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Abstract. We study the concepts of statistical cluster points and statistical
core of a sequence for Ay methods defined by deleting some rows from a nonnega-
tive regular matrix A. We also relate Ax-statistical convergence to A,-statistical
convergence. Finally we give a consistency theorem for A-statistical convergence
and deduce a core equality result.

1. Introduction

In [7] Fridy introduced the concepts of statistical limit points and statisti-
cal cluster points. Also Fridy and Orhan [9] gave the definitions of statistical
limit superior and inferior along with the statistical core of a real sequence.
Then in [10] they studied the statistical core for complex number sequences.
In [4] Demirci extended these concepts by taking a nonnegative regular ma-
trix A instead of Cesaro matrix. On the other hand Goffman and Petersen
[11] introduced the submethod by deleting some rows from a matrix method.
Then using this idea Armitage and Maddox [1] studied relationship between
C1, the Cesaro matrix of order one, and C'\ methods which are defined by
deleting some rows from the Cesaro matrix C. Osikiewicz and Khan [16]
extended this concept to a more general matrix method A. Later Demirci [5]
studied the concepts of statistical cluster point, statistical core of a sequence
for C'\ methods.
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In this note, by taking a nonnegative regular matrix A instead of the
Cesaro matrix, we give extentions of the results given in [5] under weaker
conditions. In Section 2 of this paper we refine [5, Theorem 2.1] by omitting
a condition. Hence we obtain more general theorems for submethods. The
theory about the notion of A-statistical convergence, which is a generaliza-
tion of the usual notion of convergence, follows parallel lines of development
to that of the usual theory of convergence. We also study the A-statistical
variant of the result given for matrix summability methods by Petersen in
[17]. Finally we relate Aj-statistical convergence to A,-statistical conver-
gence and give a consistency theorem for A-statistical convergence along
with a core equality result.

First we recall some definitions. Let A be a nonnegative regular matrix
and K C N. If the limit

04(K) = lim Z Gk
" keK

exists, then we say that the set K has A-density d4(K).

DEFINITION 1. A real or complex number sequence x = (xy) is A-sta-
tistically convergent to the number L provided that for every ¢ > 0

lim(Axk. (k))n = lim Z ank =0
" " keK.
ie., 04(K:) =0 where K. = {k € N: |z — L| > ¢} ([2], [6], [13], [15]). If we
take A = C7 the Cesaro matrix, then the A-density 4 is just the asymptotic

density § and A-statistical convergence is the statistical convergence. By st 4
we denote the set of all A-statistically convergent sequences.

DEFINITION 2. If for every e > 0, d4(K.) # 0, v is called the A-statistical
cluster point of z, where K. = {k € N : |z}, — 7| < €}. We denote the set of
all A-statistical cluster points of x by I's(z), ([4]).

DEFINITION 3. If there is some M > 0 such that
oA{k eN:|zg| > M}) =0,
then, following [4] we say that the sequence z is A-statistically bounded.

On the other hand st 4-limsup z and st 4-liminf x are the greatest and
least A-statistical cluster points of x, respectively. Also A-statistical bound-
edness implies that st 4-limsup z and st 4-liminf = are finite, ([4]).

For any complex sequence = = (xj) the A-statistical core of z is defined
to be the set

sta- core{z} = ﬂ H,
HeH (x)
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where H(x) is the collection of all closed half-planes H that satisfy
ba({keN:z, e H}) =1

(see [4], [10]).

REMARK 1. For every A-statistically bounded complex number sequence
x = (x),

st4-core{z} = ﬂ B.(z),

zeC

where

B.(z) = {w € C:|w—z| <sta-limsup |zy — z|}
k

(see [3]). If we take A = C, we obtain the results presented in [9], [10].

2. A,-statistical cluster points

Goffman and Petersen [11] introduced the submethod by deleting some
rows from a matrix method. In [1] and [5] especially C)\ has been studied.
In this section we consider the matrix Ay which is obtained by deleting some
rows from a nonnegative regular matrix A. The results presented here are
extensions of those given in [5].

By A, we denote the method which is defined by deleting some rows
from a nonnegative regular matrix A.

Let {\(n)}5°; be a strictly increasing sequence of positive integers. The
Ay method is defined as follows:

(A)n =) ax(nyk The
prst

For every A, it can be easily seen that Ay is regular. If we take A = A, in
Definition 2 we can obtain the Ay-statistical cluster points.

We now present the main theorem in this section which gives a relation-
ship between 64, and d4, .

THEOREM 1. Let A be a nonnegative regular summability matriz, and
let F'={A\n)} and E = {u(n)} be infinite subsets of N. If 64(E\ F)=0
then for any subset K C N

0a,(K) =0 implies 04,(K)=0.

Analysis Mathematica 42, 2016



168 H. I. MILLER, L. MILLER-WAN WIEREN, E. TAS and T. YURDAKADIM

PROOF. Let H=FEUF and E\ F = {o(n) : n € N}. Observe that H =
(E\ F)UF. Since 4(E \ F) =0, it follows that

64, (K) = lim Z Ax(n)k = 1M < Z Ag(n)k + Z aA(n),k) > lim Z Ay (n) k-

keK keK keK keK

Then we immediately get that d4,(K) = lim(Axx),m) =0. O

w(n

COROLLARY 1. Let A be a nonnegative regular summability matrixz, and
let F'={X(n)} be infinite subset of N. If 04(F) =1, then for any subset
KCN

da,(K) =0 1dmplies da(K)=0.
In Theorem 1 the case in which A = C7, the Cesaro matrix of order one,
yields the following
COROLLARY 2. Let F = {A(n)} and E = {u(n)} be infinite subsets of N
and §(E \ F) =0 then
dc, (K) =0 implies ¢, (K)=0

for any subset K C N.

Hence we obtain the main theorem of [5] as a special case of Corollary 2.
One may ask if the converse of Theorem 1 holds. Namely, if F' = {A(n)}
and F = {u(n)} are infinite subsets of N and

04,(K)=0 implies da,(K)=0

then can one have d4(E \ F') = 07 The answer is “no” which is shown by
the following example.

EXAMPLE 1. Define the matrix A = (apk) by aon—1% = Gonk = %, if
1 <k <n, and a, = 0 otherwise. Observe that A is a nonnegative regu-

lar matrix. Let F'= {A(n)} = {(2n+ 1) }hen and E = {u(n)} = {(2n) }ren.
Then Ay = Cy and A, = C}, the Cesaro matrix. If K C N then d4,(K) =0

if and only if 64, (K) =0, yet 04(E \ F) = % £ 0.

Let us denote the symmetric difference by EAF = (E\ F)U (F\ E).
Hence the next result follows immediately.

THEOREM 2. Let F = {\(n)} and E = {u(n)} be infinite subsets of N.
(i) If S4(E\ F) =0, then I'y, (x) C s, (2),
(ii) If 0A(EAF) =0, then I'g,(z) =T4, ().

We note that for an A-statistically bounded sequence z, I'4, (z) is sin-
gleton if and only if = is Ay-statistically convergent, i.e.,

L, (z) ={L} ifand only if sta,-limax =1L
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(see [14]). Eventhough Li and Fridy prove this proposition for the case
A = (1, the proof also works for a general nonnegative regular matrix A.
Hence Theorem 2(ii) yields the following important result.

COROLLARY 3. Let F'={\(n)} and E = {u(n)} be infinite subsets of N.
If 04 (EAF) =0, then for an A-statistically bounded sequence x = (x,,), we
have

sta,-limxz =L if and only if sty -limz = L.
Note that Demirci [5] proved that if EA F is finite and

imM:
(1) ln ) d#0

then I'c, () = I'c, (x) where C is the Cesaro matrix.

However our Theorem 2 shows that condition (1) is superfluous and the
condition “E A F' is finite” is replaced by the weaker condition “d4(E A F)
— 077 X

It follows from Theorem 2(i) that every bounded sequence = = (z) of
complex numbers we have

sta,-limsup |z| < sty,-limsup |z|.

This implies that
ﬂ {w € C:|w—z| <sty,-limsup |z, — z|}
zeC k

- ﬂ {w € C:|w —z| <sta,-limsup |z —z|},
zeC k

hence more precisely we have the following.
sta,-core{z} C stq,-core{x}.

So we have proved the following

THEOREM 3. Let F = {\(n)} and E = {u(n)} be infinite subsets of N.
(i) If 4(E\ F) =0 then sty,-core{z} C sta,-core{z},
(i) If 6A(EAF) =0 then sty,-core{x} = sty -core{x}.

3. A-statistical inclusion

In [8] Fridy and Khan introduced the concept of statistical consistency.
Later on Demirci [5] examined this concept.
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The main object of this section is to give an A-statistical consistency
theorem, which is the A-statistically convergent version of bounded consis-
tency theorem, and study conditions for which the equality st 4-core{z} =
st - core{x} holds.

Now recall the following definitions.

DEFINITION 4. Let A and B be nonnegative regular matrices. If
sta D stp, it is said to be that A is stronger than B in the statistical con-
vergence sense.

DEFINITION 5. Let A and B be nonnegative regular matrices. If for ev-
ery x € sty Nstp, sta-limax = stp-limx then matrices A and B are called
consistent in the statistical convergence sense. If A is stronger than B in the
statistical convergence sense and consistent with B in the statistical conver-

t t t
gence sense, then we write A 5B (see [8]). If A 5B and B S A, then it
is said that A and B are equivalent in the statistical convergence sense and

denoted by A 2 B.

LEMMA 1. Let B be a nonnegative regular matriz. If op(N\ N) =1
then there is a sequence (zy) defined for n € N\ N such that any extension
of (zn) to all of N is not in stp.

PROOF. Since B is nonnegative, regular and 0p(S) =1 where S =
N\ N, there exist ny and m; such that

> [bng ik <myand k€ 5] >1%.
Define z, = 0, for k < m; and k € S. There also exist no > n; and my > my
such that

Z[bn2k:m1<k’§m2andk‘65] >1%.

Define z; = 1, for m; < k < msg and k € S. By continuing this process and
alternating the sequence between 0 and 1, we obtain a partial sequence (z)
definedon [UI,U- -+, where Iy ={k:k<mjand k€ S}, o ={k:my <k
< mgy and k € S}. Then any sequence extending this partial sequence to N
will not be B-statistically convergent. [

The next result is a statistical version of Petersen [17, Theorem 1].

THEOREM 4. Let A and B be nonnegative reqular matrices and x = (xy,)
be a sequence such that

(2) sta-limz # stp-lim .

Then there is a sequence y = (yx) so that (yr) € sta and (yx) & stp, (ie.,
(yk) € sta\ stp).
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PROOF. Let stg-limz = a and stp-limxz = b such that ¢ = [b — a| # 0.
Since st 4-lim x = a there exist increasing sequences (n;) and (m;) such that

C

Z[ank:k‘gml and |z —al < 0

:|>— fo < <
rn
10’ 1N 'I’LQ,

99

g [ank:kgmgand\xk—a\<ﬁco}>ﬁ, for ng <n < ngz,
999

Z[ank:kgmg and |z — a|] < 10000} >—1000’ for ng <n < ng,

Let N = NyUNoU---, where Ny = {k <mq : |z, —a| < {5}, No = {k <may:
|zx —a| < 155}, --- - Suppose y = (yx) is any sequence satisfying

Yy = 2k, k€ N.
This implies st4-limy = a. First note that 6g(N\ N) =1. Then by the
above lemma define y;, on for k € N\ NV such that (yx) & stg. O
THEOREM 5. Let A and B be nonnegative reqular matrices.
(i) If sta C stp, then A 3 B,
(ii) If sta = stp, then AL B.

THEOREM 6. Let A and B be nonnegative regular matrices. Ifsta C stp,
then for every x € st4 Nstp we have

(i) Ta(z) = [p(x),
(ii) sta-core{z} = stp-core{z}.

The next consistency result is easily deduced from Theorem 6.
COROLLARY 4. If stp C stp, then for every x € st4 Nstp we have
sta-limx =L if and only if stp-limx = L.

A direct proof of Corollary 4 could also be obtained from [3, Proposi-
tion 4(2)].

We finally remark that some further results on statistical consistency
may be found in [3] and [12].
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