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Abstract We develop and apply a decomposition theory for generic local Morrey-
type spaces. Our result is nonsmooth decomposition, which follows from the fact that
local Morrey-type spaces are isomorphic to Hardy local Morrey-type spaces in the
generic case. As an application of our results, we consider the Hardy operator.
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1 Introduction

We obtain and apply a nonsmooth decomposition result for local Morrey-type spaces
in this paper. The definition of local Morrey-type spaces is as follows. Here and in
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the sequel we write B(r) = {y € R" : |y| < r}forr > 0.Let 1 < p < oo,
0<g<ocand0 <X < %. For a measurable function f : R” — C one defines the

norm ||f||Lng by:
| N ar)?
» r
(] pora)) =
b o r B(r) r

(valye

when ¢ < oo and

1
1 »
= — r
I eas, = Sup 7 </B(r) [f (] d)’>

when g = 00. One defines the space LM IA, q (R™) as the set of all measurable functions
f for which the norm | f]|,, M3, is finite. We also denote by Q the set of all cubes

whose axes are parallel to the coordinate axes. The indicator function of a set E is
denoted by xf.
In this paper, we shall establish and apply the following two theorems.

Theorem 1.1 Let 1 < p < 00,1 < g <ooand0 < A < 2. Suppose that a real

p
parameter s satisfies
n n
- < ——A. .
A 1.1
s p

Assume that {Qj}j:1 C Q(R™M), {aj}jozl C L*(R™), {Aj}?il C [0, co) and

o0
lajlis < lixo;lls = 101", suppa;j) € Q. | > Ajxo; <o0. (1.2)
j=1

A
LMy,

Then the series f = Z;’o:l Ajaj converges in LIIOC(R") and in the Schwartz space
S’ (R™) of tempered distributions and satisfies the estimate

o0
I fllas, < C Do kixe : (1.3)
= LM,

where C > 0 depends only onn, p,q, A and s.

We are interested in the converse of Theorem 1.1. To this end, we need to have
some quantitative information of the function space.

As the following proposition shows, L M 2 g (R™) — S’(R™) in the sense of contin-
uous embedding for all admissible p, g and s.

Proposition 1.1 Letr 1 < p < 00,0 < g <ocoand 0 < A < %. Then for all
KES@ﬂmeeLM%@ﬂ,
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[ @ @1 < g, swp 0+ 1D el (1)

where C does not depend on k and f. In particular, Lqu (R") «— S'(R") in the
sense of continuous embedding.

With Proposition 1.1, we state the second main theorem.

Theorem 1.2 Let L e Ng = NU{0}, 1 < p <00, 1 <g<o00and0 <X < %.
Let f € LMIA,q(R”). Then there exist {kj}?ol C [0, 00), {Qj}j=1 Cc QMR™) and

a;}°, C L®R") such that f =Y 52, & ;a; converges in S'(R") N L (R™), that
ij=1 j=17j4] &

loc

lajl < xo;» f x%aj(x)dx =0, (1.5)
Rl‘l
for all multi-indices a = (a1, 22, ...,0,) With |a] = a1 +a2 + -+, < L and,
that for all v > 0
00 1/v
> (ixg)' < Coll L, - (1.6)
. L,

Here the constant C,, > 0 is independent of f.

When g = oo, Theorems 1.1 and 1.2 are proved in [7]. Our results above are available
in the weighted setting described below.

Recall that in 1994 in the doctoral thesis [24, pp. 75-76], (see also [25, pp. 123] as
well as [26,27]) Guliyev introduced the local Morrey-type space LM g () (IR") and

complementary local Morrey-type spaces Crm p6.w(-) (R") given by

LNz atg 00y = WO B FllLr | Log.00) < 00

and
1 eLar,y e, = [0 RN B FlLr | 100,00y < 00

respectively, where w is a positive measurable function defined on (0, co). In [24]
(see also [25-27]) the author found the sufficient conditions for the boundedness of
the singular and potential operators in the local Morrey-type spaces LM pg, v () (R™)
and the complementary local Morrey-type spaces Crm po.w() (R™).

During the last decades various classical operators, such as maximal, singular and
potential operators were widely investigated in both in classical and local Morrey-type
spaces. In [10, pp. 157], Burenkov and Guliyev introduced the space G M pg () (R").
Here and below we denote B(x,r) ={x+y : y € B(r)}.
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Definition 1 Let 0 < p, 6 < oo and let w be a non-negative Lebesgue measurable
function on (0, 00).

1. [24, pp. 75-76] Denote by LM g ., (R") the local Morrey-type space, the space
of, all functions f Lebesgue measurable on R” with finite quasi-norm

1A LM, = W f X8 L0 ”Le(O,oo)'

2. [10-12] Denote by G M pg () (R") the global Morrey-type space, the space of all
functions f Lebesgue measurable on R” with finite quasi-norm

1 IGMp0 ey = SUP IF O+ ity = SUP WO XBEAILP | 100 00) -
xeR” xeR” ’
1.7
The spaces LM pg () (R"), GM pg () (R") are mostly aimed at describing the
behaviour of || f xg()llLr, | f XB(x,r) |l Lr respectively, for small 7 > Oina very general

setting. Note that if w(r) = 1, then LM ps 1(R") = GMpoo,1(R") = LP(R").
Furthermore,

GM

poo,r

SR =MARY, 0<p<oo, 0<i<..
p

Next, we introduce classes so that LM g () (R") and GM g () (R") are not equal
to ©. Here ® stands for the set of all functions which is almost everywhere zero.

Definition 2 Let 0 < p, 6 < oo.

1. Denote by 2y the set of all functions w which are non-negative, Lebesgue mea-
surable on (0, 00), not equivalent to 0, and such that for some ¢t > 0

lw () Lo (,00) < 00

2. Denote by 2,4, the set of all functions w which are non-negative, Lebesgue
measurable on (0, 00), not equivalent to 0, and such that for all > 0

”w(r)r” <00, Nw)lze,00) < 00,

/p H L9(0,1)

or, which is equivalent to,
r n/p
w —
()

The next lemma explains why the above classes of weights are natural.

< o0
L9(0,00)

forall r > 0.

Lemma 1.1 [10,11] Let 0 < p,0 < oo and let w be a non-negative Lebesgue
measurable function on (0, 00), which is not equivalent to 0.
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1. Then the space LM pg ,(.)(R") is non-trivial, in the sense that LM pg ) (R") #
O, if and only if w € Qq, and the space GM pg ,(.)(R") is non-trivial if and only
ifwe Qp,g.

2. Assume w € Qg and write T = inf {s >0 [lwllzegs,00) < oo}. Then the space
LM pp,w()(R") contains all functions f € LP suchthat f = 0on B(0, t) for some
t> 1. Ifw € Qp, then

LP(R") N L®(R") C G M pg () (R").

Keeping in mind this statement it will always be assumed that w € €24 for the case
of local Morrey-type spaces and that w € 2,9 for the case of global Morrey-type
spaces.

We shall also use the notation GM ;9 (R™) respectively, for the particular case in

which w(r) = r’)"é. In this case

1
o0 0 3
lfC+x) e dr
1 lgan = sup / ( L B )
o XeRn 0 r r

By Lemma 1.1 the space LM 29 (R™) is non-trivial if and only if A > 0 for 6 < oo and
A > 0 for & = oo, and the space GM ;9 (R™) is non-trivial if and only if 0 < A < %
for <occand 0 < A < %for@ = 0.

We define H and H* to be the operator and its dual, given by:

o0

Hg(r) = /Or g(t)dt and H*g(r) = / g()dr.

r

Denote by L, , (0, oo) the weighted Lebesgue space for 1 < p < 0o and a measurable
function v : (0, co) — (0, 0o), whose norm is given by

112y 000,00 = ( /0 If(t)v(t)l”dt> "

We extend and prove Theorems 1.1 and 1.2 to the weighted setting:

Theorem 1.3 Let1 < p <00, 1 <60 < ooand w € Q. Assume that w satisfies the
doubling condition; Clwr) <wr) < Cw(r) for all r > 0. We define

ey =r7 tw), ) =r7 wer). (1.8)

Assume that H* is bounded from Ly ;, (0, 00) to Ly 3,(0, 00). Suppose that a real
parameter s satisfies

oo tl/s—l/p—] rl/p—l/s
/ _— _— (1.9)
r

dt <C
w(rt) w(r)
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for all r > 0. Assume that we are given {Qj}j:1 C ORMY), {aj}?o:l c LS(RY),
{2,521 C [0, 00) satisfying

o0
lajlis < llxo,lles = 1Q;1"*, supp(a;) C Q;, Ajxo; < o0.
J J
j=1

LMngu,(,)
(1.10)

L (R") and in the Schwartz space

loc
S'(R™) of tempered distributions and satisfies the estimate

Then the series f = 27021 Ajaj converges in L

o0
1A Lstys e < C | Aixo, , (1.11)
j=1 LMpg'w(.)

where C > 0 depends only on n, p,q, w and s.

We have a counter part of Proposition 1.1 to LM pg (..

Proposition 1.2 Let 1 < p < 00,0 < 0 < 00, w € Q. We define 01, 03 by (1.8).
Assume that H* is bounded on Lg 3, (0, 00) to Lg ,(0, 00). Then LM g () (R") <
S'(R") in the sense of continuous embedding.

With Proposition 1.2, we extend the second main theorem.

Theorem 1.4 Let L e No, 1 < p <00, 1 <0 < o0oand w € Q. Assume that w
satisfies the doubling condition; C~ w(r) < w(2r) < Cw(r) forallr > 0. We define
1, Uy by (1.8). Assume that H is bounded on Ly ;, (0, 00) to Ly ;,(0, 00). Suppose
that a real parameter s satisfies (1.9) for all r > 0. Let f € LMpg y()(R"). Then
there exist {Xj}jzl C [0, 00), {Q; 21 C Q[R") and {aj};?ozl C L°°(R™) such that
f= 2311 Aja; converges in S'(R") N L1 (R™), that

loc
lajl < xo;» f x%aj(x)dx =0, (1.12)
Rl‘l

for all multi-indices « = (a1, a2, ..., 0,) with |a] = a1 +a2 + -+ a, < L and,
that for all v > 0

o 1/v

> (jxe,)" < Coll Fllmpp - (1.13)

=1

! LM/)H,U;(~)

Here the constant C, > 0 is independent of f.

In view of (1.1) and Theroem 3.2, we can say that all the assumptions in Theorems
1.3 and 1.4 can be covered. So, Theorems 1.1 and 1.2 are consequences of Theorems
1.3 and 1.4.

We organize the remaining part of this paper as follows: In Sect. 2, we collect some
preliminary facts. In Sects. 3—5 we aim to collect some tools needed to prove Theorems
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1.3 and 1.4. In particular, the key observation to pave the way of specifying the predual

space of LM ;;0 (R™) is the following norm equivalence: for all f € LlloC (R™),

1
00 1\9) 4
”f”LM;‘)g ~ Z <2)‘j (/ ) |f(y)|l7 dy) ) . (114)

= yl<2i

In Sect. 6 we prove Theorems 1.3 and 1.4. In Sect. 7, we consider the boundedness of
the Hardy operator given by:

1
Hf(x)= —— d R™). 115
fx) B B(‘x‘)f(y) y (xeRY) (1.15)

Finally, we overview the role of related function spaces in Appendix, where we com-
pare local Morrey spaces with Herz spaces and we show that these two things are the
same and we compare local Morrey spaces with many other related spaces.

2 Preliminaries

Our idea is to convert the norm of LM g () (IR") to one of Hardy type. To this end,
we start by recalling the definition of the grand maximal function M f of f € S’ (R")
as well as the topology of S(R").

Definition 3 (1) The topology on S(R") is defined by the norms {py } yen Where

pnv(@) = Y sup (14 XDV [8%p )| (9 € SERM).
|a|§NxeR”

Define Fy = {9 € SR") : pn(¢) < 1} for N € Ny.
(2) The space S’(R") is the topological dual of S(R").
(3) Let f € 8'(R"). The grand maximal operator M f of f is defined by

MF(x) = My f(x) =sup{lt "o ") % f()] 1> 0,90 € Fy}

for x € R".

Next, we recall the following lemma, which will be key to this paper: We refer
to [41] for the proof. By Cfgmp(R"), we denote the set of all compactly supported
infinitely continously differentiable functions in R”. The set of all polynomials of

degree less than or equal to d is denoted by P, (R").
Lemma2.1 Let f € SR NLL (R"), d € Ny and j € 7. Then there exist an

loc
index set K j, collections of cubes {Q j i }kek; and functions {nj k}kek; C cee (R™M),

comp
which are all indexed by K ; for every j, and a decomposition

f=gj+bj, bj= Z bjks
kEKj

such that the following properties hold:
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(1) gj.bj,bjx € S'(RM). .
(2) Define O; ={y e R" : M f(y) > 2/} and consider its Whitney decomposition.
Then the cubes {Q j i }kek ; have the bounded intersection property, and

0;=J Qjx 2.1

kekK;

(3) Consider the partition of unity {nj,k}keKj with respect to {Qj,k}keKj~ Then each
Sfunction 0 i is supported in Q j i and

Z Njk = Xyerr: Mf(y=2/) 0 =njk =1
kGKj

(4) gjis an L®°(R")-function satisfying ||g ;|| 1= < 27,
(5) Eachdistribution b is given by b = (f —cj x)njx With a certain polynomial
cjk € Pa(R") satisfying

(f —cjk-mjx-P)=0forall g € Pqa(R"),

and
) Ej kn+d+l
Mbjp(x) < C{Mfx)xg;,(x) +27 WXR"\QM(X) (2.2)

lx — x;

forall x e R".

In the above, x| and € . denote the center and the edge-length of Q ; i, respec-
tively, and Cy and C, depend only on n.

We now prove Propositions 1.1 and 1.2.

Proof of Propositon 1.1 'We decompose the left-hand side as follows:

/ |# (x) f(x)|dx 2/ [t (x) f(x)|dx +Z/ [t (x) f(x)|dx
Rr B(1) ioi/B

(+D\B()

00 |x|2n+)»+1
< Ml flpay + 3 f S K fWlds
T=1B(j+\B(j)

< Cllflleagy, (sup 1+ |x|)2n+A+I|K(x)|> 7
xeR"
where C depends on n, p and L. Here we used the Holder inequality for the last line.
]

Proof of Propositon 1.2 Denote by By the set of all open balls in R” which contain
x. We know that the Hardy-Littlewood maximal operator M, which is given by
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1
Mf(x) = sup —/ FOIdy (x € R,
peB, |Bl JB

is bounded on LM 4 () (R") [10, Theorem 4, pp. 170]. Therefore,

dy <M
BR)] B(R)If(y)l y < Mf(x)

for all |x| < 1 ane for all R > 1. This means that

o
|B(R)|

f LAy < lIxBayMfllimpsney S IMFNLMp00 = CHFILM 00
B(R)

where o = || xB(1)lLM,4.,,(, - Thus, it follows that

A lic(x) f () dx = CIlf LM, Suﬂg (14 [x )" ke ().
n X€ n

O
3 Vector valued maximal inequalities
In this section, we consider the Hardy—Littlewood maximal operator M.
The aim of this section is to extend the well-known inequalities
[ e as e [ 1rwirax 1)
R~ R

and
r r
q q

o
dx = Cp,q»n/R Z [fi)? ] dx, 3.2)
=1

[ o
A\

where ¢p, and cp 4., are independent of f and f;, j € N, respectively. Here the
parameters p and g satisfy 1 < p,g < 0o. When 1 < p < g = oo, we have a
counterpart to (3.2);

P P
f (M[suplfjl] (x)) dx < cpn / (suplfj(x)l) dx.  (3.3)
n jeN R" \ jeN

Note that (3.3) is a direct consequence of (3.1) and the pointwise estimate

M [Sup |ij} (x) = sup [ f;(x)]. (G4

jeN jeN

We aim to obtain the counterpart of (3.1)—(3.4) to LM pg () (R").
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Our main result in this section is as follows:

Theorem 3.1 Let1 < p < 00,1 <0 <00, 1 < v < 0o. We define weights 01, 05 by
(1.8). Assume that H* is bounded from Lg 3, (0, 00) to Ly 3, (0, 00). Then we have

IMF N Loy < CUEN LM 0 (3.5)
and 1
o v o0 v
> (MY =c([> 150" : (3.6)
j=1 j=1
LMngw() LMPHJU(‘)

Here, the constant C in (3.5) depends only on p, and n and the one in (3.6) depends
only on p, g, v and n. In particular,

o]
jeN

Note that (3.5) is due to [10, Theorem 4, pp. 170].

<C
LMpg ()

sup | £l (3.7

jeN

LM po ()

Proof We can deduce (3.7) by using (3.4) and (3.5). By setting f1 = f, o = f3 =
.-+ = 01n (3.6), we can obtain (3.5). Hence, we concentrate on proving (3.6). We
follow the line of [4, Theorem 4.1].

We suppose 6 < oo; the case § = 0o can be dealt similarly.

As we have proved in [4, Lemma 4.4]

<=

00 o0
n _n_4
XB(x,r) E Mf;* ECF"/2 t P | XB&.n E Lfil" dr.
=1

LP N Lp

Thus, using the boundedness of the dual Hardy operator, we obtain the desired result.
It remains to go through the same argument as [15, Theorem 5]. O

We supplement the case of LM [’}q (R™), where we supply a direct proof without
using the Hardy operator.

Theorem 3.2 Let1l < p <00, 0<g <00, 1 <v<ooand0 < A < 2. Then we

; .
have 1

> Mg
j=1

<sc > : (3.8)
j=1

7x A
LMP‘{ L MP‘I

<=
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Proof We define f; 1 = fjxpsr) and fj2 = f; — f},1 as before. We shall prove two
inequalities;

)4 % 14
R | > ' dr > '
/0 =i /Bm DMf»” | dy | —<=c [ Y10 :
j=1 j=1
Litj,
3.9
P % 14
o0 > ' dr > '
/0 » /B() Supaot | av| el s
"\ j=1 j=1
j J L,
(3.10)
The estimate (3.9) follows analogously to (3.8), which we omit.
As for (3.10), we have:
AN
1 > '
= / D Mfja0)" | dx
r B(r) \ i Z
j=1
1
o0 1 o0
<CrPTEY lfinI* ] dy
];|B(2kr)| B(2kr) JZ_; !
» 1
o0 1 o v r
<crrt LfinI" | dy
,; |BQ2*r)| Jpern) ; !
By the change of variables 2€7 — r, we obtain
1.4
<l s g 1 @
/ -+ / ij,z(x)" dx —
0 r B \ i r
j
NS
o0 n/p—»x s 1 s v ! dr
<c / UL e — o] d
0 2\ B Joer PRkt N B
NN
S k) p—i) nfp—r 1 - . dr
=C/ 2- P [fi] d .
p> B Iy | 221110 JR

J
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When 0 < g < 1, weuse (a +b)? <a + b? fora,b > 0 and when g > 1, we use
the Holder inequality. The result is;

s
|

£ P

q
11 dr
./0 * ./B(r) (Z Mja) ) dx r

<

p

1\ 49
b p
< C/OO iz—’“s("/p—k) 1/ p—h 1 Z il dy dr
b = 1Bl Jpatn ! r

for some § > 0. Since A < %, the most right-hand side is summable over k£ and we

obtain

L 1

Oo - ' dr > v ‘
fo /B(I)(Z f,z<x>) dx —1 =¢ (j;w) :

=1 o
LMIJ'I

==

as was to be shown. O

4 Predual space

This section is oriented to a Banach space Y such that Y* is isomorphic to
LM g, (R") when the parameters p, 6§ and w satisify

l<p<oo, 1<6<o00, weQy.
One says that a function A is a (p’, w, R)-block, if supp(A) C B(R) and
IAll,,y < w(R). 4.1)

With the notion of (p’, w, R)-blocks in mind, we give a candidate of Y. The local
block space L H g () (R") is the set of all measurable functions g for which there
exists a decomposition

g = Y AjA;),

j=—00

where each A; is a (p', w, 2/)-block and {2 }°° oo € Eg/(Z) and the convergence
takes place for almost all x € R”. The norm 0f g is given by:
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Y=

o
— § 0
”g”LH]/H/,w(-) = lnf |)"]| )

j=—00
where {2 ; }?‘;7 o Tuns over all the admissible expressions above.

In this section, we aim to prove the following result:

Theorem 4.1 Let1 < p <00, 1 <6 < oo and w € Q. Assume that w satisfies the
doubling condition; C~'w(r) < w(2r) < Cw(r) for all r > 0. Define w by w(r) =
w(r)r~Y4, Then LM pg, ) (R") is the dual of LH g/ 5.y (R") in the following sense:

(1) Let f € LMpg ()(R"). Then, for any g € LHyg 5 (R"), we have f - g €
L'(R"™) and the mapping

g e LHp/g/’w(,)(Rn) = v/R f(x)g(x) dx € C

defines a continuous linear functional Ly on LH per 0y (R").

(2) Conversely, any continuous linear functional L on LH g 5.y (R") can be realized
as L = Ly(R") with a certain f € LM )(R"). In addition, if f\ and
f2 € LM pg () (R") define the same functional, then f| = f, almost everywhere.

Furthermore, the operator norm of Ly is equivalent to || f |l Ly 00007 there exists a
constant C > 0 such that

CN N edpg ey S ML fNLH sy € < CUF LMy 00 4.2)
forall f € LM pg w()(R").
Proof of Theorem 4.1 (1) Let g be such that

0
g = Z AjAj,

j=—00

where each A; isa (p, w, 27)-block and {Aj}‘/?‘;l € Zel(Z) satisfies

1
00 o’

0/
> Il <20elLh -
j=—00
Then we have

TXIPED> |A,»|/B(2j)|f<x)Aj<x>|dx

j=—00

’ (f |A,~<x>|l”dx)”
B(2))

Aj rq
<> | ,|<f3(2j)|f(x>| x)

j=—00
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by the Holder inequality for Lebesgue spaces and (4.1). Again by the Holder
inequality for sequences, we obtain

oo 1
If gl < > Iajlw@) (/Bm)u(x)wdx)

j=—00
00 é 00 1y ¢
< > 3 (w(Zj)(/ | |f(x)|1’dx)”>
Jj=—00 j=—00 B(2))
o0 7 N
<C Z |)»j|9’ /Oo w(r) (/ |f(x)|pdx>” d_r
- j=—00 0 B(r) r

< ClF bty I8 LE o0
which proves (1) and the right inequality in (4.2).
(2) Let L be abounded linear functional on L H g7 3. (R"). Then since the mapping
g € L (R") > L(gxp@i) € C

is a bounded linear functional, we see that L is realized by an Lﬁ)c (R™)-function
f; f € L{;C (R™) is a function satisfying

L(gXB(2/))=f 8 fx)dx (4.3)
B(2/)
for all g € L”/(R") and j € Z. We have to check f € LMpp ,)(R"), or
equivalently,
1
%) 1\ 0\ @
. P
2 w<2f)(/ If(x)l”dx> ) < oo,
Pt B(2/)

To this end, choose a nonnegative Eg/(Z)—sequence {p j}ﬁ_ o arbitrarily so that
pj =0 with |j| > 1 and we estimate

00 1

. P
2J . pd .
S w@i; (/B(zj)lf(x)l x)

j=—00

Let us set

1- i _ .
g(x) — ”f”Lpr(zj))w(Z]) : |f(x)|[7 lXB(2j)(~x)7 lf “f”LP(B(Z/)) > Oa
/ 0, otherwise.
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Then each g; is a (p/, W, R)-block
oo
g= ) pjg
Jj=—00
belongs to L H g g(.)(R") and satisfies

B2 p; (/3(2,_) If(x)l”dx> "

Therefore, by letting 4 (x) = sgn(f (x))g(x) for x € R”, since supp(h) C B2’)
for some large J,

e ¢]

fRn If@g@ldx = 37

j==c0

/Rn |f(x)g(x)dx = L(h)

thanks to (4.3) and the fact that p; = 0if j > 1. Thus, we obtain

o0

1
> a@he ([ 1)’ = [ ireseias

Ja—
= L(h)
< ILlLHyy 4o —ClBILH, g0

1
o’

o
9/
< Llayy mo—c | D 1ojl

j=—00

Thus, f € LM pg,()(R"). From (4.3), we have L ; = L at least for blocks.
Finally, if fi and f> € LM ()(R") define the same continuous linear func-
tional on L H g7 5.y (R"), then

/B( )fl(x)dx = L (XBxo.r)) = L (XBxo,r) = / f(x)dx
X0,r

B(xo,r)
and by the Lebesgue differentiation theorem, we have fi(x) = f>(x) for almost

all x € R"™. O

5 Characterization of Hardy local Morrey-type spaces in terms of the
grand maximal operator and the heat kernel

Letl < p <o00,1 <6 <ooandw € Qy. We characterize the space LM g, () (R")
in terms of the heat kernel. Let # > 0 and f € S’(R") and define



1238 V. S. Guliyev et al.

1 —?
e’Af(x)E<f,Wexp<—|x4t| >> (x e RM).

The Hardy local Morrey-type space H LM pg () (R") collects all f € S’(R") such
that sup, . [e"® f| € LM pg () (R"). We define

sup "2 f|

t>0

” f ” HLM pg (. =
LMpt‘),w(-)

Let us show that LM g ) (R") and H LM pg (. (R") are isomorphic by showing
the following proposition:

Proposition 5.1 Let1 < p <00, 1 <0 < ocoandw € Qy. We define 01, 05 by (1.8).
Assume that H* is bounded from Lg 3, (0, 00) to Ly 3, (0, 00).

(1) If f € LM pg,u()(R"), then f € HLM pg () (R").
(2) If f € HLM 9 () (R"), then f is represented by a measurable function g which
belongs to LM pg () (R").

If f e LMpg’w(.)(Rn), then

A bty < U FNHLM e < CH LM, u- 5.1)

Proof (1) We can easily verify that LM g ,,()(R") < S’(R") in the sense of contin-
uous embedding by using Proposition 1.2. Also, we have

sup [e'® f| < M.
>0

From (3.5), the LM pg () (R")-boundedness of the Hardy-Littlewood maximal
operator, we see that f € HLM pg ,()(R") and that the right inequality in (5.1)
follows.

(2) Due to Theorem 4.1, the dual of L H g () (IR") is isomorphic to LM pg () (R").
Let L :h € LMpgu(R") = Ly € (LHper ) (R"))* be an isomorphism in
Theorem 4.1. By the Banach-Alaoglu theorem, there exists a positive decreas-
ing sequence {tj}?il C (0, 1) such that LetjAf is convergent to G = L, €
(LHpg ¢y (R")* for some g € LM pg () (R") in the weak-* sense. Observe
that

”g”LMpg,w(.) ~ ”Lg”(LHp/O’,lD(J)*
< h]n;l)géf ”Le’jAf ”(LHP/H/’,;)(,))*
.. A
~ hmlnf ”ej f”LMpe_w(g = ”f”HLMp@_w(.)' (52)
J—>00

Meanwhile, since f € S'(R"), ¢'i® f is convergent to f € S’(R"). Thus, we
conclude S'(R") 5 f =g € LM pg () (R").
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The left inequality in (5.1) follows since the space LM g () (R") is isomorphic
to the dual of L Hgr ) (R"). Thus, from Lebesgue’s differentiation theorem,

= 1IN HLMpg i » (5.3)
LMpgyw(.)

(A
I F N Lapg ey < |Suple’™ f]
>0

as was to be shown. |

In terms of the grand maximal opetator defined in Definition 3, we can rephrase
Proposition 5.1 as follows:

Proposition 5.2 Let1 < p <00, 1 <6 < coandw € Q. We define vy, v by (1.8).
Assume that H* is bounded from Ly ;, (0, 00) to Ly 3, (0, 00).

(1) If f € LM pg,uy()(R"), then M f € LM pg () (R").
(2) Let f € S'(R"). If M f € LMpp (. (R"), then f is represented by a measurable
Sfunction g which belongs to LM pg () (R").

If f € LMpg iy (R™), then C™ M fllLay iy < IMFILMpg00 < CIFNLMp -

Proof The implication (1) = (2) immediately follows from the pointwise inequal-
ity M f(x) < CMf(x). The converse implication (2) = (1) follows from the
pointwise estimatee |e’® f(x)] < CM f(x). Indeed, from this pointwise estimate, we
conclude sup,_g |e'® f] € LM g ) (R™). Thus, we are in the position of applying
Proposition 5.1 to have f € LM g () (R"). O

6 Proof of Theorems 1.3 and 1.4
6.1 Norm estimate (Proof of Theorem 1.3)

We use the following lemma:

Lemma 6.1 Letl < p < 00,1 <6 <ocoandw € Q. Leteach A; bea (p, zI),Zj)-

block and {pj}j?';_ € Ke,(Z). Suppose s € (p, o0) satisfies (1.9) for all r > 0.
Then

e¢]

o0
h= Y pi(MIA;I DY € LHyg 50y (R

j=—00

where W is given by W(r) = r~"9w(r), and it satisfies

176’
o0
8/
WLty o <C | D2 1ol

j==00
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Proof By the L* (R™)-boundedness of the Hardy-Littlewood maximal operator and
0’ < oo, we have

o0
> pixpaiy(MIA; DY € LHpygr ) (R")

j=—00
and

1 !

o
> pixpain(MIA;" DY =c| > Il

=—00 | —=—00
J LH g 50y J

11 jn_n .
Meanwhile, we have ||Aj|, ¢ < [B2/)|7 s [|Ajll,» < C27 s w(2/). Therefore,

o
> pixparne (MIA; 1 DY

Jj=—00

o0 o0
Z Z Pj X ity gty (M A1 D
k=0 j

o
00 1 , 1/s'
N . .
=C) 2. PisGrony (/B(z,.) 4@ dz) XB@i+k+2)\ Bitk+)
k=0 j=—o0 ’
00 1 , 1/s'
=SCY D Py </B(2f) A @F dZ) XBQit+2)\ Bit+1)
k=0 j=—00
00 0 in/p—i 1/p
2Jjn/p=jn/s , P
< CkZ Z pJW </;(2j) |AJ(Z)|p dZ) XB(2j+k+2)\B(2j+k+l).
=0 j:—oo

Since A is a (p/, W, 2/)-atom, we have

o
> pixpaine(MIA;1F DY
j=—00

2Jn/p—jn/s g, (2/’)

WK
WK

<C j—z(j+k)n/s’ XB(21+k+2)\B(2j+k+])
k=0 j=—00
o0 o0 / !~ :
2K/P kIS 20y CAD) /D~ ikt 2
=C2 2 P iy 2 VHEERI B @I ity psshey-
k=0 j=—o00



Decompositions of local 1241

Since we are assuming (1.9),
x© X ok/p'—k/s' w(2)) ¢ e
> Y nt it =C Y
k=1 =7 J=—00
Inserting this estimate, we complete the proof. O

We shall now prove Theorem 1.3.

Proof To prove (1.3), we resort to the duality obtained in Theorem 4.1:

I f LM 60y ~ SUP H/R f(x)g(x)dx

: ”g”LHp/H/,zZ/(») = 1} .

We can assume that {A ; }‘>o | is finitely supported thanks to the monotone convergence
theorem. Let us assume in addition that the a;’s are non-negative without loss of
generality. We write

oo
= Z peAr. G = Z oI MI AT,

k=—00

where each Ay is a (p/, W, 2F)-block and

> !’
D " <1

k=—o00
Then we have
V fegx)dx| < Aj kaI/ a,(x)IAk(X)Idx
R (]k)eNxZ
< > Aj|pk|~||aj||LS<Q,->||Ak||LX/(Qj)
(j,k)eNXZ
/ 1
< Aj|pk|~/ MIAZ 1(x)¥ dx
(jk)eNxZ Qj

Z/ ZAjXQ_,.(x) G(x)dx.
Rn j=1

Since G belongs to L H g/ () (IR") and ”G”Lﬂp/e’ < C from Lemma 6.1, where

w() —
C depends only on p, g, w and s, we obtain the desired estimate. O
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6.2 Nonsmooth decomposition of functions (Proof of Theorem 1.2)
The following lemma is the key to the decomposition of local Morrey-type spaces

as is mentioned in Sect. 1; the structure of local Morrey-type spaces comes into play
here. We invoke the following estimate from [7].

Lemma 6.2 Let ¢ € S(R™). With the same notation as Lemma 2.1, we have
e’} 1 m 1/n
bij, <C — , 6.1
(bj. 9}l < Cy Z(zm LIW») (©6.1)

=0
and the constant Cy, in (6.1) depends on ¢ but not on j or k.

Mf : XOJ'

where 1 = #

In the next lemma, we verify what happens in Lemma 2.1 if f € LM g y()(R")
withl < p <oo,1 <0 <ocoand w € Q.

Lemma63 Let 1 < p < 00,1 < 0 < oo and w € Qy. We define 01, 0y by
(1.8). Assume that H is bounded on Lg 3, (0, 00) to Ly 3, (0, 00). Suppose that a real
parameter s > 0 satisfies (1.9) for all r > 0. Assume f € LM pg y)(R"). In the
notation of Lemma 2.1, in the topology of S'(R"), we have g; — 0 as j — —oc and
bj — 0as j — oo. In particular,

o
f=> (g —g)
j=—00
in the topology of S'(R").
Proof Observe that

1 C
2WH/VIJC x0; lLisary) = o

C
_21,,/1, ||Mf||Lp(B(2I))

IMfliLisey

IA

IA

W”JC”HLMPQ.W(_)

IA

WH]CHLM,,Q’W(_)-

Note that (1.9) yields

o8]

1 I3
Z <Zln/pw(21)) < ©0.

=1
Consequently, we may use the Lebesgue convergence theorem to conclude thatb; — 0

as j — oo. Hence, it follows that f = lim_, o g; in S’(R"). Consequently, it follows

from Lemma 2.1(4) that f =1im ;00 g; = lim; t—c0 le:_k(ng — g) in 8’'(R").
O

If we mimic the proof of [7], then Theorem 1.2 follows thanks to Lemma 6.3.
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7 Application to the Hardy inequality

As an application of the main results, we shall prove the boundedness of the Hardy
operator defined by (1.15). We note that the Hardy operators in Morrey type spaces
were studied for instance in [33,37,39].

Theorem 7.1 Suppose 1 < p <00, 1 <0 <00, w € Q. Then
HH L bty < CULE Mg -

Proof We let f = Zf’;l Aja; as in Theorem 1.4 with L = 0. Let us define the
operator S by

Sf(x) = f f(Ax)du(A),
SO()

where p stands for the Haar measure of SO(n). Note that
S : LMpg’w(.)(Rn) — LMpg’w(.)(Rn)

is a bounded linear opeator. Since

1
nf Fydy
X" JB(x)
1
=/ n/ F)dydu(A)
som) 1Ax" Jpqax)
1
_ / . f F(Ay) dy du(A)
som) 1Ax1" Jqax)

1
- / _ / F(AY)dy dp(A)
som) X" JBxp
= HSf(x),

Hf (x) ~

we have

o0
Hf = HSf =Y X;HSa;.
j=l

Observe also that

|HSaj| < CSxo;.
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since a; is compactly supported. Thus,

o0
IHf N LMo ) < Z/\jHSaj
Jj=1 LMPQ_W(J

o0
<C Z,\ iSxo,
j=1 LMo,

o0
=C Z rjXxo;
=1 LM py,u()

and we can use Theorem 1.4. O

Remark 1 See [17] for another approach.
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Appendix
We can relate local Morrey-type spaces with Herz spaces.

Lemma 8.1 Letl<p<oo,l§9§ooand0<k<%.Then

1

00 1 6
1w, ~ ,-;oo 27 ( /2 I If(y)l”dy)
for all measurable functions f : R" — C.
The right-hand side above is called the Herz norm.
Proof 1Tt is clear from (1.14) that
) 1\ 0)7
1/ a2 j;oo 27 ( /2 i O dy) !

To prove the reverse estimate, we have

1
) N

1w, ~ 22 2‘”([| ,|f(y>|f’dy>"

Pl yI<2)
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1
0) 7o
00

J 1
DI (/ |f<y)|f’dy)
2k=1<|y| <2k

j=—00 \k=—00

) 00 1\ 0) 7
Z (Z X(=o0. 1027 </2 | If(y)lpdy> )

—00 \k=—00 <lyl<2

00 o0 1\ 0 %
: P
= 21 2 | xewn®@27 </ LfFnI? dy)
k=—oco | j=—o0 2kl <]y <2k
00 1 1\ 0 %
P
) (1 2 (/ If(y)lpdy) ) ,
koo - 2k—1 <|y| <2k
as was to be shown. O

Comparison of various Morrey spaces and Nikolskii spaces
Global weighted Morrey type spaces

Theorems 1.3 and 1.4 are translated into the following results on global Morrey spaces.

Theorem 9.1 Let1 < p <00, 1 <6 <ooandw € Q. Assume that w satisfies the
doubling condition; C™'w(r) < w2r) < Cw(r) for all r > 0. We define 1, 0> by
(1.8). Assume that H* is bounded on Lg 3, (0, 00) to Ly 3, (0, 00). Suppose that a real
parameter s satisfies (1.9) for allr > 0. Assume that we are given {Qj};?o=1 C O[R"),
{aj};?il C L*(RM), {1, }°°1 C [0, 00) satisfying

o0
lajlis < lxo, s =10;1"*, supp(a;) C Q;, Ajixo, < .
J J

GMpg ()
.1
Then the series f = 27021 Ajaj converges in 1oc(]R”) and in the Schwartz space

S'(R") of tempered distributions and satisfies the estimate

o0
1 lGMppme, < C | D AiXo, , 9.2)
= GMpp

where C > 0 depends only onn, p, q, w and s.

Proof Just use (1.7) and reexamine the proof of Theorem 1.4. We omit the further
detail. O
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Theorem 9.2 Let L € Ng =NU{0}, 1 < p <00, 1 <80 <ooandw € Q. Assume
that w satisfies the doubling condition; Clw@r) <w@r) < Cw(r) forallr > 0. We
define 01, 02 by (1.8). Assume that H* is bounded from Ly ; (0, 00) to Ly 3, (0, 00).
Suppose that a real parameter s satisfies (1.9) for allr > 0. Let f € LM g () (R™").
Then there exist {kj}?o , € [0, 00), {Qj};o | C QR") and {aj}?‘;l C L®°R") such

that f = Z;’OZI Ajaj converges in S'(R") N L1 (R™), that aj satisfies (1.12) for all

loc
multi-indices @ = (a1, a2, ..., &) with || = a1 + oy + - - - + «, < L and, that for

allv >0
1/v

o
D hjxe)" < Coll FllGMpp - 9.3)
j=1
/ GMpg,u()
Here the constant Cy, > 0 is independent of f.

Proof Use the method of Theorem 9.1 to obtain{)»j}‘;-O1 C [0, c0), {Qj}j=1 c QR"Y)

and {aj}j=1 C L*®(R") such that f = Ziil Ajaj converges in S’ (R") N Ll (R"),

loc
that a; satisfies (1.12) and (1.13) for all multi-indices o« = (e, a2, ..., @) with

| =ay +ap+ -+ a, < L and for all v > 0. We need to check (9.3). To this end,
we have only to show

1/v

Y (jxo, ¢ +x)" = CllF ¢+ Ol empo.u-

Jj=1
LMpg (.

Howeyver, since
[ee]
f=2 %
Jj=1
is the atomic decomposition of f € LM g y(.), We can say that
[e¢)
fe+x) =Y nja;(-+x)
j=1

is the atomic decomposition of f. Thus, we obtain

1/v
00
> Cxg; ¢ +x)" < CullMLFC+ N e,
=1
! LM po,w()
= Cv”Mf( + ‘x)||LMp6,w(-)

< Coll £+ 0N LMy

as was to be shown. |
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Classical Morrey spaces

The classical Morrey spaces M ; (R™) were first introduced by Morrey in [34] to study
the local behavior of solutions to second order elliptic partial differential equations. For
the boundedness of the Hardy—Littlewood maximal operator, the fractional integral
operator and the Calderén-Zygmund singular integral operator on these spaces, we
refer the readers to [1,20,38]. For the properties and applications of classical Morrey
spaces, see [21,23] and references therein.

Morrey spaces M 1); (R™), named after Morrey, were based on his study of elliptic
differential operators in 1938 [34] and they are defined as follows: For A € R, 0 <
p<oo, feMyRYIf feLf (R")and

loc

1 £z = 1 flapgn = sup r M fllLrae.ry < oo,
p 4 xeR" r>0

where B(x, r) is the open ball in R” centered at the point x € R" of radius r > 0.
In other words f € M 1); RYif f e L? (R") and there exists ¢ > 0 (depending on

loc

f) such that for all x € R" and for all » > 0

I flLeBe.ry < cr.

The minimal value of ¢ in this inequality is || || M-
If A =0, then

M)[R") = LP(R").

Ifx = %, then

M} (R") = L®(R").
IfA > %ork < 0, then
My[R") = ©,

where ® = O (R") is the set of all functions equivalent to 0 on R”.
So the admissible range of the parameters is

0O<p<oo and 0<i<2 9.4)

S

The cases p = oo forces A to be 0 and Mgo (R™) = L°°(R™). Under these assump-
tions, which will always be assumed in the sequel, the space MI);(R") is a Banach
space for 1 < p < oo and a quasi-Banach space for0 < p < 1.
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Also the space M IA, (R™) does not coincide with a Lebesgue space, if and only if

0<p<oo and O<)L<£. 9.5)
p

Furthermore,
L®R") N LP(R") C My(R").

If feLP then f € M;(R”) if and only if sup, cpn gop<) 7l Lr(B(xr)) < 00,
hence under this assumption only local properties of f are of importance.

Consider the Nikolskii space H; = HI); (R™) of functions possessing common
smoothness of order A measured in the L” metrics. For A > 0,1 < p < oo they
are defined in the following way: fix an integer o > A. We say that f € H ; (R") if
f e LP(R") and

Ifler = Ifllee +  sup  [RI7*|AF £, < oo
r heR" h#£0

where AJ f is the difference of f of order o € N with step 4. For different 0 > A the
definitions are equivalent.) One can prove thatif 0 < A < %, then
A mon A on
H,R") C M,(R").

We refer to [31] for n = 1 and [35,36] n > 1. Clearly the converse inclusion does
not hold, because if f € M,(R"), then clearly fg € M, (R") for any bounded
measurable function g, which is not true for the case of the spaces H 1); (R™). So,
M},(R") is not a space of functions possessing any kind of common smoothness
of order A, but the expressions || f|l.r(B(x,-)) behave like the ones for functions f
possessing certain smoothness of order A. Detailed exposition of properties of these
spaces can be found in [9,36]. Note that the expression for || £l m, is very similar

to the semi-norms || f1| bt of the Nikol’skii-Besov spaces B;;e. In the latter case,
4

we suppose A > 0,1 < p,6 < oo and || f|rrB(r)) should be replaced by the L?
modulus of continuity: w? (f,r) = supj; <, || AZfHL,,(R,,) with o > A. Recall that

||f||B,\9 =|fller + ||f||bx6. If 6 = oo then B;OO(R”) = HI);(R”). There are several
P P

definitions, equivalent for these values of the parameters, of the spaces B;Q (R™). The
definition mentioned above makes sense for a wider range of the parameters, namely

for A > 0,0 < p,0 < oo. For this range of the parameters the equivalence of the
quasi-norms ||-|| B, for different o > A was proved in [20]. If & = p then
P

1
o
1, = Gp) 7 ( [ 2 dx> " ©.6)

x|+
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Forn=1,1<p,0 <00,0 <A < %theinclusion

By (R") C GM},(R") 9.7)

was proved by Kuznetsov [32]. In the diagonal case p = 6 (9.7) follows by equality
(9.6) and the estimate of the right-hand side of (4.2) via || f || b, for functions f € B;p,
proved by Yakovlev [42,43].

Let us recall some results on local Morrey-type spaces. In 1994 Guliyev initially
introdused and studied the local Morrey-type spaces in his doctoral thesis [24]; see
also [25]. The main purpose of [24,25] is to give some sufficient conditions for the
boundedness of fractional integral operators and singular integral operators defined
on homogeneous Lie groups in the local Morrey-type spaces.

In a series of papers [2,3,10-16] by Burenkov, Husein Guliyev and Vagif Guliyev
etc. some necessary and sufficient conditions for the boundedness of fractional max-
imal operators, fractional integral operators and singular integral operators in local
Morrey-type spaces LM g () (R") were given. The fractional maximal operator,
the Hardy-Littlewood maximal operator, the fractional integral operator and the
Marcinkiewicz operator are considered in [10,13,14,16,28], respectively. We refer
to [40] for the two-weight estimates for the Hardy—Littlewood maximal operators.

Local Morrey-type spaces and interpolation

Investigating local Morrey-type spaces is not a mere quest to generality; it appears
naturally in the context of real interpolation. In [18], Burenkov and Nursultanov estab-
lished that

(LP(Q, w0, p), LP(Q, w™, 1))g 4

is a generalized local Morrey-type space, when we are given weights. More precisely,
we can state the result as follows: We start with generalizing the space LM g () (R").
Let) < p,g <00,0 <A <0ifg <00,0 <A <o0ifg=o00.Let2C R"bea
measurable set and y be a o -finite Borel measure on 2. Moreover, let G = (G;);~0
where all the G;’s are p-measurable subsets for which G; # Q for some t > O,
Gy, C Gy ift; <, and | J,. g G; = Q. We define

1
e dt\4
I flLms 6w = </ (¢ A||f||LP(G,,M))qT) .
0

r-q

To formulate the interpolation result, we consider a special case of G. Let wg, w; be
positive p-measurable functions on 2 C R” and 0 < Ap, A1 < oo. Let the family
Gy, = (Gy 9,0 >0 be defined by:

Gipory = {x €Q 1 wo(x)®wi () <t} (> 0).
dviga, () = (wo(x)Pw ()PP du(x),
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where

1 1 s A 8 Ao
= s o) = —, =, = .
A — Ao ! Ao — A 0 A — Ao ! Ao — A

ao
Observe that
LM} (Grgays Vigay) = LP(Q, wo. 1), LM} (G- Vigay) = L7 (R, wi, ).

In words of the book [8], Burenkov and Nursultanov obtained the following interpola-
tion result (9.8) in [18], which compliments the Stein-Weiss type interpolation (9.9):

Theorem 9.3 Suppose that the parameters p, q, Lo, A1, 0 € (0, 0o] satisfy
Ao Al <00, Ag#E A, 0 <1,
and » = (1 — 0)ro + Ory. Then
(LP(Q, wo, ). LP (R, wi, )o.g = LM% (Grgs vigi)- (98)
Ifq=p
(L7 (82, wo, w), L7 (R, w1, ;1))a,p = LP (R, wo'~"wi’, ). ©9.9)

Our method seems to be applicable to the anisotropic local Morrey-type spaces
defined in [2]. Based on the definition above, Akbulut, Guliyev and Muradova dis-
cussed the boundedness property of the anisotropic Riesz potential in the anisotropic
local Morrey-type spaces in [3]. We feel that the method employed in [29] seems to
be applicable once we obtain a counterpart of Theorems 1.1 and 1.2. In [5], Aykol,
Guliyev and Serbetci defined the local Lorentz Morrey spaces as the set of all mea-
surable functions f for which the quasi-norm

— 1/p—1
I llpgoc = supt ™24 s/P= 14 £ ()]l 0.y < 00
pogil t>0

In [5, Theorem 4.1], Aykol, Guliyev and Serbetci obtained the boundedness of the
Hardy-Littlewood maximal operator in the local Lorentz Morrey spaces. In [6, The-
orem 3.1], Aykol, Guliyev, Kucukaslan and Serbetci obtained the boundedness of the
Hilbert transform in the local Lorentz Morrey spaces. The modification of the argu-
ment to the anisotropic setting or to the local Lorentz Morrey spaces will be left as a
future work.
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