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ABSTRACT

We study the regularity theory of linear elliptic systems with dis- continuous coefficients in generalized local Morrey spaces. Precisely,

we obtain local regularity results for the strong solutions to 2b-order linear elliptic systems
L(x, D)u = ; A, (x)D“u(x) = f(x)
a=2b

where the principal coefficients A, are assumed to be functions with vanishing mean oscillation (VMO).
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1. Introduction

The classical Morrey spaces L,, are originally introduced
in [1] in order to study the local behavior of solutions to ellip-
tic partial differential equations. In fact, the better inclusion
between the Morrey and the Holder spaces permits to obtain
higher regularity of the solutions to different elliptic and
parabolic boundary problems. The first author, Mizuhara
and Nakai [2-4] introduced generalized Morrey spaces M,,
independently (see, also [5, 6]). In general, Garcia-Cuerva and
Herrero [7] and the first author [2] local Morrey spaces also
introduced independently (see also [8). Note that, in [2] the
first author introduced the local Morrey-type spaces includ-
ing the generalized local Morrey spaces and studied integral
operators in these spaces.

We deal with local regularity results and derive interior
a priori estimates in generalized local Morrey spaces for the
strong solutions of the uniformly elliptic system

L(x,D)u:= z Aa(x)D”u(x)=f(x),
a]=20
where the principal coefficients A, are assumed to be func-
tions with vanishing mean oscillation (VMO). In [9-11] A
Calderéon-Zygmund type theory in the framework of the
classical Morrey spaces L,y has been developed for linear
and quasi-linear elliptic and parabolic systems with VMO
principal coefficients. On the other hand, in the recent years
an exhaustive Calderén-Zygmund theory has been elabo-
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rated both for elliptic and parabolic equations/systems in
divergence form with VMO - coefficients in the framework
of the various types of Morrey spaces (10, 11,12-20]). Last
generalizations of the spaces allows finer control on the local
oscillation properties of a function near its singular points
and that is why regularity results in M,,, of solutions to PDEs
with discontinuous coefficients are of great importance in
the applications to differential geometry, stochastic control,
nonlinear optimization, adaptive discontinuous Galerkin
FEMs, etc.

In this paper we are going to extend the results obtained
in [5,17] to uniformly elliptic systems with discontinuous
coefficients in the framework of generalized local Morrey
spaces Mjf;)} The methods of proof used here are closer to

that in the paper of Palagachev and Softova [19].

2. Preliminaries

For xeR" and r>0, let B(x,r) denote the open ball
centered at x of radius r. Let QcR”, n>3 be a bounded
domain, we denote by Q| the Lebesgue measure of {2 and
Qx, r)=QnB(x, 7). S"'={& e R": | £| =1} is the unit sphere in R";
M is the set of m xm-matrices.

In the following we give the definitions of the generalized
local Morrey spaces Mi’f‘;}(R") and generalized Morrey spac-
es M,, (R") and their weak versions, respectively.

Definition 2.1. ([5,21) Let x0€ ), 1<p<e and ¢ be a
positive measurable function on Qx(0, «). We denote by
ME,’;“‘,}(Q) and M,, (Q) the generalized local Morrey space,
the generalized Morrey space respectively, the spaces of all
functions f € L,(Q) with finite norms
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sup(p X, 7 |B Xo, 1 | |

X(, V

and

1
= sup o(x,r |B xr | p"f"LV(Q( )

o (2 xeQ,r>0

1,

respectively, where L,(C)(x, r)) denotes the L, - space of meas-
urable functions f for which,

1A, ey = ([t £ )

Furthermore, by WME:;,}(Q) and WM,,(Q) we denote
the weak generalized Morrey space and weak generalized
Morrey space respectively of all functions fe WL,(Q) for
which,

[

() 7[f] o
| 0" fWLQx;

0

SUP(P Xo, 7
and

L
"f"wmW - XSSEO(p(x,T) 1|B(x,1’)| ! ||f||WL,,(n(x,r))< *

respectively, where WL,(Q)(x, r) denotes the weak L, - space
of measurable functions f for which,

[l oy =50t fy < 2(r): )]

For u=(u, ..., u,): Q—R"™ we write |u| —Z|u1| For any

function f and any domain D with f: Q—R” we write

fD=|IlD|IDf(y) y

Definition 2.2. ([19]) The generalized local Sobolev-
Morrey space W”’ %) (Q) and generalized Sobolev-Morrey
space W0 (Q) consists of all functions ueLp(Q) w1th
generahzed derivatives D*u, |l <2b, belonging to MP o (Q)
and M, (€2), and endowed with the norm

20,
o
Il iy = 2 S
Wi (Q) 5=0 ‘u‘:s

o A oy = Lol Fwr

and

2b
wati(o) ;%S"D u
respectively.

ForueLﬁ(Q; R™) we write ||u instead of "u"
p,Q

L, (R")
Analoqously, u=(u,...u,)e W”' %o} (€; R") and u=(u,...
u,)e W;e (€ R")means u, eWZb “H(Q) and u, e WY (Q)

and the norm ||uk|| 2ol (o ) and ||u Wik (o R") is given by
n
zuuk" i) g and Z"”k" ) , respectively.
k=
We will use also a localized version W.” q,loc (Q R™) and

W o (C; R™) of Wz" o} (Q; R and W” (€ R™) respectively,
consisting of all functions u that belong to ue W:Z Q' Rm)
and ue WZ” (Q’; R™) for each Q' CQ

Remark 21 1 If (o(x r)—r " with 0<A<n, then

x” Q)= L (Q) is the local Morrey space, M,,(Q)=L,(Q)
is the classical Morrey space and WM,‘,fg,'( ): WL‘;‘%’ (Q) is
the weak Morrey space, WM, , (Q) =WL,, (Q) is the weak
Morrey space.

132

@1f o(x,r)=|B(x,r | 7, then M/ (@) =M, ,(Q)=L,(R")
is the Lebesgue space and WM{X” ( ) WM, (Q) ( )

is the weak Lebesgue space. i
(3) It is clear that if @(x,r)=r” with 0<A<n, then
M,,, gives rise to the classical Morrey space L,,,, while L, =L,

and W;.Z,lf reduces to the classical parabolic Sobolev space W;"
(cf. [11]) when ¢ =1.

Definition 2.3. Let K(x;&):R"x(R,\{0})—>R be a variable
Calderon-Zygmund kernel, i.e.,

1. for each fixed is x e R", K(x;-) is a Calderon-Zygmund
kernel:

a) K(x;-)eC=(R,\{0})

b) K(x;ué)=u"K(x,&) Yu>0

0 [oK(x:¢)do =0 [ [K(x;¢)do. <0

2. for every multi-index f: sup‘D”K x; §)‘<C(,B) inde-

pendently of x, where S*! is the urut sphere in R”.
Given a function feL;(Q2), define the singular integral
operator

Tf(x) = P.V.‘[R” K(x;x - y)f(y)dy
and its commutator with multiplication by a function
aeL.(R") as

Cla,f)(x)= PV-[ K(xix=y) aly)-a(x) ] £ (v)dy =

=T(af)(x) -a(x)7f (x)

In [22] Chiarenza and Frasca show boundedness of the
Hardy-Littlewood maximal operator in L,:(R") that allows
them to prove continuity of fractional and classical Calderdon-
Zygmund operators in these spaces. Recall that integral
operators of that kind appear in the representation formulae
of the solutions of elliptic/parabolic equations and systems.
Thus the continuity of the Calderon-Zygmund integrals
implies regularity of the solutions in the corresponding
spaces. In [3] Mizuhara studied the continuity in M, ,(R")
of some classical integral operators. Nakai later extends
the results of Chiarenza and Frasca in M,,(R") by imposing
certain integral and doubling conditions on ¢ (see [4]).
Taking a weight w(x, r)=¢(x, r)r" the conditions of Mizuhara
- Nakai become

Jlgd( ) <C¢(xr) CI?( )<C VO<r<t<2r (1)
X,r

where the constants do not depend on ¢, r and x e R".

In a series of papers, the first author studied the continuity
in generalized Morrey spaces of sublinear operators generated
by various integral operators, such as Calderon-Zygmund,
Riesz, etc. (see [2, 5]). The following theorem, obtained in [2],
extends Nakai’s results in Morrey-type spaces with weight
w(x, r)=@(x, r)re.

Proposition 2.1. Let 1<p<e and (¢, ¢,) satisfy the con-
dition

I M¢7ls <Cep, (x r)
where C does not depend on x and r. Then the Calderdn-
Zygmund integral operators T are bounded from M, (R")
to M,,,(R") for p>1 and from M, (R") to the weak space
WM, ,,(R").
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Later this results is extended on spaces with weaker con-
dition on the weight pair (@1, ¢,) (see [23]). For more recent
results on boundedness and continuity of singular integral
operators in generalized Morrey and new function spaces
and their applications in the differential equations theory, see
[10,11,17-19, 21] and the references therein.

Proposition 2.2. Let 1<p<e, 1€BMO, ¢ be a weight
satisfying: there exist positive constant C>0 such that

jf(lun;j‘p(z’s)ds <Co(x,r), C* o(xt) .

(p(x r)
VO<r<t<L2r

where the constants do not depend on £, r and xeQ.
Then there exists a positive constan C=C(p, ¢, K) such that

715100 < €I

, (2)

Mp,p(Q Mp,p(Q

"C |:a’ f]"Mp S(Q)

In addition, if ae VMO, then for each >0 there exists
ro=ro(¢,y.)>0 such that for any (0, r) and any ball B, the
following inequality holds:

and

cla )M, (B.)<Celfl,,.

The L, and M,,, - boundedness of the operators T and C
have been obtained in [16, 24] and [2, 5, 17], respectively. For
the sake of completeness, we summarize these results here.

Proposition 2.3. Let x€Q, 1<p<e, 1eBMO, ¢ be a
weight satisfying

n

B ; essmfgo(x(), )s
[ [1+Inr]*<5<°°dtsC(p(xo,r) €)

L
p

where C does not depend on r. Then there exists a positive
constant C=C(p, ¢, K) such that

"Tf "M;‘,fg’ (@)

and

"C[a’f]"mpfg? <Cllal-|A],,

In addition, if ae VMO, then for each >0 there exists
ro=ro(¢,y.)>0 such that for any re(0, r) and any ball B, the
following inequality holds:

|l

Corollary 2.1. Let 1<p<e, 1 BMO, ¢ be a weight satis-
fying

fx
0
M, o

<celf

MY (o

M, (B,)

AN

L
p

. essinf o (x s)s
| (1 . In)‘““’dt <Cp(xr) @)
r r

where C does not depend on x and r. Then there exists a
positive constant C=C(p, ¢, K) such that

(L MRS 1 N

cCe £, o = Cllal-I1Al,, o)

In addition, if ae VMO, then for each >0 there exists
ro=ro(¢,y.)>0 such that for any re(0, r) and any ball B, the

and

following inequality holds:

||C|:a’f]||MV¢(B,) = C‘9||f"Nw(ﬂ)

3. Main result
Definition 3.1. ([19]) For a€Li,(R") and any R>0 set
1
7+(R):= sup ool o) = |ay
where B, is any ball in R". We say that aeBMO, if
"a"* =SUPgso Vs (R)<oo and a € VMO with VMO-modulus y,,
if 1€ BMO and limg_oy.(R)=0.

We are interested in operators with discontinuous
coefficients a be longing to the Sarason function class VMO.
For a matrix-valued function Ae M™" with entries #* € VMO
we define the VMO-modulus of A as

Ya= D V-

j k=1
After this u:Q—R", m>1, stands for the unknown func-

tion, f=(f1,....fu):Q—R" is a given vector-valued function

and the coefficient matrix A,(x)e M"™™ has entries {a’ }/ o

a¥:Q— R, which are measurable functions. Fixed an integer
b>1, we deal with the 2b-order linear system system

L(x,D)u:: Z A, (x)D“u(x) = f(x) a.e.in Q (5)

‘a‘=2b

that is equivalent to the system of differential equations

> Y Dy, —ZV (x,D)u, = f'(x), ©)

k=1 |a|=2b
j=L..,m
The entries I*(x, D) of the matrix differential operator
L(x, D) are homogeneous polynomials of degree 2b, that is,
(3.3)

F(x,8)= Y ak(x)&7, EeRY, &= g

‘a‘:zh

el (D)

The operator L(x, D) is supposed to be uniformly
elliptic that means the characteristic determinant of L(x, &)
is non-vanishing for a.e. xeQ and all )éi,/ =0. Due to the
homogeneity of I this condition can be written as

2bm

®)

35>0: det{ > Aa(x)§”}<§|§
a]=2b

for almost all x e Q) and all £ e R".
Fix the coefficients of (5) at xoeQ and consider the
constant coefficients operator

L(x,D):=

Then the 2bm-order differential operator

2, Ax)D°

‘a 217‘

L(xO,D) = detL(xo,D)=det{ Z u,’f(xo)D"’} )

‘a‘:zh jk=1

is elliptic as it follows from (8), and let l:‘(xo;x—y)be its
fundamental solution. If the space dimension # is odd, then

Y ] (10)
vl

2bm-n X —
P| xo;—
X —

with P(xy; &) being a real analytic function of £eS™. If n

f(xo;x—y):|x—y
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is even, it is enough to introduce a fictitious new variable
x,+1 and extend all functions as constants with respect to
it (see [25]). Let {Ly(x,,&)}/ be the cofactor matrix of
{1 (x5, )}t - Then Li(xo, D) are differential operators of up
to 2b (m-1) or indentically zero. Since

S (30, ) (30, €) = 5L (30, €)

k=1

(11)

with the Kronecker symbol 6; the fundamental matrix of
L(xo, D) is given by

F(xo;x) = {l“fk (xo;x)};fk:l = {Lk/- (xo,D)l~"(9c();9c)};ﬂk:1 )
Let B,cQ be such that xoe B, veC;(B,) and let us write
L(xo, D)v(x)=(L(x0, D)-L(x, D))v(x)+L(x, D)v(x).

Using the standard approach [15,16,25] we obtain an
explicit representation formula for v via Newtonian potentials

v(x):j T (xo;x —y)Lv(y)dy +
+I Xos X — y( (xO,D)—L(y,D))v(y)dy.

Taking the a-derivatives with |al=2b and then unfreez-
ing the coefficients putting xo=x we get

(12)

D%v ( pvJ. D"T xx y)Lv( )dy+
+ 2 pof, DT(xx—y) (A (x) - A (y)) D" "v(y)dy +
i ; (13)
+J.s”" D”‘F(x;y)vsddyLv(x) =T, (Lv)(x) +

+‘ ‘z C, [Aa,, D"’v(x)} +Lv(x)Q, |(x)|

a|=2b

where the derivatives D*I'(-; ) and D¥*I(-; -) are taken with

respect to the second variable, the multi-indices f* are given

b
Y ﬂsz(al,...,a5 L. =2b-1

and v=(vy,...,1,) is the outer normal to S**. Let us note that

T, are Calderén-Zygmund type singular integral operators,

C. are commutators of T, with VMO functions, and Qg are

bounded integrals (cf. [15, 16, 10]).

The proof of our main result is based on some real
analysis results on the boundedness of Calderén-Zygmund
type singular integral operators and their commutators
obtained in [2, 5, 17]. In order to estimate the seminorms O,
we need the following interpolation inequality which follows
from [17,10].

Lemma 3.1. There is a constant C, independent of r, such
that

-1 ALZYRD ran)

0, <0, + (C — @ for each £€(0,2), (14)
where O, :sup[@( J "DS

0<6<1 W (Bar)

Proof. Let 6y € (0, 1) be such that
0, 32[90(1—90) ] ||Du||

‘ B@m ) °

By interpolation and scaling arguments we obtain

Dol .
MI\’vw (Eﬂ) )

for and hence

<§st

Dzbu"

—— . i
}\2' By ) 65 Mf,,,?,‘(B@o,)

0,<2[6,(1-6,)r ] 5% ‘"D”’

. 20[6,(1-6,)r ]“"u|

55

+
}(B@“,)

{x .
M\ Hy B .
90
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The assertion follows choosing
1
5=(g/2) [90 (1- Qo)r]<90r for any e<(0, 2).

We give our main result in the following.

Theorem 3.1. Assume that (8) is provided and
A, ={a}}eVMO(Q) ML (Q). Let x,€Q, ueW, " (GR")
be a strong solution to (5) with p e (1, =). Let feM}"/(Q;R™)
such that w is satisfy (3). Then ueW,%\2/(;R™) and

p.loc
Wﬁ,Z/{Y“}(Q'rR"‘) < C(||f|

for all Q' Q"< Q, where the constant C depends on #, p, m,
, the VMO-moduli y,, of the coefficients and on

Mf,’ + "u"Ml‘”' Q" )) (15)

dist (Q,00%),

Proof. Fix an arbitrary x, € supp u and let B, = B(x,,r) EQ..
Consider v e W (B(x,,r)) (the closure of C;(B(x,,r))
with respect to the norm in W} "™ B(x,r) with
suppvcB (xo, 7). Then (13), Proposition 2.1 and A,e VMO(Q)
imply that for each £>0 there exists ro=ro(¢, ya,) such that

M‘X“ B, )J

when ever r<ry. Choosing ¢ small enough we obtain

14,0,

)t e||D2bv|

(Xo
My (B

‘Xu

2
[,

 <Cl

M‘X“ B’ (16)

Let 6€(0,1), 6'=60(3-6)/2>0 and define the cut-off
function p(x) € C;(B,) such that

|1 xe By (xp)
(p(x)— 0 x%Bm(xO)'

Since 0'-0=0(1-0)/2, direct calculations give
IDg|<C(s)[0(1-0)r] ", V¥s=12,..,2b.

Setting v=¢u in (16) we obtain

[D*a], s, <[P
MY (B, o

M‘ o} Bb’v)

2b-s
< C"f' +2bzl||D - Mﬁfﬂ,}(B:;v,) + "u"M}:gy\(Bﬂzb
= [o(1-0)r]  [o(1-0)r]
Because of the choice of 8’ we have 6(1-0)<26'(1-6’) that
implies

[o(1-0)r]" ||D”’u|| o ysC([H’(l—H’)rTb"f
S0 s,

Setti = -0)r]
etting. ©, = sup| 0(1-0)r] £ (50
(17) as

fy ()

o) +
My (Bar)

(17)

Méfw(sa»))‘

we can rewrite

0,, < c( 2% (18)

2b-1
ot ) SZ:]: 0, + ®0) :
Choosing suitable ¢ € (0, 2), and applying (14) we get
0, < C(r” I s, + @0) .

In Lemma 3.1 fixing 6=1/2 at the seminorm ©, we obtain
the following Caccioppoli-type estimate:

oy Sl o+

v/z

2],

o) 09
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The desired estimate (15) follows now by means of
standard covering arguments with balls B,, forr<dist
(€',0Q") and partition of unity over Q" subordinated to this
covering.

Corollary 3.1. Assume that (8) is provided and
A, ={a)}eVMO@Q)NL (Q). Let ueW,  (UR") be a
strong solution to (5) with p € (1, ). Let fe M, ,(€; R™) such
that w is satisfy (4). Then u eW," . (;R") and

S

for all Q'c Q"< Q, where the constant C depends on 1, p,
m, b, w, |A, ||m;Q , the VMO-moduli y,, of the coefficients and
on dist (Q,0Q").
From Corollary 3.1 it is easy to obtain the following result.
Corollary 3.2. [19] Assume that (8) is provided and
A, =1al} eVMO@Q)NL"(Q). Let ueW, (R") be a
strong solution to (5) with p € (1, ). Let fe M, ,(€; R™) such

=

Mw(ﬂ"))

+[ju
M, (Q)

b, w, Aa"w;Q , the VMO-moduli y 4, of the coefficients and on
dist (Y,0Q").

Remark 3.1. Corollary 3.2 was proved in [19]. Note that
condition (4) in Corollary 2.1 is weaker than condition (2) in

Proposition 2.2. Indeed, if condition (2) holds, then

n

. essinf g (x,s)s; B
| (l+lntj*<‘<°°ndt§f (1+Int}p(x,t)dt,
T T n r r t

+1
tp

re (0, 00)
so condition (4) holds.
On the other hand the function

wfonf)

satisfy condition (4) in the caser r € (0, 1), essinf go(x,s)s; =0

r<s <o

o(xr)=r "

, 0<ﬁ'<E
p

and,

that w is satisfy (2). Then u eW," (R") and

r<s <o
— dt=~ n

t;H roVifre (l,oo)

< (p(x,r), re (0,00)

jessinfgo(x,s)s” 0 ifre (0,1)

- t
L (1 + In;

"u W (2, r") < C("f"MM,(Q) +||u||MW(Q"))

for all Q' Q" = Q, where the constant C depends on 1, p, m,  but do not satisfy condition (2).
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