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1. Introduction and main results

Recently, in [1], the boundedness of the Hilbert transform H on the local Morrey-Lorentz
spaces M},‘)’g;/\ was extensively studied. In the present paper we study the boundedness of
the Hardy-Littlewood maximal operator M, the Calderon-Zygmund operators T and the
maximal Calderon-Zygmund operators 7 on the local Morrey-Lorentz spaces M;)"’;; , (R™)
by using related rearrangement inequalities. As applications, we obtain the boundedness
of the Bochner-Riesz operator B‘ﬁ on M;f”qc;k (R™). Further, we get the boundedness of the

operators B, M, T and T on the Lorentz spaces Ly 4(R") including weak versions and on

the weak L, spaces WL,(IR"). The local Morrey-Lorentz spaces denoted by M;;,);;)» (R™)

are a very natural generalization of the Lorentz spaces such that M;;?;;o (R") = Lp 4(R™)
(see [2]).
For x € R"” and r> 0, we denote by B(x,r) the open ball centred at x of radius r,

and by GB(x, r) denote its complement. Let |B(x, r)| be the Lebesgue measure of the ball
B(x, 7). Therefore |B(x, r)| = w,", w, denotes the volume of unit sphere "1 in R". For
f € L°¢(R™), the Hardy-Littlewood maximal function Mf of f is defined by

1
Mf(x) = sup ———— M|dy, xeR™
) = P Tl o VY

CONTACT A. Serbetci @ serbetci@ankara.edu.tr

© 2016 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com
mailto:serbetci@ankara.edu.tr

INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS . 867

In the following theorem we prove the boundedness of maximal operator M on the local
Morrey-Lorentz spaces M};’; 5 = M}f’; S (R™).

Theorem 1.1: Let1 < g <00,0 <A <landq/(q+r) <p < o0.

(i) If q/(@+ A) < p < 0o, then the maximal operator M is bounded on the local Mor-
rey-Lorentz space M po{;: A
(ii) If p=q/(q+ 1), then the operator M is bounded from MII)O;A to the weak local

Morrey-Lorentz space WMIO;
(iii) Ifp = q = oo, then the operator M is bounded on Lo (R").

Suppose that K € Lll‘)C (R™\ {0}) and satisfies the following conditions:
C
@ KX = — P R™\ {0},
(ii) Kx)dx=0, 0<r <,

r <|x|<r;

(iii) |K(x — y) — K(x)| < Clyl/|x|"T"  for2|y| < |«].

Then K is called the Calderon-Zygmund kernel, where C is a constant independent of x
and y. Set

Tf@ = [ K= pfo)d
CB(x.e)
We define the Calderon-Zygmund singular integral associated to K as
TH(0) = (K +f)(x) = lim Tof ()
and the maximal singular integral by

Tf(x) = sup | Tef (x)].
€>0

It is well known that Tf exists almost everywhere whenever f is a step function. The
almost everywhere existence of the limit (of certain integral averages) was known for dense
subset of L; and the result was extended to all of L; by establishing control over the cor-
responding maximal operator. For the Calderon-Zygmund operator T, the dense subset
of L; consists of the step functions, and in order to extend to all of L; the almost every-
where existence of the limit of T, f(x), x € R" as ¢ — 0, we need to consider the maximal
Calderon-Zygmund operator 7 f of f.

For each measurable function ¢ on (0, 00) and each ¢ > 0, let

o0 = [ min (1,5 09 S
0 ’ t N

1 [t o0 ds
=—/¢®$+/ p(s)—.
t 0 t S

It is clear that S is linear. For the aim, its importance based on the fact that it dominates the
maximal Calderon-Zygmund operator.
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Theorem A ([3,4]): Letf € LIIOC(R”) and suppose

1 o0 d
(SF9(1) :/0 f*(s)derf1 f*(s)?s < 00, (1.1)

Then
(TH*() < CS(fF)(), 0<t< oo, (1.2)

where C is a constant independent of f and t.

Theorem B: Letf € LIIOC(R") and f satisfies (1.1). Then the Calderon-Zygmund operator T
exists almost everywhere x € R". Furthermore,

(TH* () < CS(F)(H), 0 <t < oo, (1.3)

where C is a constant independent of f and t.

Remark 1.1: Note that, the inequality (1.2) is due to Bennett and Rudnick [5], the
integrated form (1.3) was known previously to O’Neil and Weiss [6] and Calderon [7].

The Calderon-Zygmund operator T extends to the whole space L, 1 < p < 00, by con-
tinuity. In the case p = co we need a renormalization of T (see [8]). For this reason let us
choose a point xp € R"” and let f € L. Set

T (x) = T(f x28) (x) — T(f x28) (x0) + ﬁ [K(x —y) — K(xo — »f (y) dy,

B(x,r)

where xo € B(x, 7). If f € L,(R"), p < 00, then obviously

T (x) = T(f)(x) — T(f)(x0).

In the following theorem we give the boundedness of the Calderon-Zygmund operator
T on the spaces M;;,);;A-

Theorem 1.2: Suppose that f € M})‘?‘;x, 1<g<o00,0<Xi<1l,q/(q+x) <p<gq/rand
the inequality (1.1) holds, then the Calderon-Zygmund integral Tf (x) exists almost every
x € R". Furthermore,

(i) If 1<gq<o0, q/(q+X) <p <q/x, then the Calderon-Zygmund operator T is

bounded on the local Morrey-Lorentz space M},‘)’;;)L.

. _ : loc

(ii) If1 < q < oo,p = q/(q+ X), then the operator T is bounded from My, to the weak
local Morrey-Lorentz space WMII;,’;;)L.

(iii) If1 < q < 00, p = q/A, then the operator T° is bounded from M}f”qc;)h to BMO.

In the following theorem we give the boundedness of the maximal Calderon-Zygmund
operator 7 on the spaces M‘L");;k.
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Theorem 1.3: Suppose that f € M},";A,l <q<o00,0<i<l,q/(q+r) <p<gq/rand
the inequality (1.1) holds, then the maximal Calderon-Zygmund integral T f(x) is finite
almost every x € R". Furthermore,

(i) If1<gq<o0,q/(q+ )») < p < q/A, then the operator T is bounded in the local

Morrey-Lorentz space M p"; .

(i) Ifl < q < oo,p = q/(q+ L), then the operator T is bounded from M}f;;)\ to the weak
local Morrey-Lorentz space WMlOC
(iii) If1 < g <o0,p=q/A, then the opemtor T is bounded from M}f;;)\ to BMO.

Remark 1.2: For the limiting case A =1, in the classical Lorentz space M},";l =
A o 11/p-1/4 the boundedness of Calderon-Zygmund operator T is given in [9].

Throughout the paper we use the letter C for a positive constant, independent of
appropriate parameters and not necessary the same at each occurrence. If p € [1, o0], the
conjugate number p’ is defined by pp’ = p +p'.

2. Preliminaries

We shall use the following notation. For a Lebesgue measurable set E C R" and 0 < p <
00, Ly(E) is the standard Lebesgue space of all functions f Lebesgue measurable on E for

which
1/p
Iz, e = <./1; FIF dy) < 00,

if0 < p < ocoand

If Lo == supfe : l{y € E: [f())| = a}| > 0},

if p = oo. Also, for an open set E C R”, Lll,OC (E) is the set of all functions f such that f
Ly(K) for any compact K C E. If E = R”, then, for brevity, we write L, for L,(R") and L},OC

for L},OC (IR™). The same convention refers to the case of weak Lebesgue spaces WL, (E), the
space of all functions f Lebesgue measurable on E for which

Ifllwe,) == sup tYPf*(), 1<p<oo
0<t<|E|

and

I lweos = IfllLe> P =00.
Here |E| is the Lebesgue measure of E, and f* denotes the non-increasing rearrangement
of f:
fr(@® ==inf{A > 0: us(A) < t}, Vte (0,00),
with
nr) =y e R" : [f(n)] > A}l
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It is well known that for the classical Hardy-Littlewood maximal operator the rearrange-
ment inequality

of (1) < (M)*(t) < CF™ (1), t € (0,00) (2.1)

holds [4], where the positive constants ¢,C are independent of f and ¢, and

1 t
™ = —/ f*(s) ds.
t Jo

Lorentz spaces are introduced by Lorentz in the 1950. Lorentz spaces, which are Banach
spaces and generalizations of the more familiar L, spaces, appear to be useful in the general
interpolation theory.

Definition 2.1: The Lorentz space L, 4 = Ly 4(R"), 0 < p, g < 00 is the space of all
measurable functions f on R” such the quantity

If 1z, = 127Dl 0,00 (22)

is finite. Note that L, .o = WL,.
If p = g = o0, then the space Lo oo is denoted by Lu.

Useful references for Lorentz spaces are for instance [4,10]. In the following we give the
local Morrey spaces LM, (0, 00) which we use while proving of our main results.

Definition 2.2: Let 0 < p < co and 0 < A < 1. We denote by LM, ; = LM, ;(0,00) the
local Morrey space, the space of all functions ¢ € L},oc (0, 00) with finite quasinorm

lollim,, = supr*PlolL,on-
r>0
Also by WLM,,,, = WLM,,.(0, 00) we denote the weak local Morrey space of all functions
@€ WL;OC (0, 00) for which

—A
el wenm,, = supr P llpllwr, o < 00
r>0

The local Morrey-type spaces LM, 0 < p,0 < 00, were introduced by Guliyev in the
doctoral thesis [11] (see, also [12]) defined by

l@lLMy,, = W @llL,Bo.m 0,000

where w is a positive measurable function defined on (0, 00). If 6 = o0, it denotes LM, ,, =
LMpo,w- The boundedness of the classical operators in LMpyg,,, was intensively studied in
[11-15], etc.

In [16, Section 4.1], Mingione studied the boundedness of the restricted fractional max-
imal operator in the restricted Lorentz-Morrey spaces L 4.1 (B), where B is any ball. Ragusa
[17] defined the Morrey-Lorentz spaces Ly 41 (R") and studied some embeddings between
these spaces.

The boundedness of the classical integral operators on Morrey-Lorentz spaces was
studied by Mingione [16], Ragusa [17], etc.



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS . 871

In the following definition we give the local Morrey-Lorentz spaces denoted by

M}f’;,k(R”) which are a very natural generalization of the Lorentz spaces such that

Myo(R") = Lpg(R").

Definition 2.3 ([2]): Let0 < p,q < oocand0 < A < 1. We denote byMk”;;)\ = M};(,);;x (R™)
the local Morrey-Lorentz space, the space of all measurable functions with finite quasi-

norm

fllygoc = sup r M2Vt |11 0
P r>0

In the cases A < 0 or A > 1, we have M};’;,)L = ©, where O is the set of all functions
equivalent to 0 on R". Also M}:?;;o = Lp4 and M})";A = M};’; In the limiting case A =1

the space MII)O;I is the classical Lorentz space A j1/p-1/q. For0 < g < p < oocand0 < A <
q/p> the local Morrey-Lorentz spaces le;o;x are equal to weak Lebesgue spaces WLy /p—5 /4.
Note that, in the case g = oo we have Mll)"go)\ = Ao piip = Wip.

We denote by WM},O;, , the weak local Morrey-Lorentz space of all measurable functions
with finite quasinorm

Ifllyagoc == sup r AP0 |y 0.
P r>0

o0, 00,

Remark 2.1: We have that M1 o =0 forany0 < g < oc. Indeed, assume that M a7

©. Then there exists a non-zero function f € ML%C . which means that there exists ¢ >0
and a positive measurable set A such that |f(x)| > c for all x € A. Then

|wwh=ww”WFmewm

r>0

> sup r M4t xa)* (O L0

r>0

—2/q)(—1
> csup r M|t 1 0 mingjarl) = 00
r>0

Lemma 2.1 ([2]): LetO0 <g<p<oo,1/s=1/p—Xr/qand0 < A < q/p. Then

—1/q
q -1/
= < e < AT .
Q) Fllwe, < W agee, < 29 1f llw,

In particular, = .
p I = Wl

Definition 2.4: The space of functions with bounded mean oscillation, BMO =
BMOR"), consists of those functions f for which

1
If Mo = sup —/ [f (%) — fp(x)| dx
B |Bl Jg

is finite, where the supremum is taken over all balls B C R" and

1
fB(x) = m /Bf(x) dx.
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We will use the boundedness of the following Hardy operators to obtain the bound-
edness of the maximal operator M, Calderon-Zygmund operator T and maximal

Calderon-Zygmund operator 7 in the local Morrey-Lorentz spaces M};’; e

Definition 2.5 ([18]): Let ¢ be a measurable function on (0, c0) and 3 be a real number.
The weighted Hardy operators Ag and .Ag with power weights acting on ¢ are defined by

t [ee]
App(t) = tp=1 f % ds, Agop(t) = tﬁ/ 20} ds. (2.3)
0 t

The following theorem was proved in [18] by N. Samko.

Theorem C: Let e R, 0<i<landl <qg<oo. Iff <Xr/q+1/q and B > L/q—
1/q, then the operators Ag and Ag are bounded on the local Morrey space LMy (0, 00),
respectively.

The following theorem was proved in [1].

TheoremD: Let e R, 0<i<landl <q<oo. Iff=Ar/q+1/q and B =1/q—
1/q, then the operators Ag and Ag are bounded from the local Morrey space LMy 5 (0, o0) to
the weak local Morrey space WLMy,).(0, 00), respectively.

3. Proof of Theorems
Proof of Theorem 1.1: Let1 < g <o00,0 <X <landgq/(q+ 1) <p < oo.

(i) Suppose q/(q+ 1) <p <oo and f € M;;?;;A' From the definition in local Mor-
rey-Lorentz spaces and inequality (2.1) we get

t
”Mf”Mllfb < Csupr 14 tl/p_l/q_lf f*(s)ds
' 0

r>0

= CllAa/p—1/98llLMy; (0,00
Ly(0,7)

where g(t) = t1/P~1/af*(¢). Since 1/p — /q < 1, for B = 1/p — 1/q the inequality 8 <
A/q+ 1/4  holds. By Theorem C we get

lAG/p—1/98&llLMy; 0,00) = ClIglLM,, 0,000 = ClLfllMll)o;A- (3.1)

Therefore we obtain the boundedness of M in M}f;;x forq/(q+X) < p < oo.
(ii) For the limiting case p = q/(q + A) supposef € M},‘Z;/\. From the definition of norm

in weak local Morrey-Lorentz space and by using the inequality (2.1) we get

t
1 MF |y ptoc < Csupr_)‘/q t(}‘_l)/q/ f*(s)ds
0

a/@t0ah s

= CllAghllwLmg, 0,00)>
WLy(0,6)

where B = 1+ (A — 1)/qand h(t) = t'**=D/4f*(t). Therefore we get from Theorem D

IAghllwim,, 0,000 < CllAllLM,, 0,000 = CIIf Il pioc (3.2)

q/(q+1),g:x )

Then we obtain the boundedness of the operator M from the space M to the

| a/(q+1).g:
oc
weak space WMq/(quA),q;A'
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loc

(iii) In the limiting case p = 0o, suppose f € M " g Remark 2.1 implies that for any
0 < q < oo the space Mlo?f g 18 trivial. Therefore, we must consider the case g = oo. Since

the operator M is bounded on L, we get the statement. |

Proof of Theorem 1.2: Let1 < g <o00,0 <X < landq/(q+ A) <p < g/X. Since f sat-
isfies (1.1), by Theorem B the Calderon-Zygmund operator Tf exists almost every x €
Rn

(i) Suppose that 1 <g<o00,0<Xi <1,q/(q+*) <p<gq/rand f € M})"; From
the definition of norm in local Morrey-Lorentz spaces, by using the inequality (1.3) and
Minkowski’s inequality we get

t
”Tf”Mloc <Csupr M4 I/P 1/q— I/f*(S)dS

r>0 Lq(O,V)
o0 [k
S
+ sup r—)»/q tl/P—l/Q/ & d =L+ 1.
r>0 t $ Ly(0,r)

I; can be estimated using the same method as in the proof of the boundedness of the
maximal operator on M};O;-x in Theorem 1.1.
Let us estimate I, :

= Csupr */1

r>0

= CllAG/p-1/98llLMy; 0,00, (3.3)

tl/P_l/q/oo'm d
t N

Lqg(0,r)

where g(t) = t'/P~1/4f*(¢). Since 1/p — 1/q > 0, for B = 1/p — 1/q the inequality g >
A/q — 1/q holds. By Theorem C we get

I AG/p-1/98 LMy 0,000 < CligllLmy; 0,000 = CILfIIM;o;'A-

Therefore we get I < C|f]| Mloc . Consequently we obtain the boundedness of T in M})"; N

from the inequalities (3.1) and (3 3).

(ii) For the limiting case p = q/(q+ 1), 1 < g < 00, suppose f € Ml"; From the
definition of norm in weak local Morrey-Lorentz spaces and by using the inequality (1.3)
and Minkowski’s inequality we get

t
|Tf||WMloc o < Csupr_)‘/q t()h—l)/q/ f*(S) ds
q/(g+2) r>0 0 WL, (0
00 £x
+ Csup /(DI / L9 ds‘ = N + Ny
r>0 t S WLq(O "

N can be estimated using the same method as in the proof of the weak boundedness of
the maximal operator on M;f’;_k in Theorem 1.1. Let us estimate N :

t1+(A—1)/q/oof*(5) dSH
t N

Ny = Csupr */4

r>0

= CllAghllwimy, 0,00)>
WLy(0.1)
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where 8 = 14 (A — 1)/q and h(t) = t"+*=D/4f*(t). By Theorem D the operator Ag is
bounded from the Morrey spaces LM, (0, 00) to WLM,, (0, 00). Then,

N < C h = C oc . 34
2 = CllAllLmg,; 0,00) I£1 MI% (3.4)
From the inequalities (3.2) and (3.4) we obtain the boundedness of the operator T from

loc loc
Myjig+n.agn © WMgriin g

(iii) For the limiting case p = g/A,1 < g < ocand 0 < A < 1, suppose f € M};?;;,\-
Since the operator T° is bounded from Ly, to BMO and from Lemma 2.1 M!°S

i : a/hgih
WLso = Lo, then the inequality

TO < C oc == C
IT"f Mo < ”f”Mé/,\,q;,\ 1f 1l

holds (see [8]) which proves that Calderon-Zygmund operator T° is bounded from
M, 45 to BMO.
Thus the proof of the theorem is completed. |

Proof of Theorem 1.3: Let]1 < q < 00,0 <A < landgq/(q+ A) <p < g/A. Since f sat-
isfies (1.1), by Theorem B the maximal Calderon-Zygmund operator 7f(x), x € R" is
finite almost everywhere.

The proof of the statements (i) and (ii) of this corollary can be easily obtained from the
inequality (1.3) and using the same method of Theorem 1.2.

(iii) For the limiting case 1 < g < oo,p = g/Aand0 < A < 1,supposef € M};’;A Since

the operator 7 is bounded from Ly, to BMO and M};’/C)h g = Loos the inequality

T <C
17 fllBmo < IIfIIM;%)q;A

holds (see [19]) which proves that the operator 7 is bounded from M to BMO.
q/2q:h
Thus the proof of the theorem is completed. |

4. Some applications

In this section we give some applications of our results. Firstly, as an application of the
boundedness of the maximal operator M we obtain the boundedness of Bochner-Riesz
operator B’.

Let § > (n—1)/2, B3(f)(§) = (1 — r*|§[>)°f(£) and BS(x) = r "B’ (x/r) for r>0.
The maximal Bochner-Riesz operator is defined by (see [20,21])

By (f)(x) = up 1B (f)(x)].

It is clear that (see [22])
Bs «(f) (x) < CMf(x).

Since the maximal operator M is bounded on the spaces M;,OqC,A, we get the following
theorem.
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Theorem 4.1: Let1 < g <00,0<A<1landq/(q+*) <p < oo.

(i) Ifq/(q@+ ) < p < oo, then the Bochner-Riesz operator B is bounded on the local

Morrey-Lorentz space M};’; 5
(i) Ifp = q/(q+ *), then the Bochner-Riesz operator BS is bounded from M;)O’;;A to the
weak local Morrey-Lorentz space WM;)‘,’;;A.

(iii) Ifp = q = oo, then the Bochner—Riesz operator B is bounded on Loo(R™).

For the case A = 0, from Theorem 4.1 we get the following.

Corollary 4.1: Let1 < g <o00,and1 < p < oo.

(i) If1 < p < oo, then the Bochner-Riesz operator B is bounded on the Lorentz space
Ly q(R™).
(i) If p = 1, then the Bochner-Riesz operator B is bounded from Ly q(R™) to the weak
Lorentz space WLy 4(R").
(iii) Ifp = q = oo, then the Bochner-Riesz operator B‘E is bounded on Lo (R™).

For the case A = 0, from Theorem 1.1 we get the following corollary.

Corollary 4.2: Let1 < g <o00,and1 < p < oo.

(i) If1 < p < oo, then the maximal operator M is bounded on the Lorentz space Ly q(R™).
(ii) If p=1, then the operator M is bounded from L1 4(R") to the weak Lorentz space
WLy 4(R™).
(iii) Ifp = q = oo, then the operator M is bounded on Lo (R").

Remark 4.1: Note that, the statements (i) and (iii) of the Corollary 4.2 are known, see for
example [23, pp. 76], but the statement (ii) of the Corollary 4.2 is new.

In the case A = 0, from Theorems 1.2 and 1.3 we get the following corollary.

Corollary 4.3: Let1 < g <o00,and1 < p < oo.

(i) If1 < p < oo, then the operators T and T are bounded on the Lorentz space Ly, 4(IR™).

(ii) Ifp = 1, then the operators T and T are bounded from Ly 4(R") to the weak Lorentz
space WLy 4(R").

(iii) Ifp = q = oo, then the operators T° and T are bounded from Lo, (R") to BMO(R").

Remark 4.2: Note that, the statements (i) and (iii) of the Corollary 4.3 is known (see, e.g.
[23]) but the statement (ii) is new.

From Lemma 2.1, since the norms ||f||wz, and ||f||sec are equivalent for the case 1 <
N

q<p<00,1/s=1/p—21r/qgand 0 < A < q/p, we get the following corollaries.
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Corollary 4.4: Let0 < s < co. Then the operators M and BS are bounded on weak Lebesgue
spaces WL;.

Corollary 4.5: Let 1 < s < 0o. Then the operators T and T are bounded on weak Lebesgue
spaces WL;.
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