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ABSTRACT
In this paper we proved the boundedness of the Hardy–Littlewood
maximal operator M, the Calderon–Zygmund operators T and
the maximal Calderon–Zygmund operators T on the local Mor-
rey–Lorentz spacesMloc

p,q;λ(R
n). Finally, we give some applications of

these results.
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1. Introduction andmain results

Recently, in [1], the boundedness of the Hilbert transformH on the local Morrey–Lorentz
spaces Mloc

p,q;λ was extensively studied. In the present paper we study the boundedness of
the Hardy–Littlewood maximal operatorM, the Calderon–Zygmund operators T and the
maximal Calderon–Zygmund operators T on the localMorrey–Lorentz spacesMloc

p,q;λ(R
n)

by using related rearrangement inequalities. As applications, we obtain the boundedness
of the Bochner–Riesz operator Bδ

r on Mloc
p,q;λ(R

n). Further, we get the boundedness of the
operators Bδ

r ,M, T and T on the Lorentz spaces Lp,q(Rn) including weak versions and on
the weak Lp spaces WLp(Rn). The local Morrey–Lorentz spaces denoted by Mloc

p,q;λ(R
n)

are a very natural generalization of the Lorentz spaces such that Mloc
p,q;0(R

n) = Lp,q(Rn)

(see [2]).
For x ∈ R

n and r>0, we denote by B(x, r) the open ball centred at x of radius r,
and by

�B(x, r) denote its complement. Let |B(x, r)| be the Lebesgue measure of the ball
B(x, r). Therefore |B(x, r)| = ωnrn, ωn denotes the volume of unit sphere Sn−1 in R

n. For
f ∈ Lloc1 (Rn), the Hardy–Littlewood maximal functionMf of f is defined by

Mf (x) = sup
r>0

1
|B(x, r)|

∫
B(x,r)

|f (y)| dy, x ∈ R
n.
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In the following theoremwe prove the boundedness ofmaximal operatorM on the local
Morrey–Lorentz spacesMloc

p,q;λ ≡ Mloc
p,q;λ(R

n).

Theorem 1.1: Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q/(q + λ) ≤ p ≤ ∞.

(i) If q/(q + λ) < p < ∞, then the maximal operator M is bounded on the local Mor-
rey–Lorentz space Mloc

p,q;λ.
(ii) If p = q/(q + λ), then the operator M is bounded from Mloc

p,q;λ to the weak local
Morrey–Lorentz space WMloc

p,q;λ.
(iii) If p = q = ∞, then the operator M is bounded on L∞(Rn).

Suppose that K ∈ Lloc1 (Rn \ {0}) and satisfies the following conditions:

(i) |K(x)| ≤ C
|x|n , x ∈ R

n \ {0},

(ii)
∫
r1<|x|<r2

K(x) dx = 0, 0 < r1 < r2,

(iii) |K(x − y) − K(x)| ≤ C|y|/|x|n+1 for 2|y| ≤ |x|.
Then K is called the Calderon–Zygmund kernel, where C is a constant independent of x
and y. Set

Tεf (x) =
∫

�B(x,ε)
K(x − y)f (y) dy.

We define the Calderon–Zygmund singular integral associated to K as

Tf (x) = (K ∗ f )(x) = lim
ε→0

Tεf (x)

and the maximal singular integral by

T f (x) = sup
ε>0

|Tεf (x)|.

It is well known that Tf exists almost everywhere whenever f is a step function. The
almost everywhere existence of the limit (of certain integral averages) was known for dense
subset of L1 and the result was extended to all of L1 by establishing control over the cor-
responding maximal operator. For the Calderon–Zygmund operator T, the dense subset
of L1 consists of the step functions, and in order to extend to all of L1 the almost every-
where existence of the limit of Tεf (x), x ∈ R

n as ε → 0, we need to consider the maximal
Calderon–Zygmund operator T f of f.

For each measurable function ϕ on (0,∞) and each t>0, let

(Sϕ)(t) =
∫ ∞

0
min

(
1,
s
t

)
ϕ(s)

ds
s

= 1
t

∫ t

0
ϕ(s) ds +

∫ ∞

t
ϕ(s)

ds
s
.

It is clear that S is linear. For the aim, its importance based on the fact that it dominates the
maximal Calderon–Zygmund operator.
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Theorem A ([3,4]): Let f ∈ Lloc1 (Rn) and suppose

(Sf ∗)(1) =
∫ 1

0
f ∗(s) ds +

∫ ∞

1
f ∗(s)

ds
s

< ∞. (1.1)

Then

(T f )∗(t) ≤ CS(f ∗)(t), 0 < t < ∞, (1.2)

where C is a constant independent of f and t.

Theorem B: Let f ∈ Lloc1 (Rn) and f satisfies (1.1). Then the Calderon–Zygmund operator T
exists almost everywhere x ∈ R

n. Furthermore,

(Tf )∗(t) ≤ CS(f ∗)(t), 0 < t < ∞, (1.3)

where C is a constant independent of f and t.

Remark 1.1: Note that, the inequality (1.2) is due to Bennett and Rudnick [5], the
integrated form (1.3) was known previously to O’Neil and Weiss [6] and Calderon [7].

The Calderon–Zygmund operatorT extends to the whole space Lp, 1 ≤ p < ∞, by con-
tinuity. In the case p = ∞ we need a renormalization of T (see [8]). For this reason let us
choose a point x0 ∈ R

n and let f ∈ L∞. Set

T0f (x) = T(fχ2B)(x) − T(fχ2B)(x0) +
∫

�B(x,r)
[K(x − y) − K(x0 − y)]f (y) dy,

where x0 ∈ B(x, r). If f ∈ Lp(Rn), p < ∞, then obviously

T0f (x) = T(f )(x) − T(f )(x0).

In the following theorem we give the boundedness of the Calderon–Zygmund operator
T on the spacesMloc

p,q;λ.

Theorem 1.2: Suppose that f ∈ Mloc
p,q;λ, 1 ≤ q ≤ ∞, 0 ≤ λ < 1, q/(q + λ) ≤ p ≤ q/λ and

the inequality (1.1) holds, then the Calderon–Zygmund integral Tf (x) exists almost every
x ∈ R

n. Furthermore,

(i) If 1 ≤ q < ∞, q/(q + λ) < p < q/λ, then the Calderon–Zygmund operator T is
bounded on the local Morrey–Lorentz space Mloc

p,q;λ.
(ii) If 1 < q < ∞, p = q/(q + λ), then the operator T is bounded fromMloc

p,q;λ to the weak
local Morrey–Lorentz space WMloc

p,q;λ.
(iii) If 1 ≤ q ≤ ∞, p = q/λ, then the operator T0 is bounded from Mloc

p,q;λ to BMO.

In the following theorem we give the boundedness of the maximal Calderon–Zygmund
operator T on the spacesMloc

p,q;λ.
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Theorem 1.3: Suppose that f ∈ Mloc
p,q;λ, 1 ≤ q ≤ ∞, 0 ≤ λ < 1, q/(q + λ) ≤ p ≤ q/λ and

the inequality (1.1) holds, then the maximal Calderon–Zygmund integral T f (x) is finite
almost every x ∈ R

n. Furthermore,

(i) If 1 ≤ q < ∞, q/(q + λ) < p < q/λ, then the operator T is bounded in the local
Morrey–Lorentz space Mloc

p,q;λ.
(ii) If 1 < q < ∞, p = q/(q + λ), then the operator T is bounded fromMloc

p,q;λ to the weak
local Morrey–Lorentz space WMloc

p,q;λ.
(iii) If 1 ≤ q ≤ ∞, p = q/λ, then the operator T is bounded from Mloc

p,q;λ to BMO.

Remark 1.2: For the limiting case λ = 1, in the classical Lorentz space Mloc
p,q;1 =

	∞,t1/p−1/q the boundedness of Calderon–Zygmund operator T is given in [9].

Throughout the paper we use the letter C for a positive constant, independent of
appropriate parameters and not necessary the same at each occurrence. If p ∈ [1,∞], the
conjugate number p′ is defined by pp′ = p + p′.

2. Preliminaries

We shall use the following notation. For a Lebesgue measurable set E ⊂ R
n and 0 < p ≤

∞, Lp(E) is the standard Lebesgue space of all functions f Lebesgue measurable on E for
which

‖f ‖Lp(E) :=
(∫

E
|f (y)|p dy

)1/p
< ∞,

if 0 < p < ∞ and

‖f ‖L∞(E) := sup{α : |{y ∈ E : |f (y)| ≥ α}| > 0},
if p = ∞. Also, for an open set E ⊂ R

n, Llocp (E) is the set of all functions f such that f ∈
Lp(K) for any compact K ⊂ E. If E = R

n, then, for brevity, we write Lp for Lp(Rn) and Llocp
for Llocp (Rn). The same convention refers to the case of weak Lebesgue spacesWLp(E), the
space of all functions f Lebesgue measurable on E for which

‖f ‖WLp(E) := sup
0<t≤|E|

t1/pf ∗(t), 1 ≤ p < ∞

and

‖f ‖WL∞ ≡ ‖f ‖L∞ , p = ∞.

Here |E| is the Lebesgue measure of E, and f ∗ denotes the non-increasing rearrangement
of f :

f ∗(t) := inf{λ > 0 : μf (λ) ≤ t}, ∀t ∈ (0,∞),

with

μf (λ) := |{y ∈ R
n : |f (y)| > λ}|.
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It is well known that for the classicalHardy–Littlewoodmaximal operator the rearrange-
ment inequality

cf ∗∗(t) ≤ (Mf )∗(t) ≤ Cf ∗∗(t), t ∈ (0,∞) (2.1)

holds [4], where the positive constants c,C are independent of f and t, and

f ∗∗(t) = 1
t

∫ t

0
f ∗(s) ds.

Lorentz spaces are introduced by Lorentz in the 1950. Lorentz spaces, which are Banach
spaces and generalizations of themore familiar Lp spaces, appear to be useful in the general
interpolation theory.

Definition 2.1: The Lorentz space Lp,q ≡ Lp,q(Rn), 0 < p, q ≤ ∞ is the space of all
measurable functions f on R

n such the quantity

‖f ‖Lp,q := ‖t1/p−1/qf ∗(t)‖Lq(0,∞) (2.2)

is finite. Note that Lp,∞ = WLp.
If p = q = ∞, then the space L∞,∞ is denoted by L∞.

Useful references for Lorentz spaces are for instance [4,10]. In the following we give the
local Morrey spaces LMp,λ(0,∞) which we use while proving of our main results.

Definition 2.2: Let 0 ≤ p < ∞ and 0 ≤ λ ≤ 1. We denote by LMp,λ ≡ LMp,λ(0,∞) the
local Morrey space, the space of all functions ϕ ∈ Llocp (0,∞) with finite quasinorm

‖ϕ‖LMp,λ = sup
r>0

r−λ/p‖ϕ‖Lp(0,r).

Also byWLMp,λ ≡ WLMp,λ(0,∞)we denote the weak local Morrey space of all functions
ϕ ∈ WLlocp (0,∞) for which

‖ϕ‖WLMp,λ = sup
r>0

r−λ/p‖ϕ‖WLp(0,r) < ∞.

The localMorrey-type spaces LMpθ ,w, 0 < p, θ ≤ ∞, were introduced by Guliyev in the
doctoral thesis [11] (see, also [12]) defined by

‖ϕ‖LMpθ ,w = ‖w(r)‖ϕ‖Lp(B(0,r))‖Lθ (0,∞),

wherew is a positivemeasurable function defined on (0,∞). If θ = ∞, it denotes LMp,w ≡
LMp∞,w. The boundedness of the classical operators in LMpθ ,w was intensively studied in
[11–15], etc.

In [16, Section 4.1],Mingione studied the boundedness of the restricted fractional max-
imal operator in the restricted Lorentz-Morrey spacesLp,q;λ(B), whereB is any ball. Ragusa
[17] defined theMorrey–Lorentz spaces Lp,q;λ(Rn) and studied some embeddings between
these spaces.

The boundedness of the classical integral operators on Morrey–Lorentz spaces was
studied by Mingione [16], Ragusa [17], etc.
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In the following definition we give the local Morrey–Lorentz spaces denoted by
Mloc

p,q;λ(R
n) which are a very natural generalization of the Lorentz spaces such that

Mloc
p,q;0(R

n) = Lp,q(Rn).

Definition 2.3 ([2]): Let 0 < p, q ≤ ∞ and 0 ≤ λ ≤ 1.We denote byMloc
p,q;λ ≡ Mloc

p,q;λ(R
n)

the local Morrey–Lorentz space, the space of all measurable functions with finite quasi-
norm

‖f ‖Mloc
p,q;λ

:= sup
r>0

r−λ/q‖t1/p−1/qf ∗(t)‖Lq(0,r).

In the cases λ < 0 or λ > 1, we have Mloc
p,q;λ = �, where � is the set of all functions

equivalent to 0 on R
n. Also Mloc

p,q;0 = Lp,q and Mloc
p,p;λ ≡ Mloc

p;λ. In the limiting case λ = 1
the spaceMloc

p,q;1 is the classical Lorentz space	∞,t1/p−1/q . For 0 < q ≤ p < ∞ and 0 < λ ≤
q/p, the localMorrey–Lorentz spacesMloc

p,q;λ are equal to weak Lebesgue spacesWL1/p−λ/q.
Note that, in the case q = ∞ we haveMloc

p,∞;λ = 	∞,t1/p = WLp.
We denote byWMloc

p,q;λ the weak localMorrey–Lorentz space of all measurable functions
with finite quasinorm

‖f ‖WMloc
p,q;λ

:= sup
r>0

r−λ/q‖t1/p−1/qf ∗(t)‖WLq(0,r).

Remark 2.1: Wehave thatMloc
∞,q;λ = � for any 0 < q < ∞. Indeed, assume thatMloc

∞,q;λ 
=
�. Then there exists a non-zero function f ∈ Mloc

∞,q;λ which means that there exists c>0
and a positive measurable set A such that |f (x)| ≥ c for all x ∈ A. Then

‖f ‖Mloc
∞,q;λ

= sup
r>0

r−λ/q‖t−1/qf ∗(t)‖Lq(0,r)

≥ sup
r>0

r−λ/q‖t−1/q(fχA)∗(t)‖Lq(0,r)

≥ c sup
r>0

r−λ/q‖t−1/q‖Lq(0,min{|A|,r}) = ∞.

Lemma 2.1 ([2]): Let 0 < q ≤ p < ∞, 1/s = 1/p − λ/q and 0 < λ ≤ q/p. Then
(
q
p

)−1/q
‖f ‖WLs ≤ ‖f ‖Mloc

p,q;λ
≤ λ−1/q‖f ‖WLs .

In particular, ‖f ‖WL∞ = ‖f ‖Mloc
q/λ,q;λ

.

Definition 2.4: The space of functions with bounded mean oscillation, BMO ≡
BMO(Rn), consists of those functions f for which

‖f ‖BMO = sup
B

1
|B|

∫
B
|f (x) − fB(x)| dx

is finite, where the supremum is taken over all balls B ⊂ R
n and

fB(x) = 1
|B|

∫
B
f (x) dx.
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We will use the boundedness of the following Hardy operators to obtain the bound-
edness of the maximal operator M, Calderon–Zygmund operator T and maximal
Calderon–Zygmund operator T in the local Morrey–Lorentz spacesMloc

p,q;λ.

Definition 2.5 ([18]): Let ϕ be a measurable function on (0,∞) and β be a real number.
The weighted Hardy operators Aβ andAβ with power weights acting on ϕ are defined by

Aβϕ(t) = tβ−1
∫ t

0

ϕ(s)
sβ

ds, Aβϕ(t) = tβ
∫ ∞

t

ϕ(s)
sβ+1 ds. (2.3)

The following theorem was proved in [18] by N. Samko.

Theorem C: Let β ∈ R, 0 ≤ λ < 1 and 1 ≤ q < ∞. If β < λ/q + 1/q′ and β > λ/q −
1/q, then the operators Aβ and Aβ are bounded on the local Morrey space LMq,λ(0,∞),
respectively.

The following theorem was proved in [1].

Theorem D: Let β ∈ R, 0 ≤ λ < 1 and 1 < q < ∞. If β = λ/q + 1/q′ and β = λ/q −
1/q, then the operators Aβ andAβ are bounded from the local Morrey space LMq,λ(0,∞) to
the weak local Morrey space WLMq,λ(0,∞), respectively.

3. Proof of Theorems

Proof of Theorem 1.1: Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q/(q + λ) ≤ p ≤ ∞.
(i) Suppose q/(q + λ) < p < ∞ and f ∈ Mloc

p,q;λ. From the definition in local Mor-
rey–Lorentz spaces and inequality (2.1) we get

‖Mf ‖Mloc
p,q;λ

≤ C sup
r>0

r−λ/q
∥∥∥∥t1/p−1/q−1

∫ t

0
f ∗(s) ds

∥∥∥∥
Lq(0,r)

= C‖A(1/p−1/q)g‖LMq,λ(0,∞),

where g(t) = t1/p−1/qf ∗(t). Since 1/p − λ/q < 1, for β = 1/p − 1/q the inequality β <

λ/q + 1/q′ holds. By Theorem C we get

‖A(1/p−1/q)g‖LMq,λ(0,∞) ≤ C‖g‖LMq,λ(0,∞) = C‖f ‖Mloc
p,q;λ

. (3.1)

Therefore we obtain the boundedness ofM inMloc
p,q;λ for q/(q + λ) < p < ∞.

(ii) For the limiting case p = q/(q + λ) suppose f ∈ Mloc
p,q;λ. From the definition of norm

in weak local Morrey–Lorentz space and by using the inequality (2.1) we get

‖Mf ‖WMloc
q/(q+λ),q;λ

≤ C sup
r>0

r−λ/q
∥∥∥∥t(λ−1)/q

∫ t

0
f ∗(s) ds

∥∥∥∥
WLq(0,t)

= C‖Aβh‖WLMq,λ(0,∞),

where β = 1 + (λ − 1)/q and h(t) = t1+(λ−1)/qf ∗(t). Therefore we get from Theorem D

‖Aβh‖WLMq,λ(0,∞) ≤ C‖h‖LMq,λ(0,∞) = C‖f ‖Mloc
q/(q+λ),q;λ

. (3.2)

Then we obtain the boundedness of the operatorM from the space Mloc
q/(q+λ),q;λ to the

weak spaceWMloc
q/(q+λ),q;λ.
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(iii) In the limiting case p = ∞, suppose f ∈ Mloc
∞,q;λ. Remark 2.1 implies that for any

0 < q < ∞ the spaceMloc
∞,q;λ is trivial. Therefore, we must consider the case q = ∞. Since

the operatorM is bounded on L∞ we get the statement. �

Proof of Theorem 1.2: Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q/(q + λ) ≤ p ≤ q/λ. Since f sat-
isfies (1.1), by Theorem B the Calderon–Zygmund operator Tf exists almost every x ∈
R
n.
(i) Suppose that 1 ≤ q < ∞, 0 ≤ λ < 1, q/(q + λ) < p < q/λ and f ∈ Mloc

p,q;λ. From
the definition of norm in local Morrey–Lorentz spaces, by using the inequality (1.3) and
Minkowski’s inequality we get

‖Tf ‖Mloc
p,q,λ

≤ C sup
r>0

r−λ/q
∥∥∥∥t1/p−1/q−1

∫ t

0
f ∗(s) ds

∥∥∥∥
Lq(0,r)

+ sup
r>0

r−λ/q
∥∥∥∥t1/p−1/q

∫ ∞

t

f ∗(s)
s

ds
∥∥∥∥
Lq(0,r)

= I1 + I2.

I1 can be estimated using the same method as in the proof of the boundedness of the
maximal operator onMloc

p,q;λ in Theorem 1.1.
Let us estimate I2 :

I2 = C sup
r>0

r−λ/q
∥∥∥∥t1/p−1/q

∫ ∞

t

f ∗(s)
s

ds
∥∥∥∥
Lq(0,r)

= C‖A(1/p−1/q)g‖LMq,λ(0,∞), (3.3)

where g(t) = t1/p−1/qf ∗(t). Since 1/p − λ/q > 0, for β = 1/p − 1/q the inequality β >

λ/q − 1/q holds. By Theorem C we get

‖A(1/p−1/q)g‖LMq,λ(0,∞) ≤ C‖g‖LMq,λ(0,∞) = C‖f ‖Mloc
p,q;λ

.

Therefore we get I2 ≤ C‖f ‖Mloc
p,q;λ

. Consequently we obtain the boundedness of T inMloc
p,q;λ

from the inequalities (3.1) and (3.3).
(ii) For the limiting case p = q/(q + λ), 1 < q < ∞, suppose f ∈ Mloc

p,q;λ. From the
definition of norm in weak local Morrey–Lorentz spaces and by using the inequality (1.3)
and Minkowski’s inequality we get

‖Tf ‖WMloc
q/(q+λ),q;λ

≤ C sup
r>0

r−λ/q
∥∥∥∥t(λ−1)/q

∫ t

0
f ∗(s) ds

∥∥∥∥
WLq(0,r)

+ C sup
r>0

r−λ/q
∥∥∥∥t1+(λ−1)/q

∫ ∞

t

f ∗(s)
s

ds
∥∥∥∥
WLq(0,r)

= N1 + N2.

N1 can be estimated using the same method as in the proof of the weak boundedness of
the maximal operator onMloc

p,q;λ in Theorem 1.1. Let us estimate N2 :

N2 = C sup
r>0

r−λ/q
∥∥∥∥t1+(λ−1)/q

∫ ∞

t

f ∗(s)
s

ds
∥∥∥∥
WLq(0,r)

= C‖Aβh‖WLMq,λ(0,∞),
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where β = 1 + (λ − 1)/q and h(t) = t1+(λ−1)/qf ∗(t). By Theorem D the operator Aβ is
bounded from the Morrey spaces LMq,λ(0,∞) toWLMq,λ(0,∞). Then,

N2 ≤ C‖h‖LMq,λ(0,∞) = C‖f ‖Mloc
q/(q+λ),q;λ

. (3.4)

From the inequalities (3.2) and (3.4) we obtain the boundedness of the operator T from
Mloc

q/(q+λ),q;λ toWMloc
q/(q+λ),q;λ.

(iii) For the limiting case p = q/λ, 1 ≤ q ≤ ∞ and 0 ≤ λ < 1, suppose f ∈ Mloc
p,q;λ.

Since the operator T0 is bounded from L∞ to BMO and from Lemma 2.1 Mloc
q/λ,q;λ ≡

WL∞ ≡ L∞, then the inequality

‖T0f ‖BMO ≤ C‖f ‖Mloc
q/λ,q;λ

= C‖f ‖L∞

holds (see [8]) which proves that Calderon–Zygmund operator T0 is bounded from
Mloc

q/λ,q;λ to BMO.
Thus the proof of the theorem is completed. �

Proof of Theorem 1.3: Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q/(q + λ) ≤ p ≤ q/λ. Since f sat-
isfies (1.1), by Theorem B the maximal Calderon–Zygmund operator T f (x), x ∈ R

n is
finite almost everywhere.

The proof of the statements (i) and (ii) of this corollary can be easily obtained from the
inequality (1.3) and using the same method of Theorem 1.2.

(iii) For the limiting case 1 ≤ q ≤ ∞, p = q/λ and 0 ≤ λ < 1, suppose f ∈ Mloc
p,q;λ. Since

the operator T is bounded from L∞ to BMO andMloc
q/λ,q;λ ≡ L∞, the inequality

‖T f ‖BMO ≤ C‖f ‖Mloc
q/λ,q;λ

holds (see [19]) which proves that the operator T is bounded fromMloc
q/λ,q;λ to BMO.

Thus the proof of the theorem is completed. �

4. Some applications

In this section we give some applications of our results. Firstly, as an application of the
boundedness of the maximal operator M we obtain the boundedness of Bochner–Riesz
operator Bδ

r .
Let δ > (n − 1)/2, Bδ

r (f )̂(ξ ) = (1 − r2|ξ |2)δ+ f̂ (ξ) and Bδ
r (x) = r−nBδ(x/r) for r>0.

The maximal Bochner–Riesz operator is defined by (see [20,21])

Bδ,∗(f )(x) = sup
r>0

|Bδ
r (f )(x)|.

It is clear that (see [22])

Bδ,∗(f )(x) ≤ CMf (x).

Since the maximal operator M is bounded on the spaces Mloc
p,q;λ, we get the following

theorem.



INTEGRAL TRANSFORMS AND SPECIAL FUNCTIONS 875

Theorem 4.1: Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q/(q + λ) ≤ p ≤ ∞.

(i) If q/(q + λ) < p < ∞, then the Bochner–Riesz operator Bδ
r is bounded on the local

Morrey–Lorentz space Mloc
p,q;λ.

(ii) If p = q/(q + λ), then the Bochner–Riesz operator Bδ
r is bounded from Mloc

p,q;λ to the
weak local Morrey–Lorentz space WMloc

p,q;λ.
(iii) If p = q = ∞, then the Bochner–Riesz operator Bδ

r is bounded on L∞(Rn).

For the case λ = 0, from Theorem 4.1 we get the following.

Corollary 4.1: Let 1 ≤ q ≤ ∞, and 1 ≤ p ≤ ∞.

(i) If 1 < p < ∞, then the Bochner–Riesz operator Bδ
r is bounded on the Lorentz space

Lp,q(Rn).
(ii) If p = 1, then the Bochner–Riesz operator Bδ

r is bounded from Lp,q(Rn) to the weak
Lorentz space WLp,q(Rn).

(iii) If p = q = ∞, then the Bochner–Riesz operator Bδ
r is bounded on L∞(Rn).

For the case λ = 0, from Theorem 1.1 we get the following corollary.

Corollary 4.2: Let 1 ≤ q ≤ ∞, and 1 ≤ p ≤ ∞.

(i) If 1 < p < ∞, then the maximal operatorM is bounded on the Lorentz space Lp,q(Rn).
(ii) If p=1, then the operator M is bounded from L1,q(Rn) to the weak Lorentz space

WL1,q(Rn).
(iii) If p = q = ∞, then the operator M is bounded on L∞(Rn).

Remark 4.1: Note that, the statements (i) and (iii) of the Corollary 4.2 are known, see for
example [23, pp. 76], but the statement (ii) of the Corollary 4.2 is new.

In the case λ = 0, from Theorems 1.2 and 1.3 we get the following corollary.

Corollary 4.3: Let 1 ≤ q ≤ ∞, and 1 ≤ p ≤ ∞.

(i) If 1 < p < ∞, then the operators T and T are bounded on the Lorentz space Lp,q(Rn).
(ii) If p = 1, then the operators T and T are bounded from L1,q(Rn) to the weak Lorentz

space WL1,q(Rn).
(iii) If p = q = ∞, then the operators T0 and T are bounded from L∞(Rn) to BMO(Rn).

Remark 4.2: Note that, the statements (i) and (iii) of the Corollary 4.3 is known (see, e.g.
[23]) but the statement (ii) is new.

From Lemma 2.1, since the norms ‖f ‖WLs and ‖f ‖Mloc
p,q;λ

are equivalent for the case 1 ≤
q ≤ p < ∞, 1/s = 1/p − λ/q and 0 < λ ≤ q/p, we get the following corollaries.
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Corollary 4.4: Let 0 < s < ∞. Then the operatorsMand Bδ
r are bounded onweak Lebesgue

spaces WLs.

Corollary 4.5: Let 1 < s < ∞. Then the operators T and T are bounded on weak Lebesgue
spaces WLs.
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