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Abstract
We consider a class of hypoelliptic operators of the following type

L =
p0∑

i, j=1

ai j∂
2
xi x j +

N∑

i, j=1

bi j xi∂x j − ∂t ,

where (ai j ), (bi j ) are constant matrices and (ai j ) is symmetric positive definite onRp0

(p0 ≤ N ). We obtain generalized Hölder estimates for L on R
N+1 by establishing

several estimates of singular integrals in generalized Morrey spaces.

Keywords Ultraparabolic operators · Homogeneous type space · Singular integral
operators · Generalized Morrey space · Generalized Hölder estimate

Mathematics Subject Classification Primary 35R03 · 35B45 · 42B20

1 Introduction andmain results

Let us concern a class of ultraparabolic operators of Kolmogorov–Fokker–Planck type
in RN+1:

L0 = div(A∇) + 〈x, B∇〉 − ∂t =
N∑

i, j=1

ai j∂
2
xi x j +

N∑

i, j=1

bi j xi∂x j − ∂t , (1.1)
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where 1 ≤ p0 ≤ N, A = (ai j ) and B = (bi j ) are N × N matrices with constant real
entries,∇ = (∂x1, ∂x2 , . . . , ∂xN ), div and 〈·, ·〉 denote the gradient, the divergence and
the inner product in R

N , separately. The matrix A is supposed to be symmetric and
positive semidefinite. We also assume that the following condition holds:

(H0) Ker(A) does not contain nontrivial subspaces which are invariant for B.
Hormander in [1] pointed out that (H0) implies (actually, is equivalent to) the

hypoellipticity of (1.1). By introducing the matrix

C(t) =
∫ t

0
E(s)AET (s)ds, (1.2)

where E(s) = exp(−sBT ), the authors in [2] showed that (H0) is equivalent to the
condition

C(t) > 0 for every t > 0. (1.3)

It is interesting to remark that the condition (1.3) can also be expressed in geometric-
differential terms. In fact, setting

Xi =
N∑

j=1

ai j∂x j , i = 1, . . . , N , Y = 〈x, B∇〉,

then (1.3) is equivalent to the following Hormander’s condition

rank L(X1, X2, . . . , XN ,Y )(x) = N , x ∈ R
N , (1.4)

where L(X1, X2, . . . , XN ,Y ) denotes the Lie algebra generated by
X1, X2, . . . , XN ,Y . The proof of the equivalence between (H0) and (1.4) is implicitly
contained in the introduction of [1], and Kuptsov in [3] gave an explicit proof of the
equivalence between (1.3) and (1.4).

The authors in [2] also proved that (1.4) implies that, for some basis on R
N , the

matrices A and B take the form:

A =
(
A0 0
0 0

)
(1.5)

and

B =

⎛

⎜⎜⎜⎜⎜⎝

∗ B1 0 . . . 0
∗ ∗ B2 . . . 0
...

...
...

. . .
...

∗ ∗ ∗ . . . Br
∗ ∗ ∗ . . . ∗

⎞

⎟⎟⎟⎟⎟⎠
(1.6)
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respectively, where A0 = (ai j )
p0
i, j=1 is a p0 × p0 constant matrix (p0 ≤ N ) with rank

p0; Bj is a p j−1 × p j block with rank p j , j = 1, 2, . . . , r . Moreover p0 ≥ p1 ≥
. . . > pr ≥ 1 and p0 + p1 + . . . + pr = N .

Specially, if we denote by B0 the matrix obtained by annihilating all the ∗ blocks
of the matrix written as (1.6), then the operator L0 becomes

L = div(A∇) + 〈x, B0∇〉 − ∂t =
p0∑

i, j=1

ai j∂
2
xi x j +

N∑

i, j=1

bi j xi∂x j − ∂t ,

which is the principal part of L0. In this paper, we will consider the operator L and
make the following assumption:

It is known that L is hypoelliptic (see [2]). On the other hand, L is a heat operator
when p0 = N , B = 0 and the degenerate operators (i.e., with p0 < N ) appear in
many research fields. For instance, the Kolmogorov equation

∂2x1x1u + x1∂x2u = ∂t u, (x, t) ∈ R
3

occurs in the financial problem, in the kinetic theory as well as in the visual perception
problem (see [4–6]).

The Kolmogorov equation was first introduced by Kolmogorov in 1934 to study the
time evolution of the density of a Brownian test particle in the phase space. It is a linear
strongly degenerate second order PDEwhose diffusion part is governed by the Laplace
operator in a subset of the variables (velocity variables) coupled with a transport term
that contains the directions of missing ellipticity (position variables). Such a drift
term makes the equation non-symmetric, but at the same time it is responsible for the
hypoelliptic properties of the operator.

We know that L is a class of Kolmogorov–Fokker–Planck ultraparabolic operator.
Owing to its importance in physics and inmathematical finance, it has been extensively
studied (see [2, 5, 6]). The authors in [2, 5, 6] proved an invariant Harnack inequality
for the non-negative solutions of the equationLu = 0. Based on the theory of singular
integral, Polidoro and Ragusa [7] demonstrated Morrey-type imbedding results and
gave a localHölder continuity of the solution. In [8, 9] in particularwas study pointwise
regularity of solutions to problem (1.1) for Kolmogorov equations with right hand side
in L p. In this paper, we obtain generalized Hölder estimates for L on R

N+1.
We note that a simple consequence of results contained in the following two recent

articles [8, 9] is that if Lu satisfied generalized Hölder continuous, then the second-
order derivatives ∂2xi x j u, i, j = 1, ...,m, and the Lie derivative Yu are generalized

Hölder continuous in RN+1. But consequence of results contained in this work is that
if Lu satisfied generalized Morrey continuous, then the function u and the first-order
derivatives ∂xi u, i = 1, ...,m are generalized Hölder continuous in RN+1.

Morrey spaces and their properties play an important role in the study of local behav-
ior of solutions to elliptic partial differential equations, refer to [10, 11]. Moreover,
variousMorrey spaces are defined in the process of study. In [12–14] the authors intro-
duced and studied the boundedness of the classical operators in generalized Morrey
spaces Mp,ϕ(Rn) (see, also [15–17]) and etc.
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The aim of the paper is to prove global generalizedHölder estimates on the homoge-
neous groupG for L by applying the properties of the fundamental solution for L and
several estimates of singular integrals on the homogeneous space. The method here is
inspired by that used in [7]. Our results reflect the relations between the generalized
Morrey normsofLu andgeneralizedHölder exponents foru and Xiu, i = 1, 2, . . . , N .
In order to state ourmain results,wefirst introduce the definition of generalizedMorrey
space.

Definition 1.1 (Generalized Morrey space). Let 1 ≤ p < ∞ and ϕ(x, r) be a positive
measurable function onRN+1 × (0,∞). The generalized Morrey space Mp,ϕ(RN+1)

is defined of all functions f ∈ L p
loc(R

N+1) by the finite norm

‖ f ‖Mp,ϕ(RN+1) = sup
z∈RN+1,r>0

r− Q+2
p

ϕ(z, r)
‖ f ‖L p(B(z,r)).

Also the weak generalized Morrey space WMp,ϕ(RN+1) is defined of all functions
f ∈ L p

loc(R
N+1) by the finite norm

‖ f ‖WMp,ϕ(RN+1) = sup
z∈RN+1,r>0

r− Q+2
p

ϕ(z, r)
‖ f ‖WL p(B(z,r)).

Remark 1.2 (1) If ϕ(x, r) = r
λ−(Q+2)

p with 0 < λ < Q + 2 (see reference to for-
mula (2.2)), then Mp,ϕ(RN+1) = L p,λ(RN+1) is the classical Morrey space and
WMp,ϕ(RN+1) = WL p,λ(RN+1) is the weak Morrey space.

(2) If ϕ(z, r) ≡ r− Q+2
p , then Mp,ϕ(RN+1) = L p(RN+1) is the Lebesgue space

and WMp,ϕ(RN+1) = WL p(RN+1) is the weak Lebesgue space.

Lemma 1.3 [18] Let ϕ(z, r) be a positive measurable function on R
N+1 × (0,∞).

(i) If

sup
t<r<∞

r− Q+2
p

ϕ(z, r)
= ∞ for some t > 0 and for all z ∈ R

N+1,

then M p,ϕ(RN+1) = �, where � = �(RN+1) is the set of all functions
equivalent to 0 on R

N+1..
(ii) If

sup
0<r<τ

ϕ(z, r)−1 = ∞ for some τ > 0 and for all z ∈ R
N+1,

then M p,ϕ(RN+1) = �.
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Remark 1.4 [18] We denote by �p the sets of all positive measurable functions ϕ on
R

N+1 × (0,∞) such that for all t > 0,

sup
z∈RN+1

∥∥∥
r− Q+2

p

ϕ(z, r)

∥∥∥
L∞(t,∞)

< ∞, and sup
z∈RN+1

∥∥∥ϕ(z, r)−1
∥∥∥
L∞(0,t)

< ∞,

respectively. In what follows, keeping in mind Lemma 1.3, we always assume that
ϕ ∈ �p.

Define

[u]Cω(RN+1) = sup
x,z∈RN+1,x �=z

|u(x) − u(z)|
ω

(‖x−1 ◦ z‖) ,

and set C0,ω(RN+1) for the space of all functions u : RN+1 → R of finite norm

‖u‖Cω(RN+1) = ‖u‖L∞(RN+1) + [u]Cω(RN+1).

In the case ω(t) = tα , 0 < α ≤ 1 we get the Hölder spaces Cα(RN+1).
The main results in this paper are as follows.

Theorem 1.5 Let 1 < p < ∞ and ϕ = ϕ(z, t) ∈ �p satisfy the condition

∫ 1

0
ϕ(z, t) t dt +

∫ ∞

1
ϕ(z, t) dt < ∞

iniformly in z ∈ R
N+1, then there exists a positive constant C, depending only on p,

λ and the operator L, such that for every u ∈ C∞
0 (RN+1),

|u(z) − u(w)| ≤ C‖Lu‖Mp,ϕ (RN+1)

×
( ∫ ‖z−1◦w‖

0
ϕ(z, t) t dt + ‖z−1 ◦ w‖

∫ ∞

‖z−1◦w‖
ϕ(z, t) dt

)

for every z, w ∈ R
N+1, z �= w, where ◦ is the group law given in Section 2.

Let 1 < p < ∞ and ϕ = ϕ(z, t) ∈ �p satisfy the condition

∫ 1

0
ϕ(z, t) dt +

∫ ∞

1
ϕ(z, t)

dt

t
< ∞

iniformly in z ∈ R
N+1, then there exists a positive constant C, depending only on p,

λ and the operator L, such that for every u ∈ C∞
0 (RN+1),

|∂x j u(z) − ∂x j u(w)| ≤ C‖Lu‖Mp,ϕ(RN+1)

×
( ∫ ‖z−1◦w‖

0
ϕ(z, t) dt + ‖z−1 ◦ w‖

∫ ∞

‖z−1◦w‖
ϕ(z, t)

dt

t

)
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for every z, w ∈ R
N+1, z �= w and j = 1, 2, . . . , p0.

Corollary 1.6 Let 1 < p < ∞ and ϕ = ϕ(z, t) ∈ �p satisfy the condition

∫ δ

0
ϕ(z, t) t dt + δ

∫ ∞

δ

ϕ(z, t) dt � ϕ(z, δ) δ2

for all z and δ > 0, then there exists a positive constant C, depending only on p, λ

and the operator L, such that for every u ∈ C∞
0 (RN+1),

|u(z) − u(w)| ≤ C‖Lu‖Mp,ϕ (RN+1) ϕ(z, ‖z−1 ◦ w‖) ‖z−1 ◦ w‖2

for every z, w ∈ R
N+1, z �= w, where ◦ is the group law given in Section 2. Moreover,

‖u‖
Cϕ(·,r) r2 (RN+1)

� ‖Lu‖Mp,ϕ(RN+1).

Let 1 < p < ∞ and ϕ = ϕ(z, t) ∈ �p satisfy the condition

∫ δ

0
ϕ(z, t) dt + δ

∫ ∞

δ

ϕ(z, t)
dt

t
� ϕ(z, δ) δ

for all z and δ > 0, then there exists a positive constant C, depending only on p, λ

and the operator L, such that for every u ∈ C∞
0 (RN+1),

|∂x j u(z) − ∂x j u(w)| ≤ C‖Lu‖Mp,ϕ(RN+1) ϕ(z, ‖z−1 ◦ w‖) ‖z−1 ◦ w‖

for every z, w ∈ R
N+1, z �= w and j = 1, 2, . . . , p0. Moreover,

‖|∂x j u‖Cϕ(·,r) r � ‖Lu‖Mp,ϕ (RN+1).

Note that for ϕ(z, r) = |B(z, r)| λ−1
p , from Theorem 1.5 we get the following result,

which proven in [4].

Corollary 1.7 [4, Theorem 1.2] If 2p + λ > Q + 2, p + λ < Q + 2 and θ =
2p+λ−(Q+2)

p , then there exists a positive constant C, depending only on p, λ and the

operator L, such that for every u ∈ C∞
0 (RN+1),

|u(z) − u(w)| ≤ C‖Lu‖L p,λ(RN+1) ‖z−1 ◦ w‖θ ,

for every z, w ∈ R
N+1, z �= w, where ◦ is the group law given in Section 2;

If p + λ > Q + 2 and δ = p+λ−(Q+2)
p , then there exists a positive constant C,

depending only on p, λ and the operator L, such that for every u ∈ C∞
0 (RN+1),

∣∣∂x j u(z) − ∂x j u(w)
∣∣ ≤ C‖Lu‖L p,λ(RN+1) ‖z−1 ◦ w‖δ

for every z, w ∈ R
N+1, z �= w and j = 1, 2, . . . , p0.
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Remark 1.8 Note that in the case of N = 2 Theorem 1.5 was proven in [19].

The paper is organized as follows: In Sect. 2, we introduce some preliminary and
known results which will be used later. The proof of Theorem 1.5 is given in Sect. 3.

2 Preliminary

It is proved in [2] that the operator L is left-invariant with respect to the Lie group K
whose underlying manifold is RN+1, endowed with the composition law

(x, t) ◦ (ξ, τ ) = (ξ + E(τ )x, t + τ),

where E(τ ) = exp(−τ BT ) and BT denotes the transpose of B. Note that

(ξ, τ )−1 = (−E(−τ)ξ,−τ).

There exists a group of dilations on R
N+1, which we denote by (D(λ))λ>0. More

precisely, D(λ) is defined by

D(λ) = diag(λα1, λα2 , . . . , λαN , λ2), (2.1)

where

α1 = . . . = αp0 = 1, αp0+1 = . . . = αp0+p1 = 3, . . . ,

αp0+...+pr−1+1 = . . . = αN = 2r + 1.

Therefore, we can write

D(λ) = diag(λIp0 , λ
3 Ip1 , . . . , λ

2r+1 Ipr , λ
2),

where Ip j , D(λ) denote the p j × p j identity matrix and the matrix of dilations on
R

N+1, respectively. Note that

det(D(λ)) = λQ+2,

where

Q + 2 = p0 + 3p1 + . . . + (2r + 1)pr + 2 (2.2)

is called the homogeneous dimension of RN+1 with respect to (D(λ))λ>0.

Definition 2.1 Wesay that a differential operatorY onRN+1 is homogeneous of degree
β > 0, if

Y (ϕ(D(λ)z)) = λβ(Yϕ)(D(λ)z), z ∈ R
N+1, λ > 0
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for every test function ϕ. Also, we say that a function f is homogeneous of degree α

if

f ((D(λ)z)) = λα f (z), λ > 0, z ∈ R
N+1.

Clearly, if Y is a homogeneous differential operator of degree β and f is a homoge-
neous function of degreeα, thenY f is homogeneous of degreeα−β. ByDefinition 2.1,
it is easy to show that the operator L is homogeneous of degree two with respect to
the dilations D(λ), i.e.,

L(u(D(λ)z)) = λ2(Lu)(D(λ)z), z ∈ R
N+1, λ > 0

for every u ∈ C∞
0 (RN+1).

Let us consider the norm and a quasidistance in R
N+1, related to the groups of

translations and dilations defined above.

Definition 2.2 Let z = (x1, x2, . . . , xN , t) ∈ R
N+1, if z = 0 we set ‖z‖ = 0, while

if z ∈ R
N+1 \ {0} we define ‖z‖ = �, where � is the unique positive solution to the

equation

x21
�2α1

+ x22
�2α2

+ . . . + x2N
�2αN

+ t2

�4 = 1,

where α1, α2, . . . , αN are the positive integers in (2.1).

Bramanti and Cerutti in [20] showed that the norm ‖ · ‖ satisfies

‖z−1‖ ≤ c1‖z‖, z ∈ R
N+1 (2.3)

and

‖z ◦ ζ‖ ≤ c2(‖z‖ + ‖ζ‖), z, ζ ∈ R
N+1, (2.4)

where the positive constants c1 and c2 depend only on the matrix B. Clearly, we have

‖D(λ)z‖ = λ‖z‖, λ > 0, z ∈ R
N+1.

Definition 2.3 For every z, w ∈ R
N+1, define a quasidistance by

d(z, w) = ‖w−1 ◦ z‖.

The ball with respect to d is denoted by

B(z, r) = Br (z) = {w ∈ R
N+1 : d(z, w) < r}. (2.5)
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Since B(0, r) = D(r)B(0, 1) and det(D(λ)) = λQ+2, we also have

|Br (0)| = r Q+2|B1(0)|,

where |B1(0)| = wN+1 is the Lebesgue measure of the Euclidean unit ball of RN+1.
This implies that the Lebesgue measure dz is a doubling measure with respect to d,
since

|B(z, 2r)| = 2Q+2|B(z, r)|, z ∈ R
N+1, r > 0.

Therefore, the space (RN+1, dz, d) is a space of homogenous type. Recall that if f
and g are functions on R

N+1, their convolution f ∗ g is defined by

f ∗ g(z) =
∫

RN+1
f (z ◦ ζ−1)g(ζ )dζ =

∫

RN+1
g(ζ−1 ◦ z) f (ζ )dζ.

Lemma 2.4 ( [2]). The operator L possesses a fundamental solution

�(z) =
{
0, t ≤ 0,
(4π)−N/2√
detC(t)

exp
(

− 1
4 〈C−1(t)x, x〉

)
, t > 0,

(2.6)

where z = (x, t) and C(t) is as in (1.2). Moreover, � ∈ C∞(RN+1 \ {0}).
The authors in [21, 22] proved a representation formula:

u(z) = −(Lu ∗ �)(z) = −
∫

RN+1
�(ζ−1 ◦ z)Lu(ζ )dζ. (2.7)

The following formula was given by Bramanti in [23]:

∂2xi x j u(z) = −P.V . (Lu ∗ ∂2xi x j �)(z) + ci jLu(z) (2.8)

for every u ∈ C∞
0 (RN+1) and some constants ci j , i, j = 1, 2, . . . , p0. The principal

value in (2.8) is understood as

P.V . (Lu ∗ ∂2xi x j �)(z) = lim
ε→0

∫

RN+1\B(z,ε)
(∂2xi x j �)(ζ−1 ◦ z)Lu(ζ )dζ.

Set

�i (z) = ∂xi �(z), �i j (z) = ∂xi ∂x j �(z), i, j = 1, 2, . . . , p0.

We also observe that �(z) is homogeneous of degree −Q with respect to the group
(D(λ))λ>0 and�i (z) (i, j = 1, 2, . . . , p0) are homogeneous of degree−Q−1. Recall
that �i j (·) has the following properties.
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Lemma 2.5 [20] For i, j = 1, 2, . . . , p0, one has
(a) �i j (·) ∈ C∞(RN+1\{0});
(b) �i j (·) is homogeneous of degree −Q − 2;
(c) for every R > r > 0,

∫

B(0,R)\B(0,r)
�i j (z)dz =

∫

‖z‖=1
�i j (z)dσ(z) = 0.

Let us define a singular integral operator

Ti j g(z) = lim
ε→0

∫

RN+1\B(ζ−1◦z,ε)
(∂xi x j �)(ζ−1 ◦ z)g(ζ )dζ, i, j = 1, . . . , p0

(2.9)

for every measurable function g.

3 Generalized Hölder continuity

In this section, by demonstrating generalized Hölder estimates of two integral
operators, we prove Theorem 1.5.

Lemma 3.1 [24]. Let b ∈ R
1 and K ∈ C1(RN+1\{0}) be a homogeneous function

with degree b with respect to the group (D(λ))λ>0 and there exist two constants c > 0
and M > 1 such that if ‖z‖ > M‖z−1 ◦ ζ‖. Then

|K (ζ ) − K (z)| ≤ c‖z−1 ◦ ζ‖ · ‖z‖b−1.

Lemma 3.2 [24] For every z, w, ζ ∈ R
N+1, it holds

(1) there exists a constant c > 0, such that

�(z−1 ◦ w) ≤ c

‖z−1 ◦ w‖Q , �i (z
−1 ◦ w) ≤ c

‖z−1 ◦ w‖Q+1 .

(2) there exist two constant c > 0 and M > 1, such that if ‖z−1 ◦w‖ ≥ M‖w−1 ◦ζ‖,
∣∣�(z−1 ◦ w) − �(z−1 ◦ ζ )

∣∣ ≤ c ‖w−1 ◦ ζ‖
‖z−1 ◦ w‖Q+1 ,

∣∣�i (z
−1 ◦ w) − �i (z

−1 ◦ ζ )
∣∣ ≤ c ‖w−1 ◦ ζ‖

‖z−1 ◦ w‖Q+2 .

Lemma 3.3 Let 1 < p < ∞ and ϕ = ϕ(z, t) ∈ �p. Fixedw ∈ R
N+1, α ∈ [0, Q+2),

β ∈ (0, Q + 2) and σ > 0, for every g ∈ Mp,ϕ(RN+1), we set

T ′
αg(z) =

∫

‖ζ−1◦z‖≥σ ‖w−1◦z‖
g(ζ )

‖ζ−1 ◦ z‖Q+2−α
dζ
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and

T ′′
β g(z) =

∫

‖ζ−1◦z‖<σ‖w−1◦z‖
g(ζ )

‖ζ−1 ◦ z‖Q+2−β
dζ.

Then, if
∫ ∞
1 ϕ(z, t) tα−1 dt < ∞, then there exists c = c(p, ϕ, α, σ ) > 0 such that

|T ′
αg(z)| ≤ c ‖g‖Mp,ϕ(RN+1)

∫ ∞

‖w−1◦z‖
ϕ(z, t) tα−1 dt . (3.1)

Moreover, if
∫ 1
0 ϕ(z, t) tβ−1 dt < ∞, then there exists c = c(p, ϕ, β, σ ) > 0 such

that

|T ′′
β g(z)| ≤ c ‖g‖Mp,ϕ(RN+1)

∫ ‖w−1◦z‖

0
ϕ(z, t) tβ−1 dt . (3.2)

Proof Observing that

|T ′
αg(z)| ≤

∞∑

k=1

∫

2k−1σ‖w−1◦z‖≤‖ζ−1◦z‖<2kσ‖w−1◦z‖
|g(ζ )|

‖ζ−1 ◦ z‖Q+2−α
dζ

≤
∞∑

k=1

( 2

2kσ‖w−1 ◦ z‖
)Q+2−α

∫

B2k c1σ‖w−1◦z‖(z)
|g(ζ )| dζ

≤
∞∑

k=1

( 2

2kσ‖w−1 ◦ z‖
)Q+2−α ‖g‖

L p
(
B2k c1σ‖w−1◦z‖(z)

) ∣∣B2kc1σ‖w−1◦z‖(z)
∣∣
1
p′

≤
∞∑

k=1

( 2

2kσ‖w−1 ◦ z‖
) Q+2

p −α ‖g‖
L p

(
B2k c1σ‖w−1◦z‖(z)

) � ‖g‖Mp,ϕ(RN+1)

×
∞∑

k=1

( 2

2kσ‖w−1 ◦ z‖
) Q+2

p −α (
2kσ‖w−1 ◦ z‖)

Q+2
p ϕ

(
z, 2kc1σ‖w−1 ◦ z‖)

� ‖g‖Mp,ϕ(RN+1)

∞∑

k=1

(
2kσ‖w−1 ◦ z‖

)α
ϕ
(
z, 2kσ‖w−1 ◦ z‖)

� ‖g‖Mp,ϕ(RN+1)

∫ ∞
‖w−1◦z‖

ϕ(z, t) tα−1 dt

we know that (3.1) is true, since the above series is convergent.
Similarly, by integrating on the set

{ζ ∈ R
N+1 : 2−kσ‖w−1 ◦ z‖ ≤ ‖ζ−1 ◦ z‖ < 21−kσ‖w−1 ◦ z‖},
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it yields

|T ′′
β g(z)| ≤

∞∑

k=1

∫

2−kσ‖w−1◦z‖≤‖ζ−1◦z‖<21−kσ‖w−1◦z‖
|g(ζ )|

‖ζ−1 ◦ z‖Q+2−β
dζ

≤
∞∑

k=1

( 2

21−kσ‖w−1 ◦ z‖
)Q+2−β

∫

B21−k c1σ‖w−1◦z‖(z)
|g(ζ )| dζ

≤
∞∑

k=1

( 2

21−kσ‖w−1 ◦ z‖
)Q+2−β ‖g‖

L p
(
B21−k c1σ‖w−1◦z‖(z)

) ∣∣B21−k c1σ‖w−1◦z‖(z)
∣∣ 1
p′

≤
∞∑

k=1

( 2

21−kσ‖w−1 ◦ z‖
) Q+2

p −β ‖g‖
L p

(
B21−k c1σ‖w−1◦z‖(z)

) � ‖g‖Mp,ϕ (RN+1)

×
∞∑

k=1

( 1

2−kσ‖w−1 ◦ z‖
) Q+2

p −β (
2−kσ‖w−1 ◦ z‖) Q+2

p ϕ
(
z, 2−kσ‖w−1 ◦ z‖)

� ‖g‖Mp,ϕ (RN+1)

∞∑

k=1

(
2−kσ‖w−1 ◦ z‖

)β

ϕ
(
z, 2−kσ‖w−1 ◦ z‖)

� ‖g‖Mp,ϕ (RN+1)

∫ ‖w−1◦z‖

0
ϕ(z, t) tβ−1 dt .

Noting that the above series is convergent, (3.2) is proved. ��

Proof of Theorem 1.5. For u ∈ C∞
0 (RN+1), by Lemmas 3.2 and 3.3, there existM, c >

0 such that

|u(z) − u(w)| ≤
∫

RN+1
|�(ζ−1 ◦ z) − �(ζ−1 ◦ w)||L(ζ )|dζ

�
∫

‖ζ−1◦z‖≥M‖z−1◦w‖
‖z−1 ◦ w‖

‖ζ−1 ◦ z‖Q+1 |Lu(ζ )|dζ

+
∫

‖ζ−1◦z‖<M‖z−1◦w‖
1

‖ζ−1 ◦ z‖Q |Lu(ζ )|dζ

+
∫

‖ζ−1◦z‖<M‖z−1◦w‖
1

‖ζ−1 ◦ w‖Q |Lu(ζ )|dζ

≡ I1 + I2 + I3.

By applying Lemma 3.3 and choosing α = 1 and σ = M/c1, there exists a positive
constant c such that

|I1| � ‖Lu‖Mp,ϕ (RN+1) ‖z−1 ◦ w‖
∫ ∞

‖z−1◦w‖
ϕ(z, t) dt, (3.3)

choosing β = 2 and σ = Mc1 in Lemma 3.3, there exists a positive constant c such
that
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|I2| � ‖Lu‖Mp,ϕ(RN+1)

∫ ‖z−1◦w‖

0
ϕ(z, t) t dt, (3.4)

choosing β = 2 and σ = c2(1 + M) in Lemma 3.3, there exists a positive constant c
such that

|I3| � ‖Lu‖Mp,ϕ(RN+1)

∫ ‖z−1◦w‖

0
ϕ(z, t) t dt . (3.5)

Hence, by (3.3), (3.4) and (3.5), it is easy to obtain

|u(z) − u(w)| � ‖Lu‖Mp,ϕ(RN+1)

×
( ∫ ‖z−1◦w‖

0
ϕ(z, t) t dt + ‖z−1 ◦ w‖

∫ ∞

‖z−1◦w‖
ϕ(z, t) dt

)
.

By (2.7), we write

∂x j u(z) = −
∫

RN+1
� j (ζ

−1 ◦ z)Lu(ζ )dζ

for every z ∈ R
N+1 and j = 1, 2, . . . , p0. Analogously, by Lemmas 3.2 and 3.3, we

get that there exist M, c > 0 such that

|∂x j u(z) − ∂x j u(w)| ≤
∫

RN+1
|� j (ζ

−1 ◦ z) − � j (ζ
−1 ◦ w)||Lu(ζ )|dζ

≤
∫

‖ζ−1◦z‖≥M‖z−1◦w‖
c‖z−1 ◦ w‖

‖ζ−1 ◦ z‖Q+2 |Lu(ζ )|dζ

+
∫

‖ζ−1◦z‖<M‖z−1◦w‖
c

‖ζ−1 ◦ z‖Q+1 |Lu(ζ )|dζ

+
∫

‖ζ−1◦z‖<M‖z−1◦w‖
c

‖ζ−1 ◦ w‖Q+1 |Lu(ζ )|dζ

≡ I ′
1 + I ′

2 + I ′
3.

By applying Lemma 3.3 and choosing α = 0 and σ = M/c1, there exists a positive
constant c such that

|I ′
1| � ‖Lu‖Mp,ϕ(RN+1) ‖z−1 ◦ w‖

∫ ∞

‖z−1◦w‖
ϕ(z, t)

dt

t
, (3.6)

choosing β = 1 and σ = Mc1 in Lemma 3.3, there exists a positive constant c such
that

|I ′
2| ≤ c‖Lu‖Mp,ϕ (RN+1)

∫ ‖z−1◦w‖

0
ϕ(z, t) dt, (3.7)
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choosing β = 1 and σ = c2(1 + M) in Lemma 3.3, there exists a positive constant c
such that

|I ′
3| ≤ c‖Lu‖Mp,ϕ (RN+1)

∫ ‖z−1◦w‖

0
ϕ(z, t) dt . (3.8)

Hence, by (3.6), (3.7) and (3.8), we derive

∣∣∂x j u(z) − ∂x j u(w)
∣∣ ≤ C ‖Lu‖Mp,ϕ(RN+1)

×
( ∫ ‖z−1◦w‖

0
ϕ(z, t) dt + ‖z−1 ◦ w‖

∫ ∞

‖z−1◦w‖
ϕ(z, t)

dt

t

)
,

where C is a positive constant, z, w ∈ R
N+1, z �= w. This ends the proof.

Proof of Corollary 1.7. In Theorem 1.5 if we take ϕ(z, r) = |B(z, r)| λ−1
p , then we get

the following

∫ ∞

‖w−1◦z‖
ϕ(z, t) tα−1 dt =

∫ ∞

‖w−1◦z‖
t

λ−Q−2
p +α−1 dt = ‖w−1 ◦ z‖ λ−Q−2

p +α

and
∫ ∞

1
ϕ(z, t) tα−1 dt =

∫ ∞

1
t

λ−Q−2
p +α−1 dt < ∞ ⇔ λ − Q − 2

p
+ α > 0

⇔ λ + pα < Q + 2.

Also

∫ ‖w−1◦z‖

0
ϕ(z, t) tβ−1 dt =

∫ ‖w−1◦z‖

0
t

λ−Q−2
p +β−1 dt = ‖w−1 ◦ z‖ λ−Q−2

p +β

and

∫ 1

0
ϕ(z, t) tβ−1 dt =

∫ 1

0
t

λ−Q−2
p +β−1 dt < ∞ ⇔ λ − Q − 2

p
+ β > 0

⇔ λ + pβ > Q + 2.

This ends the proof.
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