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Abstract: This work establishes connections between different classes of arbitrary speed rectifying helices. We further
analyze how the involute of a space curve can exhibit spherical helicity and how the evolute can inherit rectifying
properties, thereby providing an alternative characterization of these helices. These relationships, along with their
interplay with involutes and evolutes, are supported by illustrative examples that offer deeper insights into their geometric
properties.
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1. Introduction
In differential geometry, the study of curves is a fundamental area of research. It focuses on geometric properties
such as curvature, torsion, and the associated Frenet frame. While unit-speed curves (curves parameterized
by arc length) are often the primary focus due to their simplicity, arbitrary speed curves, parameterized by an
arbitrary parameter are equally important in both theoretical and applied contexts. Arbitrary speed curves
naturally arise in various physical and engineering problems, such as the motion of particles with variable speeds
or the design of mechanical systems exhibiting nonuniform motion. Understanding the behavior of such curves
and their associated Frenet frames is essential for extending the tools of differential geometry to more general
and practical scenarios [13, 16, 17].

Helices, characterized by a constant ratio between their curvature and torsion, frequently appear in both
natural and engineered structures. Notable examples include DNA strands [8, 21], helical springs [12], curve
design in kinematics [6], and molecular modeling [15].

Slant helices were first introduced by Izumiya and Takeuchi [10] and have since been studied in various
geometric settings. Their properties in Euclidean spaces have been explored in studies such as [5, 14], focusing
on their structure and generalizations. The notion of generalized helices was further developed in [18], and the
study of associated developable surfaces in [19] led to the introduction of clad helices and g-clad helices, which
generalize the concept of slant helices.

Rectifying curves were first introduced by Chen [7]. A rectifying curve is characterized by the property
that its position vector always lies in its rectifying plane. Further classification and characterization of these
curves have been advanced, with studies exploring rectifying slant helices in Euclidean 3-space [2] and extending
the theory to Minkowski 3-space for both spacelike and timelike scenarios [3, 4].
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The involute–evolute pair relationship between curves offers a powerful tool for studying curve behavior
and transformation properties. For instance, rectifying curves have been characterized through their involutes
and evolutes in [11], while a geometric perspective on these classical constructs was provided in [9]. The math-
ematical groundwork laid by classical texts such as [13], [16], and [17] remains instrumental in understanding
these foundational relationships.

In this work, we examine how the involute of a space curve can exhibit spherical helicity and how the
evolute can possess rectifying properties. We establish new structural relationships between these curves and
show that the involute–evolute framework offers an alternative way to characterize rectifying helices and their
generalizations.

The paper is structured as follows: Section 2 lays the groundwork by introducing the necessary prelimi-
naries for arbitrary speed curves, including the definitions of rectifying curves, involutes, evolutes, and various
types of helices. Section 3 presents new characterizations for arbitrary speed rectifying curves and spatial
involute-evolute pairs, along with simplified proofs for some previously known results. Section 4 extends the
notion of rectifying helices, establishes connections between helices and involute-evolute curves, and presents
several illustrative examples.

2. Preliminaries
The Euclidean 3-space E3 is the real vector space R3 with the standard inner product ⟨, ⟩ . Let β : I → E3

be a curve in Euclidean 3-space E3 that has at least four continuous derivatives with a nonvanishing derivative
β′(t) ̸= 0 for all t ∈ I , where β′(t) = dβ

dt (t) .

For a curve β(t) in R3 , parameterized by an arbitrary parameter t , the speed of the curve is given by:

νβ(t) = ∥β′(t)∥ ,

where ∥β′(t)∥ =
√
⟨β′(t), β′(t)⟩ represents the magnitude of the velocity vector. If νβ(t) ̸= 1 , the curve is said

to be nonunit speed. In this case, the arc length s is related to the parameter t by:

s(t) =

∫ t

t0

νβ(θ) dθ.

In this work, to ensure clarity and ease of use, we will index the elements of the Frenet frame according to
the curve under consideration. For example, for a curve β(t) , the tangent vector field will be denoted as
Tβ(t) , the normal vector field as Nβ(t) , and the binormal vector field as Bβ(t) . This indexing convention will
help distinguish between the Frenet frames of different curves and simplify the presentation of formulas and
derivations. The Frenet formulae for the curve β(t) consist of the tangent, normal, and binormal vector fields
are given by:

T′
β(t) = νβ(t)κβ(t)Nβ(t),

N′
β(t) = −νβ(t)κβ(t)Tβ(t) + νβ(t)τβ(t)Bβ(t),

B′
β(t) = −νβ(t)τβ(t)Nβ(t),

where κβ(t) and τβ(t) are the curvature and torsion of the curve β at t . In general, it is possible for T′
β(t) to

vanish for certain values of t ; however, we have assumed that this does not happen.
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Rectifying curves are a relatively recent addition to the study of curves in differential geometry. They
are defined by the condition that their position vector lies in the rectifying plane—the plane spanned by the
tangent and binormal vectors [7]. This distinctive property results in a unique balance between curvature and
torsion, making rectifying curves a subject of growing interest. For a curve β(t) , the condition for being a
rectifying curve is:

β(t) = µ1(t)Tβ(t) + µ2(t)Bβ(t),

where µ1(t) and µ2(t) are scalar functions [7].
In the literature, the concept of involute-evolute for space curves is defined using the notion of tangent

surfaces [13, 17]. The tangent surface of a curve β(t) is formed by the family of tangent lines to the curve at
each point, expressed as

x(t, u) = β(t) + uTβ(t),

where u is a real parameter [13, 17].
Involutes are curves that lie on this tangent surface and are orthogonal to the generating tangents. Thus,

the involute of a curve can be defined in the following form [13, 16, 17]:

Definition 2.1 Let β : I → R3 be an arbitrary speed curve parameterized by t , and let γ : I → R3 be another
curve. For every t ∈ I , if the tangent to the curve β at the point β(t) passes through the point γ(t) and

⟨Tβ(t), Tγ(t)⟩ = 0,

then the curve γ is called an involute of the curve β .

Conversely, consider a curve α . We can determine another curve β such that α is an involute of β . In this
case, the curve β is called the evolute of α . Thus, the evolute of a curve can be defined in the following form
[13, 16, 17]:

Definition 2.2 Let α : I → R3 be an arbitrary speed curve parameterized by t and β : I → R3 be another
curve defined on the same interval. For every t ∈ I , if the tangent line to the curve β at the point β(t) passes
through the point α(t) and

⟨Tβ(t), Tα(t)⟩ = 0,

then the curve β is called an evolute of the curve α .

A general helix is a space curve characterized by the property that its tangent vector makes a constant
angle with a fixed direction in space. Mathematically, this condition is equivalent to the ratio of the torsion
(τβ ) to the curvature (κβ ) being constant for the curve β :

τβ
κβ

= constant. (2.1)

A slant helix is defined by the property that its principal normal vector field makes a constant angle with
a fixed direction in space [1]. This generalizes the concept of a helix. The characterizations of a unit speed slant
helix is given in [5, 10, 14]. Based on these studies, we obtain the following proposition:
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Proposition 2.3 Let β(t) be a space curve with κβ(t) ̸= 0 . Then, β is a slant helix if and only if

σβ(t) =

 κ2β

νβ

(
κ2β + τ2β

)3/2

(
τβ
κβ

)′
 (t)

is a constant function.

The notion of a clad helix, introduced in [18, 19], generalizes slant helices. A curve is called a clad helix
if the spherical image of its principal normal vector field is a part of a cylindrical helix. Based on these studies,
we obtain the following proposition:

Proposition 2.4 Let β(t) be a space curve with κβ(t) ̸= 0 . Then, β is a clad helix if and only if

ρβ(t) =

 σ′
β

νβ

(
κ2β + τ2β

)1/2
(
1 + σ2

β

)3/2

 (t)

is a constant function.

The notion of a g-clad helix, which is also introduced in [18, 19], generalizes clad helices. A curve is called
a g-clad helix if the spherical image of its principal normal vector field is a part of a slant helix. From these
studies, we derive the following proposition:

Proposition 2.5 Let β(t) be a space curve with κβ(t) ̸= 0 . Then, β is a g-clad helix if and only if

ψβ =

(
ρ′β

νβ(κ2β + τ2β)
1/2(1 + σ2

β)
1/2(1 + ρ2β)

3/2

)
(t)

is a constant function.

In this work, for the sake of ease of computation, we will work with the spheres centered at the origin.
The results we obtain can easily be applied to spheres with other centers through translation. Now, we present
a well-known proposition that we will use frequently throughout the paper.

Proposition 2.6 Let α : I −→ R3 be an arbitrary speed space curve. If

⟨α(t), Tα(t)⟩ = 0

for all t ∈ I , then the curve α lies on a sphere with center the origin.

3. Rectifying curves and spatial involute-evolute pairs: extensions to arbitrary speed

In this section, we will present new characterizations for arbitrary speed rectifying curves and spatial involute-
evolute pairs, and extend some characterizations to arbitrary speed curves. In addition, we provide new
simplified proofs for some previously known results, particularly stated in [11, 16, 18–20].
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3.1. Rectifying curves

Let β : I −→ R3 be an arbitrary speed rectifying curve. Then, the curve β(t) is of the form

β(t) = µ1(t)Tβ(t) + µ2(t)Bβ(t)

for the functions µ1 and µ2 . Differentiating β and using Frenet formulas, we have

νβTβ = µ′
1Tβ + νβ [µ1κβ − µ2τβ ]Nβ + µ′

2Bβ .

It implies that
µ′
1 = νβ , µ1κβ − µ2τβ = 0, µ′

2 = 0, (3.1)

so that

µ1 =

∫ t

0

νβ dθ + k1 and µ2 = k2,

where k1 and k2 ̸= 0 constants. By means of these equations, we have the following proposition:

Proposition 3.1 Let β = β(t) be an arbitrary speed rectifying space curve. Then,

β(t) =

(∫ t

0

νβ(θ) dθ + k1

)
Tβ(t) + k2 Bβ(t), (3.2)

where k1, k2 ∈ R with k2 ̸= 0.

Lemma 3.2 Let β = β(t) be an arbitrary speed space curve. Then, β is congruent to a rectifying curve if and
only if

τβ(t)

κβ(t)
= c1

∫ t

0

νβ(θ) dθ + c2,

where c1, c2 ∈ R with c1 ̸= 0 .

Proof Let β be an arbitrary speed space curve.

⇒: Suppose β is a rectifying curve. Then, from equations (3.1) and (3.2), we have

τβ
κβ

=

∫ t

0
νβ dθ + k1

k2
= c1

∫ t

0

νβ dθ + c2,

where c1 =
1

k2
and c2 =

k1
k2
.

⇐: Suppose
τβ
κβ

= c1

∫ t

0

νβ dθ + c2

for the curve β . Then, if we substitute c1 with 1

k2
and c2 with k1

k2
, we obtain

(∫ t

0

νβ dθ + k1

)
κβ − k2 τβ = 0.
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By means of Frenet equations, we have

d

dt

(
β −

(∫ t

0

νβ dθ + k1

)
Tβ + k2 Bβ

)
= νβ

((∫ t

0

νβ dθ + k1

)
κβ − k2 τβ

)
Nβ = 0.

Therefore, β is congruent to a rectifying curve. 2

3.2. Involute of a space curve

If α is an involute of β , from Definition 2.1, the curve α is of the form

γ(t) = β(t) + λ(t)Tβ(t) and Tγ(t) ⊥ Tβ(t).

By differentiating γ = β + λTβ , we get

νγTγ = νβTβ + λ′Tβ + νβκβNβ .

Taking inner product of both sides with Tβ and using Frenet-Serret equations we have,

0 = νβ + λ′

and

λ = c−
∫ t

0

νβ dθ.

Therefore, we can give the proposition below.

Proposition 3.3 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then, γ is of
the form

γ(t) = β(t) +

(
c−

∫ t

0

νβ(θ) dθ

)
Tβ(t), (3.3)

where c ∈ R .

The proposition demonstrates that each real value of c corresponds to a unique involute among the
infinitely many possible involutes of the given curve. We now present a new lemma that establishes the
relationship between the curvatures and torsions of the given curve and its involute.

Lemma 3.4 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then,

κγ(t) =

√
κ2β(t) + τ2β(t)∣∣∣c− ∫ t

0
νβ(θ) dθ

∣∣∣κβ(t) ,
τγ(t) =

κβ(t)∣∣∣c− ∫ t

0
νβ(θ) dθ

∣∣∣ νβ(t)(κ2β(t) + τ2β(t)
) ( τβ(t)

κβ(t)

)′

.
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Proof Since γ is the involute of the curve β , from (3.3), we have

γ′ = νγTγ =

(
c−

∫ t

0

νβ dθ

)
νβκβNβ ,

and by choosing Tγ = −Nβ , we have

γ′ = −φNβ and νγ = φνβ κβ , (3.4)

where φ =

∣∣∣∣c− ∫ t

0

νβ dθ

∣∣∣∣ . Thus, we have

γ′′ = φνβκβTβ − φ′Nβ − φνβτβBβ ,

Bγ =
γ′ × γ′′

∥γ′ × γ′′∥
=

1√
κ2β + τ2β

(−τβTβ + κβBβ) ,

Nγ = Bγ × Tγ = −Bγ ×Nβ =
1√

κ2β + τ2β

(κβTβ + τβBβ) .

Thus, with straightforward calculations, we get

κγ =
∥γ′ × γ′′∥
∥γ′∥3

=

√
κ2β + τ2β∣∣∣c− ∫ t

0
νβ dθ

∣∣∣κβ
and

τγ =
1

νγ

〈
N ′

γ , Bγ

〉
=

κβ∣∣∣c− ∫ t

0
νβ dθ

∣∣∣ νβ (κ2β + τ2β

) ( τβ
κβ

)′

.

2

We can now state an important theorem that will be frequently used later.

Theorem 3.5 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then, γ is a
spherical curve if and only if β is a rectifying curve.

Proof Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute.

⇒: Suppose γ is a spherical curve. By differentiating (3.3), we get

γ′ = β′ − νβTβ +

(
c−

∫ t

0

νβ dt

)
T ′
β .

Taking the inner product of both sides with γ and using Frenet-Serret equations, we have

⟨Nβ , γ⟩ = 0.
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By using equation (3.3) again, we obtain

0 = ⟨Nβ , γ⟩

=

〈
Nβ , β +

(
c−

∫ t

0

νβ dt

)
Tβ

〉
= ⟨Nβ , β⟩ .

Therefore, β is a rectifying curve.

⇐: Suppose β is a rectifying curve. Then, by using (3.1) and (3.3), we have

γ = β +

(
c−

∫ t

0

νβ dθ

)
Tβ

=

(∫ t

0

νβ dθ + k1

)
Tβ + k2 Bβ +

(
c−

∫ t

0

νβ dθ

)
Tβ

= (k1 + c) Tβ + k2 Bβ ,

so that

∥γ∥ =
√
(k1 + c)2 + k22 .

Therefore, γ is a spherical curve. 2

3.3. Evolute of a space curve
If β is an evolute of α , from Definition 2.2, the curve β may be represented in the form

β(t) = α(t) + η(t) u(t),

where u(t) = sinφα(t)Nα(t)+ cosφα(t)Bα(t) , ∥η(t)∥ = ∥β(t)− α(t)∥ , and φα(t) is the angle between the unit
vectors u(t) and Bα(t) . As a consequence of the evolute definition, Tβ(t) must be parallel to u(t) . Thus, there
must be a scalar ωα(t) where

β′ = ωα u. (3.5)

Furthermore,
β′ = α′ + η′u+ ηu′

so that
α′ + ηu′ = 0 and νβ = η′ = ωα. (3.6)

By using Frenet equations, we have

α′ = −ηu′,

ναTα = −η [−νακα sinφα Tα + (φ′
α − νατα) cosφα Nα + (νατα − φ′

α) sinφα Bα] .

Therefore, we get

ηνακα sinφα = να ⇒ η =
1

κα sinφα
, (3.7)
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and

φ′
α = νατα ⇒ φα =

∫ t

0

νατα dθ + k,

where k ∈ R . Therefore, we can give the proposition below.

Proposition 3.6 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then, β is of
the form

β(t) = α(t) +
1

κα(t)
Nα(t) +

1

κα(t)
cotφα(t)Bα(t), (3.8)

where φα(t) =

∫ t

0

να(θ)τα(θ) dθ + k .

The proposition demonstrates that each real value of k corresponds to a unique evolute among the infinitely
many possible evolutes of the given curve. We now introduce a new lemma that establishes the relationship
between the curvatures and torsions of the given curve and its evolute.

Lemma 3.7 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then,

κβ(t) =
1

ωα(t)
να(t)κα(t) |sinφα(t)| ,

τβ(t) =
1

ωα(t)
να(t)κα(t) cosφα(t),

where φα(t) =

∫ t

0

να(θ)τα(θ) dθ + k and ωα(t) =
d

dt

(
1

κα(t) sinφα(t)

)
.

Proof From (3.5)–(3.8), we have

νβTβ = ωα [sinφαNα + cosφαBα] .

Consequently, we obtain
Tβ = sinφαNα + cosφαBα

and

νβ = ωα =

∣∣∣∣ ddt
(

1

κα sinφα

)∣∣∣∣ . (3.9)

Differentiating Tβ and using Frenet equations give

T ′
β = νβκβNβ = −νακα sinφαTα,

from which we obtain
Tα = ±Nβ .

We can choose Tα = −Nβ , which implies that

νβκβ = νακα sinφα
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and from (3.9), we get

κβ =
1

ωα
νακα |sinφα| .

With straightforward calculations, we also have
Bβ = Tβ ×Nβ

= [sinφαNα − cosφαBα]× [−Tα]

= − cosφαNα + sinφαBα.

Therefore, the Frenet frame field for the curve β can be written as
Tβ = sinφαNα + cosφαBα,

Nβ = −Tα,

Bβ = − cosφαNα + sinφαBα.

Differentiating Bβ and using Frenet equations give

B′
β = −νβτβNβ = νακα cosφαTα,

and again from (3.9), it follows that

τβ =
1

ωα
νακα cosφα.

2

We can now formulate an important theorem that will be frequently used in subsequent sections.

Theorem 3.8 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then, α is a
spherical curve if and only if β is a rectifying curve.

Proof Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute.

⇒: Suppose α is a spherical curve. Then, from using (3.8) and Tα = −Nβ , we get,

0 = ⟨α, Tα⟩ = ⟨α, Tα⟩+
1

κα
⟨Nα + cotφαBα, Tα⟩

= −
〈
α+

1

κα
(Nα + cotφαBα) , Nβ

〉
= −⟨β,Nβ⟩ .

Therefore, β is a rectifying curve.

⇐: Suppose β is a rectifying curve. Taking the inner product of both sides of (3.8) with Nβ and using
Tα = −Nβ , we have

0 = ⟨β,Nβ⟩ = ⟨α,Nβ⟩+ ⟨Nα + cotφαBα, Nβ⟩

= ⟨α,−Tα⟩+ ⟨Nα + cotφαBα,−Tα⟩

= −⟨α, Tα⟩ .

Therefore, from the Proposition 2.6, α is a spherical curve. 2
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4. Generalization of rectifying helices

In this section, we generalize the concept of rectifying helices, exploring their extended forms and examining
connections among spherical helices, rectifying slant helices, spherical slant helices, rectifying clad helices,
spherical clad helices, and rectifying g-clad helices using involute-evolute notions.

In order to address this, we present new theorems for the above cases, respectively. Since a curve has
infinitely many involutes and evolutes, we believe it is more appropriate to present them separately: one for the
involute of the curve and another for its evolute.

Theorem 4.1 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then, γ is a
spherical helix if and only if β is a rectifying slant helix.

Proof Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. From Theorem 3.5, we
know that γ is a spherical curve if and only if β is a rectifying curve. Furthermore, by applying Lemma 3.4,
we have

τγ
κγ

=

κβ∣∣∣c− ∫ t

0
νβ dθ

∣∣∣ νβ (κ2β + τ2β

) ( τβ
κβ

)′

√
κ2β + τ2β∣∣∣c− ∫ t

0
νβ dθ

∣∣∣κβ
=

κ2β

νβ

(
κ2β + τ2β

)3/2

(
τβ
κβ

)′

= σβ .

(4.1)

Therefore, under these assumptions, if τγ
κγ

= c ∈ R \ {0} , then σβ = c , and vice versa. 2

Example 4.2 The curve

β(t) =

(
−1

3

√
t2 + 1 cos (3 arctan(t)) ,−1

3

√
t2 + 1 sin (3 arctan(t)) ,

2

3

√
2
√
t2 + 1

)

is a rectifying slant helix (Figure 1) with

Tβ(t) =

(
8t

3 (t2 + 1)
2 ,
t4 + 6t2 − 3

3 (t2 + 1)
2 ,

2
√
2t

3
√
t2 + 1

)
,

Nβ(t) =

(
2
√
2
(
1− 3t2

)
3 (t2 + 1)

3/2
,−

2
√
2t
(
t2 − 3

)
3 (t2 + 1)

3/2
,
1

3

)
,

and

σα(t) =
1

2
√
2
.
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If we take c = 0 in Proposition 3.3, we obtain the spherical helix γ (Figure 2), which lies on the unit sphere
centered at the origin (Figure 3), and is also the involute of the curve β (Figure 4), where

γ(t) =

(
3t4 − 6t2 − 1

3 (t2 + 1)
2 ,− 8t3

3 (t2 + 1)
2 ,

2
√
2

3
√
t2 + 1

)

with

Tγ(t) =

(
2
√
2
(
3t2 − 1

)
3 (t2 + 1)

3/2
,
2
√
2t
(
t2 − 3

)
3 (t2 + 1)

3/2
,−1

3

)
= −Nβ(t),

Nγ(t) =

(
−
t
(
t2 − 3

)
(t2 + 1)

3/2
,

3t2 − 1

(t2 + 1)
3/2

, 0

)
,

and
τγ(t)

κγ(t)
=

1

2
√
2
.

Figure 1. Rectifying slant helix β .

Figure 2. Spherical helix γ .
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Figure 3. The curves γ and β .

Figure 4. Tangent and normal vectors at t =
5

2
.

Theorem 4.3 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then, α is a
spherical helix if and only if β is a rectifying slant helix.

Proof Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. From Theorem 3.8, we
know that α is a spherical curve if and only if β is a rectifying curve. Furthermore, by applying Lemma 3.7,
we have
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σβ =
κ2β

νβ

(
κ2β + τ2β

)3/2

(
τβ
κβ

)′

=

1

ω2
α

ν2ακ
2
α sin2 φα

ωα
1

ω3
α

ν3ακ
3
α

(cotφα)
′

= ∓ sin2 φα

νακα
φ′
α

(
−1

sin2 φα

)
= ± νατα

νακα

= ± τα
κα
.

(4.2)

Therefore, under these assumptions, if σβ = c ∈ R\ {0} then τγ
κγ

= ±c , and vice versa. 2

Theorem 4.4 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then, γ is a
spherical slant helix if and only if β is a rectifying clad helix.

Proof Let β = β(t) be an arbitrary speed space curve, and let γ = γ(t) be its involute. From Theorem 3.5,
we know that γ is a spherical curve if and only if β is a rectifying curve. Moreover, from equation (4.1), it
follows that

τγ
κγ

= σβ .

Let us denote
∣∣∣∣c− ∫ t

0

νβ dθ

∣∣∣∣ with A and
√
κ2β + τ2β with B . From Lemma 3.4 and (3.4), we have

σγ =
κ2γ

νγ
(
κ2γ + τ2γ

)3/2

(
τγ
κγ

)′

=

B2

A2κ2β

Aκβνβ

 B2

A2κ2β
+

κ2β
A2ν2βB

4

[(
τβ
κβ

)′
]23/2

σ′
β

=
σ′
β

νβB

1 +
κ4β
ν2βB

6

[(
τβ
κβ

)′
]23/2

=
σ′
β

νβ

(
1 + σ2

β

)3/2
(
κ2β + τ2β

)1/2

= ρβ .

(4.3)

Therefore, under these assumptions, if σγ = c ∈ R\ {0} then ρβ = c , and vice versa. 2
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Theorem 4.5 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then, α is a
spherical slant helix if and only if β is a rectifying clad helix.

Proof Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. From Theorem 3.8, we
know that α is a spherical curve if and only if β is a rectifying curve. Additionally, from equation (4.2), it
follows that

σβ = ± τα
κα
.

By means of Lemma 3.7, we have

ρβ =
σ′
β

νβ

(
1 + σ2

β

)3/2
(
κ2β + τ2β

)1/2

=
1

ωα

(
1 +

τ2α
κ2α

)3/2 1

ωα
νακα

(
± τα
κα

)′

=
κ2α

να (κ2α + τ2α)
3/2

(
± τα
κα

)′

= ±σα.

(4.4)

Therefore, under these assumptions, if ρβ = c ∈ R\ {0} then σα = ±c , and vice versa. 2

Example 4.6 The curve

α(t) =

(
sin
(√

2t
)
cos(t) cos(sin(t))−

cos
(√

2t
)
(sin(sin(t)) + sin(t) cos(sin(t)))

√
2

,− cos(t) cos
(√

2t
)
cos(sin(t))−

sin
(√

2t
)
(sin(sin(t)) + sin(t) cos(sin(t)))

√
2

,
sin(t) cos(sin(t))− sin(sin(t))√

2

)

is a spherical slant helix which lies on the unit sphere centered at the origin (Figure 5) with

Tα(t) =

(
sin(t) sin

(√
2t
)
+

cos(t) cos
(√

2t
)

√
2

,
sin
(√

2t
)
cos(t)

√
2

− sin(t) cos
(√

2t
)
,−cos(t)√

2

)
,

Nα(t) =

(
cos
(√

2t
)

√
2

,
sin
(√

2t
)

√
2

,
1√
2

)
,

and σα(t) = −1. If we take k =
π

2
in Proposition 3.6, we obtain the rectifying clad helix β (Figures 6 and 7),

which is also the evolute of the curve α (Figure 8), where
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β(t) =

(
1

2
sec(sin(t))

(
2 sin

(√
2t
)
cos(t)−

√
2 sin(t) cos

(√
2t
))

,−1

2
sec(sin(t))

(√
2 sin(t) sin

(√
2t
)
+ 2 cos(t) cos

(√
2t
))

,
sec(sin(t)) sin(t)√

2

)
with

Tβ(t) =

(
sin
(√

2t
)
sin(sin(t)) cos(t) +

cos
(√

2t
)
(cos(sin(t))− sin(t) sin(sin(t)))

√
2

,
sin
(√

2t
)
(cos(sin(t))− sin(t) sin(sin(t)))

√
2

− sin(sin(t)) cos(t) cos
(√

2t
)

,
sin(t) sin(sin(t)) + cos(sin(t))√

2

)
,

Nβ(t) =

(
− sin(t) sin

(√
2t
)
−

cos(t) cos
(√

2t
)

√
2

, sin(t) cos
(√

2t
)
−

sin
(√

2t
)
cos(t)

√
2

,
cos(t)√

2

)
=− Tα(t),

and ρβ(t) = −1.

Figure 5. Spherical slant helix α .

Figure 6. Rectifying clad helix β .
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Figure 7. The curves α and β .

Figure 8. Tangent and normal vectors at t = 1.

Theorem 4.7 Let β = β(t) be an arbitrary speed space curve and γ = γ(t) be its involute. Then, γ is a
spherical clad helix if and only if β is a rectifying g-clad helix.

Proof Let β = β(t) be an arbitrary speed space curve, and let γ = γ(t) be its involute. From Theorem 3.5,
we know that γ is a spherical curve if and only if β is a rectifying curve. Furthermore, from equation (4.3), we
have

σγ = ρβ .

Let us denote
∣∣∣∣c− ∫ t

0

νβ dθ

∣∣∣∣ with A and
√
κ2β + τ2β with B . From Lemma 3.4 and (3.4), we obtain

ργ =
σ′
γ

νγ
(
κ2γ + τ2γ

)1/2
(1 + σ2

γ)
3/2

=
ρ′β

Aκβνβ

 B2

A2κ2β
+

κ2β
A2ν2βB

4

[(
τβ
κβ

)′
]21/2

(1 + ρ2β)
3/2

=
ρ′β

νβB

1 +
κ4β
ν2βB

6

[(
τβ
κβ

)′
]21/2

(1 + ρ2β)
3/2

=
ρ′β

νβ

(
κ2β + τ2β

)1/2
(
1 + σ2

β

)3/2

(1 + ρ2β)
3/2

= ψβ .
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Therefore, under these assumptions, if ργ = c ∈ R\ {0} then ψβ = c , and vice versa. 2

Theorem 4.8 Let α = α(t) be an arbitrary speed space curve and β = β(t) be its evolute. Then, α is a
spherical clad helix if and only if β is a rectifying g-clad helix.

Proof Let α = α(t) be an arbitrary speed space curve, and let β = β(t) be its evolute. From Theorem 3.8,
we know that α is a spherical curve if and only if β is a rectifying curve. Additionally, from equations (4.2)
and (4.4), we have

ρβ = ±σα and σβ = ± τα
κα
.

By means of Lemma 3.7, we obtain

ψβ =
ρ′β

νβ(κ2β + τ2β)
1/2(1 + σ2

β)
1/2(1 + ρ2β)

3/2

=
±σ′

α

ωα
1

ωα
νακα

(
1 +

τ2α
κ2α

)1/2

(1 + σ2
α)

3/2

= ± σ′
α

να (κ2α + τ2α)
1/2 (1 + σ2

α)
3/2

= ±ρα.

Therefore, under these assumptions, if ψβ = c ∈ R\ {0} then ρα = ±c , and vice versa. 2

5. Conclusion
This study generalizes rectifying helices and establishes new geometric relationships through the framework of
involute–evolute curves. Various special helices—including slant, clad, and g-clad helices—are characterized
via their involutes and evolutes, highlighting their connections with spherical and rectifying helices. These
results provide a foundation for further research. They contribute to the existing literature and suggest future
research directions such as extending these concepts to higher-dimensional and alternative geometric settings
like Minkowski space, as well as developing computational approaches for curve classification based on the
proposed invariants.
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