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1. Introduction

A locally integrable function f is said to be in BMO(Rn) if the following
seminorm is finite:

‖f‖∗ = sup
x∈Rn,r>0

1
|B(x, r)|

∫
B(x,r)

|f(y) − fB(x,r)|dy,

where

fB(x,r) =
1

|B(x, r)|
∫

B(x,r)

f(y)dy.

Here and everywhere in the sequel B(x, r) is the ball in R
n of radius r centered

at x and |B(x, r)| = vnrn is its Lebesgue measure, where vn is the volume
of the unit ball in R

n. Let Sn−1 = {x ∈ R
n : |x| = 1} be the unit sphere of

R
n (n ≥ 2) equipped with the normalized Lebesgue measure dσ = dσ(x′),

x′ = x/|x|.
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Let 0 < α < n. The fractional maximal operator Mα and the Riesz
potential operator Iα are defined by

Mαf(x) = sup
t>0

|B(x, t)|−1+ α
n

∫
B(x,t)

|f(y)|dy, Iαf(x) =
∫
Rn

f(y)
|x − y|n−α

dy.

If α = 0, then M ≡ M0 is the well-known Hardy–Littlewood maximal oper-
ator. Recall that, for 0 < α < n,

Mαf(x) ≤ υ
α
n −1
n Iα(|f |)(x).

We also deal with Calderón–Zygmund singular integral operator T de-
fined by

Tf(x) = p.v.
∫
Rn

K(x − y)f(y)dy,

where K ∈ C∞(Sn−1) is a Calderón–Zygmund kernel that satisfies

K(x) = K(x′)/|x|n for |x| �= 0 (1.1)

and ∫
Sn−1

K(x′) dσ(x′) = 0.

A well-known result due to Coifman, Rochberg and Weiss [6] (see also
[16]) states that the commutator

[b, T ]f := bT (f) − T (bf)

is bounded on Lp(Rn) for 1 < p < ∞ if and only if b ∈ BMO(Rn). In 1978,
Janson [16] gave some characterizations of the Lipschitz space Λ̇β(Rn) (see
Definition 4.1) via commutator [b, T ] and proved that b ∈ Λ̇β(Rn)(0 < β < 1)
if and only if [b, T ] is bounded from Lp(Rn) to Lq(Rn), where 1 < p < n/β
and 1/p − 1/q = β/n (see also Paluszyński [18]).

The commutators generated by a suitable function b and the operators
Mα and Iα are formally defined by

[b,Mα]f = bMα(f) − Mα(bf), [b, Iα]f = bIα(f) − Iα(bf),

respectively.
Given a locally integrable function b, the fractional maximal commuta-

tor operator Mb,α is defined by

Mb,α(f)(x) := sup
t>0

|B(x, t)|−1+ α
n

∫
B(x,t)

|b(x) − b(y)||f(y)|dy.

If α = 0, then Mb,0 ≡ Mb is the sublinear maximal commutator operator.
For a function b defined on R

n, we denote

b−(x) :=

{
0 , if b(x) ≥ 0
|b(x)|, if b(x) < 0

and b+(x) := |b(x)| − b−(x). Obviously, b+(x) − b−(x) = b(x).
The following relations between [b,Mα] and Mb,α are valid.
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Let b be any non-negative locally integrable function. Then

|[b,Mα]f(x)| ≤ Mb,α(f)(x), x ∈ R
n, 0 ≤ α < n (1.2)

holds for all f ∈ L1
loc(R

n).
If b is any locally integrable function on R

n, then

|[b,Mα]f(x)| ≤ Mb,α(f)(x) + 2b−(x)Mαf(x), x ∈ R
n, 0 ≤ α < n (1.3)

holds for all f ∈ L1
loc(R

n) (see, for example, [2,22]).
The classical result by Hardy–Littlewood–Sobolev states that the op-

erator Iα is of weak type (p, np/(n − αp)) if 1 ≤ p < n/α and of strong
type (p, np/(n − αp)) if 1 < p < n/α. Also the operator Mα is of weak
type (p, np/(n − αp)) if 1 ≤ p ≤ n/α and of strong type (p, np/(n − αp)) if
1 < p ≤ n/α.

Around the 1970s, the Hardy–Littlewood–Sobolev theorem is extended
from Lebesgue spaces to Morrey spaces by Spanne [19] and Adams [1], respec-
tively. Although Adams type theorems provide a stronger estimate, theorems
of Spanne type with a weaker estimate have a wider range of applicability.
For more details, we refer to survey paper [17].

Commutators of classical operators of harmonic analysis play an impor-
tant role in various topics of analysis and PDE, see for instance [4–7,16].

A natural step in the theory of functions spaces was to study general-
ized Orlicz–Morrey spaces MΦ,ϕ(Rn), where the “Morrey-type measuring”
of regularity of functions is realized with respect to the Orlicz norm over balls
instead of the Lebesgue one.

Adams and Spanne type results for fractional maximal operator Mα

and Riesz potential Iα in generalized Orlicz–Morrey spaces were obtained
in [10,11,13,14]. In this paper, as an application of these results, we give
some new characterizations of the Lipschitz spaces via the boundedness of
commutators associated with the operators Mα, Iα and T on generalized
Orlicz–Morrey spaces.

The structure of the remaining part of the present paper is as follows.
Section 2 provides the definitions and some preliminaries on Young functions,
Orlicz spaces and generalized Orlicz–Morrey spaces. In Sect. 3, we present
Adams and Spanne type results for the operators Mα and Iα in generalized
Orlicz–Morrey spaces which were obtained in [10,11,13,14]. As an application
of these results, we consider the boundedness of [b, Iα], Mb,α, [b,Mα] and [b, T ]
on generalized Orlicz–Morrey spaces when b belongs to the Lipschitz space,
by which some new characterizations of the Lipschitz spaces are given in
Sect. 4.

By A � B we mean that A ≤ CB with some positive constant C
independent of appropriate quantities. If A � B and B � A, we write A ≈ B
and say that A and B are equivalent.

2. Preliminaries

We recall the definition of Young functions.
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Definition 2.1. A function Φ: [0,∞) → [0,∞] is called a Young function if Φ
is convex, left-continuous, limr→+0 Φ(r) = Φ(0) = 0 and limr→∞ Φ(r) = ∞.

From the convexity and Φ(0) = 0 it follows that any Young function is
increasing. If there exists s ∈ (0,∞) such that Φ(s) = ∞, then Φ(r) = ∞ for
r ≥ s. The set of Young functions such that

0 < Φ(r) < ∞ for 0 < r < ∞
will be denoted by Y. If Φ ∈ Y, then Φ is absolutely continuous on every
closed interval in [0,∞) and bijective from [0,∞) to itself.

For a Young function Φ and 0 ≤ s ≤ ∞, let

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}.

If Φ ∈ Y, then Φ−1 is the usual inverse function of Φ. We note that

Φ(Φ−1(r)) ≤ r ≤ Φ−1(Φ(r)) for 0 ≤ r < ∞.

It is well known that

r ≤ Φ−1(r)Φ̃−1(r) ≤ 2r for r ≥ 0, (2.1)

where Φ̃(r) is defined by

Φ̃(r) =
{

sup{rs − Φ(s) : s ∈ [0,∞)}, r ∈ [0,∞)
∞ , r = ∞.

A Young function Φ is said to satisfy the Δ2-condition, denoted also as
Φ ∈ Δ2, if

Φ(2r) ≤ kΦ(r) for r > 0

for some k > 1. If Φ ∈ Δ2, then Φ ∈ Y. A Young function Φ is said to satisfy
the ∇2-condition, denoted also by Φ ∈ ∇2, if

Φ(r) ≤ 1
2k

Φ(kr), r ≥ 0

for some k > 1.

Definition 2.2 (Orlicz space). For a Young function Φ, the set

LΦ(Rn) =
{

f ∈ L1
loc(R

n) :
∫
Rn

Φ(k|f(x)|)dx < ∞ for some k > 0
}

is called Orlicz space. The space LΦ
loc(R

n) is defined as the set of all functions
f such that fχ

B
∈ LΦ(Rn) for all balls B ⊂ R

n.

LΦ(Rn) is a Banach space with respect to the norm

‖f‖LΦ = inf
{

λ > 0 :
∫
Rn

Φ
( |f(x)|

λ

)
dx ≤ 1

}
.

If Φ(r) = rp, 1 ≤ p < ∞, then LΦ(Rn) = Lp(Rn). If Φ(r) = 0, (0 ≤ r ≤
1) and Φ(r) = ∞, (r > 1), then LΦ(Rn) = L∞(Rn).
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Lemma 2.1 [8]. For a Young function Φ and a ball B in R
n, the following

inequality is valid

‖f‖L1(B) ≤ 2|B|Φ−1
(|B|−1

) ‖f‖LΦ(B),

where ‖f‖LΦ(B) = ‖fχ
B
‖LΦ .

We find it convenient to define generalized Orlicz–Morrey space as fol-
lows.

Definition 2.3. Let ϕ(r) be a positive measurable function on (0,∞) and Φ
any Young function. We denote by MΦ,ϕ(Rn) the generalized Orlicz–Morrey
space, the space of all functions f ∈ LΦ

loc(R
n) for which

‖f‖MΦ,ϕ = sup
x∈Rn,r>0

ϕ(r)−1Φ−1(r−n)‖f‖LΦ(B(x,r)) < ∞.

A function ϕ : (0,∞) → (0,∞) is said to be almost increasing (resp.
almost decreasing) if there exists a constant C > 0 such that

ϕ(r) ≤ Cϕ(s) (resp. ϕ(r) ≥ Cϕ(s)) for r ≤ s.

For a Young function Φ, we denote by GΦ the set of all almost decreasing
functions ϕ : (0,∞) → (0,∞) such that t ∈ (0,∞) 
→ 1

Φ−1(t−n)ϕ(t) is almost
increasing.

Lemma 2.2 [10]. Let B be a ball in R
n. If ϕ ∈ GΦ, then there exists C > 0

such that
1

ϕ(rB)
≤ ‖χB‖MΦ,ϕ ≤ C

ϕ(rB)
,

where rB denotes the radius of the ball.

3. Auxiliary Results

In the next sections where we prove our main estimates, we use the following
results.

Theorem 3.1 [10] (Adams type result).
Let 0 < α < n, Φ ∈ Y, γ ∈ (0, 1) and η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).
1. If Φ ∈ ∇2 and ϕ(t) satisfies

sup
r<t<∞

Φ−1
(
t−n

)
ess inf
t<s<∞

ϕ(s)
Φ−1

(
s−n

) ≤ C ϕ(r), (3.1)

then the condition

tαϕ(t) +
∫ ∞

t

rα ϕ(r)
dr

r
≤ Cϕ(t)γ

for all t > 0, where C > 0 does not depend on t, is sufficient for the bound-
edness of Iα from MΦ,ϕ(Rn) to MΨ,η(Rn).

2. If ϕ ∈ GΦ, then the condition

tαϕ(t) ≤ Cϕ(t)γ (3.2)
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for all t > 0, where C > 0 does not depend on t, is necessary for the bound-
edness of Iα from MΦ,ϕ(Rn) to MΨ,η(Rn).

3. Let Φ ∈ ∇2. If ϕ ∈ GΦ satisfies the regularity condition∫ ∞

t

rα ϕ(r)
dr

r
≤ Ctαϕ(t)

for all t > 0, where C > 0 does not depend on t, then the condition (3.2)
is necessary and sufficient for the boundedness of Iα from MΦ,ϕ(Rn) to
MΨ,η(Rn).

Theorem 3.2 [10,13] (Spanne type result).
Let Φ,Ψ ∈ Y and 0 < α < n.
1. Let Φ ∈ ∇2. If the functions (Φ,Ψ) satisfy the condition

rαΦ−1
(
r−n

)
+

∫ ∞

r

Φ−1
(
t−n

)
tα

dt

t
≤ CΨ−1

(
r−n

)
, (3.3)

then the condition∫ ∞

t

ess inf
r<s<∞

ϕ1(s)
Φ−1

(
s−n

)Ψ−1
(
r−n

)dr

r
≤ C ϕ2(t) (3.4)

for all t > 0, where C > 0 does not depend on t, is sufficient for the bound-
edness of Iα from MΦ,ϕ1(Rn) to MΨ,ϕ2(Rn).

2. If the function ϕ1 ∈ GΦ, then the condition

tαϕ1(t) ≤ Cϕ2(t) (3.5)

for all t > 0, where C > 0 does not depend on t, is necessary for the bound-
edness of Iα from MΦ,ϕ1(Rn) to MΨ,ϕ2(Rn).

3. Let Φ ∈ ∇2. Let also the functions (Φ,Ψ) satisfy the condition (3.3).
If ϕ1 ∈ GΦ satisfies the regularity type condition∫ ∞

t

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ1(r)
dr

r
≤ Ctαϕ1(t)

for all t > 0, where C > 0 does not depend on t, then the condition (3.5)
is necessary and sufficient for the boundedness of Iα from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

Theorem 3.3 [11] (Adams type result).
Let 0 < α < n, Φ ∈ Y, γ ∈ (0, 1), η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).
1. If Φ ∈ ∇2 and ϕ(t) satisfies (3.1), then the condition

tαϕ(t) + sup
t<r<∞

rα ϕ(r) ≤ Cϕ(t)γ

for all t > 0, where C > 0 does not depend on t, is sufficient for the bound-
edness of Mα from MΦ,ϕ(Rn) to MΨ,η(Rn).

2. If ϕ ∈ GΦ, then the condition (3.2) is necessary for the boundedness
of Mα from MΦ,ϕ(Rn) to MΨ,η(Rn).

3. Let Φ ∈ ∇2 and ϕ ∈ GΦ. Then, the condition (3.2) is necessary and
sufficient for the boundedness of Mα from MΦ,ϕ(Rn) to MΨ,η(Rn).
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Theorem 3.4 [14] (Spanne type result).
Let Φ,Ψ ∈ Y and 0 ≤ α < n.
1. Let Φ ∈ ∇2. If the functions (Φ,Ψ) satisfy the condition

rαΦ−1
(
r−n

) ≤ CΨ−1
(
r−n

)
, (3.6)

then the condition

sup
t<r<∞

Ψ−1
(
r−n

)
ess inf
r<s<∞

ϕ1(s)
Φ−1

(
s−n

) ≤ C ϕ2(t) (3.7)

for all t > 0, where C > 0 does not depend on t, is sufficient for the bound-
edness of Mα from MΦ,ϕ1(Rn) to MΨ,ϕ2(Rn).

2. If the function ϕ1 ∈ GΦ, then the condition (3.5) is necessary for the
boundedness of Mα from MΦ,ϕ1(Rn) to MΨ,ϕ2(Rn).

3. Let Φ ∈ ∇2. Let also the functions (Φ,Ψ) satisfy the condition (3.6).
If ϕ1 ∈ GΦ satisfies the condition

sup
t<r<∞

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ1(r) ≤ Ctαϕ1(t)

for all t > 0, where C > 0 does not depend on t, then the condition (3.5)
is necessary and sufficient for the boundedness of Mα from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

4. Main Results

In this section, as an application of theorems of the previous section we
consider the boundedness of [b, Iα], Mb,α, [b,Mα] and [b, T ] on generalized
Orlicz–Morrey spaces when b belongs to the Lipschitz space, by which some
new characterizations of the Lipschitz spaces are given. Such a characteriza-
tion was given in [23] for the boundedness of Mb on Lebesgue and Morrey
spaces.

Definition 4.1. Let 0 < β < 1, we say a function b belongs to the Lipschitz
space Λ̇β(Rn) if there exists a constant C such that for all x, y ∈ R

n,

|b(x) − b(y)| ≤ C|x − y|β .

The smallest such constant C is called the Λ̇β(Rn) norm of b and is denoted
by ‖b‖Λ̇β(Rn).

To prove the theorems, we need auxiliary results. The first one is the
following characterizations of Lipschitz space, which is due to DeVore and
Sharply [9].

Lemma 4.1. Let 0 < β < 1, we have

‖f‖Λ̇β(Rn) ≈ sup
B

1
|B|1+β/n

∫
B

|f(x) − fB |dx.

Lemma 4.2 [10]. Let 0 < β < 1, 0 < α, α + β < n and b ∈ Λ̇β(Rn), then the
following pointwise estimate holds:

|[b, Iα](f)(x)| � ‖b‖Λ̇β(Rn)Iα+β(|f |)(x).
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The following theorem is valid.

Theorem 4.1 (Adams type result). Let 0 < β, γ < 1, 0 < α, α + β < n,
b ∈ L1

loc(R
n), Φ ∈ Y, η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).

1. If Φ ∈ ∇2 and ϕ(t) satisfies (3.1) and∫ ∞

t

rα+β ϕ(r)
dr

r
≤ Ctα+βϕ(t), (4.1)

tα+βϕ(t) ≤ Cϕ(t)γ (4.2)

hold for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is sufficient for the boundedness of [b, Iα] from MΦ,ϕ(Rn) to
MΨ,η(Rn).

2. If ϕ ∈ GΦ and the condition

ϕ(t)γ ≤ Ctα+βϕ(t) (4.3)

holds for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is necessary for the boundedness of [b, Iα] from MΦ,ϕ(Rn) to
MΨ,η(Rn).

3. If Φ ∈ ∇2, ϕ ∈ GΦ, condition (4.1) holds and ϕ(t)γ
≈ tα+βϕ(t), then

the condition b ∈ Λ̇β(Rn) is necessary and sufficient for the boundedness of
[b, Iα] from MΦ,ϕ(Rn) to MΨ,η(Rn).

Proof. (1) The first statement of the theorem follows from Theorem 3.1 and
Lemma 4.2.

(2) We shall now prove the second part. We use the idea given in [16]
(see also [12,18]). Choose z0 ∈ R

n and δ > 0 such that in the neighborhood
{z : |z − z0| <

√
nδ}, function |z|n−α can be represented as a Fourier series

which absolutely converges. That is

|z|n−α =
∞∑

n=0

aneivn·z.

Let z1 = z0
δ . For any ball B = B(x0, r), let y0 = x0 −2rz1 and B′ = B(y0, r).

Then for x ∈ B and y ∈ B′, we have that∣∣∣∣x − y

2r
− z1

∣∣∣∣ ≤
∣∣∣∣x − x0

2r

∣∣∣∣ +
∣∣∣∣y − y0

2r

∣∣∣∣ ≤ 1.

Now set s(x) = sgn(b(x) − bB′), then∫
B

|b(x) − bB′ |dx =
∫

B

(b(x) − bB′)s(x)dx

=
1

|B′|
∫

B

∫
B′

(b(x) − b(y))s(x)dydx

≈ 2n−αδα−nr−α

∫
Rn

∫
Rn

b(x) − b(y)
|x − y|n−α

∣∣∣∣δ(x − y)
2r

∣∣∣∣
n−α

s(x)χB(x)χB′(y)dydx

≈ r−α
∞∑

n=0

an

∫
Rn

∫
Rn

b(x) − b(y)
|x − y|n−α

eivn· δ
2r (x−y)s(x)χB(x)χB′(y)dydx.
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Taking

gn(y) = e−i(δ/2r)vn·yχB′(y) and hn(x) = ei(δ/2r)vn·xs(x)χB(x),

we obtain∫
B

|b(x) − bB′ |dx ≈ r−α
∞∑

n=0

an

∫
Rn

∫
Rn

b(x) − b(y)
|x − y|n−α

gn(y)hn(x)dydx

≤ Cr−α
∞∑

n=0

|an|
∫
Rn

|[b, Iα]gn(x)||hn(x)|dx

= Cr−α
∞∑

n=0

|an|
∫

B

|[b, Iα]gn(x)|dx.

Applying Lemma 2.1, we have∫
B

|[b, Iα]gn(x)|dx ≤ 2|B|Ψ−1
(|B|−1

) ‖[b, Iα]gn‖LΨ(B)

� |B|η(r)‖[b, Iα]gn‖MΨ,η(Rn) � rnη(r)‖gn‖MΦ,ϕ(Rn) � rnϕ(r)γ−1

� rn+α+β ,

since ‖gn‖MΦ,ϕ(Rn) � ϕ(r)−1 by Lemma 2.2.
Thus, we have obtained

1

|B|1+ β
n

∫
B

|b(x) − bB |dx ≤ 2

|B|1+ β
n

∫
B

|b(x) − bB′ |dx � 1

which completes the proof of Theorem by Lemma 4.1.
(3) The third statement of the theorem follows from the first and second

parts of the theorem. �

Remark 4.1. The condition ϕ ∈ GΦ implies the condition (3.1). Therefore,
we do not need the hypothesis that ϕ satisfies (3.1) in the third part of the
Theorem 4.1.

The following theorem is valid.

Theorem 4.2 (Spanne type result). Let 0 < β < 1, 0 < α, α + β < n,
b ∈ L1

loc(R
n) and Φ,Ψ ∈ Y.

1. Let Φ ∈ ∇2, (3.4) holds and (Φ,Ψ) satisfy the condition

rα+βΦ−1
(
r−n

)
+

∫ ∞

r

Φ−1
(
t−n

)
tα+β dt

t
≤ CΨ−1

(
r−n

)
(4.4)

holds for all r > 0, where C > 0 does not depend on r, then the condition
b ∈ Λ̇β(Rn) is sufficient for the boundedness of [b, Iα] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

2. If ϕ1 ∈ GΦ and the condition

ϕ2(t) ≤ Ctα+βϕ1(t) (4.5)

holds for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is necessary for the boundedness of [b, Iα] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).
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3. Let Φ ∈ ∇2, condition (4.4) holds and ϕ2(t) ≈ tα+βϕ1(t). If ϕ1 ∈ GΦ

satisfies the regularity type condition∫ ∞

t

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ1(r)
dr

r
≤ Ctα+βϕ1(t) (4.6)

for all t > 0, where C > 0 does not depend on t, then the condition b ∈ Λ̇β(Rn)
is necessary and sufficient for the boundedness of [b, Iα] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

Proof. Similar to the proof of Theorem 4.1, we can obtain Theorem 4.2. �

Lemma 4.3 [15]. Let 0 < β < 1, 0 ≤ α < n, 0 < α + β < n and b ∈ Λ̇β(Rn),
then the following pointwise estimate holds:

Mb,αf(x) � ‖b‖Λ̇β(Rn)Mα+βf(x).

The following theorem is valid.

Theorem 4.3 (Adams type result). Let 0 < β, γ < 1, 0 < α, α + β < n,
b ∈ L1

loc(R
n), Φ ∈ Y, η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).

1. If Φ ∈ ∇2 and ϕ(t) satisfies (3.1), (4.2) and

sup
t<r<∞

rα+β ϕ(r) ≤ Cϕ(t)γ (4.7)

holds for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is sufficient for the boundedness of Mb,α from MΦ,ϕ(Rn) to
MΨ,η(Rn).

2. If ϕ ∈ GΦ and the condition (4.3) holds, then the condition b ∈
Λ̇β(Rn) is necessary for the boundedness of Mb,α from MΦ,ϕ(Rn) to MΨ,η

(Rn).
3. If Φ ∈ ∇2, ϕ ∈ GΦ holds and ϕ(t)γ

≈ tα+βϕ(t), then the condition
b ∈ Λ̇β(Rn) is necessary and sufficient for the boundedness of Mb,α from
MΦ,ϕ(Rn) to MΨ,η(Rn).

Proof. (1) The first statement of the theorem follows from Theorem 3.3 and
Lemma 4.3.

(2) We shall now prove the second part. Suppose that (4.3) holds and
Mb,α is bounded from MΦ,ϕ(Rn) to MΨ,η(Rn). Choose any ball B in R

n, by
Lemmas 2.1 and 2.2

1

|B|1+ β
n

∫
B

|b(y) − bB |dy =
1

|B|1+ α+β
n

∫
B

∣∣∣ 1
|B|1− α

n

∫
B

(b(y) − b(z))dz
∣∣∣dy

≤ 1

|B|1+ α+β
n

∫
B

Mb,a

(
χ

B

)
(y)dy ≤ 2Ψ−1(|B|−1)

|B|α+β
n

‖Mb,α

(
χ

B

)‖LΨ(B)

� η(rB)

rα+β
B

‖Mb,α

(
χ

B

)‖MΨ,η � η(rB)

rα+β
B

‖χ
B
‖MΦ,ϕ � η(rB)

rα+β
B ϕ(rB)

� 1.

Thus, by Lemma 4.1 we get b ∈ Λ̇β(Rn).
(3) The third statement of the theorem follows from the first and second

parts of the theorem. �
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Remark 4.2. We assume ϕ ∈ GΦ, in particular, ϕ is an almost decreasing
function in the third part of the theorem. Note that, the monotonicity of ϕ
and the condition (4.2) imply the condition (4.7). As a results of this fact and
Remark 4.1 we do not need the hypothesis that ϕ satisfies (3.1) and (4.7) in
the third part of the Theorem 4.3.

The following theorem is valid.

Theorem 4.4 (Spanne type result). Let 0 < β < 1, 0 ≤ α < n, 0 < α+β < n,
b ∈ L1

loc(R
n) and Φ,Ψ ∈ Y.

1. Let Φ ∈ ∇2, (3.7) holds and (Φ,Ψ) satisfy the condition

rα+βΦ−1
(
r−n

) ≤ CΨ−1
(
r−n

)
(4.8)

for all r > 0, where C > 0 does not depend on r, then the condition b ∈
Λ̇β(Rn) is sufficient for the boundedness of Mb,α from MΦ,ϕ1(Rn) to MΨ,ϕ2

(Rn).
2. If ϕ1 ∈ GΦ and the condition (4.5) holds, then the condition b ∈

Λ̇β(Rn) is necessary for the boundedness of Mb,α from MΦ,ϕ1(Rn) to MΨ,ϕ2

(Rn).
3. Let Φ ∈ ∇2, condition (4.8) holds and ϕ2(t) ≈ tα+βϕ1(t). If ϕ1 ∈ GΦ

satisfies the condition

sup
t<r<∞

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ1(r) ≤ Ctα+βϕ1(t) (4.9)

for all t > 0, where C > 0 does not depend on t, then the condition b ∈ Λ̇β(Rn)
is necessary and sufficient for the boundedness of Mb,α from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

Proof. Similar to the proof of Theorem 4.3, we can obtain Theorem 4.4. �

Remark 4.3. Note that the statements of the Theorems 4.1 and 4.2 is also
true for the operator

|b, Iα|f(x) :=
∫
Rn

|b(x) − b(y)|
|x − y|n−α

f(y)dy

under same conditions. It is easy to see the following inequality for 0 < α < n:

Mb,α(f)(x) � |b, Iα|(|f |)(x).

Although Mb,α is pointwise dominated by |b, Iα|, and consequently, the
results for the former could be derived from the results for the latter, we con-
sider them separately, because we are able to study the boundedness of Mb,α

under weaker assumptions than it derived from the results for the operator
|b, Iα|.

Let us first compare characterizations given in Theorems 4.1 and 4.3.
We do not need regularity condition (4.1) in Theorem 4.3 unlike Theorem
4.1.

Now we will compare characterizations given in Theorems 4.2 and 4.4.
The condition (4.9) in Theorem 4.4 is weaker than the condition (4.6) in The-
orem 4.2. More precisely, for a function ϕ such that t ∈ (0,∞) 
→ 1

Φ−1(t−n)ϕ(t)
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is almost increasing, integral condition (4.6) implies the supremal condition
(4.9). Indeed, by (2.1) we have

Ψ−1
(
s−n

)
≈ Ψ−1

(
s−n

)
sn

∫ ∞

s

dt

tn+1
�

∫ ∞

s

Ψ−1
(
t−n

)dt

t
.

It follows from this inequality

tα+βϕ(t) �
∫ ∞

t

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ(r)
dr

r
�

∫ ∞

s

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ(r)
dr

r

� ϕ(s)
Φ−1

(
s−n

)
∫ ∞

s

Ψ−1
(
r−n

)dr

r
�

Ψ−1
(
s−n

)
Φ−1

(
s−n

)ϕ(s)

where we took s ∈ (t,∞) arbitrarily, so that

sup
s>t

Ψ−1
(
s−n

)
Φ−1

(
s−n

)ϕ(s) � tα+βϕ(t).

For example, the function ϕ(r) =
Φ−1

(
r−n

)
Ψ−1

(
r−n

) satisfies the condition (4.9),

but does not satisfy the condition (4.6).

To state our results for the operator [b,Mα], we recall the definition of
the fractional maximal operator with respect to a ball. For a fixed ball B0,
the fractional maximal function with respect to B0 of a function f is given
by

Mα,B0(f)(x) = sup
B0⊇B�x

1
|B|1− α

n

∫
B

|f(y)|dy, 0 ≤ α < n,

where the supremum is taken over all the balls B with B ⊆ B0 and x ∈ B.
If α = 0, then MB0 ≡ M0,B0 is the Hardy–Littlewood maximal operator
relative to B0.

Lemma 4.4 [15]. Let 0 < β < 1, 0 ≤ α < n, Ψ be a Young function and b be
a locally integrable function. If there exists a constant C > 0 such that

sup
B

|B|−β/nΨ−1
(|B|−1

)‖b(·) − |B|−α/nMα,B(b)(·)‖LΨ(B) ≤ C,

then b ∈ Λ̇β(Rn).

The following theorem is valid.

Theorem 4.5 (Adams type result). Let 0 < β, γ < 1, 0 < α, α + β < n,
b ∈ L1

loc(R
n), Φ ∈ Y ∩ ∇2, η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).

1. If conditions (3.1), (4.2) and (4.7) be satisfied then the condition
b ∈ Λ̇β(Rn) and b ≥ 0 is sufficient for the boundedness of [b,Mα] from
MΦ,ϕ(Rn) to MΨ,η(Rn).

2. If ϕ ∈ GΦ and the condition ϕ(t)γ
≈ tα+βϕ(t) holds, then the condi-

tion b ∈ Λ̇β(Rn) and b ≥ 0 is necessary for the boundedness of [b,Mα] from
MΦ,ϕ(Rn) to MΨ,η(Rn).

3. If ϕ ∈ GΦ and ϕ(t)γ
≈ tα+βϕ(t), then the condition b ∈ Λ̇β(Rn)

and b ≥ 0 is necessary and sufficient for the boundedness of [b,Mα] from
MΦ,ϕ(Rn) to MΨ,η(Rn).
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Proof. (1) The first statement of the theorem follows from Theorem 4.3 and
(1.2).

(2) We shall now prove the second part. Suppose that ϕ(t)γ
≈ tα+βϕ(t)

and [b,Mα] is bounded from MΦ,ϕ(Rn) to MΨ,η(Rn). For any fixed ball
B ⊂ R

n and all x ∈ B, we have (see the proof of Proposition 4.1 in [3])

M(χB)(x) = χB(x) and M(bχB)(x) = MB(b)(x) (4.10)

and (see (2.4) in [21])

Mα(χB)(x) = |B|α/n and Mα(bχB)(x) = Mα,B(b)(x). (4.11)

Then by Lemma 2.2,

|B|−β/nΨ−1
(|B|−1

)‖b − |B|−α/nMα,B(b)‖LΨ(B)

= |B|− α+β
n Ψ−1

(|B|−1
)‖bMα(χB) − Mα(bχB)‖LΨ(B)

= |B|− α+β
n Ψ−1

(|B|−1
)‖[b,Mα](χB)‖LΨ(B)

� η(rB)

rα+β
B

‖[b,Mα]
(
χ

B

)‖MΨ,η � η(rB)

rα+β
B

‖χ
B
‖MΦ,ϕ � η(rB)

rα+β
B ϕ(rB)

� 1.

Consequently, we have

sup
B

|B|−β/nΨ−1
(|B|−1

)‖b − |B|−α/nMα,B(b)‖LΨ(B) � 1. (4.12)

Thus, by Lemma 4.4 we get b ∈ Λ̇β(Rn).
Noting that 0 ≤ |b| ∈ Λ̇β(Rn) when b ∈ Λ̇β(Rn), it follows from

Lemma 4.3, Theorem 3.3 and (1.2) that the operator [|b|,M ] is bounded
from MΦ,ϕ(Rn) to MΨ,ν(Rn) under the assumptions of statement 2, where
ν(t) = η(t)t−α.

By (4.10) and (4.11) we have (for details see [21, page 1238])

|B|α/nMB(b)(x) − Mα,B(b)(x) = [|b|,Mα](χB)(x) − |B|α/n[|b|,M ](χB)(x).
(4.13)

Hence, by (4.12), (4.13), boundedness of [|b|,M ] and the hypotheses of
statement 2 we get

‖b − MB(b)‖LΨ(B) � ‖b − |B|−α/nMα,B(b)‖LΨ(B)

+ ‖MB(b) − |B|−α/nMα,B(b)‖LΨ(B)

� |B|β/n

Ψ−1
(|B|−1

) + |B|−α/n‖|B|α/nMB(b) − Mα,B(b)‖LΨ(B)

� |B|β/n

Ψ−1
(|B|−1

) + |B|−α/n‖[|b|,Mα](χB) − |B|α/n[|b|,M ](χB)‖LΨ(B)

� |B|β/n

Ψ−1
(|B|−1

) + |B|−α/n‖[|b|,Mα](χB)‖LΨ(B) + ‖[|b|,M ](χB)‖LΨ(B)

� |B|β/n

Ψ−1
(|B|−1

) +
|B|−α/nη(rB)
Ψ−1

(|B|−1
) ‖[|b|,Mα](χB)‖MΨ,η
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+
ν(rB)

Ψ−1
(|B|−1

)‖[|b|,M ](χB)‖MΨ,ν

� |B|β/n

Ψ−1
(|B|−1

) +
|B|−α/nη(rB)
Ψ−1

(|B|−1
) ‖χB‖MΦ,ϕ +

ν(rB)
Ψ−1

(|B|−1
)‖χB‖MΦ,ϕ

� |B|β/n

Ψ−1
(|B|−1

) +
|B|−α/nη(rB)

Ψ−1
(|B|−1

)
ϕ(rB)

+
|B|−α/nη(rB)

Ψ−1
(|B|−1

)
ϕ(rB)

� |B|β/n

Ψ−1
(|B|−1

) .

Consequently, we have for any ball B

‖b − MB(b)‖LΨ(B) � |B|β/n

Ψ−1
(|B|−1

) . (4.14)

To prove b ≥ 0, it suffices to show that b− = 0. For any fixed ball B,
observe that (for details see [3])

0 ≤ b−(x) ≤ MB(b)(x) − b(x), x ∈ B.

Hence, it follows from (4.14) and Lemma 2.1 that, for any ball B,

1
|B|

∫
B

b−(x)dx ≤ 1
|B|

∫
B

|MB(b)(x) − b(x)|dx

� Ψ−1
(|B|−1

) ‖b − MB(b)‖LΨ(B)

� |B|β/n.

Thus, b− = 0 follows from Lebesgue differentiation theorem.
(3) The third statement of the theorem follows from the first and second

parts of the theorem. �

The following theorem is valid.

Theorem 4.6 (Spanne type result). Let 0 < β < 1, 0 ≤ α < n, 0 < α+β < n,
b ∈ L1

loc(R
n) and Φ,Ψ ∈ Y.

1. If Φ ∈ ∇2, conditions (3.7) and (4.8) be satisfied, then b ∈ Λ̇β(Rn)
and b ≥ 0 is sufficient for the boundedness of [b,Mα] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

2. If ϕ1 ∈ GΦ and the condition (4.5) holds, then the condition b ∈
Λ̇β(Rn) and b ≥ 0 is necessary for the boundedness of [b,Mα] from MΦ,ϕ1(Rn)
to MΨ,ϕ2(Rn).

3. Let Φ ∈ ∇2, condition (4.8) holds and ϕ2(t) ≈ tα+βϕ1(t). If ϕ1 ∈ GΦ

satisfies the condition (4.9), then the condition b ∈ Λ̇β(Rn) and b ≥ 0 is
necessary and sufficient for the boundedness of [b,Mα] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

Proof. Similar to the proof of Theorem 4.5, we can obtain Theorem 4.6. �

The following theorem is valid.
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Theorem 4.7 (Adams type result). Let 0 < β, γ < 1, b ∈ L1
loc(R

n), Φ ∈ Y,
η(t) ≡ ϕ(t)γ and Ψ(t) ≡ Φ(t1/γ).

1. If Φ ∈ ∇2 and ϕ(t) satisfies (3.1) and
∫ ∞

t

rβ ϕ(r)
dr

r
≤ Ctβϕ(t), (4.15)

tβϕ(t) ≤ Cϕ(t)γ

hold for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is sufficient for the boundedness of [b, T ] from MΦ,ϕ(Rn) to
MΨ,η(Rn).

2. If ϕ ∈ GΦ and the condition

ϕ(t)γ ≤ Ctβϕ(t)

holds for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is necessary for the boundedness of [b, T ] from MΦ,ϕ(Rn) to
MΨ,η(Rn).

3. If Φ ∈ ∇2, ϕ ∈ GΦ, condition (4.15) holds and ϕ(t)γ
≈ tβϕ(t), then

the condition b ∈ Λ̇β(Rn) is necessary and sufficient for the boundedness of
[b, T ] from MΦ,ϕ(Rn) to MΨ,η(Rn).

Proof. (1) The first statement of the theorem follows from the following point-
wise estimate and Theorem 3.1.

|[b, T ]f(x)| ≤
∫
Rn

|b(x) − b(y)||K(x − y)||f(y)|dy

� ‖b‖Λ̇β(Rn)

∫
Rn

|f(y)|
|x − y|n−β

dy = ‖b‖Λ̇β(Rn)Iβ(|f(x)|).

(2) We shall now prove the second part. We use the idea given in [16]
(see also [18,20]). By choosing z0 �= 0 and δ > 0 such that K(z)−1 can be
expressed in the neighborhood |z − z0| <

√
nδ as the absolute convergent

Fourier series

1
K(z)

=
∞∑

n=0

aneivn·z,

where the exact form of the vectors vn is irrelevant. Set z1 = δ−1z0. If |z −
z1| <

√
n, it follows from (1.1) that

1
K(z)

=
δ−n

K(δz)
= δ−n

∞∑
n=0

aneivn·δz. (4.16)

Choose now any ball B = B(x0, r). Set y0 = x0 − 2rz1 and B′ = B(y0, r).
Thus, if x ∈ B and y ∈ B′,∣∣∣∣x − y

2r
− z1

∣∣∣∣ ≤
∣∣∣∣x − x0

r
− y − y0

r

∣∣∣∣ ≤ 1.
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Denoting s(x) = sgn(b(x) − bB′), by (4.16) we have∫
B

|b(x) − bB′ |dx =
∫

B

(b(x) − bB′)s(x)dx

=
1

|B′|
∫

B

∫
B′

(b(x) − b(y))s(x)dydx

≈ r−n

∫
Rn

∫
Rn

(b(x) − b(y))s(x)
2nrnK(x − y)
K((x − y)/2r)

χB(x)χB′(y)dydx

≈

∞∑
n=0

an

∫
Rn

∫
Rn

(b(x) − b(y))K(x − y)ei(δ/2r)vn·xs(x)χB(x)

× e−i(δ/2r)vn·yχB′(y)dydx.

Taking

gn(y) = e−i(δ/2r)vn·yχB′(y) and hn(x) = ei(δ/2r)vn·xs(x)χB(x),

we obtain∫
B

|b(x) − bB′ |dx ≈

∞∑
n=0

an

∫
Rn

∫
Rn

(b(x) − b(y))K(x − y)gn(y)hn(x)dydx

�
∞∑

n=0

an

∫
Rn

[b, T ]gn(x)hn(x)dx

�
∞∑

n=0

|an|
∫
Rn

|[b, T ]gn(x)||hn(x)|dx

�
∞∑

n=0

|an|
∫

B

|[b, T ]gn(x)|dx.

Applying Lemma 2.1, we have∫
B

|[b, T ]gn(x)|dx ≤ 2|B|Ψ−1
(|B|−1

) ‖[b, T ]gn‖LΨ(B)

� |B|η(r)‖[b, T ]gn‖MΨ,η(Rn) � rnη(r)‖gn‖MΦ,ϕ(Rn) � rnϕ(r)γ−1

� rn+β � |B|1+β/n,

since ‖gn‖MΦ,ϕ(Rn) � ϕ(r)−1 by Lemma 2.2.
Thus, we have obtained

1

|B|1+ β
n

∫
B

|b(x) − bB |dx ≤ 2

|B|1+ β
n

∫
B

|b(x) − bB′ |dx � 1

which completes the proof of Theorem by Lemma 4.1.
(3) The third statement of the theorem follows from the first and second

parts of the theorem. �

The following theorem is valid.

Theorem 4.8 (Spanne type result). Let 0 < β < 1, b ∈ L1
loc(R

n) and Φ,Ψ ∈
Y.
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1. Let Φ ∈ ∇2, (3.4) holds and (Φ,Ψ) satisfy the condition

rβΦ−1
(
r−n

)
+

∫ ∞

r

Φ−1
(
t−n

)
tβ

dt

t
≤ CΨ−1

(
r−n

)
(4.17)

holds for all r > 0, where C > 0 does not depend on r, then the condition
b ∈ Λ̇β(Rn) is sufficient for the boundedness of [b, T ] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

2. If ϕ1 ∈ GΦ and the condition

ϕ2(t) ≤ Ctβϕ1(t)

holds for all t > 0, where C > 0 does not depend on t, then the condition
b ∈ Λ̇β(Rn) is necessary for the boundedness of [b, T ] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

3. Let Φ ∈ ∇2, condition (4.17) holds and ϕ2(t) ≈ tα+βϕ1(t). If ϕ1 ∈
GΦ satisfies the regularity type condition∫ ∞

t

Ψ−1
(
r−n

)
Φ−1

(
r−n

) ϕ1(r)
dr

r
≤ Ctβϕ1(t)

for all t > 0, where C > 0 does not depend on t, then the condition b ∈ Λ̇β(Rn)
is necessary and sufficient for the boundedness of [b, T ] from MΦ,ϕ1(Rn) to
MΨ,ϕ2(Rn).

Proof. Similar to the proof of Theorem 4.7, we can obtain Theorem 4.8. �

Acknowledgements

The authors are grateful to the referee for careful reading of the paper and
valuable suggestions and comments.

References

[1] Adams, D.R.: A note on Riesz potentials. Duke Math. J. 42, 765–778 (1975)

[2] Agcayazi, M., Gogatishvili, A., Koca, K., Mustafayev, R.: A note on maximal
commutators and commutators of maximal functions. J. Math. Soc. Jpn. 67(2),
581–593 (2015)

[3] Bastero, J., Milman, M., Ruiz, F.J.: Commutators for the maximal and sharp
functions. Proc. Am. Math. Soc. 128(11), 3329–3334 (2000)

[4] Calderón, A.P.: Commutators of singular integral operators. Proc. Nat. Acad.
Sci. USA 53, 1092–1099 (1965)

[5] Chanillo, S.: A note on commutators. Indiana Univ. Math. J. 31(1), 7–16 (1982)

[6] Coifman, R.R., Rochberg, R., Weiss, G.: Factorization theorems for Hardy
spaces in several variables. Ann. Math. 103(3), 611–635 (1976)

[7] Coifman, R.R., Lions, P., Meyer, Y., Semmes, S.: Compensated compactness
and Hardy spaces. J. Math. Pures Appl. 72, 247–286 (1993)

[8] Deringoz, F., Guliyev, V.S., Samko, S.: Boundedness of maximal and singular
operators on generalized Orlicz-Morrey spaces. Oper. Theory, Oper. Algebras
Appl. Series: Operator Theory: Adv. Appl. 242, 139–158 (2014)



180 Page 18 of 19 V. S. Guliyev and F. Deringoz MJOM

[9] DeVore, R.A., Sharpley, R.C.: Maximal functions measuring smoothness. Mem.
Am. Math. Soc. 47(293), 115 (1984)

[10] Deringoz, F., Guliyev, V.S., Hasanov, S.G.: Characterizations for the Riesz
potential and its commutators on generalized Orlicz-Morrey spaces. J. Inequal.
Appl. 248, 22 (2016)

[11] Deringoz, F., Guliyev, V.S., Hasanov, S.G.: A characterization for Adams-type
boundedness of the fractional maximal operator on generalized Orlicz-Morrey
spaces. Integral Transforms Spec. Funct. 28(4), 284–299 (2017)

[12] Ding, Y.: A characterization of BMO via commutators for some operators.
Northeast Math. J. 13(4), 422–432 (1997)

[13] Guliyev, V.S., Deringoz, F.: On the Riesz potential and its commutators on
generalized Orlicz-Morrey spaces. J. Funct. Spaces 617414, 11 (2014)

[14] Guliyev, V.S., Deringoz, F.: Boundedness of fractional maximal operator and
its commutators on generalized Orlicz-Morrey spaces. Complex Anal. Oper.
Theory 9(6), 1249–1267 (2015)

[15] Guliyev, V.S., Deringoz, F., Hasanov, S.G.: Fractional maximal function and
its commutators on Orlicz spaces, Anal. Math. Phys. https://doi.org/10.1007/
s13324-017-0189-1

[16] Janson, S.: Mean oscillation and commutators of singular integral operators.
Ark. Mat. 16, 263–270 (1978)

[17] Nakai, E.: Recent topics of fractional integrals. Sugaku Expositions 20(2), 215–
235 (2007)
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