operator T is bounded from L, ,, , (R} )10 L}, o, , (R} ,) and for p =1
Sfrom Ly o, (RY \) 10 WLy, , (R ). Moreover, there exists a constant c, independent of f,
such that forall f € L), ,,, (R} ) for p>1

/ |Tf )Py () (x') dx < C/

R + Ry,

|f OIPw(xr) (x') dx (3.3)
and for p=1

, C
/ on ) () dx = / o) (&) dr.  (34)
{(xeRY , :ITf (0>} RE 4
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6 V.S. Guliyev and FA. Isayev

Remark 3.3 Note that, the condition (ay ,,) can be replaced by the condition (ay ") there
exist b > 0 such that

w1 (X1,m) ( sup

) <b forae. x;, eR".
L1 /8< 131 <8151 | @ (V1)

Corollary 3.2 Let p € [1,00), 1 <m <k <n and T be the B maximal operator or the B
singular integral operator. Moreover, let w(x1,,), w1 (x1,m) be weight functions on R’} | and
conditions (ax,m), (br.m), (Ck.m) be satisfied. Then, for p > 1 the operator T is bounded from
Lpowy®RE )10 Lo (RE ) and for p=1from L, (R} ) to WLy, , R} ).

Theorem 3.3 Let p €[1,00), 1 <m <k <n, T be a B sublinear operator satisfying (1.2)
and for p > 1 bounded on L, ,, (R} ,) and for p =1 bounded from L , (R} ,) to the weak
WLl,y(RZ,+)~ Moreover, let ®(Xyy41.0), @1 (Xmi1.n) be weight functions on RZ:,’Z_Jr and the
following three conditions are satisfied:

(am+1.k) there exists a constant b > 0 such that

sup (] (xm+],n) < bw(xm+l,n) fOV a.e. Xpmyin € R

X1, /8<1Ym41,n|<8Xm41,n

r>0

p—1
— 1-p’ Ym+1,k
(bm+14,k) Am+l¢k = Sup(/ w7’ (xm+1.n)xm+1’k dmerl_,,)
Ep—m(0,r)

—(n—m+ )p . Ym+1k
X </ wl(xm+1,n)|xm+l,n| Win-+1il pxm+1’k dxm+l,n
Epn—m(0,2r)

< 00,

r>0

— Ym+1.k
(Cm+l,k) BnH—l.k =sup (/ (] (xm+1,n)xm+1,k dxmﬂv,,)
En—m(0,r)

p—1
1-p’ —(n—m+ Vp! L Ym+lk
X </ w7 Cmtt,m) 1 Xmt 1,0 Win+1.6DP Xont1,k dXpg1n
En—m(0,2r)

< Q.

Then, for p > 1 the operator T is bounded from L, o, , (R} \) to L}, o, , (R} ) and for p =1
fromLy,, (R}(’7+) to WL 4, ., (]Rzﬁ). Moreover, there exists a constant c, independent of f,
such that forall f € L), ,,, (R} ,) for p>1

J

and for p =1

1T £ () Por o) (2) dx < / O Poma ) () dx  (35)

n n
e+ RY +

, c
/ 01 () dx = S [ 1 @P oG () dx. 36
(eR) |/ ()]>1) A ey
Remark 3.4 Note that, the condition (a,4) can be replaced by the condition (@u+1.x")
there exist » > 0 such that
1

n—m
W (xm+1,,,)< sup 7> <b forae.x,ti,€ Rk7n1’+.
|Xm+1.n|/8<|ym+l,n [<8|Xm+1,nl (l)(ym+1’n)
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The Two-Weighted Inequalities for Sublinear Operators Generated by B 7

Corollary 3.3 Let p €[1,00), 1 <m <k <n and let T be the B maximal operator or the
B singular integral operator. Moreover, let @ (Xy+1,,), 01 (Xpm+1.n) be weight functions on
Ry 4 and conditions (am114)s (Bms1.x)s (Cmy1k) be satisfied. Then, for p > 1 the oper-
ator T is bounded from L, ., , (R} ) to L o, (R} ) and for p =1 from Ly, , R} ,) to

WLy b, R .

4 Proof of the Theorems

Note that by the same argument in Theorem 3.2 we may be proved Theorem 3.1.

Proof of Theorem 3.2 For | € Z we define E; = {x € R} , 12! < |x;,,| <2*'}, By =(x €
R 4t lximl = 2171}; Ep={xeRy,: 27N <yl 272, Ej = {x € Ryt lximl >
2142} Then E;, = E;_; U E; U E;;; and the multiplicity of the covering {E) >}z is equal
to 3.

Given f € L, ., (R ,), we write

T =) ITf)|xE (x)

leZ
< T fia@|xg @ + )| Thia@)|xg ) + | Tfis@)|xz (x)
leZ leZ leZ
=T1f(x) + Tof (x) + T3 f (x), .1

where x £ is the characteristic function of the set E,, fii=fx B i =1,2,3. We shall es-
timate ||7; f|z,,, ,- Note that for x € E,ye E;; we have |y; ] < 27" < |x1]/2. More-
over, Ey Nsupp fi.1 =¥ and X1, — Y| > |x1,]/2. Hence by (1.2)

Tif(x) < uZ(f”

leZ

| fiaOITx] " (y/)ydy) X,

+

<co / f T F)I(Y) dy
n—m E

o JEn (. lx1ml/2)

<es / f il + Pt — YosrD ™ LF OO dYtmdyms1n
R”im

1 JEnOlximl/2)

for any x € E,. Using this last inequality we have

/ |T1f(X)|pwl(xl,m)(x,)ydx
R"

k,+

=< Cé’/ (/ f (l-xl,m| + |-xm+1,n - ym+l,n|)_n_|y‘
RZTJF o Ep (01|X1,m|/2)

k—m,+

14
x If(y)Iyly,],‘,,"’dyl,my,f,"ﬁ‘,}fdymﬂ,n) w1 (x1,m) (x) dx.
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8 V.S. Guliyev and FA. Isayev

For x = (x1,n, Xm+t1.0) € R;;Jr let

I(xl,m) :/ </ / (|xl,m| + |xm+l,n - ym+l,n|)_n_‘y‘
Ry RIS (0,131 m1/2)

—m,+ k—m,+
Y Y r
1. 1.k .
X | f(V1m» Ym-H,n)|Y1,mmdyl,mymm++1,k dym+1,n) (xm-%—l,k)ym“’]‘dxm-%—l,n

=/ </ (/ (|xl,m| + |xm+l,n - ym+1,n|)7n7‘y‘
e Em (0,1x1,m1/2) e

k—m,+ k—m,+
Y v !
m+1,k 1,m
X |f(Y1.m, ym+1.n)|ym+1_k dym-%—l.n)yl,m dylm) (xm+l,k)ym+17kdxm+l¢n-

Using the Minkowski and Young inequalities we obtain

1/p
I(xl,m) =< |:/. (/ |f(Y1.m» Ym+1.n)|py:1rf,_+1{’,fdy;n+1,n>
Em(0.]x1,m1/2) e

k—m,+

« </ Xmg1.6) Tk d X1 )yyl,mdyl ]p
1, ,m
n—m (|x1,m| + |xm+1,n|)n+‘y| "

k—m,+

p
Yi.m
= (/ I1frms Iy o= Vi dy1,m>
—nm,+
Ep (0,]x1,m1/2)

X </ ('xm+1,k)ym+]'kd~xm+l,n )]7
R + (|xl,m| + |xm+l,n|)n+‘y|

n—m
k—m

P
_ Y1i,m
= |x1,m| (v Dp ”f(yl,m’ ) ” R Yy lm dyl,m
Py s
En(0,1%1,m1/2) o

</ dmerl,n )p
X o et L,
R (|xm+l,n| + 1)n+\y|

n—m
k—m,+

r
— Yim
= C6|x1,m| tntirimbp </ ”f(yl,ms ')”p,]RZ:Z‘erLIm dylm> .
Em (0,1x1,m1/2) '

Integrating in R, we get

/ Ty f ()P @1 (1) (x) dx
R

n
k,+

—(m+
=< Cc7 / a)l(xl.m)|xl,m| (mtlyimbp
RY,

P
", ",
X (/ If i ms ')”p,RZ:I’Zer]’”:”dyl,m) Xyt dxy m.
Em(0,1x1,m1/2) '

Since A,, , < 0o, the Hardy inequality

p
Y1, - V1,
/m (/ ”f(ylma ')”p,]RZ:;Z+y1,1”’lndy1,m> |x1.m| (m+|yl’m|)pa)1(Xl,m)xl’lmm a'XI.m
R, \J En(0,1x1,1/2) :
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The Two-Weighted Inequalities for Sublinear Operators Generated by B 9

k—m,+

<C [ MG gy ()20 dr
R,

holds and C < ¢’ A, x, where ¢’ depends only on n and p. In fact the condition A,, ; < co
is necessary and sufficient for the validity of this inequality (see Lemma 2.1). Hence, we
obtain

/ Ty £ ()P @1 (x1,) (x7) dx 569/ Lf I (ep ) (x7) dx. (42)
Ri+ Ry,

Let us estimate ||T3f||Lp.w1,y' As is easy to verify, for x € E;, y € E[“x we have [y | >
21x1,m| and |x1  — Y1ml = |¥1.m1/2. Since E; Nsupp f;.3 =@, for x € E; by (1.2) we obtain

T3f(-x) = CS/n . / |f()’)|(|)’1m| + |Xm+1,n - ytn+l,n|)_n_|y‘

k—m,+ Epn(0.2]x1,m 1)

X yi/ln;ndyl m ym+] k dym+1 ne
Using this last inequality we have

f T3 f ()P w1 (x1m) (x7) dx
Rn

k,+

<cs / (/ / UV1m] + 1 Xmg1n = Ymgrn) ™!
e ) EnO20x1mD

k—m,+
% 7 P y
1,m m+1,
S ACRIN dyl,mymﬁ,,fdymﬂ,n) w1 (x1m)(x) dx.

For x = (X1 m, Xmy1.0) € ]RZ,+ let

Il (xl.m) :/ </ / |f(y)|(|yl,m| + |xm+l,n - ym+l,n|)_n_|y‘
o Em (0,2]x1 1) -

k—m,+ km+

p
Yim Ym+1,k
X yl m dyl,mmeF]'k dym+l,n> (-xm+l,k)ym+l'k d-xm+l,n~

Using the Minkowski and Young inequalities we obtain

1/p
Il(xl,m) < [ﬁ (/ |f(y)|pyny1rfl{-+ll,lfdym+l,n>
Em(0,2]x1 ) e

k—m,+

Ym+1.k

( Vr1.xk Em+1.n >yy"'"dy1 ]p
By (Yiml 4 gyt 7 2

X

p
— Y1i.m
=cg /n; I Il AT M p gy ylmdyl,m>
Em(0,2]x1 1)

Ym+1.k

X (/ Yt 1,k dYm+1,n )p
nom (|ym+l n| + )n+|]/\
P
Yi,m
c7<ﬁ Tl A e dyl,m) :
Em(0.21x1 )
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10 V.S. Guliyev and FA. Isayev

Integrating over R, we get

/ T3 f ()P w1 (x1.0) (x) dx
R

n
k,+

P
—m— Y1,
<cg / ( ﬁ |Vt ™" '”m'nf(yl,m,~>||,,,R;;m+y1,,,;"dy1,m)
RY, Em (0,2]x1 1)

Yi,m
X Wy (xl,m)xl’m dxl,m-

Since B, < oo, the Hardy inequality

J

P
—_n— Y1, Y1,
wl(}ﬂ,»&(ﬁ3 [Yiml ™ '”-”"Ilf(yn,m,-)II,,,R;% ylf,,f'dyn,m) X{ o dX1m
En(0.2]x1 ) e

m
++

— Y1,
S C/ ”f(xl,nn )”[1 R |x1,m| (m+|yl'm|)pw(~xl,m)|~x1,m|(m+|y‘)px1’mmdxl,m
]R’_ﬁ+ ps k—m,+

=c/
R?

k,

| )P (e ) (x) dx

holds and C < ¢'B,, x, where ¢’ depends only on n, y and p. In fact the condition ,, ; < oo
is necessary and sufficient for the validity of this inequality (see Lemma 2.1). Hence, we

obtain
I

Finally, we estimate || 75 f ||, — By the L, (R} ,) boundedness of T" and condition (ay. )
we have

T3 f (P01 Germ) () dx < 1o f

Ry,

| f )P @1 (x') dx. (4.3)

n
k,+

p
[ mreromneya= [ (SIrhwlem) o)
k,+

k,+ leZ

-, (DTﬁ’z(”Vﬁz(”)wl(xl,m)(x/)ydx

k4 “NeZ

= Z/~ |Tfl,Z(x)‘pwl(xl,m)(x/)de
E

leZ

< Z SuP Cl)l(yl,m)/ |Tﬁ’2(x)|p(x/)ydx
Ry 4

lez YEE

<ITI” Y sup i (yim) f |20 (x')" dx
RY ¢

lez YEE

=171 Y swpon ) [ 17000 () d
Epn

lez YEE
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The Two-Weighted Inequalities for Sublinear Operators Generated by B 11

where |T| = T lL,, @ )L, ® ). Since, for x € E;2, 27" < |x1 | <272, we have by
condition (ay )

sup w1 (y1,m) = sup @1 (Y1,m)
yek) 2ty | <242
= sup wl(yl,m) Sbw(xl,m)

X1,m1/8<Iy1,m|<81x1 m|

for almost all x € Ezrz. Therefore

/” T f @) () dx 1717 3 [ 1)

lez Y EI2

=en /R Cf@Pea) @) dy 44

k,+

where c; = 3||T||”b, since the multiplicity of covering {Ez,z}zez is equal to 3. Inequalities
4.1), (4.2), (4.3), (4.4) imply (3.3) which completes the proof.

Similarly we prove the following weak variant Theorem 3.2.

Thus Theorem 3.2 is proved. O

Proof of Theorem 3.3 For | € Z we define E; = {x € R} , : 2! < [x,41, vt E =
{X S RZ+ : |~xm+1,n| < 21_1}’ EI,Z = {x € RZ+ : 21_ < |~xm+1 n| <2 +2} El 3 = {x € R
[Xmt1.n] > 2/*2}. Then E;,z = EZ,I U El U E;H and the multiplicity of the covering {El,Z}leZ
is equal to 3.

Given f € L), (R ), we write

1T =) ITf()|xE ()

leZ
< NTAa X @) + Y [T fral0)|xg 60) + Y| Tfis )] xz ()
leZ leZ leZ
=T f()+ T f )+ T3 £ (x), (4.5)

where XE is the characteristic function of the set E;, fii=f XE > i=1,2,3. We shall
estimate ||T1f||LM]’y. Note that for x € E,, y € EZ,I we have |ymi1.] < 271 < Xpginl/2.
Moreover, E; N\ supp fi.1 =% and |Xy41.0 — Ym+i.n| = [Xm+1.0]/2. Hence by (1.2)

T|f(x)<C4Z(/Rn | Fea I e ™1 (y )dy)xE,

leZ

<c f f T F () d
n Eyp—m (0, ‘Xm-H nl/2)

/ / (|xm+1,n| + |xl.m - yl,m|)_n_|y||f(y)|(y/)ydyl.tndytn+l,n
En—m (0, "Cm+l nl/2)
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12 V.S. Guliyev and FA. Isayev

for any x € E,. Using this last inequality we have

/ Ty f ()P @1 (enger.n) (x7) dx
Rn

k,+

=< Cg)/ </ f (|xm+l,n| + |xl,m - yl,m|)_n_|y‘
RZ,-# l_;n_.;_ En—m(0.1xm41,n1/2)

p
X |f(y)|(y/)ydyl,mdym+l,n> wl(xm+1,n)(x,)ydx-

For x = (X1 s Xmt1..) € RY , let

I(Xm+1,n) = / </ [ (lxm+1.n| + |x1,m - yl.ml)_n_lyl
R \IR? . J By .15 41,01/2)

p

x If(y)l(y/)ydymﬂ,ndyl,m) xXiordxy

= / (/ (/ (|xm+l,n| + |xl,m - yl,m|)_n_‘y|
R$+ En—m(0.1xm41,n1/2) RI_Z+

P
Yi,m Ym+1,k Yi,m
XN fOtms Ymr.) Y dyl,m)y,n+1,k dym+1,n> Xy dX1m-

Using the Minkowski and Young inequalities we obtain

1/p
I(xm+l,n) < I:/ (/ |f(y1.ma )’m+1,n)|pyil}:ld)’1,m>
En—m(o,‘xrn+l,n|/2) R

m
Tt
Yi,m

P
> xl,m dXLm y}’m+1,kdy
R, (Xtn] =+ [yt T )Pk e

P
= ( / I s I pren, (y’)yy,f,"r.{fdymm)
En—m (Olem+].n|/2)

",
X </ xl,mmdxl,m )p
B, (X0 + Xm0 )]

|_(’1_m+|ym+],k Dp

= |xm+l,n

P
Ym+1,k
X </ “f(s ym+1,n)||p,R'ﬁ+ymnri,k dym+1,n>
En—m(0.1xp+41,01/2)

Yim

p
» </ X AX1m ) Dot ] =@ 14D
RY (|xl,m| + I)VH—'V‘ '

P
Ym+1.k
= Cq (/ ”f(a ym+l,n)||p,R'ﬁ+ym”_;_+Lk dym+l,n> .
En—m0,1xm+1,n1/2)
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The Two-Weighted Inequalities for Sublinear Operators Generated by B 13

Integrating in R"~" we get

/ AT 1 G ) () dx

]Rk,+

= C7/ (1)1(Xm+1,n)|xm+1’n|_(”_’"+\Vm+l.k|)17
Rn*’n

P
Ym+1,k Ym+1.k
X </ ”f(a ym+1,n)”p,Rﬂ+ym+1,k dyn1+l,n) Xm+1.k dxm+l,n-
En—m(0,1x1,m/2)

Since A, +1x < 0o, the Hardy inequality

p
Ym+1.k
/ (/ ”f(’ ym+1,n)||p,Rﬂf+ym”;1,k dym-H,n)
R NS Ep—m (0,1 Xpm41,n1/2)

—(n—m+ D Yim+1,k
X @01 (Xt 1,0) | Xmt 1,0 Win-+1.e pxm+1,k dxm+1,n

Ym+1,k
= C/ ”f(’ -xm+l,n)||£ R™ w(-xm#»l,n)xm’:l:] k d-xm+l,n
n—m B ’

holds and C < ¢’ Ay41.x, where ¢’ depends only on n and p. In fact the condition A+ x <
oo is necessary and sufficient for the validity of this inequality (see Lemma 2.1). Hence, we
obtain

/ T3 £ (1P @1 (tsr,0) (1) dx < 69/ | f @I @ Cmgrn) (x) dox. (4.6)
R"

n
b+ Rl +

Let us estimate || 75 f|[.,,,, ,- As is easy to verify, for x € E,, yE 51,3 we have |y,11..] >

2|xm+1.n| and |xm+1.n - ym+l,n| = |ym+1.n|/2- Since EI n supp fk,3 = Vj, for x € El by (12)
we obtain

Tyf () < s f ﬁ O Ymstn] + [K1m — Y
SO By O 201

Ym+1.k Yi,m
X ym+l,k dym+l,n yl,m dyl,m~

Using this last inequality we have

/” |T5 f (x)]7 oy (xm+|,n)(x/)ydx

]Rk+

fcé]/ (/ /; (|ym+1,n|+|xl,m_yl,m|)7n7|y‘
R;cld» ’14, En—m(0.21xpm+1,21)

14
X | Oy dYmsrn ¥y dyl,m> 01 Cmp1.0) () dx.

For x = (X1 n, Xm+t1.0) € ]RZ,Jr let

L Comi1) = / (ﬁ / O mstn] + i — Y1
RT,+ En—m(0.21x,41,n]) Rﬁ{»

p
Yim Ym+1.k Yim
X Yim dyl,m Ym+1,k dmerla") X1m d'xl’m‘
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14 V.S. Guliyev and FA. Isayev

Using the Minkowski and Young inequalities we obtain

11 (xm+1,n)

y 1/p
1,
=< [‘A </ |f()’)|py1,,,:" dyl,m>
En—m (0.2Xp+41,n1) RI_;”..;.
Yi,m P
« </ yl,m dyl,m )y}’;n+l,k dy ]
+1,k m+1,n
]R’_L_ (lym+1,n| + |)’1,m|)”+‘y‘ "
p
—n4m—|ym, Ym+1.k

=Ce (/ |ym+1,n| mm=ly +I'k|||f(" ym+1vn)||P-R'1+ Ym+1.k dym‘an)

En—m(0,2[xy41,21)

X </ yiilt;lzndyl,nz )1)
vy, (yiml+ D

p
_ — Ym+1,k
=C7 (/ |ym+1,n| nm = Y1,k ”f(? )’m+1.n)|||p,]R$+ ymli[:],k dym+1,n> .
En—m0.21x41,n1)

Integrating over R"~" we get

/R T3 £ 1P 01 Comrt.0) (x) dx

n
k,+

Ym+1,k
=< 68/ wl(xm#»l,n)xmﬂ:r],k dxm+l,n
n—m
” p
— — 1.k
X </ |ym+l,n| mrm Ll ”f(s ym+l,n)”p,Rfﬁ+ ym”:rl,k dym+l,n> .
Ep—m(0,2]x41,n1)

Since B,,+1.x < 00, the Hardy inequality

p
—n+m— Ym+1,k
/ <ﬁ; |ym+l,n| i \J/m+],k|||f(,’ ym+l,n)||[l,]Rf"Hr ymm+1,k dym+l.n)
Rr=m Ep—m(0.2|xp41,n1)

Ym+1,k
X 01 (Xmt1,n) Xont1,k dmerl,n

= c / ”f(, xm+1.n) ”z rR™ |xm+l,n|_(n_m+|ym+]’k‘)p
Rn—m T

(n—m+| b} Ym+1.k
X a)(xm+1.n)|xm+1,n| Y+ pmerl’k dmean

=C f |f )P0 Xmyrn) (x) dx
R,

holds and C < ¢'B,,4+1.4, where ¢’ depends only on 7, y and p. In fact the condition B4 x <
oo is necessary and sufficient for the validity of this inequality (see Lemma 2.1). Hence, we
obtain

/ T3 f (O @1 (K1) () dx < C]O/
R’l n

k,+ k,

Lf NP (1) () dx. 4.7
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Finally, we estimate ||7;f || Ly BY the L, , (R} ) boundedness of T and condition
(@m+1.k) we have

J

n
k,+ k,+

Z/]R” (Z|sz,z(X)|pxg,(X)>w1(xm+1,n)(x/)ydx
k,+

leZ

P
T f )Py Ctmge1.0) () dx = / ) (ZIsz,z(x)lxg,(x)) o1 (1) () dx

leZ

= Z/N |Tfl,2(x)‘pw1 (xmﬂ,n)(x’)ydx
Ep

lezZ

< Z sup w](merl,n)/ |Tf1,2(x)|p(x/)ydx
RE 4

lez X€E;

<117 Y supaninsn) [ a0 () d
Ry 4

lez X€E;

=|IT|I”)_ sup cc>1(ym+1,n)/~ | £ )17 (x') dx,
Epn

lez YEEI

where |71 =Tz, ®; )L, ® ). Since, for x € E;2, 27" < |x1m] <2'*2, we have by
condition (a1 k)

Sup @1 (Ymt1.n) = sup @1 (Ym+1,n)
YEE; 2=l <|.Vm+l<n‘§21+2

= sup (] (ym+],n) =< bw(xm+1,n)
X1, /8<1Ym41,n|<8Xm41,n

for almost all x € E;,z. Therefore

[ 1nr@ro @) dx<iris Y [ 1f@rrot.adx
Epp

]RZAr leZ

<en /R P0G () dx,  (48)

n
k,+

where c; = 3||T||”b, since the multiplicity of covering {Em},gz is equal to 3. Inequalities
(4.5), (4.6), (4.7), (4.8) imply (3.5) which completes the proof of the Theorem 3.3. a

Similarly we prove the following weak variant Theorem 3.3.
Acknowledgements The authors would like to express their gratitude to the referees for his (her) very
valuable comments and suggestions.
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