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In this study, external representations and the problems encountered related
transformation process between representations towards limit concept were
investigated. "Limit Representation Conversion Test" was administered to 41
preservice mathematics teachers studying at a state university in central Turkey during
2018-2019 academic years. In this study, which was designed with the case study
model, which is one of the qualitative research models, the data were analyzed by
content analysis. Unstructured interviews were made with preservice mathematics
teachers whose explanations were insufficient or differed and the problems
encountered were determined. It was observed that preservice mathematics teachers
had most difficulties in the verbal representation type questions. It was revealed that
preservice mathematics teachers who gave the wrong answers mostly had deficiencies
in the concept and the process and could not fully understand the limit problems. It
was determined that preservice mathematics teachers had difficulties in knowing the
concept of limit point, determining the function and interpreting verbal data. It was
seen that preservice mathematics teachers who proceeded towards the concept and
process answered wrong due to mathematical operations errors and carelessness.
When the wrong answers were examined, it was observed that errors were gathered
under the themes "lack of content knowledge" and "lack of reading comprehension"
for verbal type input; under the theme "carelessness" for graphical type input; under
the theme "lack of content knowledge" for algebraic and numerical type input.
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Bu galismada, matematik 6gretmeni adaylarinin limit kavramina yénelik kullandiklari
temsiller dis temsillere gore belirlenmis ve temsiller arasi donusiim sirecine iliskin
karsilagilan sorunlar arastirilmistir. Bu baglamda, 2018-2019 egitim-6gretim yilinda
Tirkiye'nin i¢c Anadolu Bélgesindeki bir devlet tiniversitesinde dgrenim gérmekte olan
41 matematik 6gretmeni adayina “Limit Temsil Donlisiim Testi” uygulanmistir. Nitel
arastirma modellerinden durum galismasi modeli ile tasarlanan bu ¢alismada, icerik
analizi ile veriler ¢ézlimlenmistir. Verilerin ¢6ziimlenmesinde, agiklamalari yetersiz
veya farklilik gosteren adaylar ile yapilandiriimamis gérismeler yapiimis ve karsilasilan
sorunlar belirlenmistir. Analiz sonuglarina gére, adaylarin en g¢ok girdi temsil tiri sozel
olan sorularda zorlandiklari gérilmistir. Yanhs cevap veren adaylarin agirhkl olarak,
kavram ve siiregte eksikliklerinin oldugu, limit problemini tam anlamlandiramadigi
ortaya ¢ikmistir. Ozellikle, limit noktasi kavramini bilmede, fonksiyonu belirlemede ve
sozel veriyi yorumlamada guglikler yasandigi belirlenmistir. Kavram ve slregte dogru
ilerleyen adaylarin ise islem hatasi ve dikkatsizlik nedeniyle yanlis yaptiklari
gorilmistir. Hatalarin, girdi temsili sozel olan sorularda agirlikli olarak “alan bilgisi
eksikligi” ve “okudugunu anlama eksikligi” temalarinda; girdi temsili grafik olan
sorularda “dikkatsizlik” temasinda; girdi temsili cebir ve nimerik olan sorularda ise
“alan bilgisi eksikligi” temasi altinda toplandigi gorilmastur.
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Introduction

Mathematics that consists of related topics, which are built on one another, and related to other
disciplines, can be built on weak foundations because of the topics that are too difficult to learn. This
difficulty may cause issues in learning and teaching related mathematics topics. The concept of limit,
which requires strong mathematical thinking skills and is among the fundamental concepts of
mathematics, is included in many important mathematics topics, and researchers (Artigue, 2000; Cornu,
1991) emphasize that it has a unifying role rather than providing solutions to problems.

In the literature, limit has been conceptualized in two ways: dynamic (informal) and static (formal)
(Cornu, 1991; Tall & Vinner, 1981). Dynamic form defined by Tall and Vinner (1981) relies on the
following statement:

“x = a = f(x) > L” (verbally when x approaches a, then f(x) approaches L).

On the other hand, the static form refers to § — e definition, which is accepted by many
mathematicians, and expressed as

“lim,_, f(x) =L & For Ve > 0thereis 3§ > 0 that satisfies 3 |[x —xy| < = |f(x) — L] <¢.”

When studies on limit concept are examined, it is seen that only a limited number of students
developed a clear understanding of formal definition (Quesada, Einsporn, & Wiggins, 2008). One of the
reasons why students have difficulty in conceptualizing the limit concept formally is the “each” and “at
least one” quantifiers used in the formal definition (Cottrill et al., 1996; Tall & Vinner, 1981). Tall and
Vinner (1981) stated that students could not make sense of the “each” and “at least one” quantifiers, so
they had difficulty in proving the existence of the limit. This situation may cause the concepts such as
derivative, integral, and Taylor series that are built on the formal definition of the limit to be
incomprehensible (Kuzu, 2017). In order to develop advanced mathematical thinking skills, students
need to have abstract thinking skills. Therefore, developing abstract thinking skills for the limit concept
is only possible by understanding the formal definition. Thus, it is important to examine preservice
teachers’ formal and informal definitions of the limit concept and their interpretations of these
definitions. According to Delice and Sevimli (2016), it is necessary to have a good command of
mathematical language in order to make sense, use, and transfer of mathematical knowledge. The
elements that make up this language are symbols, tables, graphics, figures, and similar representations.

Representations are forms of displaying mathematical ideas, phenomena, objects or realities that
aim at editing, recording, transferring, modeling, and interpreting science or social contexts (NCTM,
2000). A mathematical object has more than one representation, and establishing relationships among
these representations is necessity for conceptual understanding (Hiebert & Carpenter, 1992). For
instance, the use of different representations in formal and informal definitions of concepts such as limit
that require high level thinking skills will be beneficial for learning these concepts. The American
National Research Council (NRC, 1989) stated that in order to learn and apply mathematics, it is not
enough to use only symbols in mathematics; it is also necessary to be able to coordinate these symbols,
interpret mathematical relationships, and select the appropriate language for specific situations. The
competence to explain a problem situation and to develop appropriate material to draw conclusions
from the problem depends on the use of this language with the use of different representations (graphs,
tables, symbols, diagrams, verbal expressions or other representations. (NRC, 1989; as cited in:
Schoenfeld, 1992, p.338).

In addition, in 1989, the importance of using multiple representations was emphasized in the
“Curriculum and Evaluation Standards for Schools” published by the National Council of Mathematics
Teachers (NCTM) in the United States (NCTM, 1989). In the literature, there are various definitions for
the multiple representations concept. While Keller and Hirsch (1998) described multiple representations
as tools that provide the opportunity to present different information, meanings, and contents of a
mathematical concept by associating them together, Duval (1993) stated that it is a special language
consisting of signs and symbols that are used to express mathematical objects (either physically or
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mentally). Goldin and Kaput (1996) defined multiple representations as a characteristic arrangement
that allows the symbolization of a thing with images or concrete objects. Furthermore, according to
Prain and Waldrip (2006), multiple representations mean that a concept is repeatedly represented by
different types of expressions, such as verbal, graphical, and mathematical, and students are exposed to
the same concept several times.

Representations can be classified according to their role in problem solving process. Dufour-Janvier,
Bednarz and Belanger (1987) stated that in the most general sense, the representation concept can be
classified as the internal and external representations. The internal representations are structures that
consist of mental pictures, information or images that individuals see, formulates, and reconstructs
within the framework of their knowledge (Goldin & Kaput, 1996). On the other hand, the external
representations are observable tools that enable understanding and transfer of mathematical concepts
and ideas (Goldin, 1998). Examples of external representations include verbal, graphical, algebraic or
symbolic representations (Girard, 2002; Kendal & Stacey, 2003). Internal and external representation
systems are not independent of each other but have a network of relations between them. In
comparison to the internal representations, most studies in mathematics education accept external
representations as theoretical frameworks (Delice & Sevimli, 2016). The reason for this is that at least
one type of external representation is encountered in all subjects of mathematics, and many
mathematical concepts can be explained more easily using this type of representations (Kendal &
Stacey, 2003). Hence, more emphasis was given to the external representations, and Goldin and Kaput
(1996) focused on graphical, numerical, and algebraic representations, which are referred to as
“Representation Systems in Mathematics,” that are presented as fundamental representation forms of
formal mathematics. These three representations are emphasized as the “Rule of Three” approach, and
a “Rule of Four” approach has emerged with the addition of verbal representations to these three
(Girard, 2002; Kendal & Stacey, 2003). In addition, in the representation transformation process, if there
is a transition between different systems or between different types of representations of the same
system, it is called an “inter representation transformation.” If there is a transition within the same
system and the same kind of representations, it is called as “within representation transition” (Goldin,
1998). When the studies on limit concept in the literature, it is mostly focused on the difficulties
experienced, misconceptions and the effect of different teaching methods on the learning process
(Akbulut & Isik, 2005; Bezuidenhout, 2001; Cornu, 1991; Davis & Vinner, 1986; Sierpinska, 1987; Szydlik,
2000; Tall & Vinner, 1981; Williams, 1991).

In this study, the concept of limit, which is stated as difficult by the majority of students, was
discussed on the basis of multiple representations approach. Representations used by preservice
mathematics teachers (PMTs) towards limit concept were determined according to external
representations and problems encountered related to transformation process between representations
were investigated.

Method
Research Design

This study was designed as a case study, which is one of the qualitative research models, as an
existing situation was tried to be described in its own conditions. The case study model is described as
an in-depth description and examination of a limited system (Merriam & Tisdell, 2015).

Participants

The participants of the study consisted of 41 PMTs (27 females and 14 males) who were studying in
the faculty of education of a state university in central Turkey during 2018-2019 academic year. While
the simple random sampling method is used in the selection of the relevant university, criterion
sampling, one of the purposive sampling methods, was used to determine PMTs. Purposive sampling
method is a non-probabilistic sampling method and the researcher determines the sampling according
to their own criteria (Cohen, Manion, & Morrison, 2000, p.103). Criteria sampling involves the selection
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of cases that meet some predetermined important criteria (Patton, 2002, p.238). In this study, whether
or not PMTs have seen the limit issue during their undergraduate education was taken as a criterion.

Data Collection and Analysis

“Limit Representation Conversion Test (LRCT)" developed by the researcher and consisting of a total
of four open-ended questions was used as data collection tool. Each question in this test was prepared
with only one of verbal (V), graphical (G), algebraic (A) and numerical (N) representations. LRCT
consisted of a total of 12 open-ended questions, supported by three different questions to examine the
transformation between representations. The expression of the related problem is defined as input
representation and its solution is defined as output representation. For example, an item shown in VG
format was prepared with verbal representation and the participants were expected to answer with
graphical representation. In this study, since the problems faced in the process of transformation
between the representations of PMTs were tried to be determined, each question in the test was
examined separately and if the concept, process and answer were correct, it was coded as "1 (True)"
and in other cases, it was coded as "0 (False)". The obtained data were analyzed by TAP (Test Analysis
Program) and Kuder-Richardson 20 (KR-20) reliability coefficient was found as .81. Mean item difficulty
index .46; mean discrimination index .56; mean point biserial correlation value was calculated as .46. On
the other hand, the data obtained from PMTs were analyzed by content analysis and the findings were
interpreted. In the content analysis method, the obtained data is created within a certain scheme, the
codes and categories emerge and concretized (Yaman, 2010b). In this process, unstructured interview
form was applied to PMTs whose explanations were insufficient or different and who gave wrong
answers other than mathematical operations errors. The interview form was applied to PMTs face to
face and it was stated that the name of PMTs would be kept confidential. The interviews were made for
an average of 25.00-30.00 minutes, were recorded with a voice recorder and played back to PMTs again.
In this process, gestures and facial expressions that directly affect them were avoided. In this context,
codes and categories were formed independently by two academicians who are expert in mathematics
education. In order to determine whether the codes under the revealed category represent the relevant
category and whether the categories represent the relevant theme, the Kendall’'s W coefficient of fit
was calculated and found as .91 for the categories and .93 for the themes. It has been stated that
Kendall's W coefficient should be at least .80 (Howell, 2013; Salkind, 2010; Szymanski & Linkowski,
1993). The codes that cause differences of opinion were discussed by the researchers and placed under
a suitable category and theme with a common judgment. It was observed that the emerging categories
were gathered under three themes: "lack of reading comprehension”, "lack of subject matter
knowledge" and "lack of attention". Reading comprehension can be defined as an effective process that
covers both the information in the text and the reader's comments, and the messages that the author
wishes to give are logically structured (Radojevic, 2006, p.14). Subject matter knowledge is the
knowledge of the structures that make up the space and the principles that organize them conceptually
(Shulman, 1986). Lack of attention, on the other hand, can be defined as doing a job randomly without
care or not being able to gather emotion and thought on a topic.

Findings

In this section, findings related to competencies of interrepresentational transformation process
used by preservice mathematics teachers in the process of solving limit problems were presented as
examples.

Question 1 (Verbal): Ahmet starts running at a constant speed of 12.00 km/h. Two hours later, he's
taking one-hour break. After the break, he goes back to the point where he started by running at a
constant speed of 8.00 km/h. According to this, how many kilometers has Ahmet started to complete as
he approaches the 5.00th hour of the race.

1040



Okan KUZU — Pegem Egitim ve Ogretim Dergisi, 10(4), 2020, 1037-1066

(Graphical): Present with Distance-Time graph

When the answers given by PMTs for this question were examined, it was observed that 7 PMTs
answered correctly, 34 PMTs answered incorrectly. The expression “...he goes back to the point where
he started...” caused a common misconception in PMTs and 8 PMTs focused on location-time graphs
and drew a graph similar to Figure 1a. PMTs drew a downward graph from the moment t = 3.00. On the
other hand, 13 PMTs drew a graph as in Figure 1b and Figure 1c, focusing on “... taking one-hour break"
in the question sentence. Then, they drew on the y = .00 axis for between t = 2.00 and t = 3.00 hours. 7
PMTs thought that the area under the distance-time graph was a displacement and drew one of the
graphs in Figure 1d. 6 PMTs did not answer this question.

a b c d

Figure 1. Incorrect examples of the item VG.

(Numerical): Explain which value it approaches using the table x qjx[

When the answers given by PMTs for this question were examined, it was seen that 2 PMTs
answered correctly, 39 PMTs answered incorrectly and the answers of PMTs who gave wrong answers
were examined. In this question, 2 PMTs gave the same wrong answer. For the values of x variable close
to 5.00, finding which number the function f(x) approaches, PMTs applied an approach by considering
each t point instead of values close to 5.00 point, and presented a table as in Figure 2a. If the function
f (x) was not defined at 5.00, it would be difficult to find the limit of this function. Since € was a positive
number, 5.00 was the accumulation point and also there were infinitely many elements belonging to the
definition set of the function in the each € neighborhood, it should be approached with neighboring
elements adjacent to 5.00 instead of each t point. On the other hand, 12 PMTs who showed a solution
similar to Figure 2b said that they wrote 40.00 directly to the table, knowing that the result was 40.00,
and did not know how to approach it. It was determined that PMTs had deficiencies in the concept and
process as a result of the interviews. 9 PMTs who formed tables similar to Figure 2c and Figure 2d stated
that they focused on "Two hours later..." in item text, therefore they approached x value to 2.00 point.
In addition, it was seen that 6 PMTs had unrelated responses such as Figure 2e and 10 PMTs did not give
any responses.

x _i-{x ) % -rr . X {) R\;'p x {(X_J_'
i1 1 s — 7 | 2u
/ —_ a
z 24 | 721 2y 3¢ a3, 7- 2 [ 2
3 oy | 0 1,49 20 - 2y
Job L T 6 { 4 a a4 y
o 1,30 51 0
(S (L': ) 23! ey |
= Y -
/
a b c d e

Figure 2. Incorrect examples of the item VN.

(Algebraic): Calculate the result using lim,_,, f(x)

When the responses given by PMTs for this question were examined, it was seen that 3 PMTs
answered correctly, 38 PMTs answered incorrectly. When the answers of PMTs who gave wrong
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answers are examined, was is determined that 3 PMTs gave some correct responses and made a
solution similar to Figure 3a. When the responses given were examined, it was seen that PMTs
determined the function, took the right step in the concept and process, however made a mistake in
mathematical calculation. 27 PMTs who gave the incorrect response had difficulty in identifying the
functions and presented a solution as in Figure 3b, Figure 3c and Figure 3d. 11 PMTs did not respond.

. \ . s Yy =
b B 2y pse han ) z4N - f6) ST
5 C - =55
~7 4-—}5 lim FGY_ 1 [ien F(f) =2k —_.T
Kag” . >L'm—il ver T
lim 00 = 1p 12
kst
a b c d

Figure 3. Incorrect examples of the item VA.

Question 2 (Graphical): It is desired to calculate the limit at 2.00 point of the function given in the
Figure 4. According to this;

Figure 4. Graph of Question 2.
(Verbal): Explain what the limit of the function at 2.00 point means.

When the responses given by PMTs for this question were examined, it was seen that 14 PMTs
answered correctly, 27 PMTs answered incorrectly. When the responses given by PMTs for this item
were examined, it was seen that 7 PMTs gave responses similar to Figure 5a. As a result of the interview,
PMTs stated that they did not read the item completely and focused directly on —2.00 point, since only
—2.00 point was given on the x axis in the graph. On the other hand, one PMT who answered wrong
used a statement like in Figure 5b. As a result of the interview, PMT stated that the derivative should be
used when calculating the limit in the graphic representations of the functions and it was determined
that the limit concept included in the geometric interpretation of the derivative caused concept
confusion in PMT. One PMT used an expression as in Figure 5c. As a result of the interview, PMT stated
that the point (—2.00,4.00) is the peak point and for x — —2.00 the function approaches—4.00. PMT
stated that for the other points, the end points of the function should be examined. In this item, Since
the left end point of the function approaches —oo, the right end point approaches +co, PMT expressed
that function have to approach —o for x < —2.00; 4+oo for x > —2.00. It was observed that 18 PMTs
did not respond this item.

(Numerical): Explain which value it approaches using the table x qu)

When the responses given by PMTs for this question were examined, it was seen that 18 PMTs
answered correctly, 23 PMTs answered incorrectly. When the answers of PMTs who gave wrong
answers were examined, it was observed that the same 8 PMTs who responded partially correctly to
Figure 5a showed an approach to -2.00 instead of 2.00 point and formed a table similar to Figure 6a. As
a result of the interview with PMTs, it was determined that PMTs have not had any deficiencies in the
concept and process, they have created a wrong table due to carelessness and calculation errors. It was
seen that one PMT who responded partially correctly took the 2.00 point into consideration and found
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the result correct, however approached the correct with incorrect values due to the calculation error
(Figure 6b). Only one of PMTs who responded incorrectly performed the derivative of the function and

presented a table as in Figure 6c. In this question, it was seen that 9 PMTs gave irrelevant responses and
5 PMTs did not give any responses.

-1 Senstag bive

le=ezle. BV -—593'&'\ e =L telpe,
: ‘OM Selne, b:""'}:lc- = _506|d:/\ el et {,J,;Mn%d <
c{la(_;,gl cicz\ftri!n de. —Ut'e Jek.[o)‘i:t?'\l Jq-,_g-{-?f e LCedm

(When we approach —2.00 with a slightly smaller and slightly larger from—2.00, it is showed that the
value will take approximates to —4.00)

a

¥r 2 roldosmdale,

lrmmiteing Yosop lomal fein
e Lt

';jr.'—‘v‘.'?:ﬁ 1—&4 < ® 2'4e ydetrtan Wb de G 'uo uekls,
[P =

2 oate hoeaut abne

(To calculate the limit on the point x = 2.00, the derivative of y is taken. When approaching x 2.00, the
limit approaches 8.00.)

b

o nole. Bt ek -
sovel B stk Vo sapefan
e, 2 wak s age
(Since the limit function increases continuously at 2.00, it approaches from right to +0.)
c

Figure 5. Incorrect examples of the item GV.
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Figure 6. Incorrect examples of the item GN.
(Algebraic): Calculate the result using lim,_,, f (x)

When the answers given by PMTs for this question were examined, it was seen that 21 PMTs
answered correctly, 20 PMTs answered incorrectly. It was determined that 6 PMTs who answered
wrong, brought the x variable closer to —2.00 instead of 2.00 point (Figure 7a), and 4 PMTs reached the

incorrect result due to the calculation error (Figure 7b). One of PMTs who responded incorrectly
executed the operation by taking the derivative of the function (Figure 7c). Another PMT stated the

result as 4+oo. In the interview, this PMT stated that they gave this response due to the approach of the
right end point to +oo (Figure 7d). It was observed that 8 PMTs did not give any responses.

Question 3 (Algebraic): f (x) function is given as

2x; x <1
f(x)_{x+1;x>1
Then, for lim,_,; f(x),

(Graphical): Present with graph.
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When the answers given by PMTs for this question were examined, it was seen that 29 PMTs
answered correctly, 12 PMTs answered incorrectly. 2 PMTs who answered wrong showed x = 1.00
point as defined (Figure 8a). 7 PMTs who responded incorrectly presented a graph similar to the graphs
in Figure 8b and Figure 8c, and it was revealed that PMTs did not know how to draw the graphs of the
lines y = 2x and y = x + 1. One PMT found the f(x) values corresponding to the specific x value and
showed these values in the graph point by point. PMT did not determine the points corresponding to
each x value and did not draw the line consisting of these points (Figure 8d). It was observed that 2
PMTs did not give any response to this item.

WS- L KTy 28
Rim Q) = y2rtw D CRi -{-‘{J(\-. DO T XILTQ-K +U
Y-I-:!-*‘
foy — vy S Lo £ 0 ﬁfm .F()?) = ,OJ"M 21-!'[4-2 _—__g
s X2 ECE
e
a b
- X%l f 2
Hr)x_:ifz? - o lirw, _ hrw _'
2z ~ K46) (-2 g X227 A2
AL oy
c d

Figure 7. Incorrect examples of the item GA.

n =2 Logp i Ly 1L o
. = iz _‘__”/ aay ¥ e — -
——f > LY
a b c d

Figure 8. Incorrect examples of the item AG.
(Numerical): Explain which value it approaches using the table x qjx)

When the answers given by PMTs for this question were examined, it was seen that 24 PMTs
answered correctly, 17 PMTs answered incorrectly. When the responses given by PMTs for this question
were examined, it was seen that 7 PMTs made the same mistake and presented as defined at x = 1.00
(Figure 9a). It was determined that 3 PMTs created an incorrect table due to the calculation error. 2
PMTs who made a calculation error stated that y = x + 1 for x < 1.00; For x > 1.00, it processed
y = 2x line and as a result of the interview, it was determined that these 3 PMTs made such a mistake
as a result of lack of attention (Figure 9b). One PMT made a calculation error for x < 1.00 and created a
table similar to Figure 9c. 2 PMTs presented a table as in Figure 9d. As a result of the interview with
these 2 PMTs, they stated that the function limit could not be mentioned since the function was not
defined at the point x = 1.00 and it was determined that PMTs were conceptually deficient. It was
observed that 3 PMTs created an unrelated table similar to Figure 9e, 2 PMTs did not give any
responses.

N E=E
=5 76

D g b
1 —

L1 21 ]'
3 2,3

Figure 9. Incorrect examples of the item AN.

1044



Okan KUZU — Pegem Egitim ve Ogretim Dergisi, 10(4), 2020, 1037-1066

(Verbal): Express verbally.

When the answers given by PMTs for this question are examined, it was observed that 35 PMTs
answered correctly, 6 PMTs answered incorrectly. 2 PMTs who gave the wrong answer used a statement
similar to Figure 10. 4 PMTs did not give any responses.

Fonkjfigoy Al tammh olradiy 1ein Zirmyinden
S5z ftf(’m»‘ﬁ\a‘l-
(Since the function is not defined in 1.00 point, we cannot talk about its limit.)
Figure 10. Incorrect examples of the item AV

Question 4 (Numerical): For a limit problem, the following table is presented and as a result of some
values given to the variable x, the values taken by the f(x) function are shown. Accordingly, what does
the table present to us?

x Fix)
1,9 3,80
1,91 3,82
1,95 3,90
1,99 3,98
1,999 | 3,998
2 4
2,001 | 4,002
2,01 | 402
2,05 | 4,10
2,08 | 416
2,1 4,20

Figure 11. Table of Question 4.
(Verbal): Express verbally.

When the answers given by PMTs for this question were examined, it was observed that 35 PMTs
answered correctly, 6 PMTs answered incorrectly. It was seen that one PMT used expressions similar to
Figure 12a. As a result of interview, this PMT stated that the limit concept was an approach. PMT stated
that this approach would start with the function and stated that PMT gave priority to the function while
expressing the table. However, finding the value that x is approaching based on the value to which f(x)
approaches may give erroneous or incomplete results. For example, the function f(x) = x? approaches
1.00 for x — 1.00. On the other hand, if function f(x) = x? approaches 1.00, the value x is both 1.00
and —1.00 may approach. When the responses of 4 PMTs who responded incorrectly were examined, it
was seen that expressions similar to Figure 12b were used.

Toblr  Lize PCHn 4 o« gallirle, 4 OHGe s
2 32 wedlgrhZa onlotrekdodia,
(The table tells us that f(x) approaches 4.00 while x approaches 2.00.)

a

¥ 'in moltsste  otdupe  slegesied e @O-'r.-sd.,n—-. R ]
v lin Q‘dLF .;l_:zﬁa_r!n,.’ ‘_:Jroa_rn—hr,

(It express the values where x is approximate and the values of x in the function.)

\ \ b
¥la werdigindt dogarler  ofdoeban ftx) We

by S\onl;:fn O han bye -l\uf‘l"g'monc\vf_

artmit. Yon

(While the values we gave to x increased, f increased. So this function is an increasing function.)

b

Figure 12. Incorrect examples of the item NV.
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(Graphical): Present with graph.

When the answers given by PMTs for this question were examined, it was seen that 22 PMTs
answered correctly, 19 PMTs answered incorrectly. 6 PMTs answered wrong, approached x = 2.00
point either from the right or from the left and drew a graph as in Figure 13a and Figure 13b. It was
determined that 11 PMTs had difficulty in creating the function f(x) = 2x. It was also observed that
they did not try to graph putting the x values given in the table in place on the coordinate axis (Figure
13c, Figure 13d). It was observed that 2 PMTs did not give any responses.

Figure 13. Incorrect examples of the item NG

(Algebraic): Calculate the result using lim,,._,, f (x)

When the answers given by PMTs for this question were examined, it was seen that 23 PMTs
answered correctly, 18 PMTs answered wrong. 15 PMTs who responded incorrectly could not determine
the function and presented a solution as in Figure 14. 3 PMTs did not give any responses.

. 'XL = 'qq e
@ Lrm {2~
Lim ¥+ L - Y—af »32
O < 2= =Y

= bim  x .U

Xl

Figure 14. Incorrect examples of the item NA.

Findings regarding the code, category, theme and views that emerged in the transformation process
between representations were presented in Table 1. When Table 1 is examined, it is seen that the PMTs
had most difficulties in the verbal representation type questions. For verbal input representation type
questions, it was observed that PMTs could not interpret verbal data (f = 37), could not determine the
function (f = 27), could not know the concept of limit point (f = 20) and made mathematical operation
errors (f = 3). For verbal input representation type questions, some PMTs’ views regarding category of
inability to interpret verbal data were presented as follows:

“Since Ahmet returned to the point where he started, he came back the way he had gone. So he has
never gone.”

“Ahmet waited where he was because he did not go to way during the break and did not move at all.
Since he did not move, he went .00 km way.”

For graphical input representation type questions, it was observed that the PMTs did not fully read
the questions (f = 20), made a mathematical operation error (f = 5) and confused mathematical concepts
(f = 3). For graphical input representation type questions, some PMTs’ views regarding categories of
confusing mathematical concepts and not knowing the limit point concept were presented as follows
respectively:

“Limit is the approach. Derivative is also the approximate value at that point... The result of the
derivative gives the limit.“
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Table 1.
Code, Category and Themes Related to Transformation Process between Representations.
Rep. Thm Category Code f; f,
2 G LRC Inability to interpret verbal data Taking an hour break 13 34
Q Go back to where it started 8
g Replacement 7
N LRC Inability to interpret verbal data After running for two hours 9 39
LSMK Not knowing the concept of limit Not knowing how to approach 12
point Faulty approach 2
Irrelevant answer 6
A LSMK Inability to determine the function Incorrect function determination 27 38
LA Making a mathematical operation Incorrect calculation 3
error
2 V LA Not fully reading the question Focus on the graph instead of question 7 27
) LSMK  Confusing mathematical concepts Taking derivate instead of limit 1
a Not knowing the concept of limit poir Faulty approach 1
% N LA Not fully reading the question Focus on the graph instead of question 7 23
Making a mathematical operation Incorrect calculation 1
error
LSMK  Confusing mathematical concepts Taking derivate instead of limit 1
Not knowing the concept of limit Irrelevant answer 9
point
A LA Not fully reading the question Focus on the graph instead of question 6 20
Making a mathematical operation Incorrect calculation 4
error
LSMK  Confusing mathematical concepts Taking derivate instead of limit 1
Not knowing the concept of limit poir Faulty approach 1
o A LSMK Not knowing the concept of limit Showing undefined point as defined 2 12
g point point
2 Not drawing the function graph Drawing graphics incorrectly 7
g Not combining values shown as point 1
N LSMK Not knowing the concept of limit Showing undefined point as defined 7 17
point point
No limit can be mentioned at undefined 2
point
Irrelevant answer 3
LA Making a mathematical operation Incorrect calculation 3
error
V LSMK Not knowing the concept of limit No limit can be mentioned at undefined 2 6
point point
2 V LSMK Not knowing the concept of limit Faulty approach 1 6
o point
& Irrelevant answer 4
% G LSMK Not knowing the concept of limit Incomplete approach 6 19
= point
Not drawing the function graph Drawing graphics incorrectly 11
A LSMK Not determining the function Determining incorrect function 15 18

LRC: Lack of Reading Comprehension; LSMK: Lack of Subject Matter Knowledge; LA: Lack of Attention
f;: Frequency of codes other than empty answers; f,: Frequency of total wrong including empty answers
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“Point x = -2.00 has values just around the right and left. Because it's the peak. Then if we approach
from the right and left, it becomes -4.00. But there is no other peak. So there is no other limit. If we
look at the limit of x = 2.00 point, we can say that there is no limit. But if we are going to find the
necessity, the answer is +oo, since 2.00 is greater than -2.00 and the right side is increasing, that is,
goes to +oo“

For algebraic input representation type questions, it was observed that the PMTs could not know the
concept of limit point (f = 16), could not draw the function graph (f = 8) and made mathematical
operation errors (f = 3). For algebraic input representation type questions, PMT’s view regarding
category of not knowing the limit point concept were presented as follows:

"Since the function is not defined at x = 1.00 point, we cannot talk about its limit."

For numerical input representation type questions, it was observed that the PMTs could not
determine the function (f = 25), could not draw the function graph (f = 11) and could not know the
concept of limit point (f = 11). For numerical input representation type questions, PMT’s view regarding
category of not knowing the limit point concept were presented as follows:

"The important thing for calculating the limit is the function. The value approximating the function
gives us the limit ... Let's consider the equation y = x + 2. If y get closer to 5.00, then where should x
approach? Of course, it should approach 3.00. So the limit of the function is 3.00."

As a result of the analysis, it was observed that the PMTs had deficiencies in knowing the concept of
limit point (f = 58), determining the function (f = 52), and interpreting verbal data (f = 37). It was
revealed that PMTs who gave the wrong answers mostly had deficiencies in the concept and the process
and could not fully understand the limit problems. It was seen that PMTs who proceeded towards the
concept and process answered wrong due to mathematical operations errors and inattention. When the
wrong answers were examined, it was observed that errors were gathered under the themes of "lack of
subject matter knowledge” (f = 47) and "lack of reading comprehension" (f = 37) for verbal input
representation type; under the theme of "lack of attention" (f = 28) for graphical input representation
type; under the theme of "lack of subject matter knowledge" for algebraic (f = 24) and numerical (f = 37)
input representation types.

Discussion, Conclusion and Implications

In this study, the errors encountered in the transformation process between representations by
PMTs about the limit concept were investigated and the PMTs were found to have most difficulties in
making transformations in the verbal representation type questions. When the wrong answers in the
verbal input representation type were examined, it was observed that errors were mostly gathered
under the themes of lack of subject matter knowledge and lack of reading comprehension. The PMTs
either could not make sense or misunderstood the limit problems given by verbal representations, and
they could not calculate the solution by transforming verbal representations into other types of
representations. It was observed that the PMTs could not mostly interpret verbal data in the question
that was asked to transform from verbal to graphical representation. For example, in the verbal item,
although distance-time graph was requested, the statement “...he goes back to the point where he
started...” led the PMTs to focus on the location-time graph, and the statement “... taking one hour
break” caused them to draw on the y-axis. Although the area under the speed-time graph corresponds
to the displacement, the fact that the PMTs’ responding the area under the distance-time graph as a
displacement and calculating incorrect results may show that they had misconceptions. In the study
conducted by Hale (1996) on misconceptions, students had difficulty in finding the displacement from
the speed-time graph, could not choose the graphs suitable for verbal expressions, and could not make
transformations between graphs on the same subject. In the transformation process from verbal to
numerical representation, it was seen that the PMTs could not mostly know the concept of limit point.
One of the mistakes made by the PMTs during the transformation process from verbal representation to
numerical representation was that they approached 5.00 point by considering each t moment instead of
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considering € neighboring values. If the function f(x) had not been defined at 5.00 point, it would be
difficult to estimate the value of this function with a table based on each t moment. In other words, €
being a positive number, because of the definition of the limit, 5.00 is an accumulation point. Hence,
there are infinitely many elements belonging to the input domain of the function in the € neighboring of
this function. Therefore, instead of approaching 5.00 point by considering each t moments, approaching
to this point with the elements in the neighborhood of € will lead us to obtaining the limit of this
function. The fact that numerical representations are the least used representation types in problem
solving and that the PMTs are not being successful in such problems (Delice & Sevimli, 2010a) can be the
reason of why the limit problems given with verbal representations could not be solved with numerical
representations. In the transformation process from verbal to algebraic representation, it was seen that
the PMTs could not mostly determine the function. The fact that PMTs tend to memorize the definition
of functions rather than learning in detail (Polat & Sahiner, 2007) may be a reason for PMTs to have
difficulty in determining the function. In addition, algebraic representation type was considered difficult
to understand by PMTs (Kaya, 2017), and PMTs got away from the function's algebraic definition which
is formal definition. These may be another reason that the limit problems given by the verbal
representation cannot be solved by PMTs with algebra representation.

When the errors made in the solution of the questions which are graphical input representation
type, it was seen that the errors are mostly gathered on the theme of lack of attention. It was
determined that PMTs did not fully read the question and focused on the graphic instead of the
question, then started to solve the question. For example, some PMTs who answered wrong were
expressed that they did not fully read the expression of “...the limit at 2.00...” in the question sentence
and they focused on -2.00 given on the x axis in the graph. For this reason, in the transformation from
graphical to the other representations, operations were made based on the x = —2.00 point and errors
occurred in the solution of the problem for each representation. In the transformation process from
graphical to algebraic and numerical representation, it was observed that the PMTs made relatively less
mistakes. In some studies, it was stated that PMTs made less mistakes in the transformation from
graphical to numerical representation (Delice & Sevimli, 2010b) and to algebra representation (Elia &
Spyrou, 2006). This may be due to the fact that the values given to the function for each x value in the
items can be easily seen in the graph.

In this study, it was observed that fewer errors were made in the solution of questions with algebraic
and numerical input representation type than the other representation types. When the errors were
examined, it was determined that the errors were gathered under the theme of lack of subject matter
knowledge. Although the number of the PMTs who could make transformations from verbal
representations to numerical and algebraic representations (VN and VA) was not that high, there were
quite high number of PMTs who could make transformations from numerical and algebraic
representations to verbal representations (NV and AV). Considering that it is more comfortable to
express a problem verbally (Yaman, 2010a), it can be explained why the PMTs made less errors in NS
and CS. For example, although the function f(x) = x? approaches 1 for x — 1.00, while function
f(x) = x? approaches 1.00, the value x is both 1.00 and —1.00 may approach. In the solution of the
questions with algebraic input representation type, it was observed that the PMTs could not mostly
know the concept of limit point and could not draw the function. For example, although the function
was not defined at x = 1.00 point, some PMTs emphasized that the limit of the function must be defined
at the desired point. For this reason, they stated that the limit of the function cannot be mentioned at
the point x = 1.00. However, it is sufficient that there is an accumulation point rather than a defined
point. Therefore, it was determined that the PMTs were deficient in terms of concepts. In addition, it
was observed that the PMTs could not represent an algebraic function in a coordinate system and could
not draw their graphics. Zachariades, Christou and Papageorgiou (2002) noted that students had
difficulties with establishing the relationship between algebraic and graphical representations of
functions. The PMTs’ preference to the algebraic representations could be explained by the fact that the
instruction of analysis subject in universities and mathematical knowledge needed for learning analysis
topics are being dominated by algebraic knowledge, and the analysis topics have been taught in the
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form of “definition-theorem-proof-applications, and test” approach, which does not use daily-life
experiences (Delice & Sevimli, 2010b). These may be a reason for the PMTs to focus on the type of
algebraic representation.

In this study, the PMTs were asked to solve given limit problems with different types of
representations, and it was found that the PMTs had difficulties in some types of representation and
made some mistakes during the representation transformation processes. It was observed that errors
were mostly gathered under the themes of lack of subject matter knowledge and lack of reading
comprehension for verbal input representation type; under the theme of lack of attention for graphical
input representation type; under the theme lack of subject matter knowledge for algebraic and
numerical input representation types. The PMTs’' difficulties in the representation transformation
processes and solving problem by a single representation type indicated that their conceptual
understanding levels did not sufficiently develop (Lesh & Doerr, 2003). In addition, the use of process-
based teaching approaches that involve students in the process and ensure their active participation
instead of traditional methods in concept teaching, transferring mathematical knowledge and skills to
daily life will enable more meaningful learning (Cil, Kuzu, & Simsek, 2019). Hence, multiple
representations can be used when teaching concepts and solving problems in order to improve the
PMTs’ conceptual understanding levels and cognitive process skills. In addition, the course content can
be enriched by including various technological processes such as digital storytelling, digital modeling and
animations and real-life problems that enable representation transformation.
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Turkish Version

Girig

Kendi icinde ve diger disiplinlerle iliskili olan ve birbiri izerine konumlandirilmis konulardan olusan
matematik, 6grenme glcligli cekilen ve zor 6grenilen konular yiziinden zayif temeller (izerine insa
edilebilmektedir. Bu durum ise iliskili konularin 6grenilmesinde ve 0&gretilmesinde zorluklarla
karsilasilmasina sebep olabilmektedir. Gulgli bir matematiksel disinme becerisi gerektiren ve
matematigin en temel kavramlari arasinda yer alan limit kavrami, matematikteki pek ¢ok dnemli konu
icerisinde yer almakta ve problemlere ¢6ziim getirmeden ziyade birlestirici bir rolinin oldugu 6nemle
vurgulanmaktadir (Artigue, 2000; Cornu, 1991).

Literatiirde, limit, dinamik (informal) ve statik (formal) olmak Uzere iki sekilde kavramsallastiriimistir
(Cornu, 1991; Tall & Vinner, 1981). Tall ve Vinner (1981) tarafindan tanimlanan dinamik form

“x = a= f(x) — L (s6zel olarak “x 'ler a 'ya yaklasirken f(x) ’ler L ’ye yaklasir)”

ifadesine dayanmaktadir. Statik form ise § — € tanimi olarak da bilinen ve bircok matematikgi
tarafindan kabul edilen

lim,_, f(x) =L ©Ve>0igin3§ > O0vardird |x — x| <6 = |f(x) — L| < €olur”

ifadesini kastetmektedir. Yapilan ¢alismalar incelendiginde, 6grencilerin ¢ok azinin formal tanima
yonelik kesin bir anlama gelistirdikleri gériilmistir (Quesada, Einsporn, & Wiggins, 2008). Ogrencilerin
limiti formal olarak kavramsallastirmada zorlanmalarinin nedenlerinden biri, limitin formal tanimindaki
“her” ve “en az bir” niceleyicileridir (Cottrill et al., 1996; Tall & Vinner, 1981). Tall ve Vinner (1981),
ogrencilerin  limitin  formal taniminda vyer alan “her” ve “en az bir” niceleyicilerini
anlamlandiramadiklarini, bu nedenle limitin varligini ispat etmede zorlandiklarini belirtmistir. Bu durum
ise limitin formal tanimi Uzerine insa edilen tiurev, integral ve Taylor serileri gibi birbiri Uzerine
konumlandirilmis kavramlarin tam olarak anlamlandirilamamasina neden olabilmektedir (Kuzu, 2017).
ileri diizeyde matematiksel diisiinebilme becerisine sahip olmak igin &ncelikle soyut disiinebilme
becerisine sahip olmak gereklidir ve limit kavrami i¢in bu durum formal taniminin kavranmasi ile
mimkindir. Bu nedenle limit kavraminin formal ve informal tanimlari Gzerinde durulmali ve nasil
anlamlandinldigi arastirmalidir. Delice ve Sevimli (2016) tarafindan yapilan ¢alismaya gore, matematiksel
bilgilerin anlamlandiriimasi, kullanilmasi ve aktarilabilmesi i¢in ise matematik diline hakim olmak
gereklidir. Bu dili olusturan unsurlar ise semboller, tablolar, grafikler, sekiller vb. temsillerdir.

Temsiller; matematiksel fikir, olgu, nesne veya gergeklerin diizenlenmesi, kaydedilmesi, aktariimasi,
modellenmesi, fen veya sosyal baglamlar lizerinden yorumlanabilmesini saglayan gésterim bigimleridir
(NCTM, 2000). Bir matematiksel nesnenin birden fazla temsili vardir ve bu temsiller arasinda kurulacak
iliskiler, kavramsal anlama icin bir gerekliliktir (Hiebert & Carpenter, 1992). Ornegin, limit gibi ist diizey
diisinme becerisi gerektiren kavramlarin formal ve informal taniminda farkli temsillerden yararlaniimasi
kavramin 6grenilmesi agisindan fayda saglayacaktir. Amerikan Ulusal Arastirma Konseyi (NRC, 1989),
matematigi O0grenmek ve uygulamak icin matematiksel iliskileri yorumlayabilmenin, sembolleri
kullanabilmenin ve uygun matematiksel dili segebilmenin gerekli oldugunu belirtmistir. Ayrica, problem
durumunu aciklamak ve uygun materyalleri gelistirmek icin de bu dilin farkli temsil trleri (grafik, tablo,
semboller, diyagramlar, sozel ifadeler veya diger temsiller) ile kullanilmasina bagh oldugunu
vurgulamistir (NRC, 1989; cite in: Schoenfeld, 1992, p.338).

Ayrica, Amerika’daki Ulusal Matematik Ogretmenleri Konseyi (NCTM) tarafindan 1989 yilinda
vayinlanan “Okullar igin program ve degerlendirme standartlari”’nda, ¢oklu temsillerin 6nemine vurgu
yapilmistir (NCTM, 1989). Coklu temsiller igin literatiirde farkl tanimlamalar mevcuttur. Keller ve Hirsch
(1998) coklu temsilleri, bir matematiksel kavrama yonelik farkh bilgi, anlam ve igeriklerin bir arada
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iliskilendirilerek sunulmasina firsat saglayan araglar olarak tanimlarken; Duval (1993) ise Matematiksel
nesneleri (fiziksel veya zihinsel olarak) ifade edebilmek igin kullanilan isaret ve simgelerden olusan o6zel
bir dil olarak belirtmistir. Goldin ve Kaput (1996) ise ¢oklu temsilleri, imge veya somut nesneler ile bir
baska seyin sembolize edilmesini saglayan karakteristik diizenleme olarak tanimlamistir. Prain ve
Waldrip (2006)’e gore coklu temsiller, bir kavramin sozli, grafiksel, matematiksel temsiller gibi farkli
temsil tirleri tarafindan tekrar tekrar temsil edildigi ve 6grencilerin ayni konsepte birka¢ kez maruz
kaldiklari anlamina gelir.

Temsiller problem ¢6zme sirecinde Ustlendikleri rollere gére siniflandirilabilirler. Dufour-Janvier,
Bednarz ve Belanger (1987), temsil kavraminin en genel anlamda ig (internal) ve dis (external) temsiller
olarak siniflandirilabilecegini ifade etmistir. i¢ temsiller; bireyin etrafinda gérdiigi, formillestirdigi ve
kendi bilgisi ¢ercevesinde yeniden yapilandirdig zihinsel sekil, bilgi veya imgelerden olusan yapilardir
(Goldin & Kaput, 1996). Dis temsiller ise matematiksel kavram ve fikirlerin anlasiimasi ve aktarilmasini
saglayan gozlemlenebilir araglardir (Goldin, 1998). Dis temsillere 6rnek olarak sézel temsil, grafik temsili,
cebirsel ve niimerik temsil verilebilir (Girard, 2002; Kendal & Stacey, 2003). i¢ ve dis temsil sistemler
birbirinden bagimsiz olmayip kendi aralarinda bir iliski agina sahiptir. i¢c temsillere kiyasla matematik
egitimindeki c¢alismalarin biliylik ¢ogunlugu dis temsilleri teorik gerceve kabul etmektedir (Delice &
Sevimli, 2016). Bunun nedeni ise, matematigin tim konularinda dis temsil tirlerinden en az biri ile
karsilagiliyor olmasi ve birgok matematiksel kavramin bu temsiller Uzerinden daha kolay
aciklanabilmesidir (Kendal & Stacey, 2003). Bu nedenle dis temsillere daha ¢ok vurgu yapilmis, Goldin ve
Kaput'un (1996) formal matematigin temel sunum bicimleri olarak gosterdigi ve “Matematikte Temsil
Sistemleri” olarak adlandirilan grafik, niimerik, cebirsel temsiller tizerinde durulmustur. “Ugler Kural”
yaklasimi olarak vurgu yapilan bu temsil tiirlerine, s6zel temsillerin de eklenmesi ile “Dortler Kural”
yaklasimi ortaya g¢ikmistir (Girard, 2002; Kendal & Stacey, 2003). Ayrica, farkh sistemler arasinda veya
ayni sistemdeki farkli temsil tirleri arasinda bir gecis varsa “temsiller arasi déniisiim”; ayni sistem ve
ayni temsil cesidi igerisinde bir gegis varsa “temsil i¢i gecis” olarak belirtilmistir (Goldin, 1998).
Literatlirde limit konusu Uzerine yapilan ¢alismalar incelendiginde c¢ogunlukla yasanan zorluklara,
kavram yanilgilarina ve farkl 6gretim yontemlerinin 6grenme siirecine etkisine odaklaniimistir (Akbulut
& Isik, 2005; Bezuidenhout, 2001; Cornu, 1991; Davis & Vinner, 1986; Sierpinska, 1987; Szydlik, 2000;
Tall & Vinner, 1981; Williams, 1991).

Bu arastirmada, Ogrencilerin bliyik cogunlugu tarafindan oOgrenilmesinde giiclik cekilen limit
kavrami, ¢oklu temsil yaklagimi temelinde ele alinmistir. Matematik 6gretmeni adaylarinin limit
kavramina yonelik kullandiklar temsiller, dis temsillere gore belirlenmis ve temsiller arasi donlsiim
surecine iliskin karsilasilan hatalar arastiriimistir.

Yontem
Arastirma Modeli

Bu arastirma, mevcut olan bir durum kendi kosullari icerisinde betimlenmeye calisildigindan nitel
arastirma modellerinden durum ¢alismasi modeli ile tasarlanmistir. Durum g¢alismasi modeli, sinirli bir
sistemin derinlemesine betimlenmesi ve incelenmesi olarak tanimlamaktadir (Merriam & Tisdell, 2015).

Katilimcilar

Bu arastirmanin katilimcilarini 2018-2019 egitim &gretim yili giiz ddneminde Tirkiye’nin i¢c Anadolu
Bolgesindeki bir devlet Universitesinin egitim fakiltesinde 6grenim gdrmekte olan ve lisans Ogretim
programinda limit kavrami yer alan 41 matematik 6gretmeni adayi (Kadin:27; Erkek:14) olusturmaktadir.
ilgili Gniversitenin seciminde basit seckisiz drnekleme y&ntemi kullanilirken; bu okullardaki &gretmen
adaylarinin belirlenmesinde amagsal 6rnekleme yontemlerinden olglit 6rnekleme yontemi kullaniimistir.
Amacli 6rnekleme yontemi olasiliga dayali olmayan bir 6rnekleme yontemidir ve arastirmaci érneklemi
kendi belirledigi 6lgiitlere gére belirler (Cohen, Manion, & Morrison, 2000, p.103). Olgiit drnekleme ise
onceden belirlenmis bazi dnemli kriterleri karsilayan vakalarin segilmesini igerir (Patton, 2002, p.238). Bu
arastirmada, adaylarin lisans 6grenimi siiresince limit konusunu gérmis olmalari 6lgit olarak alinmistir.
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Verilerin Toplanmasi ve Analizi

Veri toplama araci olarak arastirmaci tarafindan gelistirilen ve toplam doért agik uglu sorudan olusan
“Limit Temsil Donlstim Testi (LTDT)” kullanilmistir. Bu testteki her bir soru sozel (S), grafik (G), cebir (C)
ve nlimerik (N) temsillerden yalniz biri ile hazirlanmis ve temsiller arasi dontisimi incelemek amaciyla
birbirinden farkli ti¢ soru ile desteklenerek toplam 12 acik uglu sorudan olusmustur. ilgili problemin
ifadesi girdi temsili, ¢6ziimi ise ¢kt temsili olarak nitelendirilmistir. Ornegin SG biciminde gosterilen bir
soru sozel temsil ile hazirlanmis ve katimcilarin grafik temsil ile cevaplamasi beklenmistir. Bu ¢alismada,
adaylarin limit kavramina yoénelik temsiller arasi dontsim sirecine iliskin karsilasilan sorunlar
belirlenmek istendiginden testteki her bir soru ayri ayri incelenmis ve kavram, siireg, cevap dogru ise “1
(Dogru)”, diger durumlarda ise “O (Yanlis)” olarak kodlanmistir. Elde edilen veriler, TAP (Test Analysis
Program) ile analiz edilmis ve Kuder-Richardson 20 (KR-20) giivenirlik katsayisi .81 olarak bulunmustur.
Ortalama madde gigliik indeksi .46; ortalama ayirt edicilik indeksi .56; ortalama nokta cift serili
korelasyon degeri ise .46 olarak hesaplanmistir. Diger taraftan, adaylardan elde edilen veriler igerik
analizi ile ¢dziimlenmis ve elde edilen bulgular yorumlanmistir. icerik analizi ydnteminde, elde edilen
verilerin anlamlandirilarak belirli bir sema dahilinde olusturulmasi, kod ve kategorilerin ortaya c¢ikarak
somutlasmasi saglanmaktadir (Yaman, 2010b). Bu sirecte agiklamalari yetersiz veya farklilik gésteren ve
islem hatasi disinda yanhs cevap veren adaylara yapilandirilmamis gorisme formu uygulanmistir.
Gorusme formu adaylara yiiz ylize uygulanmis ve verilerin katilimci ismi belirtilmeden kullanilacagi
konusunda glivence verilmigstir. Gorlismeler ortalama 25.00-30.00 dakikada sirecek sekilde yapilmis, ses
kayit cihazi ile kayit altina alinmis ve katilimcilara tekrar dinletilerek onaylatilmistir. Bu sirecte
katimcilari dogrudan etkileyecek jest ve mimiklerden kaginilmistir. Bu kapsamda her bir veri kendi
icerisinde analiz edilmis ve matematik egitimi alaninda uzman iki akademisyen tarafindan kodlar ve
kategoriler birbirinden bagimsiz sekilde katimcilarin verdigi cevaplardan g¢ikarilmistir. Ortaya ¢ikarilan
kategori altindaki kodlarin ilgili kategoriyi, kategorilerin de ilgili temayi temsil edip etmedigini belirlemek
amaciyla Kendall W uyum katsayisi hesaplanmis ve kategoriler igin .91, temalar igin ise .93 olarak
bulunmustur. Kendall W uyum katsayisinin en az .80 olmasi gerektigi ifade edilmistir (Howell, 2013;
Salkind, 2010; Szymanski & Linkowski, 1993). Goris ayriliklarina neden olan kodlar ise arastirmacilar
tarafindan tartisilmis ve ortak bir yargi ile uygun kategori ve tema altina yerlestirilmistir. Ortaya ¢ikan
kategorilerin “Okudugunu anlama eksikligi”, “Alan bilgisi eksikligi” ve “Dikkatsizlik” seklinde l¢ tema
altinda toplandigi gorilmdistir. Okudugunu anlama, hem metindeki bilgiler hem de okuyucunun
yorumlarini kapsayan, yazarin vermek istedigi mesajlarin mantiksal olarak yapilandirildigi etkin bir siireg
olarak tanimlanabilir (Radojevic, 2006, p.14). Alan bilgisi, alani olusturan yapilarin ve kavramsal olarak
organize eden prensiplerin bilgisidir (Shulman, 1986). Dikkatsizlik ise, bir isi 6zen gbstermeden
gelisigizel yapma ya da duygu ve dislinceyi bir konu (zerinde toplayamama durumu olarak
tanimlanabilir.

Bulgular

Bu bolimde matematik 6gretmeni adaylarinin limit problemlerine yonelik temsiller arasi dontisim
stirecine iliskin bulgular érnekler halinde sunulmustur.

Soru 1 (Sozel): Saatte 12.00 km/s sabit hizla kosmaya baslayan Ahmet iki saat kostuktan sonra bir
saatlik mola veriyor. Molanin ardindan 8.00 km/s sabit hizla kosarak basladigi noktaya geri dénlyor.
Buna gore, Ahmet kosusunun 5.00. saatine yaklasirken toplam kag¢ kilometrelik yolu tamamlamaya
baslamistir.

(Grafik): Yol - Zaman grafigi ile gosteriniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 7 adayin dogru; 34 adayin ise yanlis cevap
verdigi gorilmis ve yanlis cevap veren adaylarin cevaplari incelenmistir. Soru climlesinde yer alan “.
basladigi noktaya geri déniiyor” ifadesi adaylarda ortak bir yanilgiya sebep olmus ve 8 aday konum-
zaman grafigine odaklanarak bir saatlik molanin ardindan ki grafigi Sekil 1a’ya benzer ¢izmistir. Burada
adaylar t = 3.00 anindan itibaren asagi yonli bir grafik c¢izmistir. Diger taraftan 13 aday ise soru
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climlesinde yer alan “... bir saatlik mola veriyor” ifadesine odaklanarak Sekil 1b ve Sekil 1c’deki gibi bir
grafik ¢izmistir. Adaylar burada ise, t = 2.00 ve t = 3.00 saatleri arasindaki grafigi y = .00 ekseni lUzerinde
¢izmistir. 7 aday Sekil 1d’de yer alan yol zaman grafiklerden birini gizmis ve grafiginin altinda kalan alani
yer degistirme olarak distinmustiir. Oysaki hiz zaman grafiginin altinda kalan alan yer degistirmeyi
vermektedir. 6 aday ise bu soruya hicbir cevap vermemistir.

Sekil 1. SG sorusuna ait yanlis ¢6ziim 6rnekleri.

(Namerik): x|ﬂxl tablosu ile hangi degere yaklastigini gésteriniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 2 adayin dogru; 39 adayin ise yanlis cevap
verdigi gorilmus ve yanlis cevap veren adaylarin cevaplari incelenmistir. 2 aday bu sorunun ¢éziimiinde,
x degiskeninin 5.00’a yakin degerlerine karsilik f(x) fonksiyonunun alacagi degerlerin hangi sayiya
dogru bir yaklasma icinde oldugunu bulurken 5.00’a yakin degerler yerine her bir t anini géz 6niline
alarak yaklasma uygulamis ve Sekil 2a’daki gibi bir tablo sunmustur. Eger bu soruda f(x) fonksiyonu
5.00 noktasinda taniml olmasaydi yapilan bu yaklasimla fonksiyonun limitini bulmak zor olacakti. € bir
pozitif sayl ve 5.00 noktasi fonksiyonun bir yigilma noktasi olmak tzere her € komsulugunda fonksiyonun
tanim kiimesine ait sonsuz ¢oklukta eleman bulundugundan 5.00 noktasina her bir t ani yerine €
komsulugundaki elemanlar ile yaklasmak gerekmektedir. Diger taraftan 12 aday, Sekil 2b’ye benzer bir
¢6zUm sergilemis ve yapilan gériismeler sonucunda adaylarin kavram ve siirecte eksiklikleri oldugu tespit
edilmistir. Bu adaylar, limit sorusunun sonucunun 40.00 oldugunu bildigi icin tabloya dogrudan 40.00
yazdigini, nasil yaklasim yapacagini bilmedigini soylemistir. Sekil 2c ve Sekil 2d’ye benzer tablolar
olusturan 9 aday ise soruda verilen “... Ahmet iki saat kostuktan sonra...” ifadesine yogunlastiklarini ve
bu ylizden x degerini 2.00 noktasina yaklastirdiklarini belirtmistir. Ayrica, 6 adayin Sekil 2e’deki gibi
ilgisiz cevap verdigi, 10 adayin ise hicbir cevap vermedigi gorilmustdr.

. g (x)
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2 2y | 1 24 t, 3¢ 21, H- 2 [ an
3 2y | 0 149 1 =2 - o
VR I q ! l‘ a | jr’ r ‘
T by, =N 51 9
A s f-:.: ; :15_? th';l. i
G (' i
a b c d e

Sekil 2. SN sorusuna ait yanlis ¢6ziim ornekleri.
(Cebir): lim,._,, f (x) ifadesi ile sonucu hesaplayiniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 3 adayin dogru; 38 adayin ise yanlis cevap
verdigi goriilmistlr. Bu soru igin yanlis cevap veren adaylarin cevaplari incelendiginde 3 adayin Sekil
3a’ya benzer bir ¢6zim yaptigl, adaylarin fonksiyonu dogru belirledikleri, kavram ve siiregte de dogru
ilerledikleri ancak islem hatasi yaptigi gértilmistir. Yanlis cevap veren 27 aday fonksiyonu belirlemede
glcluk yasamis ve Sekil 3b, Sekil 3¢ ve Sekil 3d’deki gibi bir ¢6zim sunmustur. 8 aday ise hichir cevap
vermemistir.
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Sekil 3. SC sorusuna ait yanlis ¢6ziim 6rnekleri.

Soru 2 (Grafik): Grafikte verilen fonksiyonun 2.00 noktasindaki limitinin hesaplanmasi isteniyor. Buna
gore;

v

Sekil 4. Soru 2’ye ait grafik.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 14 adayin dogru; 27 adayin ise yanls cevap
verdigi gorilmistir Bu soru icin adaylarin verdikleri yanlis cevaplar incelendiginde 7 adayin Sekil 5a’ya
benzer bir cevap verdigi goriilmustiir. Yapilan goriisme sonucunda adaylar, soruyu tam okumadiklarini
ve grafikte x ekseni Gzerinde sadece —2.00 verildigi igin dogrudan —2.00’a odaklandiklarini belirtilmistir.
Diger taraftan yanlis cevap veren 1 aday Sekil 5b’deki gibi bir ifade kullanmistir. Yapilan goriisme
sonucunda aday, fonksiyonlarin grafik gésterimlerinde limit hesaplarken tlrevin kullanilmasi gerektigini
belirtmis ve tlirevin geometrik yorumunda yer alan limit kavraminin adayda kavram kargasasina neden
oldugu belirlenmistir. 1 aday ise Sekil 5¢’deki gibi bir ifade kullanmistir. Yapilan gériisme sonucunda aday
(—2.00,4.00) noktasinin tepe noktasi oldugunu ve x —» —2.00 icin fonksiyonun —4.00’a yakinsadigini
belirtmistir. Aday diger noktalar igin ise fonksiyonun ug noktalarina bakilmasi gerektigini ifade etmistir.
Bu soruda fonksiyonun sol ug noktasinin —co a; sag ug¢ noktasinin ise +oo yaklagsmasi nedeniyle aday
x < —2.00 igin fonksiyonun —oo a; x > —2.00 igin 400 a yaklagsmasi gerektigi belirtmistir. Bu soruya 18
adayin ise hicbir cevap vermedigi gérilmustr.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 18 adayin dogru; 23 adayin ise yanls cevap
verdigi gorulmustir. Yanlis cevap veren adaylarin verdikleri cevaplar incelendiginde Sekil 5a’ya benzer
cevap veren ayni 7 adayin yine 2.00 noktasi yerine -2.00 noktasina yaklasim sergiledigi ve Sekil 6a’ya
benzer bir tablo olusturdugu gorilmustir. Adaylarla yapilan gériisme sonucunda adaylarin kavram ve
sirecte eksikliklerinin olmadigl soruyu tam okumadiklarindan dolaylr yanlis bir tablo olusturdugu
belirlenmistir. 1 adayin 2.00 noktasini dikkate aldigl, sonucu da dogru buldugu ancak islem hatasi
nedeniyle dogru sonuca yanlis degerler ile yaklastig1 géralmustir (Sekil 6b). Yanhs cevap veren diger 1
aday ise fonksiyonun tirevini alarak islemi yliritmus ve Sekil 6¢’deki gibi bir tablo sunmustur. Bu soruda
9 adayin ¢ozim ile ilgisiz cevap verdigi, 5 adayin ise hicbir cevap vermedigi gortlmustr.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 21 adayin dogru; 20 adayin ise yanlis cevap
verdigi gortlmdastir. Yanhs cevap veren 6 adayin x degiskenini 2.00 noktasi yerine yine —2.00 noktasina
yaklastirdigi (Sekil 7a), 4 adayin ise islem hatasi nedeniyle yanhs sonuca ulastigi belirlenmistir (Sekil 7b).
Yanls cevap veren adaylardan biri fonksiyonun tlrevini alarak islemi ylratmustar (Sekil 7c). Bir diger
aday ise sonucu +oo olarak ifade etmistir. Yapilan gérismede fonksiyonun sag ug¢ noktasinin 4+ a
yaklasmasi nedeniyle bu sekilde bir ¢6zim yaptigini belirtmistir (Sekil 7d). 8 adayin ise higbir cevap
vermedigi gorilmistar.
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(Sozel): Fonksiyonun 2.00 noktasindaki limitinin ne anlama geldigini ifade ediniz.
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Sekil 5. GS sorusuna ait yanlis ¢6ziim 6rnekleri.

(Namerik): xlﬂx{tablosu ile hangi degere yaklastigini gosteriniz.
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Sekil 6. GN sorusuna ait yanls ¢oziim érnekleri.

(Cebir): lim,._,, f(x) ifadesi ile sonucu hesaplayiniz.
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Sekil 7. GC sorusuna ait yanlis ¢6ziim ornekleri.
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Soru 3 (Cebir): f(x) fonksiyonu

2x; x <1
f(x)_{x+1;x>1

seklinde veriliyor. Buna gore lim,,_,; f(x) limitini
(Grafik): Grafik ile gosteriniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 29 adayin dogru; 12 adayin ise yanls cevap
verdigi gorilmustlr. Yanhs cevap veren 2 aday fonksiyon grafiginde x = 1.00 noktasini tanimli olarak
gostermistir (Sekil 8a). Yanlis cevap veren 7 aday Sekil 8b ve 8c’de yer alan grafiklere benzer bir grafik
¢izmis ve adaylarin y = 2x ve y = x + 1 dogrularina ait grafikleri nasil gizeceklerini bilmedikleri ortaya
ctkmistir. Bir aday ise belirli x degerine karsilik gelen f(x) degerlerini bulmus ve bu degerleri grafikte
noktasal olarak gostermistir. Her x degerine karsilik gelen noktalari belirleyip bu noktalarin
birlesiminden olusan dogruyu cizmemistir (Sekil 8d). Bu soruya 2 adayin ise hicbir cevap vermedigi
gorilmustir.
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Sekil 8. CG sorusuna ait yanlis ¢6zim ornekleri.
(NUmerik): XIﬂX[tabIosu ile hangi degere yaklastigini gosteriniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 24 adayin dogru; 17 adayin ise yanls cevap
verdigi goriilmlstlr. Yanlis cevap veren adaylarin olusturduklari tablolar incelendiginde 7 adayin ayni
sekilde hata yaptig1 ve fonksiyonu x = 1.00 noktasinda tanimli olarak ele aldig1 gérilmustir (Sekil 9a). 3
adayin ise islem hatasindan dolayi yanlis bir tablo olusturdugu belirlenmistir. islem hatasi yapan 2 aday
x < 1igin y =x+ 1 dogrusunu; x > 1.00 igin ise y = 2x dogrusunu isleme almis ve yapilan gorlisme
sonucunda bu 2 adayin dikkatsizlik sonucu bdyle bir hataya distigl tespit edilmistir (Sekil 9b). Bir aday
ise x < 1.00 igin islem hatasi yapmis ve Sekil 9c’ye benzer bir tablo olusturmustur. 2 adayin ise Sekil
9d’deki gibi bir tablo sundugu goérulmistiir. Bu adaylar ile yapilan goriisme sonucunda fonksiyon
x = 1.00 noktasinda tanimli olmadigi igin fonksiyonunu limitinden s6z edilemeyecegini belirtilmis ve
kavramsal olarak eksik olduklari belirlenmistir. 3 adayin Sekil 9e’ye benzer ilgisiz bir tablo olusturdugu, 2
adayin ise hicbir cevap vermedigi gérilmustir.
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Sekil 9. CN sorusuna ait yanlis ¢éziim ornekleri.
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(Sozel): Sozel olarak ifade ediniz.

Bu soru igin adaylarin verdikleri cevaplar incelendiginde 35 adayin dogru; 6 adayin ise yanlis cevap
verdigi gorilmustir. Yanis cevap veren 2 aday Sekil 10’a benzer bir ifade kullanmistir. 4 aday ise higbir
cevap vermemistir.

,Ci’n)(.,]‘l"gir} ’_\.'\OFQ '{ODIM}\. QJ’MCIOIF']\ .I(.:-In Zaru‘-v\iﬁde.ﬂ

Sot ftl(’M,aJ—y(\L
Sekil 10. CV sorusuna ait yanlis ¢6ziim ornegi.

Soru 4 (Nimerik): Bir limit problemi icin yandaki tablo olusturulmus ve x degiskenine verilen bazi
degerler sonucunda f(x) fonksiyonunun aldigi degerler gosterilmistir. Buna gore, tablonun bize
sundugu limiti,

x fx)
1,9 | 3,80
1,91 | 3,82
1,95 | 3,90
1,99 | 3,98
1,999 | 3,998
2 4
2,001 | 4,002
2,01 | 4,02
2,05 | 410
2,08 | 416
21 | 420

Sekil 11. Soru 4’e ait tablo.
(Sozel): Sozel olarak ifade ediniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 35 adayin dogru; 6 adayin ise yanlis cevap
verdigi gorialmustir. Yanhs cevap veren 1 aday Sekil 12a’daki gibi bir ifade kullanmistir. Bu bir aday ile
yapilan gorisme sonucunda aday limit kavramini bir yaklasma olarak bildigini ifade etmistir. Ancak, aday
bu yaklasmanin fonksiyon ile baslayacagini dile getirmis ve tabloyu ifade ederken 6nceligi fonksiyona
verdigini belirtmistir. Oysaki f(x) fonksiyonun yaklastigi degerden yola gikilarak x’in yaklastigi degeri
bulmak hatali ya da eksik sonuglar verebilir. Ornegin, x — 1.00 icin f(x) = x? fonksiyonu 1.00’a
yaklasmasina ragmen, fonksiyonun yaklastigi degerden yola cikiip f(x) = x? fonksiyonu 1.00’a
yaklastirilirsa, x degeri hem 1.00’a hem de —1.00’a yaklasabilir. Yanls cevap veren 4 adayin kagitlari
incelendiginde ise Sekil 12b’ye benzer ilgisiz ifadelerin kullanildigi gérilmistiir. 1 adayin ise higbir cevap
vermedigi gorilmustir.

bk S 1 4 < lbirler s
2 fj‘L. \)’.’Jﬂq—f +hS5ine on J&‘l‘f?wé-iadr,-_
a
Wl Cjoktosic  ordupa agartes e Lot i L=t SR gy

(v AT Q'"Jif;' ,;l_;z(;-a,pp,.’ doa}:—hr;

A Yy
¥ 'a uuc\lﬁlrmt c.los,‘er'lor ofdorben 4'{,:) e

bu S‘on‘.a“jbr\ o f doam b‘f "]\Gf‘t{s'igoncivf.

artmit. Yen;

b
Sekil 12. NS sorusuna ait yanlis ¢6zim ornekleri.
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(Grafik): Grafik ile gosteriniz.

Bu soru igin adaylarin verdikleri cevaplar incelendiginde 22 adayin dogru; 19 adayin ise yanlig cevap
verdigi gorllmistlr. Yanls cevap 6 adayin x = 2.00 noktasina ya sagdan ya da soldan yaklastigi ve Sekil
13a ve Sekil 13b’deki gibi bir grafik ¢izdigi goriilmustir. 11 adayin f(x) = 2x fonksiyonu olusturmada
glclik cektigi belirlenmistir. Ayrica tabloda verilen x degerlerini koordinat diizleminde yerine koyarak
fonksiyonun grafigini olusturmayi da denemedikleri gorilmus ve Sekil 13c ve Sekil 13d’ye benzer bir
grafik sunmustur. 2 adayin ise higbir cevap vermedigi gérilmustir.

Sekil 13. NG sorusuna ait yanlis ¢6ziim ornekleri.

(Cebir): lim,._,, f (x) ifadesi ile sonucu hesaplayiniz.

Bu soru icin adaylarin verdikleri cevaplar incelendiginde 23 adayin dogru; 18 adayin ise yanls cevap
verdigi gorulmustir. Yanhs cevap 15 adayin fonksiyonu belirleyemedigi ve Sekil 14’deki gibi bir ¢c6zim
sundugu gorilmustir. 3 aday ise hicbir cevap vermemistir.
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Sekil 14. NC sorusuna ait yanlis ¢6ziim ornekleri.

Temsiller arasi doniislim siirecinde ortaya ¢ikan kod, kategori, tema ve goruslere dair bulgular Tablo
1’de sunulmustur. Tablo 1 incelendiginde, matematik 6gretmeni adaylarinin en cok girdi temsil tirQ
sozel olan sorularda zorlandiklari gorilmustir. Girdi temsil tirt sézel olan sorularda adaylarin agirhkl
olarak sozel veriyi yorumlayamadigi (f = 37), fonksiyonu belirleyemedigi (f = 27), limit noktasi
kavramini bilemedigi (f = 20) ve islem hatasi yaptig1 (f = 3) gortlmustir. Girdi temsil tlrl s6zel olan
sorularda sozel veriyi yorumlamaya iliskin bazi aday goriisleri su sekildedir:

“Ahmet basladidi noktaya geri déndiigiine gére gittigi yolu tekrar gelmistir. Yani hig yol gitmemistir.”

“Ahmet mola siiresince yol almadigi igin oldugu yerde beklemis ve hi¢ hareket etmemistir. Hareket
etmedigine gére de .00 km yol almistir.”

Girdi temsil tira grafik olan sorularda adaylarin agirlikh olarak soruyu eksik okudugu (f = 20), limit
noktasi kavramini bilemedigi (f = 11), islem hatasi yaptigi (f = 5) ve matematiksel kavramlari karistirdigl
(f = 3) gortlmastir. Girdi temsil tari grafik olan sorularda matematiksel kavramlari karistirma ve limit
noktasi kavramini bilememe kategorilerine iliskin bazi aday gorusleri sirasiyla su sekildedir:

“Limit yaklasmadir. Tiirev de o noktadaki yaklasik degerdir... Tiirevin sonucu limiti verir.”

“x = -2.00 noktasinin hemen sadi ve solu var. Clinkii tepe noktasi. O zaman saddan ve soldan
yaklasirsak -4.00 olur. Ama baska tepe noktasi yok. Demek ki baska bir limit yok. x = 2.00 noktasinin
limitine bakarsak limiti yok diyebiliriz. Ama illaki bulacaksak, 2.00, -2.00 den biiyiik oldugundan ve
sag taraf artan oldugundan yani +oo a gittiginden cevap +co olur.”
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Tablo 1.
Temsiller Arasi Dénlisiim Siirecinde Ortaya Cikan Kod, Kategori ve Temalar.
Temsil Tema Kategori Kod f; £,
- G OAE Sozel veriyi yorumlayamama Bir saatlik mola verme 13 34
S Basladigi noktaya geri ddnme 8
@ Yer degistirme 7
N OAE Sozel veriyi yorumlayamama iki saat kostuktan sonra 9 39
ABE Limit noktasi kavramini bilememe Nasil yaklasim yapilacagini bilememe 12
Hatali yaklasim sergileme 2
ilgisiz cevap verme 6
C ABE Fonksiyonu belirleyememe Hatali fonksiyon belirleme 27 38
D islem hatasi yapma Hatali hesaplama 3
~x S D Soruyu eksik okuma Soru yerine grafige odaklanma 7 27
< ABE  Matematiksel kavramlari karistirma  Limit yerine tirev alma 1
& Limit noktasi kavramini bilememe Hatali yaklasim sergileme 1
N D Soruyu eksik okuma Soru yerine grafige odaklanma 7 23
islem hatasi yapma Hatali hesaplama 1
ABE Matematiksel kavramlari karistirma  Limit yerine tiirev alma 1
Limit noktasi kavramini bilememe ilgisiz cevap verme 9
C D Soruyu eksik okuma Soru yerine grafige odaklanma 6 20
islem hatasi yapma Hatali hesaplama 4
ABE Matematiksel kavramlari karistirma  Limit yerine tiirev alma 1
Limit noktasi kavramini bilememe Hatali yaklasim sergileme 1
o G ABE Limit noktasi kavramini bilememe Tanimli olmayan noktayi tanimh gésterme 2 12
@ Fonksiyonun grafigini cizememe Hatali grafik cizme 7
© Noktasal gosterilen degerleri 1
birlestirmeme
N ABE Limit noktasi kavramini bilememe Tanimli olmayan noktayi tanimh gésterme 7 17
Taniml olmayan noktada limitten s6z 2
edilemez
ilgisiz cevap verme 3
D islem hatasi yapma Hatali hesaplama 3
S ABE Limit noktasi kavramini bilememe Tanimli olmayan noktada limitten s6z 2 6
edilemez
~ S ABE Limit noktasi kavramini bilememe Hatali yaklasim sergileme 1 6
i ilgisiz cevap verme 4
g G ABE Limit noktasl kavramini bilememe Eksik yaklasim sergileme 6 19
z Fonksiyonun grafigini cizememe Hatali grafik cizme 11
C ABE Fonksiyonu belirleyememe Hatali fonksiyon belirleme 15 18

OAE: Okudugunu anlama eksikligi; ABE: Alan bilgisi eksikligi; D: Dikkatsizlik; f;: Bog cevaplar harig ortaya gikan kodlarin frekansi; f,:
Bos cevaplar dahil yanlis yapan toplam katilimci frekansi

Girdi temsil tiiri cebir olan sorularda adaylarin agirlikh olarak limit noktasi kavramini bilemedigi
(f = 16), fonksiyonunun grafigini cizemedigi (f = 8) ve islem hatasi yaptigi (f = 3) gorulmustar. Girdi
temsil tlrl cebir olan sorularda limit noktasi kavramini bilememe kategorisine iliskin aday gorisi su

sekildedir:

“Fonksiyon x = 1.00 noktasinda tanimli olmadigi icin limitinden s6z edemeyiz.”

Girdi temsil tiird ntimerik olan sorularda adaylarin agirlikh olarak fonksiyonu belirleyemedigi (f =
25), fonksiyonunun grafigini cizemedigi (f = 11) ve limit noktasi kavramini bilemedigi (f = 11)
gorilmuistir. Girdi temsil tird niimerik olan sorularda limit noktasi kavramini bilememe kategorisine
iliskin aday gorisl su sekildedir:
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“Limite bakmak igin 6nemli olan fonksiyondur. Fonksiyonu yaklastiran dedger bizi limite gétiiriir... Yani,
6rnek verecek olursam y = x + 2 denklemini distinelim. y 5.00’a yaklassin. O zaman x nereye
yaklasmalidir. Tabiki de 3’e. Demek ki fonksiyonun limiti 3.00°dir. “

Yapilan analizler sonucunda adaylarin, limit noktasi kavramini bilmede (f = 58), fonksiyonu
belirlemede (f = 52), ve s6zel veriyi yorumlamada (f = 37) eksikliklerinin oldugu belirlenmistir. Yanhs
cevap veren adaylarin agirlikli olarak kavram ve siiregte eksikliklerinin oldugu ve limit problemlerini tam
anlamlandiramadiklari ortaya ¢ikmistir. Kavram ve siiregte dogru ilerleyen adaylarin ise islem hatasi ve
dikkatsizlik nedeniyle yanlis yaptiklari gorilmustir. Yapilan hatalar incelendiginde, girdi temsili sozel
olan sorulardaki hatalarin agirlikli olarak alan bilgisi eksikligi (f = 47) ve okudugunu anlama eksikligi
(f = 37) temalarinda; girdi temsili grafik olan sorulardaki hatalarin dikkatsizlik (f = 28) temasinda; girdi
temsili cebir (f = 24) ve numerik (f = 37) olan sorulardaki hatalarin ise alan bilgisi eksikligi temasi
altinda toplandigi gorilmastdr.

Tartisma, Sonug ve Oneriler

Bu calismada, matematik 6gretmeni adaylarinin limit kavramina yonelik temsiller arasi doniisim
sirecine iliskin karsilasilan hatalar arastirilmis ve adaylarin en ¢ok girdi temsil tiiri s6zel olan sorularda
donlisim yapmakta zorlandiklari gortlmustiir. So6zel temsil tlriinde yapilan hatalar incelendiginde
hatalarin agirhkh olarak alan bilgisi eksikligi ve okudugunu anlama eksikligi temalarinda toplandigi
gorilmustir. Adaylarin, sozel temsil ile verilen limit problemlerini anlamlandiramadiklari ya da yanhs
anlamlandirdiklari ve diger temsil tirlerine donlsim yaparak ¢6zimi bulmada zorlandiklari
belirlenmistir. Sozel temsilden grafik temsile dénisim yapilmasi istenilen soruda adaylarin agirlikh
olarak sozel veriyi yorumlayamadiklari goérilmiistiir. Ornegin, soruda yol-zaman grafiginin cizilmesi
istenmesine ragmen “.. basladigi noktaya geri déniiyor” ifadesi adaylarin konum-zaman grafigine
odaklanmalarina; “.. bir saatlik mola veriyor” ifadesi ise adaylarin y ekseni Uzerinde gizim yapmalarina
neden olmustur. Hiz-zaman grafigi altinda kalan alanin yer degistirmeye karsilik gelmesine ragmen
adaylarin yol-zaman grafiginin altinda kalan alani yer degistirme olarak diisiinmesi ve hatali sonuglar
bulmasi ise adaylarin kavram yanilgisina sahip olduklarini gésterebilir. Hale (1996) tarafindan kavram
yanilgilari Gzerine yapilan c¢alismada adaylarin hiz-zaman grafiginden yer degistirmeyi bulmada
zorlandiklari, sozel ifadelere uygun grafikleri secemedikleri ve ayni konu ile ilgili grafikler arasinda
donisiim yapamadiklari belirtilmistir. S6zel temsilden niimerik temsile dénilisim siirecinde adaylarin
agirhkli olarak limit noktasi kavramini bilemedikleri gérilmis ve yapilan hatalardan 5.00 noktasina €
komsulugundaki degerler yerine her bir t ani géz 6niine alarak yaklasmasi olmustur. Eger bu soruda
f(x) fonksiyonu 5.00 noktasinda tanimli olmasaydi, her bir t anini géz o6niline alarak yapilan bu
yaklasimla fonksiyonun hangi degere yaklastigini tablo ile kestirmek zor olacakti. Séyle ki, € bir pozitif
sayl olmak lizere limitin tanimi geregince 5.00 noktasi fonksiyonun bir yigilma noktasi oldugundan her €
komsulugunda fonksiyonun tanim kiimesine ait sonsuz c¢oklukta eleman bulunmaktadir. Bu nedenle,
5.00 noktasina her bir t anini géz 6nine alarak yaklasmak yerine € komsulugundaki elemanlar ile
yaklasmak bizi limite ulastiracaktir. Nimerik temsilerin problem ¢6zliimlerinde en az kullanilan temsil
tlrt olmasi ve adaylarin bu tiir problemlerde basarili olamamasi (Delice & Sevimli, 2010a) s6zel temsil ile
verilen limit problemlerinin adaylar tarafindan niimerik temsil ile ¢6ziilememesinin bir nedeni olabilir.
Sozel temsilden cebir temsile donlisim sirecinde ise adaylarin agirlikli olarak fonksiyonu
belirleyemedikleri gortlmustir. Adaylarin fonksiyon tanimini detayli 6grenmek yerine ezberlemeye
yonelmesi (Polat & Sahiner, 2007), adaylarin fonksiyon belirleme silirecinde zorlanmalarinin bir nedeni
olabilir. Ayrica, cebir temsil tlriinlin adaylar tarafindan anlasiilmasi zor ve ¢aba gerektiriyor goriilmesi
(Kaya, 2017) ve adaylarin fonksiyonun formal tanimi olan cebirsel tanimindan uzaklagsmasi sézel temsil
ile verilen limit problemlerinin adaylar tarafindan cebir temsil ile ¢ézliilememesinin bir diger nedeni
olabilir.

Adaylarin girdi temsil tirt grafik olan sorularin ¢éziimiinde yapilan hatalar incelendiginde hatalarin
agirhkli olarak dikkatsizlik temasinda toplandigi gériilmistiir. Adaylarin soruyu tam okumadiklarindan ve
soru yerine grafige odaklanip soruyu ¢ézmeye basladiklarindan kaynakl oldugu belirlenmistir. Ornegin,
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”

yanlis yapan bazi adaylar, soru ciimlesinde yer alan “..2.00 noktasindaki limitinin...” ifadesini tam
okumadiklarini ve grafikte x ekseni Uzerinde verilen -2.00 a odaklandiklarini belirtmistir. Bu nedenle,
grafik temsilden diger temsillere donlisiimde x = —2.00 noktasi baz alinarak islemler yapilmis ve her bir
temsil igin sorunun ¢6ziiminde hatalar ortaya ¢ikmistir. Grafik temsilden cebir ve niimerik temsile
donilisiim sirecinde ise adaylarin nispeten daha az hatalar yaptigi goriilmistir. Yapilan bazi ¢alismalarda
da adaylarin grafik temsilden niimerik temsile (Delice & Sevimli, 2010b) ve cebir temsile (Elia & Spyrou,
2006) donusimlerde daha az hata yaptiklari belirtilmistir. Bunun nedeni, sorudaki her bir x degerine
karsilik fonksiyonun aldigi degerlerin grafikte rahatlikla goérilebiliyor olmasindan kaynakl olabilir.

Bu calismada, girdi temsil tiirli cebir ve niimerik olan sorularin ¢ézimiinde adaylarin diger temsil
tirlerine oranla daha az hata yaptig gérulmustir. Yapilan hatalar incelendiginde hatalarin alan bilgisi
eksikligi temasi altinda toplandigi belirlenmistir. S6zel temsilden nimerik ve cebir temsile donlisiimde
(SN ve SC) yanlis yapan adaylarin sayisi oldukca fazla olmasina ragmen sozel temsile donisiimde (NS ve
CS) yanhs yapan adaylarin sayisinin oldukca az oldugu gorilmustir. Verilen bir problemi sozel olarak
ifade etmenin daha rahat oldugu goz 6niine alindiginda (Yaman, 2010a) adaylarin neden NS ve CS de
daha az yanlis yaptigi aciklanabilir. Girdi temsil tiiri nlimerik olan sorularin ¢ézimiinde yapilan hatalar
incelendiginde, adaylarin fonksiyonu belirlemede, grafigi ¢izmede ve limit noktasini belirlemede
guglukler yasadigi belirlenmistir. Aday fonksiyonun limiti alinirken yaklasmanin fonksiyon ile
baslayacagini ve fonksiyonun yaklastigi degerden yola ¢ikilacagini belirtmistir. Oysaki bu durum hatali ya
da eksik sonuglar cikarabilir. Ornegin, x — 1.00 icin f(x) = x? fonksiyonu 1.00’a yaklasmasina ragmen,
f(x) = x? fonksiyonu 1.00’a yaklasirken, x degeri hem 1.00’a hem de -1.00’a yaklasabilir. Girdi temsil
tlirt cebir olan sorularin ¢éziimiinde ise adaylarin agirlikh olarak limit noktasi kavramini bilemedikleri ve
fonksiyonun grafigini cizemedikleri goriilmiistiir. Ornegin, fonksiyon x = 1.00 noktasinda tanimli
olmamasina ragmen bazi adaylar fonksiyonun limitinin alinabilmesi icin istenilen noktada tanimli olmasi
gerektigini vurgulamislardir. Bu nedenle, x = 1.00 noktasinda fonksiyonun limitinden soz
edilemeyecegini belirtmislerdir. Oysaki ilgili noktanin taniml olmasindan ziyade bir yigilma noktasi
olmasi yeterlidir. Bu nedenle, adaylarin kavramsal olarak eksik olduklari tespit edilmistir. Ayrica,
adaylarin cebirsel olarak verilen bir fonksiyonu koordinat sisteminde gdsteremedikleri ve grafiklerini
cizemedikleri gortlmustir. Zachariades, Christou ve Papageorgiou (2002) tarafindan yapilan galismada
ogrencilerin fonksiyonun cebirsel ve grafiksel gosterimleri arasinda iliski kurmada gigclik cektigi
vurgulanmistir.  Analiz  6gretiminin  ve matematiksel bilginin cebirsel agirlikli, ginlik hayat
problemlerinden uzak, “tanim-teorem-ispat-uygulamalar ve test” seklinde olmasi (Delice & Sevimli,
2010b) adaylarin cebir temsil tiirtine agirlik vermesinin bir nedeni olabilir.

Bu calismada, matematik 6gretmeni adaylarinin verilen limit problemlerini farkh temsil tirleri ile
¢6zmeleri istenmis ve adaylarin bazi temsil tiirlerinde zorlandiklari ve temsil déniisiim siireglerinde bazi
hatalar yaptiklari belirlenmistir. Girdi temsili sézel olan sorulardaki hatalarin agirlikh olarak alan bilgisi
eksikligi ve okudugunu anlama eksikligi temalarinda; girdi temsili grafik olan sorulardaki hatalarin
dikkatsizlik temasinda; girdi temsili cebir ve nlimerik olan sorulardaki hatalarin ise alan bilgisi eksikligi
temasi altinda toplandigi gorilmistir. Adaylarin temsil dontsim sireglerinde zorluk yasamasi ve tek
temsil tiriine baglh kalarak problem c¢6zmeleri kavramsal anlama dizeylerinin yeterli o6lglide
gelisemeyecegini gostermektedir (Lesh & Doerr, 2003). Ayrica, kavram 0&gretiminde geleneksel
yontemlerin yerine 6grenciyi siirece dahil eden ve aktif katilimini saglayan sireg temelli 6gretim
yaklasimlarinin kullanilmasi, matematiksel bilgi ve becerilerin ginlik hayata transfer edilmesi daha
anlamh 6grenmenin olusmasina imkan sunacaktir (Cil, Kuzu, & Simsek, 2019). Bu baglamda adaylarin
kavramsal anlama duizeylerini ve bilissel slire¢ becerilerini gelistirmek amaciyla kavram 6gretimlerinde
ve problem ¢6ziimlerinde birden ¢ok temsil kullanilabilir. Ayrica, temsil donisiimiine imkan sunan dijital
oykiileme, dijital modelleme ve animasyonlar gibi c¢esitli teknolojik slrecglere ve gergcek hayat
problemlerine yer verilerek ders icerikleri daha zengin hale getirilebilir.
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