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Abstract: Let L = -A + V be the Schrédinger operator on R", where V # 0 is a non-negative function satis-
fying the reverse Hélder class RH,, for some ¢; > n/2. A is the Laplacian on R". Assume that b is a member
of the Campanato space A%p) and that the fractional integral operator associated with L is 1 ﬁ We
study the boundedness of the commutators [b, IB] with b € A%p) on local generalized mixed Morrey spaces.
Generalized mixed Morrey spaces Mpi‘ Z, vanishing generalized mixed Morrey spaces Vi 17 w’ and LMp‘l:(‘;’{X”}
are related to the Schrédinger operator, in that order. We demonstrate that the commutator operator [b, 7 fg]
is satisfied when b belongs to A%(p) with 6 >0, 0 <v <1, and (¢, 2) satisfying certain requirements are
bounded from LMPE:;;’{X‘)} to LM;:ZZ’{X“}; from Mz to My (‘;, and from VM o, OVMZ (‘; Yiedlp - Yiellg = B+ v.
Keywords: Schrodinger operator, fractional integral, commutator, Lipschitz function, local generalized mixed
Morrey space

MSC 2020: 42B35, 35]10, 47H50

1 Introduction and main results

This work studies the Schrodinger differential operator of second order in R", where n > 3, as described by
L=-A+V.

For some exponent q > n/2, the function V is non-negative, V # 0, and it belongs to a reverse Holder class
RH,. Assume that V is a nonnegative locally Ly(R") integrable function on R", then we say that V belongs
to RH;; (1 < p < ) if there exists a positive constant C such that the reverse Holder inequality

1/q

o1l IV (Odx |B| _[V(x)dx
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holds for every x € R", where B(x, r) denotes the ball centered at x with radius r. The nonnegative polynomial
V € RH.,, and specifically |x| € RH., should be noted (see, e.g., [1,2]).
Let the potential V € RH, with g = n/2, and the critical radius function p(x) be defined as

1
p(x) = ——— = supir X €RM

1
mV(X) r>0 W I V(y)dy =1 ’

B(x,r)

Clearly, 0 < my(x) < 8 when V # 0, and my(x) =1 when V = 1 and my(x) = 1 + |x| with V(x) = |x]~
For sufficient good function f, the heat diffusion semigroup e~ allows the negative powers L#/2 (8 > 0)
associated with the Schrédinger operators L to be written as

©

T ) = LPRF(x) = Ie“L( £ tB21de, 0<B<n.

0

Applying Lemma 3.3 in [3] for enough good function f holds that

70 = [Koyfdy, 0<B<n.
RY[

The commutator of I ﬁ is defined by
[b, TRIf () = bOOT jf (x) = TH(bf)(x).

Note that if L = - A is the Laplacian on R", then I é and [b, I fg] are the Riesz potential Iz and the com-
mutator of the Riesz potential [b, Ig], respectively, i.e.,

o) bo) - b(y)
dy, [b,
[yt o= [Z

Ifx) = —— o JO)dy.
Let 6 >0 and 0 <v <1; in view of [4], the Campanato class, associated with Schrédinger operator,
A%p) consists of the locally integrable functions b such that

1

1BG6 DT v

0
[ 16 - elay < C[l il
B(x,r)
for all x € R" and r > 0. A seminorm of b € A%(p), denoted by [b]’, is given by the infimum of the constants
in the aforementioned inequality.

Note that if 8 = 0, AY(p) is the classical Campanato space; if v = 0, A%(p) is exactly the space BMOg(p)
introduced in [1].

Throughout this article, the letter 1_7’ denotes n-tuples of the numbers in (0, »], n > 1, [7 = (P Py -sPp)>
1<p <o means 1< p; < for each i. For 1< P <», we denote p’ = (p/, ....p;), where p/ satisfies
1/p; + 1/pl.’ =1.

In 2019, Nogayama [5] considered a new Morrey space, with the L, norm replaced by the mixed Lebesgue
norm Lz(R™), which is called mixed Morrey spaces.

We first recall the definition of mixed Lebesgue space defined in [6].

Letp = (py, --»D,) € (0, «]". Then, the mixed Lebesgue norm Ilz; or I“llz, .., is defined by

Fllzs = W Nl ...

P3 Pn
Py I

I I‘J—If(Xl;Xz,. xn)|P1dx1] de| ..dx| ,

R
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where f: R" - R is a measurable function. If p; = for some j =1, ...,n, then we have to make appropriate
modifications. We define the mixed Lebesgue space Ly(R") = Ly,... p,)(R") to be the set of all f&€ Ly(R")
with [[f]|z; < e, where Lo(R") denotes the set of measureable functions on R".

The following analog of Holder’s inequality for Ly is well known (see, e.g., [7]).

Theorem 1.1. Let Q CR" be a measurable set, 1<p <« and

+ % =1. Then, for any fe€ Lz(Q),
and g € Ly(Q), the following inequality is valid:

S| =

[ireogeoldx = Il gl o
Q

By elementary calculations, we have the following property.

Lemma 1.1. Let 0 < p’ <  and B be a ball in R". Then,
15" 1
Wl = gl = 1BI Zea.

By Theorem 1.1 and Lemma 1.1, we obtain the following estimate.

Lemma 1.2. For 1 < p < « and for the balls B = B(x, 1), the following inequality is valid:

[iroidy < BFZe [f)s, 0.
B

The following lemma shows the Lebesgue differential theorem in mixed-norm Lebesgue spaces as follows.

Lemma 1.3. [7, Lemma 2.4] Let f € LI°(R") and 0 < p < o, then
lim “XB(x,r)Hzl-'Hf”LF(B(X,T)) = If(x)l’ ae x € R™
r-0 4

Morrey [8] proposed the traditional Morrey spaces Ly, to examine the local behavior of solutions to
elliptic partial differential equations (PDEs). Actually, a higher degree of regularity in the solutions to certain
elliptic and parabolic boundary problems may be obtained thanks to the improved inclusion between the
Morrey and the Hélder spaces. Generalized Morrey spaces M, , were separately introduced by Guliyev et al.
[9-11] (see also [12-14]). Generally speaking, local Morrey spaces were also introduced separately by Guliyev
[9] and Garcia-Cuerva and Herrero [15] (see also [16]). It should be noted that Guliyev introduced and analyzed
integral operators in local Morrey-type spaces, including generalized local Morrey spaces, in [9].

We now present the definition of local generalized mixed Morrey space LM. a,V.{x}

P
Morrey spaces M;:Z([R") associated with Schrodinger operator, which in the case of p’ = (p, ...,p) introduced
by Guliyev [17].

For brevity, in the sequel, we use the notations

and generalized mixed

a

r
- -1
o(x,r) 1||XB(x,r)||L;([R") |WB(x,r)”L17([R")'

p(x)

AL X, 7) = [1 *

Definition 1.1. Let ¢(x, r) be a positive measurable function on R" x (0,),1<p <, a >0, and V € RH,,
q = 1. For any fixed x, € R", we denote by LMPE:Z’{’“’} = LM;:(‘;’{XU}(R"), MZ‘}:; = Mpi’»::;([R") the local generalized
mixed Morrey space, and the generalized mixed Morrey space associated with Schrdédinger operator,

and the space of all functions f € L%PC([R") with finite norms:

“f”LME'V'{"O} =sup Q[%‘;(f, Xo, 1),
re r>0
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\4
Fllaer = sup A% (f5 x, 1)
7.9 XERL>0 p,pN 2 7 y

respectively.

Remark 1.1.

(i) Whena = 0, and @(xo, r) = r(i D5, LMPE:Z’{XU}([R") is the local (central) mixed Morrey space LMi‘E»’f‘f(R")
studied in [9,16,18] in the case of P’ = (p, ...,p);

(i) WhenV =0 (a = 0), LM;:E;{X“}(R") is the local generalized mixed Morrey space, and LMlLEff‘g(R") was intro-

duced by Guliyev [9] in the case of p’ = (p, ...,p) (see also [19-22]).

Definition 1.2. The vanishing generalized Morrey space associated with Schrodinger operator VMPE:Z([R")
is defined as the spaces of functions f € M;:Z([R") such that

- N _
lim sup Q(%,(p(f, x,r)=0. (1.2)

r=>0xeRrn

The vanishing space VMPE:Z([R”) is Banach space with respect to the norm

lhasgy = Wlkggs = sup 20(fsx.1).
In the case of a =0, p = (p, ...,p), and @(x,r) = r@m/p, VMI-,»“:Z(R”) is the vanishing Morrey space VM, ;
introduced in [23], where applications to PDE were considered.

We refer to [24-27] for some properties of vanishing generalized Morrey spaces.

When b € BMO, Chanillo proved in [28] that [b, Ig] is bounded from L,(R") to Ly(R™) with 1/q = 1/p - B/n,
1<p<n/B. When b belongs to the Campanato space A,, 0 <v <1, Paluszynski [29] showed that [b, Ig]
is bounded from L,(R") to Ly(R™ with 1/q =1/p - (B + v)/n, 1< p < n/(B + v). When b € BMOy(p), Bui
[30] obtained the boundedness of [b, If;] from L,(R") to Ly(R™) with 1/q = 1/p - B/n,1 < p < n/B.

Inspired by the aforementioned results, we are interested in the boundedness of [b, T ,ﬁ] generalized mixed
Morrey spaces MPEIZ(R") and the vanishing generalized mixed Morrey spaces VMﬁ“jZ([R”), when b belongs to

the new Campanato class A%(p).

In this article, we consider the boundedness of the commutator of 7 ng on the local generalized mixed
Morrey spaces LM;:Z’{XU}, the generalized mixed Morrey spaces MPEZZ(R"), and the vanishing generalized mixed
Morrey spaces VMpi’»:};(R"). When b belongs to the new Campanato space A%(p), 0 < v < 1, we show that [b, T é]
are bounded from LMpgjzl’{x"} to LM;:ZZ’{XU}, from M;:Z([R”) to Mqi’:;’(ﬂ{"), and from VMPE'»:(‘;([R") to VM§:Z([R")

with 3i1/p; = Zisgl/q; = B+ v, 1< P < n/(B + V).
Our main results are the following.

Theorem 1.2. Let xo € R®, b € AY(p),V € RHy,q, > n/2,0 <v <1L,a 2 0,1<p <n/(B + v), L 1/p; - Tisallq; =

B+ v, and 9., 9, € Q%1 satisfy the condition

0

Iess inft<s<e0 @4 (Xo, s)sz,‘il b dt

— < Xo, 1), 1.3
tzln:lqli t 0(02(0 ) ( )

r
where ¢y does not depend on x, and r, and for the definition of Q%:"foc, see Remark 2.1. Then, the operator [b, I ﬁ]
is bounded from M;:Zl’{x‘)} to MZI.“:ZZ’{XO}. Moreover,
b,IL wvio < C[D]° a,v,{xo},
15, Z51 Uz < CIBEflyger-o

where C does not depend on f.
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Corollary 1.1. Let b € AS(p), VE RH,, q; > n/2,0 <v<1,a20,1<p <n/(B +v), 3i41/p, - Tiullq; = B+ v,
and 9, € %", 9, € Q%" satisfy the condition

J—ess infies<e 040X, $)sZi-t w dt

Tt TS0 o000, a9

r

where ¢y does not depend on x and r, and for the definition of Q%:V, see Remark 2.2. Then, the operator [b, I ﬁ]
. a,V a,V
is bounded from Mﬁ»‘ 0 to sz. Moreover,

b, ZE) e < CIDlaI|fllarey »

where C does not depend on f.

Theorem 1.3. Let b € AXp), VE RHy, q,>n/2, 0<v <1, a20, b€A)p), 1<p <n/(B+v), Yi1/p, -
Yiillg =B+ v, and ¢, € QZ ‘1/ 0, € szg{ satisfy the conditions

©

Cs Isup o,(x, t)— < oo,

s XER"

for every 6 > 0, and

J'(ptll( 2t < Copy(x, ), (15)

where Cy does not depend on x €R™, r > 0 and for the definition of Q‘; ‘1' see Remark 2.3. Then, the operator
[b, T§] is bounded from VM. to VM7, v for p>1

Remark 1.2. Note that in the case of p = (p, ...,p), V= 0,v = 0 Corollary 1.1 and Theorem 1.3 were proved in
[31, Corollary 5.5 and 7.5] and in the case of p = (p, ...,p), p(x, 1) = r®™/P v = 0 in [32, Theorems 1.3 and 1.4].

In this article, we shall use the symbol A < B to indicate that there exists a universal positive constant C,
independent of all important parameters, such that A < CB. A = B means that A < B and B < A.

2 Some technical lemmas and propositions
We would like to recall the important properties concerning the critical function.
Lemma 2.1. [2] Suppose V € RH,, with q, > n/2. Then, there exist C and ko = 1 such that

-k
x-yl|™

e ] < p(y) < Cp(O[L +

ko
—_ 1+kq
Cp(0)|1 + u] . @1)

Px)

forall x,y € R".

Lemma 2.2. [33] Suppose x € B(xy, r). Then, for k € N, we have
1 1
<

5 <
2r 2r
[1 ¥ @] [1 )

N/(kotD) *
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According to [1], the new BMO space BMOgy(p) with 6 = 0 is defined as a set of all locally integrable
functions b such that

0
I |(y)—b3|dy<6[1+—]

IB(X r)l ()

forall x € R"andr > 0, where bg = EIBb(y)dy and BMO = BMOg(p). A norm for b € BMOgy(p), denoted by|[b]g,
is given by the infimum of the constants in the aforementioned inequalities. Clearly, BMO C BMOy(p).
Let 8 > 0 and 0 < v < 1; a seminorm on Campanato class A%(p) is denoted by [b]°

1
BP0 ~ baldy

[b]) = sup 5 <. 22)
XERNLr>0 r
1+—
[
The Lipschitz space, associated with Schrodinger operator (see [4]), consists of the functions f satisfying
IFeO -
fllipopy = SUp ool 1xy P < .
XERYT>0 xX-y xX-y
x W[l o ) ]

It is easy to see that this space is exactly the Lipschitz space when 0 = 0.

Note that if 6 = 0 in (2.2), A%(p) is exactly the classical Campanato space; if v = 0, A%(p) is exactly the space
BMOg(p); if 0 = 0 and v = 0, it is exactly the John-Nirenberg space BMO.

The following relation between Lip?}(p) and A%p) was proved in [4, Theorem 5].
Lemma 2.3. [4] Let 8 > 0 and 0 < v < 1. Then, the following embedding is valid:
AY(p) € Lip(p) € AT(p),

where kg is the constant appearing in Lemma 2.1.
We list some properties involving Campanato space, associated with Schrédinger operator A%(p).

Lemma 2.4. [4] Let 0 > 0 and 1 < s < ». Ifb € A%p), then there exists a positive constant C such that
1/s 0’

r
< CbPr1 + —
%) px)

|B|j|b(y) byfdy

for all B = B(x, r), with x € R" and r > 0, where 8’ = (ko + 1)0 and k, is the constant appearing in (2.1).
Let Kz be the kernel of 7 ﬁ The following result gives the estimate on the kernel Kg(x, y).

Lemma 2.5. [30] If V € RH,, with q, > n/2, then for every N, there exists a constant C such that

C 1

Kp(X, < , 0<B<n.

| ﬁ( )’)I . . |X yln B ﬁ 2.3)
px)

Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6. [34] Let f be a real-valued nonnegative function and measurable on E. Then,

(ess inf f(x))™! = ess sup —
XEE

XEE f()

It is natural, first of all, to find conditions ensuring that the spaces LM ¢ V{X"} and Ma are nontrivial,
which consist not only of functions equivalent to 0 on R™.
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Lemma 2.7. Let xo €ER", ¢(x,r) be a positive measurable function on R" x (0, ), 1< 17 <o, a20,
andV € RHy, q 2 1. If

“ T
(p(X01 r)

sup |1+

oo, for somet>0, (2.4)
t<r<w p(xo) J

then LMpi'jf;’{"”}(R") = 0, where O is the set of all functions equivalent to 0 on R".

Proof. Let (2.4) be satisfied and f be not equivalent to zero. Then, ||f||Lﬁ(B(x0,,)) > 0; hence,

a
r noq
”f“ g,v,{xo} > Sup 1+ (p(X()a r)_lr_ Zi:l E|V||L* B(xo,
LMP’“’ t<r<oo P(XO) p( Gor)
2 1l sup [1+ —— a o0k, 1Y Zia
> L=(Bxo.t 0 i=1 Pi,
7(B(xo ))t<r<oo P(Xo)
Therefore, ||f||, ;e v = . O
7o

Remark 2.1. We denote by 9:7’,‘1/“ the sets of all positive measurable functions ¢ on R" x (0, ) such that
for allt > 0,

a n 1
r- X

o(x, 1)

r

000

sup
XERM

Loo(t,)

In what follows, keeping in mind Lemma 2.7, for the non-triviality of the space LM;:Z‘{XU}([R"), we always

a,V
assume that ¢ € Q3 .

Lemma 2.8. [33] Let ¢(x,r) be a positive measurable function on R" x (0, »), 1< ﬁ’ <o, @20, and Ve

RH;, q =1
o If
]a otk d for all 2.5)
sup |1+ —— = o, for some t > 0 and for all x € R", .
S 1 o) woon T f
then Mﬁ“:;f([l{") = 0.
) If
r a

sup |1+ —] o(x,ryl =, for some v > 0 and for all x € R, (2.6)
0<r<t p(X)

a,V _
then M%7 (R") = ©.

Remark 2.2. We denote by Q%’V the sets of all positive measurable functions ¢ onR"™ x (0, «) such that for allt > 0,

a n 1 a
r2icip;

o(x, 1)

1+L

p(x)

sup
XERM

<o, and sup o(x, )t

Leo(t,0) XERM

1 + L
px) La(0,0)

respectively. In what follows, keeping in mind Lemma 2.8, for the non-triviality of the space Mﬁa:Z(R"),

we always assume that ¢ € Q‘I—;’:V.

Remark 2.3. We denote by Q%‘{ the sets of all positive measurable functions ¢ on R" x (0, ) such that
—a

inf inf o(x,r) >0, forsome § >0, 2.7)

1 + L
XER"r>8§ p(X)
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and

a n 1
rzi=1ji

—— =0
o, T)

lim|1+ ——
r=0 p(x)

For the non-triviality of the space VMli]’:Z([R"), we always assume that ¢ € Q%.‘ll

3 Proof of Theorem 1.2

We state some properties, see, for example, [25].

Lemma 3.1. [25] Let 0 < v < 1,0 < B + v < n, and b € AY(p); then, the following pointwise estimate holds:
|[b, TEIf (Ol < [DIg (I D).

From Lemma 3.1, we obtain the following.

Corollary 3.1. Suppose V € RH, with q,>n/2 and b € A%p) with 0 <v <1 Let 0<B+v<n, and let
1<p <q <o satisfy 3L11/p; = Yizq1/q; = B + v. Then, for all f in Lz(R™), we have

1B, ZE)f Ny S Ifllzyme-

In order to prove Theorem 1.2, we need the following.

Theorem 3.1. Suppose V € RH, with q,>n/2, b€ A%p), >0, 0<v<1 Let 0<B+v<n and let
1<p <q <o satisfy Yi1/p; = Yi=11/q; = B + v, then, the inequality

w1 Il eoen) de
1 05
1B, TE)f leg@oory S Mol Dllzgwoom S T2 45;1:1% s

2r

holds for any f € L%PC([R").

Proof. For arbitrary x, € R", set B = B(X, r) and AB = B(xy, Ar) for any A > 0. We write f as f'= f; + f,, where
[0 = FO by 2ry(P), @nd Xy, 5y denotes the characteristic function of B(xo, 2r). Then,

B, Tl ez eoorn S Mpsv(fDllzoory < Mpevfillz@oor + Hpew folliz@oor-

Since f; € Ly(R™) and from the boundedness of I., from Lz(R") to Lz(R") (see [35]), it follows that

- Tt v Il @) dt
g+ Fllizaoory < IWllipaooan < 12 ‘*fIlfIIL,;»(B(xU,Zr»_l.—z_n s 12 qu’iz_n - (&R
2rt i=1 q; t&i=1q

2r

To estimate ||Ig+v fyl|;Bx,r), Observe that x € B, y € (2B)° implies [x - y| = |xo = y|. Then, by (2.3), we have

FQ)I < _
supllpor 001 = [ —L2ibmdy = 3 @t [ irldy.
XEB OB [x0 = yI k=1 oFrig
By Holder’s inequality, we obtain
o ok+1p
+ -5 1,
SUpllgen 001 £ Y 1l @E )2 hh [ e
XEB k=1 ok
(3.2
o ok+1y 0
Wiz Boom dt ¢ Ifllez@oon de
oy [ Weoon de Wby do
k=1 5k, tzi:1 ai t tzm [4 t
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Then,
“f”L"(B(Xo o) dt
”Ib’+vfé||Lﬂ(B(x0 r) = 2 q[I 57
or t4i=1 ‘11

holds for 1 < p’ < n/B. Therefore, by (3.1) and (3.3), we obtain

1l GUCT) dt
||Iﬁ+v([f|)”L-(B(x0 r) = rz: 1 th'

2r tZl ! q'
holds for 1 < p’ < n/B.
Proof of Theorem 1.2. From Lemma 2.6, we have
! =essSUp————=+
ess iNfrgeatd (X, )STN  tesce y(Xg, S)STH17

Note the fact that ||f||z,;sx,0) is @ nondecreasing function of ¢, and f € LM;i’(‘;l’{X”}, then

a a
t t
[1 * p(xo)] (W1l 00,00 + fpm)] F1125B00.0)

: — < ess sup o
ess infi<s<o;(Xo, $)SZit P pes<oo 0,(xo, $)SZi-1 P
a
+ 5
oo | Illeos)
< sup

no1
0<s<o 0,(Xo, s)sZH b

= |V||LM§’;i{XU} .

Since a = 0, and (¢,, ¢,) satisfy condition (1.3),

a
t
0o oo + — N . noq
J'|lf||L,~,»(B(xo,t)) de _[ [1 P(XU)J Fllegeoon  ogs inf< <, (X0, $)sZi-1 71 dt
] tz 1‘11 t

noq - . no1
o tlma U 5 €88 INfi<s<op; (X, s)sZ:m

1+ p(x0)

) . noq
ess infi<s<a, (Xo, 8)s2i-t 70 dt
s ||f||LM§’Zl’{XU} J -

r

r | Tess infr<s<e(Xo, s)le:u% dt
)

=< oV |1 + n
e [ - £ :

s ||f||LM§:;1’{XU}[1 + ] (X, T).

_r
p(xo)
Then, by Theorem 3.1, we obtain

b, Ik avixg < ||Tgs aix
IIL ﬁ]f”LMqi:; o =||Ip v(|f|)||LMq<<‘;2{ o

a
r
s sup |1+ ] @,(%0, 7Y M Tg (I DI Bxo,
XoERLr>0 p(XO) 2 || pr ” PO
r 115800000 dt
s sup |1+ N —< 75—
XoERMLr>0 p( )] 2 tzl 1 ;l t

2r
= ”f”LMpﬁ’;l'{XU}'

-_ 9

(3.3)

(3.4

(3.5)
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4 Proof of Theorem 1.3

The statement is derived from estimate (3.4). The estimation of the norm of the operator, i.e., the boundedness
in the non-vanishing space, immediately follows from by Theorem 1.2. So we only have to prove that
lim sup 2A% (f x,r)=0= hmsuleqq,Z [b, T§If; x, 1) = 0. A1)
r=0xeRrn

a

@,(x, )yt T I}i”[b, I ﬁ] fllL,Bex,ry < € for small r, we split the right-hand side

To show that Sque[R"[1 +
of (3.4):

r
p0)

a

Q,(x, 1) 2. 1p‘”[b ]ﬁ]f||L*(B(x ) = < ClIs)(x, 1) +]5 x, ], (4.2)

r a
[1 + m] 8y

[1 p(x)

where &, > 0 (we may take &, > 1), and

Is,(x,1) = J-t‘zxi Y, de
5(X, T) o) ) 1 f ey ocn)
and
r a
[l+%] P o
Joy 1) = - [ T i g eyt

9L 1) o

and it is supposed that r < §,. We use the fact that f € VM ([R") and choose any fixed &, > 0 such that

a

1,-5" 1
sup |1 + 0,06, )1t 20 A [fllLy@en) <

XERM

t &
p(x) 2Cy’

where C and C, are the constants from (1.5) and (4.2). This allows us to estimate the first term uniformly

inr € (0, &):

sup Cls,(x,r) < =, 0<r<§,
XER"

The estimation of the second term now may be made already by the choice of r sufficiently small. Indeed,
thanks to condition (2.7), we have
r a
[1 + p(—]

o,(x, 1)

W ey

]60()() r) s CG()

where ¢, is the constant from (1.2). Then, by (2.7), it suffices to choose r small enough such that

r a
[1 ¥ ml e
sup < )
xern P06 T) zcdo”ﬂlVI\/Ipﬂ:;fl

which completes the proof of (4.1).
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5 Conclusions

In this article, we study the boundedness of the fractional integral operator 1 ﬁ associated with Schrédinger

operator and its commutators [b, I ﬂ] with b € A%p) on local generalized mixed Morrey spaces LM 2 V{XU}

associated with Schrodinger operator, generalized mixed Morrey spaces M assoc1ated with Schrodmger
operator, and vanishing generalized mixed Morrey spaces VM assoc1ated w1th Schrodinger operator. We
find the sufficient conditions on the palr (¢4, ,), which ensures the boundedness of the operator Ik f from

a,V,{xo} a,V {xo} aV yn 1 _
LMIM1 to LMM2 , from M to Mq 0y and from VM to VMq oy Li=lg 2i- 1 » - B. When b belongs to

BMOg(p) and (¢,, ¢,) satisfies some conditions, we also show that the commutator operator [b, I B] is bounded

a,V,{xo} a,V,{xo} a,V —syn 1 _
from LMM)1 to LM‘M2 , from M to Mg,,, and from VM tO VMq oy Li= 1q Qi 15 B.
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