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Keywords: Let us consider weighted graphs, where the weights of the edges are positive definite
We_ighted grapl“{ matrices. The eigenvalues of a weighted graph are the eigenvalues of its adjacency matrix
Adjacency matrix and the spectral radius of a weighted graph is also the spectral radius of its adjacency
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matrix. In this paper, we obtain two upper bounds for the spectral radius of weighted
Upper bound

graphs and compare with a known upper bound. We also characterize graphs for which
the upper bounds are attained.
© 2011 Elsevier Inc. All rights reserved.

1. Introduction

We consider simple graphs, that is, graph which have no loops or parallel edges. Hence a graph G = (V,E) consists of a
finite set of vertices, V, and a set of edges, E, each of whose elements is an unordered pair of distinct vertices. Generally V
is taken as V={1,2,...,n}.

A weighted graph is a graph, each edge of which has been assigned a number. Such weights might represent, for example,
costs, lengths or capacities, etc. The weight of the edge can also be a square matrix. In this paper, unless otherwise stated, the
weights of the edges will be taken positive definite matrices of the same order.

Now we introduce some notations. Let G be a weighted graph on n vertices, denote by w;; the positive definite matrix of
order p of the edge ij, and assume that w;; = w;;. We write i ~ j if vertices i and j are adjacent. Let w; = 3, ;w;; be the weight
matrix of the vertex i.

The adjacency matrix of a graph G is a block matrix, denoted and defined as A(G) = (a;) where

@ — Wij lle]7
Y 0  otherwise.

Note that in the definition above, the zero denotes the p x p zero matrix. Thus A(G) is a square matrix of order np. For any
symmetric matrix K, let p;(K) denote the largest eigenvalue, in modulus (i.e., the spectral radius) of K.

Let G = (V,E) be, if Vis the disjoint union of two nonempty sets V; and V, such that every vertex i in V; has the same p;(w;)
and every vertex j in V, has the same p,(wj;), then G will be called a weight-semiregular graph. If p1(w;) = p1(w;) in weight-
semiregular graph, then G will be called a weight-regular graph.

Upper and lower bounds for the spectral radius of unweighted graphs have been investigated to a great extent in literature
[1-5,7,8]. Especially, some of the authors [4,5] have discussed whether the bounds, which they have obtained, are sharper
bounds for the spectral radius of graphs. In addition to the studies about unweighted graphs, some studies on weighted graphs
have also been done. Das and Bapat [6] have studied weighted graphs, where the weights of the edges are positive definite
matrices, and found an upper bound for the spectral radius of weighted graphs. They have also characterized graphs for which
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the upper bound is attained. The main result of this paper, contained in Section 2, gives two upper bounds on the spectral
radius for weighted graphs, where the edge weights are positive definite matrices. We also compare our upper bounds with
Das and Bapat’s upper bound. We call our upper bounds as new, because they are sharper than Das and Bapat’s upper bound.

2. The new upper bounds on the spectral radius of weighted graphs

Lemma 1 [9]. Let B be a Hermitian nxn matrix with p; as its largest eigenvalue, in modulus. then for any
X€R'(x#0), y € R"(y # 0), the spectral radius |p;| satisfies

X'BY| < |p1[VXTX /YTy (2.1)

Equality holds if and only if X is an eigenvector of B corresponding to p; and y = aX for some o € R.

Lemma 2 ([9]). Let A, B € M,, be Hermitian and let the eigenvalues pi(A), pi(B), and pi(A + B) be arranged in increasing order
(Pn< pn_1<---< p2< py) Foreach k=1,2,...,n we have

P(A) + Pu(B) < pr(A+ B) < pi(A) + p1(B) (2.2)

Lemma 3 ([6]). Let By, B, ..., By be positive definite matrices of order n and let B =" B;. If X is an eigenvector of each B; cor-
responding to the largest eigenvalue p4(B;) for alli, then X is also an eigenvector of B corresponding to the largest eigenvalue p;(B).

Theorem 1 ([6]). Let G be a weighted graph which is simple, connected and let p; be the largest eigenvalue (in modulus) of G, so
that |p,| is the spectral radius of G. Then

o1l < max{ Zpl Wik) Zpl Wik } (2.3)

kik~i kik~j

where w;j is the positive definite matrix of order p of the edge ij. Moreover, equality holds in (2.3) if and only if

(i) G is a weighted-regular graph or G is a weight-semiregular bipartite graph;
(ii) w;; have a common eigenvector corresponding to the largest eigenvalue p;(w;;) for all i, j.

Theorem 2. Let G be a weighted graph which is simple, connected and let p; be the largest eigenvalue (in modulus) of G, so that
|p1] is the spectral radius of G. Then

P (Wi Pl
e m“{ﬁmmw, (i) 3 2 )} 2.4

k: k~]

where w;; is the positive definite matrix of order p of the edge ij. Moreover equality holds in (2.4) if and only if

(i) G is a weighted-regular graph or G is a weight-semiregular bipartite graph;
(ii) w;i; have a common eigenvector corresponding to the largest eigenvalue p(w;j) for all i, j.

Proof. Let M(G) be the block diagonal matrix diag(ylpp, Y2lpps- - -, Ynlpp) Where y;= p1(wy), i=1,2,.

LetX = (xI,xI,.. ) be an eigenvector corresponding to the largest eigenvalue p; of M(G)~ A(G) (G). We assume that
X; is the vector component of X such that x'x; = max.y {x/x, }. Since X is nonzero, so is %; .

Let X[X; = maxy..i{X;X } be, then, for all k, i~ k, we get

XIXj > XX (2.5)

The (i,j)th block of M(G) 'A(G)M(G) is

0 otherwise.

We have
{M(G)'AGM(G)}X = p,X. (2.6)
From the ith equation of (2.6), we have
p1Xi = Z kW X, (2.7)
i Vi

. v ol vT >
e, P1XiX| = D puiXi %Wivkxk
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Taking modulus on both sides and using inequalities of (2.1) and (2.5), we get

lp1IXi % < Z X[ *Wzkxk| (2.8)
k:k~i Vi
< /AT ,/x{xkz 01 (Wig) (2.9)
k:k~i Vi
< /XX /XTX; Z 01 (Wig). (2.10)
k:k~i '

From the jth equation of (2.6), we have
P1X; = Z QWj,ka (2.11)

kik~j /J

ie, pl)z X] Zkkwj j jWJka
Takmg modulus on both sides and using inequalities of (2.1) and since xTx; = maX..;{X[ X, }, we get

p11X/%; < )

kik~j

xf;"
J

kkNJ 7 p] (Wik) ,/xTx \/ XEXi (2.13)
< /XX [XTX; Z p] (W) (2.14)

k: k~]

ijXk (212)

We assume that %; = 0. Then X, = 0, for all k,k ~ i. From ith equation of (2.6), we get p,X; = 0. Since ; = 0, p, = 0, which
is not possible as |p4| is spectral radius of a nonzero matrix. Hence XJ.TR]- # 0. From (2.10) and (2.14), we get

o1l < Z 7, P1(Wik) Z V]p1 (Wjk)-

kik~i /1 k:k~j

Since y; = p1(w;) fori=1,2,...,n, we have

lp1] <

k: l(~1 k k~]
Hence, we get

lp1l < {\/Z Pr(W Wik) Z gll((‘:,vvf)) pl(Wj‘k)}'

ki P ke~

This completes the proof (2.4). O

Now suppose that equality holds in (2.4). Then all equalities in the above argument must be equalities. From equality in
(2.10), we get XX, = Schicj for all k,k ~ i. From this, we get X, # 0, for all k,k ~ i as X; # 0.
From equality in (2.9), we get that both X; and X, are eigenvectors of w;, for the largest eigenvalue p;(w;y), for all k,k ~ i.
Therefore for any k,k ~ i,
X = b @13)

for some bj,. Let by, = ;' be for all k,k ~ i.
Similarly, from equalltles in (2.12)-(2.14), we get that both x; and X, are eigenvectors of w;j for the largest eigenvalue
p1(wj), for all k,k ~ j, j ~iand for any k,k ~ j, j ~ i, we have

X = CikX; (2.16)

for some cj.. Let ¢, = ?—L be for all k,k ~ j, j ~i.
If we write (2.15) in equalities between (2.8) and (2.10), we have

P1 =D Pr(Wix). (2.17)
ki
By a similar argument, if we use (2.16) in equalities between (2.12) and (2.14), we can have

pr = p1(Wjk). (2.18)

k:k~j
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From (2.17) and (2.18), we get
4] _max{Zpl Wik) ZP] Wik }
kik~i kk~j

forin~j.
From Theorem 1, conditions (i) and (ii) hold.
Conversely, suppose that conditions (i) and (ii) of the theorem hold for the graph G. We must prove that

_ Pl Wk pl Wk
lpl—HgSX{\/Z wi) Y EESE o) )}-

kik~i kik~j

Let X be a common eigenvector of w;; corresponding to the largest eigenvalue p;(w;;) for all i,j. Using Lemma 3, we get
that each w; has also eigenvector x corresponding to the largest eigenvalue p;(w;).

We suppose that G is a weight-semiregular bipartite graph. Let V7, V, be the vertex classes of G. Let p;(w;) = o be fori e V;
and p1(w;) = g be forie Vs.

The following equation can be easily verified:

Vi 0 - 0wy o Lwia /B

VB 0 : 0 Ewyper - Lwa, VP

% 0 . 0 By . B X

(\/&B) \/B)f -1, . o Vikk+1 o Vkn \/37

VX FWiki1 Wik 0 -0 Vox

Vo W12 - §Wiiak 0 -0 Vox

\/&)_‘ B Wn 1 : %Wn,k 0 . 0 \/&}?

Thus, +/ap is an eigenvalue of M(G) 'A(G)M(G). So,

Vop < [pql. (2.19)

On the other hand; from Lemma 3, we get

W W o
Z"] k Isz;]wf W) = Zﬁplw,kz Pr (W) = py (wi)py (W) = of

k: I<~1 kik~j k:k~i kik~j
and
w
Ip1] < max wi) S22 b= ap (2.20)
i P & Pr(w)
forin~j.

Thus, from (2.19) and (2.20), we obtain

P Wk pl
o1 = ma,X{ )}
! 4 o (Wi kl(Nj

Theorem 3. Let G be a weighted graph which is simple, connected and let p; be the largest eigenvalue (in modulus) of G, so that
|p1| is the spectral radius of G. Then

1 k:knsj

Ok o
o1l < ma.X{ > épl(wf,k) > Ofpl(wj,k)} (2.21)
™ kevi J

where w;; is the positive definite matrix of order p of the edge ij and o; = >, .0, (Wix) for 1 <i< n. Moreover, equality holds in
(2.21) if and only if

(i) G is a weighted-regular graph or G is a weight-semiregular bipartite graph;
(ii) w;; have a common eigenvector corresponding to the largest eigenvalue p;(w;;) for all i,j.
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Proof We will prove as the proof of Theorem 2. Let S(G) be the block diagonal matrix diag(otlpp, 0lpp, - - -, 0nlpp) Where

=3 axP1(Wip), i=1,2,....n
LetX = (X,x,... XT) bgan eigenvector corresponding to the laigest eigenvalue p; of S(G)'A(G)S(G). We assume that ¥;
is the vector component of X such that XTX; = maxcy {XIX, }. Since X is nonzero, so is X;.

XJ-T)?J‘ = maxk:kw,-{xﬁ)?k} (222)

for all k,i ~ k.
The (i,j) th block of S(G)~'A(G)S(G) is

%Ww if l'N_]‘7
0 otherwise.
We have
{S(G)’1A(G)S(G)}7( =p X (2.23)

From the ith equation of (2.23), we have

piXi = Z Wi, (2.24)

k:k~i %

ie, pyXX] = >, X %w;;X,. Taking modulus on both sides and using inequalities of (2.1) and (2.22), we get

T 1 O _
|p1 X7 %; < k;i X Wik (2.25)
Z = Py (Wige) \/XTRi/XER) (2.26)
k:k~i %
< /XX /RTR; Z p1 (Wir). (2.27)
k: k~1
From the jth equation of (2.23), we have
P1%; = Z 5 Wik (2.28)
k: I<~_)
ie,
P1XIX) = Z b —wj WX
kik~j
Taking modulus on both sides and using inequalities of (2.1) and since XX; = max.y {X[X, }, we have
T _r Ok _
1 [X% < ,; X} 5 Wik (2:29)
~j
Z pl (Wia)\/XT X /XX (2.30)
k~1
< /A x,,/xTx]Z P (W) (2.31)

k: kwj

We assume that X; = 0. Then %, = 0, for all k, k ~ i. From ith equation of (2.23), we get p,X; = 0. Since X; # 0, p, = 0, which is
not possible as |pq] is spectral radius of a nonzero matrix. Hence )’(JTX)- # 0. From (2.27) and (2.31), we get

o1l < \/Zapl Wik) Z P1(Wjk).
kik~i 1

kk~j %

Hence,

lp1] < max{ Z Pl Wik) Z p1 (W) }

kik~i k~]

This completes the proof (2.21). The state of equality in (2.21) can be proven with the same method applied in Theorem 2. O
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Corollary 1 ([6]). Let G be a weighted graph which is simple, connected, the weights of the edges are positive numbers (i.e. 1 x 1
matrices). Then

p; < max{
inj

where w; is the sum of the weights of the edges that are adjacent to vertex i. Moreover, equality if and only if G is a regular graph or
G is a bipartite semiregular graph.

(2.32)

Corollary 2. Let G be a weighted graph which is simple, connected, the weights of the edges are positive numbers (i.e. 1 x 1 matri-
ces). Then

0 <max{\/z w,kz—wjk} (2.33)
~ ek Wi kekej

where w; is the sum of the weights of the edges that are adjacent to vertex i. Moreover, equality if and only if G is a regular graph or
G is a bipartite semiregular graph.

Proof. For a weighted graph where the weights w;; are positive numbers, we get pi(w;x) = wix for i ~ k and p1(wg) = wy.
Using Theorem 2, we get the required result. O

Corollary 3 [5]. Let G be a simple connected unweighted graph Then

py < max {/mim; : i~ j},

where m; is the average of the degrees of the vertices adjacent to i. Moreover, equality if and only if G is a regular graph or G is a
bipartite semiregular graph.

Proof. For an unweighted graph, w;; =1 for i ~ j and w; = d;. Using Corollary 2, we get the required result. O
Corollary 4. The upper bound in (2.21) is sharper than the upper bound in (2.3).

Proof. We wish to prove that

o
max{z P1 Wzk)Z;’f/%(W]k } maX{Zm Wik) 291 Wik) }
e % kikj i N kekei kekei

Let A= max,ﬂNj{Zk:,M-%pI(wi,k)Zk:kwj 2 P1(Wik } be. Then, it is easy to see the following inequalities.

A < max { (1 max{ack} Z P (Wi ) (Z - 01 (Wjk ) } max {(nil;}{x{ak} (1 max{ock} Z 01 (Wi >}

kk~i k:k~j kk~j

ITiINE;{X{OCk}} {I?ix{dk}}} max{oz, o} = max{Zp] Wig) Zpl Wik }

= max {
I~ kik~i kik~j

Hence the upper bound in (2.21) is sharper than the upper bound in (2.3). O
Corollary 5. The upper bound in (2.33) is sharper than the upper bound in (2.32).
Proof. It is clear from Corollary 4. O

Example 1. Let G; = (V3,E;) and G, = (V,,E;) be weighted graphs such that each weights w;; of the edges are positive definite
matrices of order p of the edge ij. For G,, let us take the weights of the edges as follows;

2 1 1 25 15 -5 2 -1 0
W]2—W]2—|:] 2 ‘l:|7 W23—W32—|:15 18 0 ], W24—W42—|:—] 2 —‘l:|7

11 2 -5 0 11 0o -1 2



S. Sorgun, S. Biiyiikkose / Applied Mathematics and Computation 218 (2012) 5231-5238 5237

r1 -3 1 6 3 -1 5 0 2
Wy5 = W5 = -3 11 ]] W34—W43—|:3 6 ]:|, W45—W54—|:0 5 2:|

1 1 8 -1 -1 9 2 25

For G, let us take the weights of the edges as follows;

[7 -1 5 -3 21
Wiz = W3 = , Wis =Wsp = , Wi =Wy = )

-1 6 -3 4 1 3
W7 =Wy = ! 1} W26=Wez=[ 1} W28:W82:{2 _3}
11 3/ 1 4 -3 5 |
Wig =Wy = 1 }
11 2
The adjacency matrices of these graphs are shown that
o o o2 1 1 0 0 O O O O 0 o0 07
0 0 01 2 1 0 0 0O O o O o o o
0 001 1 2 0 O 0O 0O O o o0 o0 o
2110 O O 25 15 -52 -10 11 -3 1
1210 0 O 15 18 0 -12 -1 -3 11 1
1120 0 O -50 11 0 -12 1 1 8
0 002 15 -5 0 O 6 3 -1 0 0 O
AG)=|0 0 0O 15 18 0 0 O O 3 6 -1 0 0 O
oo0oo0-50 1mMmo O O -1 -19 0 0 o0
oo0oo02 -10 6 3 -10 O O 5 0 2
ooo0-12 -13 6 -10 0 O 0 5 2
oooo0 -12 -1 -19 0 0 0 2 2 5
ooo01 -317 0 0 O 5 0 2 0 0 o
o000 -311 0 O O O S5 2 0 0 o
L0 0 0 1 1 § 0 O O 2 2 5 0 0 o0f
and
ro o 2 1 7 -1 115 -3 00000 7
0 0 1 3 -16 1 2 -34 00O0O0O0 O
2 1 o o o o o ooO0O O 31112 -3
1 3 0 0 0 O O OO O 1T4 13 -35
7 -10 0 O O O OO O O0O0OO0OO0OO O
-166 0 O 0 O O OO O OOOOO O
1 1 0 0 O O O OO O OOOOO O
AGy) = 1 2 0 0 0O O O OO0 O OOOOO O
5 30 0 O O O OO O OOOOO O
-34 0 0 0 O O OO O OOOOO O
O 0 3 1 o o0 O OO0 O OO0OOOO O
o o 1 4 0 O 0 OO O OOOOOTO
0 0 1 1 0O 0 O OO0 O OO0OOOO O
o o 1 3 0 O O OO O OOOOO 'O
o o 2 -30 O O OO O OOOOO O
(0 0 -35 0 O 0 00O O O0O0OO0OO0OO0O O

For these graphs, |p1/(G;)=40,05 and |p4|(G;)= 14,66 rounded two decimal places and the above mentioned upper
bounds give the following results:
(23) (24 (2.21)
Gy 53,10 45,84 46,79
G, 23,49 17,08 17,45.

Consequently, the upper bounds in (2.4) and (2.21) are sharper than the upper bound in (2.3).
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3. Summary and conclusion

To summarize; we have introduced weighted graphs, where the weights of the edges are positive definite matrices of the
same order in this paper. Then, we have given a known upper bound and found two different upper bounds for the spectral
radius of weighted graphs. We have obtained some results by characterizing these upper bounds. We have also compared
them with the known upper bound. So, we have seen that our upper bounds are sharper than its bounds.
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