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Abstract. In this paper the authors study the boundedness for a large
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Zygmund operators (« = 0) and generated by Riesz potential opera-
tor (a > 0) on generalized Morrey spaces Mp . As an application of
the above result, the boundeness of the commutator of sublinear oper-
ators Ty o, € [0,n) on generalized Morrey spaces is also obtained. In
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1. Introduction

For x € R™ and r > 0, let B(z, ) denote the open ball centered at x of radius

T, GB(’JJ,T) denote its complement and |B(x,r)| is the Lebesgue measure of
the ball B(z, ).

Let f € L°°(R™). The fractional maximal operator M, and the Riesz
potential I, are defined by

Maf(x) = sup | B(a, )]+ / FW)ldy,  0<a<n,
t>0

B(xz,t)

Iaf(x):/M 0<a<n.

|z — y[n—e’
;

If @« =0, then M = M, is the Hardy—Littlewood maximal operator.

Let K be a Calderén-Zygmund singular integral operator, briefly a
Calder6n—Zygmund operator, i.e., a linear operator bounded from Lo(R"™)
to Lo(R™) taking all infinitely continuously differentiable functions f with
compact support to the functions f € Llf’c(]R") represented by

Kf(x)= /k:(ac,y)f(y) dy a.e. off supp/f.
Rn

Here k(z,y) is a continuous function away from the diagonal which satisfies
the standard estimates: there exist ¢; > 0 and 0 < ¢ < 1 such that

|k(x,y)| < cilz —y[™"

for all x,y € R", x # y, and

/ €
a9) = he' )]+ k() = k) < 0 () oy
whenever 2|z — 2’| < |z — y|. Such operators were introduced in [13].

It is well known that fractional maximal operator, Riesz potential and
Calderén—Zygmund operators play an important role in harmonic analysis
(see [19,32,42,44]).

Suppose that T' = T} represents a linear or a sublinear operator, which
satisfies that for any f € L;(R") with compact support and z ¢ suppf

T ()] < co / Mdy, (11)
Rn

where ¢q is independent of f and z. Similarly, we assume that T,,,« € (0,n)
represents a linear or a sublinear operator, which satisfies that for any f €
L1 (R™) with compact support and = ¢ suppf

Tof(2)] < cl/mczy (1.2)
]Rn

for some « € (0,n), where ¢; is independent of f and z.
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For a function b, suppose that the commutator operator T;, = Ty
represents a linear or a sublinear operator, which satisfies that for any
f € L1(R™) with compact support and x ¢ suppf

T f ()] < co / Ib(@) — b)| |z — ¥~ £ (@) ldy, (13)
J

where ¢ is independent of f and z. Similarly, we assume that the commuta-
tor operator T, o, o € (0, n) represents a linear or a sublinear operator, which
satisfies that for any f € L;(R") with compact support and = ¢ suppf

Ty.of (z)] < co / [b(x) = b(y)| |z =y~ | (y)|dy (1.4)
Rn

for some « € (0,n), where ¢y is independent of f and z.

In the first part of this work, we prove the boundedness of the sublinear
operators T' satisfying condition (1.1) generated by Calderén—Zygmund oper-
ators from one generalized Morrey space M, ,, to another M, ,,,1 < p < oo,
and from the space M; ,, to the weak space WM, ,,. In the case b € BMO
and Ty is a sublinear operator, we find the sufficient conditions on the pair
(1, 2) which ensures the boundedness of the operators Tp, from M, ,, to
My 0,,1 < p < oo. In the second part of this work, we prove the bound-
edness of the sublinear operators T,,a € (0,n) satisfying condition (1.2)
generated by Riesz potential operator from one generalized Morrey space
My o, to My 4,1 <p<gqg<oo,1/p—1/g=a/n, and from the space M g,
to the weak space WM, ,,,1 < ¢ <00,1-1/¢ = a/n. In the case b € BMO
and T} o is a sublinear operator, we find the sufficient conditions on the pair
(¢1,p2) which ensures the boundedness of the operators Ty, o from M, ,, to
Mg 1 <p<qg<oo,l/p—1/q=a/n.

We point out that the condition (1.1) was first introduced by Soria and
Weiss in [39]. The conditions (1.1) and (1.2) are satisfied by many interest-
ing operators in harmonic analysis, such as the Calderén—Zygmund opera-
tors, Carleson’s maximal operators, Hardy-Littlewood maximal operators,
C. Fefferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci—
Stein’s oscillatory singular integrals, the Bochner—Riesz means and so on (see
[31,39] for details).

By A < B we mean that A < C'B with some positive constant C' inde-
pendent of appropriate quantities. If A < B and B < A, we write A = B
and say that A and B are equivalent.

2. Morrey Spaces

The classical Morrey spaces M), » were originally introduced by Morrey in
[34] to study the local behavior of solutions to second order elliptic partial
differential equations. For the properties and applications of classical Morrey
spaces, we refer the readers to [34,37].
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We denote by M, = M, (R™) the Morrey space, the space of all

functions f € Li*¢(R™) with finite quasinorm
A
3ty = Wty = 500 731l 0

where 1 <p<ooand 0 < A <n.

Note that M, o = L,(R™) and M, , = Loo(R™). If A <0 or A > n, then
M, » = ©, where O is the set of all functions equivalent to 0 on R".

We also denote by WM, x = WM, »(R™) the weak Morrey space of all
functions f € WLP“(R™) for which

_a
||f||WMm = Hf”WM,,,A(Rn) = meﬂg}}gwr P fllwr, (B < oo,
where WL, (B(x,r)) denotes the weak L,-space of measurable functions f
for which
||f||WLp(B(I,'r‘)) = HfXB(:c,'r) ||WLP(]R”)

supt|{y € Bz, 7) : |f(y)| > t}['/7
t>0

*

= sup 7P (fxg..,) (1) < oo

0<t<|B(2,7)]
Here g* denotes the non-increasing rearrangement of the function g.
Chiarenza and Frasca [10] studied the boundedness of the maximal oper-
ator M in these spaces. Their results can be summarized as follows:

Theorem 2.1. Let 1 < p < oo and 0 < X\ < n. Then for p > 1 the operator
M is bounded on My, » and for p = 1M 1is bounded from M x to WMy .

The classical result by Hardy-Littlewood—Sobolev states that if 1 <
p < g < oo, then I, is bounded from L,(R™) to L,(R™) if and only if

a=mn (% - %) and for p = 1 < ¢ < 00,1, is bounded from L;(R™) to

W Le(R™) if and only if a = n (1 - 7) S. Spanne (published by Peetre [37])

and Adams [1] studied boundedness of the Riesz potential in Morrey spaces.
Their results, can be summarized as follows.

Theorem 2.2 (Spanne, but published by Peetre [37]). Let 0 < a <n,1 <p <
=,0 <A <n—ap. Moreover, let;—gz% and%:%, Then for p > 1 the
opemtor 1, is bounded from My x to My x and for p = 11, is bounded from

Ml’)\ to WMq,)\.

Theorem23(Adams[]) Let 0 <a<n1<p<Z,0<A<n—apand

l B . Then for p > 1 the operator 1, is bounded from My \ to Mg x

q n—X\

cmd forp = Ha is bounded from M x to WMy x.
Recall that, for 0 < a < n,

Mo f(z) < vi 'La(|f]) (=),

hence Theorems 2.2 and 2.3 also implies boundedness of the fractional max-
imal operator M, where v,, is the volume of the unit ball in R™.
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Di Fazio and Ragusa [17] studied the boundedness of the Calderén—
Zygmund operators in Morrey spaces, and their results imply the following
statement for Calderéon-Zygmund operators K.

Theorem 2.4. Let 1 < p < 00,0 < A < n. Then for 1 < p < oo Calderén—
Zygmund operator K is bounded on My, » and for p = 1K is bounded from
Ml,)\ to WML)\.

Note that in the case of the classical Calderén—Zygmund singular inte-
gral operators Theorem 2.4 was proved by Peetre [37].

3. Generalized Morrey Spaces

We find it convenient to define the generalized Morrey spaces in the form as
follows.

Definition 3.1. Let ¢(x,r) be a positive measurable function on R™ x (0, o)
and 1 < p < oo. We denote by M, , = M, ,(R") the generalized Morrey
space, the space of all functions f € LLOC(R") with finite quasinorm

_ _1
1ty o = Wl oy = s o) B, 1L, ()

Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space
of all functions f € WL;OC(R") for which

| fllwat, o, = I fllwa,, . &m)

_ _1
= Sup <P(CU»7") ! |B($,7‘)| P ”f”WLp(B(r,r)) < 0.
x€R™ r>0

According to this definition, we recover the spaces M, x and WM,
A—n
P

under the choice ¢(z,7) =1

M,y = MM,‘ N
p(ar)=r"7

WM, =WM,,

A—n .
lar)=r P

In [20-23,25,33] and [35] there were obtained sufficient conditions on
1 and 9 for the boundedness of the maximal operator M and Calderén—
Zygmund operator K from M, to Mp,,,1 < p < oo and of the frac-
tional maximal operator M, and Riesz potential operator I, from M, , to
Mgy, 1 <p < q< oo (see also [3-7]). In [35,36] the following condition was
imposed on p(z,r):

(e, ) < pla,t) < cpla,r) (3.1)
>

whenever r < t < 2r, where ¢(> 1) does not depend on t,r and z € R™,

jointly with the condition:

[etatr <cotary, (32
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for the sublinear operator T satisfying condition (1.1), and the condition

T dt
/to‘pga(mj)p? < CrPo(z,r)?P (3.3)

for the sublinear operator T, satisfying condition (1.2), where C'(> 0) does
not depend on r and z € R".

4. Sublinear Operators Generated by Calderén—Zygmund
Operators in the Spaces M, .,

In [15] the following statements was proved by sublinear operator T satisfying
condition (1.1), containing the result in [33,35,36].

Theorem 4.1. Let 1 < p < oo and ¢(x,r) satisfy conditions (3.1)—(3.2). Let
T be a sublinear operator satisfying condition (1.1) and bounded on L,(R™).
Then the operator T is bounded on My .

The following statements, containing results obtained in [33,35] was
proved in [20] (see also [21,22]).

Theorem 4.2. Let 1 < p < oo and (p1,p2) satisfy the condition
7 dr
/@1(.%,7‘)7 < C@2($7t)a (41)
[
where C' does not depend on x and t. Then the operators M and K are
bounded from M, ,, to M, ., for p>1 and from M ,, to WM ,.

In this section we are going to use the following statement on the bound-
edness of the Hardy operator

w\»—t

t
/g dr, 0<t<oo.
0

Theorem 4.3 ([9]). The inequality
ess supw(t)Hg(t) < cess supv(t)g(t)
>0 >0

holds for all non-negative and non-increasing g on (0,00) if and only if

t

= sup < 00,
>0 ess sup v(
0 0<s<r

and ¢~ A.

Lemma 4.4. Let 1 < p < 00,T be a sublinear operator satisfying condi-
tion (1.1), and bounded on L,(R™) for p > 1, and bounded from Li(R™) to
WL (R™).
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Then, for 1 < p < oo the inequality

oo

ITflL, (B(o,r)) 5T%/t_%_1\|f||L,,(B(mo,t))dt

2r

holds for any ball B(xo,r) and for all f € Li*°(R™).
Moreover, for p =1 the inequality

oo

anmVLﬂBmmm>i;W(/E*”*HquﬂBmm@ﬂﬁ, (4.2)

2r

holds for any ball B(xo,r) and for all f € L°°(R™).

Proof. Let p € (1,00). For arbitrary x¢g € R"™, set B = B(xg,r) for the ball
centered at o and of radius r, 2B = B(xo, 2r). We represent [ as

f=h+Fn [l =F@xesl), )= Fy)xeyg W), >0,
(4.3)
and have
ITfllz, 5 <ITfille,) + 11T f2llz,B)-

Since f1 € L,(R"),Tf1 € L,(R™) and from the boundedness of T in
L,(R™) it follows that:

1T fill, By < T fill,@ny < CllfillL, @y = Cllfllz, @B

where constant C' > 0 is independent of f.
c .
It’s clear that # € B,y € (2B) implies 3|zg — y| < |z —y| < 3|z —y|.

We get

lzo —y|™
‘2B)
By Fubini’s theorem we have
£(v)| / 7 dt
———dy = —d
/ P |f ()l s
C2B) C2B) lzo—y]

oo

~[ [ vwlas

2r 2r<jzo—y|<t

T dt
27 B(wo,t)

Applying Holder’s inequality, we get

fly dt
/ H(ywy</ﬂﬂ%wmm74y (4.4)

C2B)
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Moreover, for all p € [1,00) the inequality

n dt
ITfoll, ) <7 / TP (4.5)

is valid. Thus

n dt
T fllz, ) < I fllL,@B) +77 /||f||Lp(B(m0,t))7t%+1-

On the other hand,

(oo}
n dt
19 eyem) = 751 lzyiom) [ =

2r

. dt

75 [ 1A aytenn e (4.6)
2r

Thus
i dt
7 fl1m S 75 [ 170y a0 557

2r

Let p = 1. From the weak (1,1) boundedness of T" and (4.6) it follows
that:
ITfillwe,s) < N Thllwe@ny S 1fllc, @

— 1 flnem S // Pldy-orr(47)

27 B wo ,t)

Then by (4.5) and (4.7) we get the inequality (4.2). O

Theorem 4.5. Let 1 < p < oo and (¢1,p2) satisfy the condition

°°te§s<inf ©1(z,8)s7
s§< o0
/ S dt < Cpa(z,r), (4.8)

T

where C' does not depend on x and r. Let T be a sublinear operator satisfying
condition (1.1) bounded on L,(R™) for p > 1, and bounded from L, (R™) to
WLy (R™). Then the operator T is bounded from M, ,, to M,y ,, forp >1
and from My ,, to WM ,,. Moreover, for p > 1

1Ty 0 S N F 10y,

and forp =1

1T fllwary o, S Ifllasy s, -
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Proof. By Lemma 4.4 and Theorem 4.3 we have for p > 1

_ dt
ITfllat,py S sUP  2(x,7) 1/||fHLp(B(1:,t))7t%+1

z€R™, r>0

_n
p

sup o(x,T) f -2, dt
mGR",T>OS0 / | ”L p(Bla,t™m

Q

= su Z, ro 7’
LB, P / W1 ety

p
< s @ )T, 2y = 1l

xER™ r>0
and for p =1
T < dt
ITfllwar, o, S weﬂg}}’pT Osog z,7) ||f||L1(B(T D) sy

Q

sup (e, 7) /an .

z€R™, r>0

= su T, r "
mG]R”I:“>O<p2 /”fHL Bzt~

A

J S,
z€§33>0@1($7r DAL, sen by = 1,

O

Corollary 4.6. Let 1 < p < oo and (p1,p2) satisfy condition (4.8). Then the

operators M and K are bounded from M, ,, to M, ,, for p > 1 and from
M1,<p1 to WMl#Pz‘

Remark 4.7. Corollary 4.6 was proved in [2]. Note that condition (4.8) in The-
orem 4.5 is weaker than condition (4.1) in Theorem 4.2. Indeed, if condition
(4.1) holds, then

n

%ess inf p1(s)s s di
/%dtg/%(ﬂ—, r € (0, 00),
tr t

so condition (4.8) holds.
On the other hand the functions

B3

p1(r)=r sin(max{l,%})’, o(r) =125 O<ﬂ<%
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satisfy condition (4.8), how us, in the case € (0,1) ess inf ¢ (s)s# = 0 and,

r<s<oo
2 ess inf 1 (s)s»
t<s<oo ~ 0, S (0, 1)7 <
/ t%—i—l dt = {’I‘ﬁz, re (1,00) ~ 902(T)7 e (0,00),

r

but do not satisfy condition (4.1).
Second example, the functions

1
p1(r) = ————3,
X(l,oc)(r)rp b

satisfy condition (4.8) but do not satisfy condition (4.1).

pa(r) =177 (1+17), 0<ﬁ<%

5. Sublinear Operators Generated by Riesz Potential
in the Spaces M, .,

In [15] the following statements was proved by sublinear operator Ty, satisfy-
ing condition (1.2), containing the result in [33,35].

Theorem 5.1. Let 1 <p < 00,0 << %7% = % — % and ¢(x,7) satisfy con-
ditions (3.1) and (3.3). Let T, be a sublinear operator satisfying condition
(1.2) and bounded from L,(R™) to Ly(R™). Then the operator Ty, is bounded
from M, , to My .

The following statements, containing results obtained in [33,35] was
proved in [20,22] (see also [3-7,21,23]).

Theorem 5.2. Let 1 <p<oo,0<a< %,% = % — % and (1, p2) satisfy the
condition
o dr
rtei(,r)— < Coaa,t), (5.1)

t
where C' does not depend on x and t. Then the operators M, and I, are
bounded from M, ,, to Mgy o, for p>1 and from My ,, to WMy ,, for p=1.

Lemma 5.3. Let 1 <p<oo,0<a< 2 i=1_ 2, To be a sublinear opera-

P
tor satisfying condition (1.2), and bounded from L,(R™) to Ly(R™) forp > 1,
and bounded from L1 (R™) to WLy (R™) for p=1.

Then, for p > 1 the inequality

o0

ITofllr,(Baory) ST /f%ﬂHfHLp(B(zo,t))dt
2r
holds for any ball B(xo,r) and for all f € Li*°(R™).
Moreover, for p =1 the inequality

oo

1Tl ooy S 75 / 5 Lo By (5.2)

2r

holds for any ball B(zg,r) and for all f € L*¢(R™).
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Proof. Let 1 < p < 00,0 < o < %,% = o — = For arbitrary zo € R", set

P

B = B(xg,r) for the ball centered at z¢ and of radius r. Write f = f1 + fo

with fi = fxep and fo = fXC(QB)' Hence

I1Tafllz, By < N Tafillz,B) + I TatfllL, B

Since f1 € L,(R"),Tof1 € Ly(R™) and from the boundedness of T,

from L,(R™) to Ly(R™) it follows that:

1TofillL,B) < 1 TafillL,eey < Cllfillz, @ = CllfllL, @)

where constant C' > 0 is independent of f.

It’s clear that = € B,y € c(2B) implies $|zo —y| < |z —y| < 3|z —y|.

We get
_ /(W)
T, fa(x)] < 2" % / ——=——dy.
T fol)] =t
%2B)
By Fubini’s theorem we have
FOI. [
/ |$0 _ y‘n_a dy ~ |f(y)‘ tn+1_o‘
b2B) b2B) |zo—y|

2r 2r<|zo—y|<t

oo

dt

dy

~[ [ vl

2r B(:Eo ,t)

Applying Hoélder’s inequality, we get

[y dt
/ ||(y|nady S ||f||L (B(zo,t) ,7+y

%2B)

Moreover, for all p € [1,00) the inequality

dt
T follL,By ST /Hf”Lp(B(a:o,t))it%le
2r

is valid. Thus

1Tl S 1, om) + 75 / 10y a5

dt

(5.4)
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On the other hand,

oo

n dt
ra ”fHLp(QB)/t%ﬁ

2r

Q

1fllz, @B

- dt
T /Hf”Lp(B(xo,t))ﬁﬁ~ (5.5)
2r

IN

Thus

i dt
1 TafllL ) S 7 /||f||Lp(B(xo7t))7tg+1'
2r

Let p = 1. From the weak (1, ¢) boundedness of T, and (5.5) it follows
that:

1T fillwe, By < I Tafillwe, @ S Il @y

. [ dt
—flesem 7% [l (59)
2r
Then from (5.4) and (5.6) we get the inequality (5.2). O
Theorem 5.4. Let 1 <p < 00,0 < a < %,% = 1% — %, and (1, p2) satisfy the
condition
x ess inf o1 (z,8)s7
/ e ——dt < Cnlanr), (5.7)

where C' does not depend on x and r. Let T, be a sublinear operator satisfy-
ing condition (1.2) bounded from L,(R™) to L,(R™) for p > 1, and bounded
from L1(R™) to WL4(R") for p=1. Then the operator Ty, is bounded from

M, o, to My o, for p>1 and from M, ,, to WMy, for p=1. Moreover,
forp>1

HTOéf||Mq,¢2 5 ”fHMp,m’

and forp=1

1 Tafllwar, ., S Ifllasn,, -
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Proof. By Lemma 5.3 and Theorem 4.3 we have for p > 1

Tefllt,., & s paleir)” / 190y e 55
R”L /r>

—_n
q

su xT,r _a . dt
e / T —

Q

= sup gﬁzxr 5 /Hf” (B(z,t~ - dt

zeR™ r>0
< _a._1 4 B
S xeﬂig’lz>0901($77” DrE D, Bty = 1l
and for p =1

dt
ITofllwnm,,., S sup  @a(z,7) /”f”Ll(B(x 1) 7E51
zeR™ r>0

T

su T, r dt
o o)™ [

a3

Q

0
= su z, L dt
LS el / 1915, e
< o q
Nw6§5}3_>0@1($7r ) r ||fHL1(BzT n)) ||fHM1 01"
O
Corollary 5.5. Let 1 < p<oo,0 < a < 2 p q = % — % and (p1,p2) satisfy

condition (5.7). Then the operators M, and I, are bounded from M, ,, to
My .o, forp>1 and from My 4, to WMy, forp=1.

Remark 5.6. It is obvious that if condition (5.1) holds, then condition (5.7)
holds too. In general, condition (5.7) does not imply condition (5.1). For
example, the functions

_n n
o) = T () = 1), 0<p<

satisfy condition (5.7) but do not satisfy condition (5.1).

6. Commutators of Sublinear Operators Generated by
Calderén—Zygmund Operators in the Spaces M,

Let T be a Calderén—Zygmund singular integral operator and b € BMO(R™).
A well known result of Coifman et al. [14] states that the commutator oper-
ator [a,T]f =T(af) —aTf is bounded on L,(R") for 1 < p < co. The com-
mutator of Calderén-Zygmund operators plays an important role in studying
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the regularity of solutions of elliptic partial differential equations of second
order (see, for example, [10-12,17]).
First we introduce the definition of the space of BMO(R"™).

Definition 6.1. Suppose that f € L°¢(R"), let

1
» = SUp =7 — [Bz.m|dy < 00,
HfH 2ERP 750 |B($7T)B(/) ‘f(y) fB( ) )‘ Y

where
1
fB(z,r) = m / f(y)dy.
B(z,r)
Define
BMO(R™) = {f € LY*(R") : ||l < oo}.

If one regards two functions whose difference is a constant as one, then
space BMO(R™) is a Banach space with respect to norm || - ||..

Remark 6.2. (1) The John—Nirenberg inequality: there are constants C,
Cy > 0, such that for all f € BMO(R™) and 8 > 0

{z € B : |f(z) — fs] > B8} < C1|Ble=F/Ifl-vB c R™.

(2) The John-Nirenberg inequality implies that

1
I~ s | o / 1F@) — FaenPdy (6.1)

z€R™ r>0
B(z,r)

for 1 < p < o0.
(3) Let f € BMO(R™). Then there is a constant C' > 0 such that

t
|fB(;c,r) — fB(gc,t)| < CHfH* In ; for 0 < 2r < t, (62)
where C' is independent of f, z,r and ¢.

In [15] the following statement was proved for the commutators of sub-
linear operators, containing the result in [33,35].

Theorem 6.3. Let 1 < p < oo, p(x,r) satisfy conditions (3.1)—(3.2) and b €
BMO(R™). Let also T be a linear operator satisfying condition (1.1) and the
commutator operator [b,T| bounded on L,(R™). Then the operator [b,T] is
bounded on M, .

Remark 6.4. Note that, Theorem 6.3 in the following form also valid. Let
1 <p<oo,be BMO(R™),p(x,r) satisfy the conditions (3.1) and (3.2). Sup-
pose that T} is a sublinear operator satisfies the condition (1.3) and bounded
on L,(R™), then the operator Tj is bounded on M), .
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Lemma 6.5. Let 1 < p < oo,b € BMO(R"™), and T, be a sublinear operator
satisfying condition (1.3) and bounded on L,(R™).
Then the inequality

oo

t\,_n_
T8l o) S lalle s [ (110 )65

2r
holds for any ball B(xo,r) and for all f € L;,"C(R”).

Proof. Let p € (1,00). For arbitrary zo € R", set B = B(xg,r) for the ball
centered at zg and of radius r. Write f = f1 + fo with f; = fxop and

fo= ch(2B). Hence
IToflle, By < N Tofill,B) + 1 Tofollz, (B)-
From the boundedness of T}, in L,(R™) it follows that:

ITofillz,B) < 1T f1llL,@®n)
S llalls Lfalle, @y = llall« 1f |z, 25)-

For x € B we have

Ty ()| < / ) =5
N la(y) — a(z)]
~ / e ).
C2B)
Then
» »
1Ty follz,B) S / /Wﬂyﬂdy dx
B \'@2n)
p P
la(y) — ap|
< 177 20
S\ ) i | o
B \Cep)
p P
S =i a
B \@2p)



342 V. S. Guliyev et al. IEOT

Let us estimate I.

n a\y) —ap
=
|zo — Y
%2B)
. Todt
=it [l —asli@) [
C2B) lzo—yl

~ / / la(y) — aBHf(?J)WZU%

2r 2r<|zo—y|<t

oo

<o [ law) - aslwldyg

2r B(Io,t)

Applying Holder’s inequality and by (6.1), (6.2), we get

L T dt
Bt [ [l - angallf0)dygs
2r B(zo,t)
. T dt
+Tp/|aB(zo,r)—aB(z0,t)| / |f(y)|dytnﬁ
2r B(I(},t)
o »
< » dt
Sre la(y) = ap@onl” dy | I fllL,(Beo.0) gort
2r B(.’Eo,t)
2 di
+rv [ las@orn — as@o ol f L, B0 =5
2r
. t dt
Slaller® [ (1410 2) 1y 300 557
2r

In order to estimate I3 note that

_ a2 — anlPde LI
I, B/() srac| [ dy

|zg — y|™

=

%2B)
By (6.1), we get
R e
|zo

_ y|n
%2B)
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Thus, by (4.4)

o
B S lalr [ 1fll e 57
2r

Summing up I; and I, for all p € (1,00) we get

(oo}

n t dt
fally Slall s [ (14001 Iy pon g (63
2r
Finally,
_ L T ' dt
T3 lz,ce) < Nl 171z oy + lalle 5 [ (L0 )1y o0
2r

and statement of Lemma 6.5 follows by (4.6). O

The following theorem is true.

Theorem 6.6. Let 1 < p < co,b € BMO(R™) and (¢1,p2) satisfy the condi-
tion
w ¢+ ess inf o1 (2, s)s?
/(1+1H 7) t<s<oo —
r tr T

dt § CSO2($77"); (64)

r

where C does not depend on x and r. Let Ty, be a sublinear operator satisfying
condition (1.3) and bounded on L,(R™).

Then the operator Ty is bounded from M, ,,

1T fllagy e, S Nl I f10, 0, -

Proof. The statement of Theorem 6.6 follows by Lemma 6.5 and Theorem
4.3 in the same manner as in the proof of Theorem 4.5. U

to M,

ppo- Moreover

For the sublinear commutator of the maximal operator

My(f) (@) = sup | B(z, 1)~ / Ib() — b()||f)dy

t>0
B(z,t)

and for the linear commutator of the singular integral [b, K| from Theorem
6.6 we get the following new results.

Corollary 6.7. Let 1 < p < 00, (p1,92) satisfy condition (6.4) and b €
BMO(R™). Then the operators My, and [b, K] are bounded from M, to
M

b,p2-

»P1
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7. Commutators of Sublinear Operators Generated by Riesz
Potential in the Spaces M,

In [15] the following statement was proved for the commutators of sublinear
operators, containing the result in [33,35].

Theorem 7.1. Let 1 <p < 00,0 < a < %7% = % —2bec BMOR™), p(x,r)
which satisfies the conditions (3.1) and (3.3). Let also T, be a linear oper-
ator and satisfies the condition (1.2). If the operator [b, T, is bounded from

L,(R™) to Ly(R™), then the operator [b,Ty] is bounded from M, , to Mg .

Remark 7.2. Note that, Theorem 7.1 in the following form also valid. Let
l<p<oo,0<ac< %,% = % —%.b€ BMO(R"), p(x,r) satisfy the condi-
tions (3.1) and (3.3). Suppose that Ty, o is a sublinear operator satisfies the
condition (1.4) and bounded from L,(R"™) to L,(R™), then the operator T}, o

is bounded from M, , to M, ..

Lemma 7.3. Let 1 < p < o0,0 <a <2 l=1—-2becBMOR"), and a
sublinear operator Ty, o, satisfies the condition (1.4) and bounded from L,(R™)
to Ly(R™). Then the inequality

*G

oo

t\, _n_
T lmton e S 1005 [ (410 D)5

2r

holds for any ball B(xo,r) and for all f € L},OC(R”).

%, = % — 2. As in the proof of Lemma 5.3,
(

Proof. Let 1 <p < 00,0 << %
4.3) and have

we represent function f in form

1To.0fllz,B) < N ToafillL, ) + [ Th.afallL,B)-

From the boundedness of T}, o from L,(R™) to L,(R™) it follows that:

| To,0fillz,B) < Tb,afillL, @
S llall L fillz, @y = llall« [ fllz, @)

For x € B we have

Thufa(@)] < /"‘W'f( Jldy

~ [ laly) = a@)], 1)1,

|z — y["
‘2B)
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Then
q 7
1T fall,5) S (/(/ WU( dy | dx
B \@2p)
q 3
< (/(/ A=l | da
B \tap
=
B \t@ap
=J+Js

(2B)

. rod
<o [l -asllswl [ s

C2B) lzo—yl

) d
M;/ / la(y) — asl|f(y )\dytmt a

2r 2r<|zo—y|<t

o

. d
S ra / / |a(y) - aBHf( )‘dytn+lt a’

27 B(mo ,t)

Applying Hélder’s inequality and by (6.1), (6.2), we get

i dt
Ji S / / la(y) — CLB(zO,t)Hf(deym
2r B(zo,t)
W [ dt
+ra |a’B(mg,r) - (IB(zO,t)| |f(y)‘dytn+ﬁ
2r B(Io,t)
- >

n !/ dt
s / / la(y) — aB(xo7t)|p dy ”fHLp(B(iCO’t)) tntl—a

2r  \B(zo,t)

345
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o0

n dt
+ra |aB(xO7T) — CLB(mo,t)|||fHLp(B(wo,t))t%+ﬁ
2r

oo

n t dt
Slaller® [ (1410 2) 1y o 5

2r

In order to estimate Js note that

Jp = /|a(m)—a3|qu / _ WL

|:L'O _ y|n7a
%2B)

By (6.1), we get

|f ()l

Jo S llallsre / Wdy.
‘eB)

Thus, by (5.3)

. T dt
Ja S lallsre /||f\|Lp(B(zo,t))7ﬁ+l~
2r

Summing up J; and Ja, for all p € (1,00) we get

. T ¢ dt
Toafellzyo) S laller® [ (1410 ) 1Sl oo 5 (D)
2r
Finally,
- . T t dt
ITs 2,0 % lall 1 Fllz,com + llaller® | (1410 )1y ocoon o
2r

and statement of Lemma 7.3 follows by (5.5). O

The following theorem is true.

Theorem 7.4. Let 1 < p < 00,0 < a < %’% — %_ %75) € BMO(R™) and
(¢1,p2) satisfy the condition

o0 £y 088 irggol(x,s)si

/ (1 +1In ;) t<s< == dt < Cpa(z,r), (7.2)

.

where C' does not depend on x and r. Suppose that Ty,  is a sublinear operator

which satisfies the condition (1.4) and bounded from L,(R™) to L,(R™).
Then, the operator Ty o is bounded from M, ,, to M, Moreover

q,p2 "
1To.0f 16,0, S N0l 1 F Nl a0, -

Proof. The statement of Theorem 7.4 follows by Lemma 7.3 and Theorem
4.3 in the same manner as in the proof of Theorem 5.4. O
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For the sublinear commutator of the fractional maximal operator

My o(f)(x) = sup Bz, )|~ / [b(z) = b(y)If(y)ldy
B(z,t)

and for the linear commutator of the Riesz potential [b, I,] from Theorem 7.4
we get the following new results.

Corollary 7.5. Let 1 < p < 00,0 < a < %,% =1 _aly ) satisfies the

p n’
condition (7.2) and b € BMO(R™). Then, the operators My o and [b, I,] are
bounded from My ,, to Mg ,,.

8. Some Applications

In this section, we shall apply Theorems 4.5, 5.4, 6.6 and 7.4 to several
particular operators such as the Littlewood—Paley operator, Marcinkiewicz
operator, Bochner—Riesz operator, Schrodinger type operators V7 (—A +
V)=#, VIV(=A + V)~ and fractional powers of the some analytic semi-
groups.

8.1. Littlewood—Paley Operator

The Littlewood—Paley functions play an important role in classical harmonic
analysis, for example in the study of non-tangential convergence of Fatou
type and boundedness of Riesz transforms and multipliers [40-42,44]. The
Littlewood—Paley operator is defined as follows.

Definition 8.1. Suppose that ¢ € L;(R™) satisfies

/w(x)dx =0. (8.1)
R

Then the generalized Littlewood-Paley g function g, is defined by

1/2

@ = | [IRO@PT )
0

where ¢ (z) =t~ (xz/t) for t > 0 and Fy(f) = ¢ * f.
The following theorem is valid (see [32], Theorem 5.1.2).
Theorem 8.2. Suppose that ) € Li(R™) satisfies (8.1) and the following prop-

erties:

C
()] < O+ 2+ reR” (82)

/wu+M—MMMSOW% r R (8.3)
R?’L

where C' and o > 0 are both independent of x and h. Then gy is bounded on
L,(R™) for all 1 < p < oo, and bounded from L, (R™) to WLy (R™).
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Let H be the space H = {h : [|h|| = (J;~ |h(t)[*dt/t*)/?}, then, for
each fixed x € R™, F;(f)(z) may be viewed as a mapping from [0, 00) to H,
and it is clear that gy (f)(x) = ||F:(f)(z)||. In fact, by Minkowski inequality
and the conditions on 1, we get

1/2

auN@ < [11)1 | [l - PG| o
R 0

o 1/2
t—2n dt
<o sl | | Aoyt | ¥
R» 0

gc/\ﬂwhw

|z =yl
R’n

Thus we get

Corollary 8.3. Let 1 < p < o0, (p1,p2) satisfy condition (4.8) and
¥ € L1(R™) satisfies (8.1)—(8.3). Then the Littlewood—Paley operator g, is
bounded from M, ,, to M, ., for p > 1 and the operator gy is bounded from
]\417<p1 to WM174P2.

Corollary 8.4. Let 1 < p < oo, (¢1, p2) satisfy condition (6.4), b € BMO(R"™)
and ¢ € L1(R™) satisfies (8.1)~(8.3). Then the commutator of Littlewood—
Paley operator [a, gy] is bounded from M, ,, to M, ,,.
8.2. Marcinkiewicz Operator
Let S"~1 = {z € R" : |z| = 1} be the unit sphere in R" equipped with the
Lebesgue measure do. Suppose that € satisfies the following conditions.

(a) Q is the homogeneous function of degree zero on R™\{0}, that is,

Q(uz) = Q(x), for any p > 0,z € R™\{0}.

(b) Q has mean zero on S"~!, that is,

Q(z")do(2") = 0.
S’nfl

(c) Q€ Lip,(S™1),0 <y <1, that is there exists a constant M > 0 such
that,

9(") - Q)] < Mla' — /" for any 2',y € S"1.
In 1958, Stein [41] defined the Marcinkiewicz integral of higher dimen-
sion po as

. 1/2
pa( @) = | [ IFnN@P% |
0
where
FouPe) = | f(_wy_'ji)lf@)dy
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Since Stein’s work in 1958, the continuity of Marcinkiewicz integral has
been extensively studied as a research topic and also provides useful tools in
harmonic analysis [32,40,42,44].

The Marcinkiewicz operator is defined by (see [45])

. 1/2

oo (f) () = /\FQ,M( e

0

where

Foad @ = [ Wﬂy)dy.

y|n l-—«
le—y|<t

Note that pof = paof.

Let H be the space H = {h : |[h]| = (J;* |h(t)[?dt/t3)}/? < oo}. Then,
it is clear that pug o(f)(z) = ||Fa,e.(z)].

By Minkowski inequality and the conditions on €2, we get

1/2
0z — y)| [ odt £ ()]
(1) (@) sR[ S| [ %] ws CR[ s

|z —yl
Thus, po,q satisfies condition (1.2). It is known that pg o is bounded from

L,(R™) to Ly(R™) for p > 1, and bounded from L;(R™) to WL,(R") for
p =1 (see [45]), then from Theorems 5.4 and 7.4 we get

Corollary 8.5. Let 1 < p < 00,0 < @ < %,é = 117 — % and (o1, p2) satisfy

condition (5.7) and § satisfies conditions (a)—(c). Then uq,q is bounded from

My o, to My o, for p>1 and from My ,, to WM, ,, for p=1.

Corollary 8.6. Let 1 < p < 00,0 < a < %,l = %— % (p1,92) satisfy

condition (7.2), b € BMO(R™) and Q be satisfies conditions (a)-(c). Then
la, ta,a] is bounded from M, ,, to My, .

8.3. Bochner—Riesz Operator
Let § > (n—1)/2, B} (f)(€) = (1= £*|€]*)3.f(€) and B (x) = ¢ "B’ (x/1) for
t > 0. The maximal Bochner—Riesz operator is defined by (see [27,28])

Bs.«(f)(w) = sup 1By (f)()-

Let H be the space H = {h : |h|| = sup;q |h(t)] < oo}, then it is clear

that Bs..(f)(x) = || B} (f) ()]l
By the condition on B? (see [19]), we have

B (x —y)| < Cr"(L+ [a — y| /r)~CHOHD/2)

C( r )5 (TL 1)/2 1
r+ |z —yl (r+ |z —yl)"

S |'1: - y|7n7
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and

Bwqmmgc/gﬂﬁhw.
R’!L

Thus, Bs,. satisfies condition (1.1). It is known that Bs . is bounded on
L,(R™) for p > 1, and bounded from L;(R™) to WL;(R"™), then from Theo-
rems 4.5 and 6.6 we get

Corollary 8.7. Let 1 <p<o0, (¢1,p2) satisfy condition (4.8) and 6> (n—1)/2.
Then the Bochner—Riesz operator Bs . is bounded from M, ,, to M, ., for
p > 1 and the operator Bs . is bounded from My o, to WM g, .

Corollary 8.8. Let 1 < p < o0, (¢1, p2) satisfy condition (6.4), 6 > (n—1)/2
andb € BMO(R™). Then the commutator of Bochner—Riesz operator [a, Bs .

is bounded from My ,, to M, ...

Remark 8.9. Recall that, under the assumptions @(z,7) satisfy conditions
(3.1)—(3.2), the Corollaries 8.7 and 8.8 were proved in [26].

8.4. Schrédinger Type Operators VY(—A+V) P and VIV(—A+ V)P
In this subsection we consider the Schréodinger operator —A+V on R™, where
the nonnegative potential V' belongs to the reverse Holder class B (R™) for
some ¢q; > n. The generalized Morrey M, ,, — M, ., estimates for the com-
mutator of operators VY (—A + V)™# and VIV(—A + V)~# are obtained.

The investigation of Schrédinger operators on the Euclidean space R™
with nonnegative potentials which belong to the reverse Holder class has
attracted attention of a number of authors (cf. [18,38,46]). Shen [38] studied
the Schrodinger operator —A + V', assuming the nonnegative potential V'
belongs to the reverse Holder class B,(R™) for ¢ > n/2 and he proved the L,,
boundedness of the operators (—A+V)", V2(—=A+V)~!, V(=A+V)~"2 and
V(—A + V)~L Kurata and Sugano generalized Shen’s results to uniformly
elliptic operators in [24]. Sugano [43] also extended some results of Shen to
the operator VY(—A + V) #.0 <y < 3 < 1and VIV(-A+V) A0 <
y<i<pB<land 8-+ > 3 Later, Lu [30] and Li [29] investigated the
Schrodinger operators in a more general setting.

We investigate the generalized Morrey M, ,, — M, ,, boundedness of
the operators

TL=VI(-A+V)™? 0<y<p<,
1 1
L=V'V(-A+V)P 0<y<o <A< foy>s
Note that the operators V(—A + V)~ and V2V(—A + V)~ in [29] are the

special case of 77 and 73, respectively.

It is worth pointing out that we need to establish pointwise estimates
for 77,75 and their adjoint operators by using the estimates of fundamen-
tal solution for the Schrédinger operator on R™ in [29]. And we prove the
generalized Morrey estimates by using M, ,, — M, ,, boundedness of the
fractional maximal operators.
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Let V > 0. We say V € B, if there exists a constant C' > 0 such that

C
WVleww < 1 / V(x)dz
B

holds for every ball B in R" (see [29]).
By the functional calculus, we may write, for all 0 < 5 < 1,

(~A+V) 7 = l/x—ﬁ (=A+V+N)""d
e

Let f € C°(R™). From (—A+V +\)~ = Jon Tz, y,\) f(y)dy, it
follows that

/K1 (z,y)V(2)" f(y)dy,

where

Ki(z,y) = %fooo/\_ﬂr(x:%/\)d/\ for0< g <1
e I'(z,y,0) for g =1.

The following two pointwise estimates for 7; and 73 which proven in
[46], Lemma 3.2 with the potential V' € By,

Theorem A. Suppose V € By and 0 < v < g < 1. Then, for any f €
Cge(R™)

T f ()| S Mo f(x), b, Ta]f| S Mp,of(z),
where o = 2( — 7).

Theorem B. Suppose V € Bo,,0 < v < % <p<Lland B—~> % Then, for
any f € Cg(R")

Lf ()| S Mo f(x), |[b,T2]f| S Myof(z),
where a = 2(6 — ) — 1.

The above theorems will yield the generalized Morrey estimates for 7y
and 75.

Corollary 8.10. Assume that V € By, and 0 <y < < 1. Let 1 <p<gq<
00,2(8—7) =n (% - 7> and the condition (5.7) be satisfied for oo = 2(5—7).
Then, for any f € C§°(R™)
1T fll sty gy S WS llagy gy forp>1
and
17 fllwat, oy S W fllary,, forp=1

Corollary 8.11. Assume that V € By, b € BMO(R") and 0 < v < < 1.
Let 1 <p<g<o00,2(6—7)=n (% - 7> and the condition (7.2) be satisfied

for a=2(6—-7).
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Then, for any f € C§°(R™)
116; Tal fllaz oy < N0l 112z, 4, -
Corollary 8.12. Assume that V € By,,0 < v < % <p<landfB—~ > % Let
1<p<g<oo,2(f—7)—1=n (% - %) and the condition (5.7) be satisfied
fora=2(8—-~v)—1.
Then, for any f € C§°(R™)
172 f |8ty o S S lla, y > Sorp>1

and

12 fllwwm, ., S Ifllar,, forp=1
Corollary 8.13. Assume that V € By,,0 < v < % < B <1,b € BMOR")
and  —~v > % Let 1 < p<g<o00,2(8—7)—1= n(%—%) and the
condition (7.2) be satisfied for oo =2(6 — ) — 1.
Then, for any f € C§°(R™)
16, T2] f Nl aty oy S N0 N1y, -

8.5. Fractional Powers of the Some Analytic Semigroups

The theorems of the previous sections can be applied to various operators
which are estimated from above by Riesz potentials. We give some examples.

Suppose that L is a linear operator on Ly which generates an analytic
semigroup e~ with the kernel p;(z,y) satisfying a Gaussian upper bound,
that is,

2
02\1 yl

¢l
[pe(, y)l < Sze (8.4)

for z,y € R™ and all ¢ > 0, where ¢;, co > 0 are independent of x,y and ¢.

For 0 < o < n, the fractional powers L~%/2 of the operator L are defined
by
I dt
—a/2 _ —tL
(@) = o [ ) =
0

Note that if L = —A is the Laplacian on R", then L=/? is the Riesz
potential I,. See, for example, Chapter 5 in [40].

Theorem 8.14. Let condition (8.4) be satisfied. Moreover, let 1 < p < 00,0 <

a < %,% = % — % (¢1,w2) satisfy condition (5.7). Then L=/? s bounded

from My, ., to My ., forp>1 and from M, ,, to WM, ., forp=1.

Proof. Since the semigroup e~ " has the kernel p;(z,y) which satisfies con-
dition (8.4), it follows that

L= f(@)] S La(I£])(2)

(see [16]). Hence by the aforementioned theorems we have

L= fllaty oy S oD lIaty oy S 11ty s, -
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Let b be a locally integrable function on R™, the commutator of b and
L=%/? is defined as follows

b, L=/ f(@) = @)L~/ (&) — L~/ (bf)(a).

In [16] extended the result of [8] from (—A) to the more general opera-
tor L defined above. More precisely, they showed that when b € BMO(R™),
then the commutator operator [b, L~/?] is bounded from L,(R") to L,(R™)

for 1 <p < q<ooand % = % — . Then from Theorem 7.4 we get

Theorem 8.15. Let condition (8.4) be satisfied. Moreover, let 1 < p < 00,0 <
a<2l=1_2a%pc BMOR"), and (p1,¢2) satisfies the condition (7.2).

p’q p
Then [b, L=%/?] is bounded from M, ,, to My ,,.

»P1

Property (8.4) is satisfied for large classes of differential operators (see,
for example [5]). In [5] also other examples of operators which are estimates
from above by Riesz potentials are given. In these cases Theorems 5.4 and
7.4 are also applicable for proving boundedness of those operators and com-

mutators from M, ,, to Mg, ,,.
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