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Abstract The problem of boundedness of the Riesz potential in local Morrey-
type spaces is reduced to the problem of boundedness of the Hardy operator in
weighted L ,-spaces on the cone of non-negative non-increasing functions. This
allows obtaining sharp sufficient conditions for boundedness for all admissible values
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of the parameters, which, for a certain range of the parameters wider than known
before, coincide with the necessary ones.

Keywords Riesz potential - Local and global Morrey-type spaces +
Hardy operator on the cone of monotonic functions
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1 Introduction

If E is a nonempty measurable subset on R” and f is a measurable function on E,
then we put

I flle, e = (/Elf(y)lpdy> » 0 < p<+oo,

| fllzo(e) :=supla:[{y € E:|f(M|=>a}| > 0}.

For x e R" and r > 0, let B(x, r) denote the open ball centered at x of radius » and
GB(x, r) denote the set R\ B(x, r).
Let f € LI°°(R"). The Riesz potential I, is defined by

Iy f(x) = / 710()))”_“ dy, 0 <a <n.
Re |X — Y]

The operator I, plays an important role in real and harmonic analysis (see, for
example [22, 23]).

In the theory of partial differential equations, together with weighted L, ,, spaces,
Morrey spaces M, ; are widely used. They were introduced by C. Morrey in 1938
[20] and defined as follows: For 0 <i <n, 1 <p <oo, fe M,, if f¢€ LIP"C(R”)
and

— —A
1 Fla,, = 1 flagy,en = Sup 721 FllL ey < oo

xeR”, r>0

(If A =0, then M o= L,(R"); if A =n, then M, = L (R");if L <0 or A > n,
then M, , = ©, where O is the set of all functions equivalent to 0 on R".)

These spaces appeared to be quite useful in the study of a number of problems in
the theory of partial differential equations, in particular in the study of local behavior
of solutions to elliptic and parabolic differential equations.

Also by WM, , we denote the weak Morrey space of all functions f e WL1]§’c ™)
for which

— -\
I flwa,, = 1 Fllwad,,@n = sup 7 Pl fllwe, e < oo,
xeR”, r>0
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 69

where WL ,(B(x,r)) denotes the weak L ,-space of measurable functions f for which

I X e I WL, Y

=supt|{y € B(x,r): |f()| > t}]'/?

t>0

1 *
sup P (fxpe,) () < 00,
0<t=<|B(x,r)|

I Fllw L, Be.r)

where g* denotes the non-increasing rearrangement of g.
The classical result by Hardy-Littlewood-Sobolev states that if 1 < p; < p, < oo,

then I, is bounded from L, (R") to L,,(R") if and only if « =n (ﬁ - #) and

for py =1 < py < o0, I, is bounded from L;(R") to WL,,(R") if and only if « =

n (1 - pi) Adams [1] studied boundedness of the Riesz potential in Morrey spaces

and obtained the following statement.

Theorem 1.1

(1) Letl <py <py<ooand0 < a < n. Then I, is bounded from M, ; to M, ,
if and only if

() o= (G ) =) G )
a<n|l—-—) and r=\n{———)—a)|———] .
P P2 pr P2 pr o P2

(2) Let1l< py, <ooand0 <« <n. Then I, is bounded from M, ; to WM, ; if
and only if

ceafoe ) oo 3) ) 5)

Ifa=n (ﬁ - i), then A = 0 and the statement of Theorem 1.1 reduces to the

aforementioned result by Hardy-Littlewood-Sobolev.

If in the place of the power function r~*/? in the definitions of M, ; and WM, ;
we consider any positive measurable function w defined on (0, co), then it becomes
the Morrey-type space M, ,,, WM, ,, respectively. Mizuhara [19], Nakai [21] and
Guliyev [15] generalized Theorem 1.1 and obtained sufficient conditions on functions
w; and w, ensuring boundedness of the Riesz potential 7, for the limiting case « =

n (ﬁ - i) from M, ,, to M, ,.
The following statement, containing weaker results obtained earlier in [19, 21],

was proved in [15] (see also [16-18]).

Theorem 1.2 Let 1 < p; <p,<ococand a =n (ﬁ - i) Moreover, let wy, w, be

positive measurable functions satisfying the following condition:

Ea

n o S_ ’;;
sup wy ()t r2 /
t

>0 wi(s)

ds < oo. (1.1)

Then for py > 1 I, is bounded from M, ., to M, ., and for p; = 1 I, is bounded
from M, to WM, ..
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70 V.I. Burenkov et al.

In [2-10] and [15-18] boundedness of maximal operator, fractional maximal
operator, Riesz potential and singular integral operators from one local Morrey-type
space LM, g, . to another one LM, ,, has been investigated and, in particular,
in [6, 9] for a certain range of the parameters necessary and sufficient conditions
for the operator I, to be bounded from LM, g, w, to LM p,, .., were obtained. (The
definition and basic properties of these spaces are given in Section 2. In particular it
is noted there that local Morrey-type spaces are non-trivial only if w;, w, belong to
classes ,, 24, respectively, defined in that section.)

Theorem 1.3

1. If1 < p; §oo,O<p2§oo,O<a<£,0<91,92§oo, w € Qp, and wy € Qy,,
then the condition
7 P2

g/ pr+minin—a.n/ ps)

wa (1) <cllwillL, ooy (1.2)

Lg, (0,00)

(I + r)min{nfaﬁn/pg}
for all t > 0, where ¢ > 0 is independent of t, is necessary for boundedness of I,

from LM 0, w, to LMp,0, w,.
2. Ifthe condition

1 1
l<pi<pr<ooand a =n|{— — —

or the condition’

1< p <00, 0< py<oo and n(i—l> <a<
pP1 P2/ 4 )41
is satisfied, 0 < 0 < 6, < 00, 6; < 1, w; € Qy, and wy € Q,, then the condition
r”/Pz
‘wz(r)W Lo < cllwillLy, .00 (1.3)

for all t > 0, where ¢ > 0 is independent of t, is sufficient for boundedness of I,
from LMp g, v, to LM, v,

3. In particular, if 1 < p; < py < 09, a:n(ﬁ—i), 0<0, <6, <00 6 <1,
w € Qy, and wy € Qy,, then the condition
o ()" il (1.4)
wo(r < cllw .
2 (+r = LIl Ly, (t,00)
Ly, (0,00)

for all t > 0, where ¢ > 0 is independent of t, is necessary and sufficient for
boundedness of 1, from LM g, ., to LM p,p, w,.

The proof in [9] was based on a certain estimate for L ,-quasinorms of I, f over
balls B(x,r), which allowed reducing the problem of boundedness of [, in local
Morrey-type spaces to the problem of boundedeness of the Hardy operator on the
cone of non-negative non-increasing functions.

1 Here and in the sequel 7, =tifr > 0andty = 0ift < 0.
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 71

In this paper we improve the estimate for L ,-quasinorms of I, f over balls B(x, r)
mentioned above and we give an equivalent description of these quasinorms in terms
not involving the operator /, (Theorem 3.9). This allows obtaining sharp sufficient
conditions for boundedness for all admissible values of the parameters;if p; = 1 then
these sufficient conditions coincide with necessary ones (Theorem 5.1). Moreover,
we prove that Statement 3 of Theorem 1.3 holds without the assumption 6, <1
(Theorem 5.5). In these theorems the case of weak local Morrey-type spaces is also
considered.

A preliminary version of this paper was published as preprint [7].

2 Definitions and Basic Properties of Morrey-Type Spaces
Definition 2.1 Let0 < p, 6 < oo and let w be a non-negative measurable function on
(0, 0). We denote by LM 4 ,,, GMp ,, espectively, the local Morrey-type spaces,

the global Morrey-type spaces respectively, the spaces of all functions f € LIP"C(R”)
with finite quasinorms

1A eatyy = 1l iaty ey = 0@ FIL 500 1 0 o) -

”f”GMpg,w = sup || f(x + ')”LM
xeRn

po,w

respectively.

Note that

||]C||L/\/1[m1 = ”f”GMpmJ = ||f||L,,-

Furthermore, GM po r20 = Mp ;3,0 <A <n,and GM poo,iy = M 4.

Definition 2.2 Let 0 < p, 6 < co. We denote by 2, the set of all functions w which
are non-negative, measurable on (0, c0), not equivalent to 0 and such that for some
t>0

lwll 2,00 < 00.

Moreover, we denote by Q,, the set of all functions w which are non-negative,
measurable on (0, 00), not equivalent to 0 and such that for some ¢, #, > 0

w1y 01,000 < 00, lw@E P || 1, 0.) < 00.

In [3] it was proved that if |w|| 1,0y = 0o forall ¢ > 0, then GM g, = LMy, =
® and if [|w(r)r"'?||1,0.) = oo for all > 0, then GM 4, = ©. For this reason when
considering spaces LM 4, we always assume that w € Q¢ and when considering
spaces GM ., we always assume that w € Q4.

In [6] the following statements were proved.
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72 V.I. Burenkov et al.

Lemma23 Letl < p; <00,0< py<00,0<a<n,0<86,0, <00, w €y, and

wy € Q,. Then the condition
n
o< —
P1

is necessary for boundedness of 1, from LM g, w, to LM g, w,.

Throughout this papera < b (b 2 a) means that a < Ab, where . > 0 depends on
unessential parameters. If b < a < b, then we write a = b.

3 L ,-Estimates of the Riesz Potential over Balls

We consider the following “partial” Riesz potentials

L*’f(x) = Ia(f)(,,(x)r))(x) = / Md

B(x.r) |x - Y|"_"

)

L,

EB(x,r) |x - )’|"_°‘

L £ = L Fxg, )0 = |,

Lemma3.l LetO<p<oo, 0<a<nand f e LIIOC(R”). Then for any ball B(x,r)
in R"

1L FDllwe, ey 277 Tar(LFD().

Proof If y € B(x,r)and z € BB(x, r), then |y — z|] < 2|x — z| and
| f(2)] dz

B(x.,r) |y - Z|n—oz

LAfHG) = ﬁ

> e /GB(“) u'f(%dz =2 T, (D).
Hence?
e FDIw L, Beern = a7 257 T (| £ (),
where v,, is the volume of the unit ball in R”. O

Lemma32 Let0<p<oo, O0<a<nand f € Llloc(R”). Then for any ball B(x,r)
in R"

o (DI LB = 1Ml F1 X)Ly Beery + 77 Ta2r( fD) (3.1

and

1 e DL, B = MHa(l FIX s WL, (B + 77 T (| FD(0). (32)

2We apply the following simple statement. If 2 is a measurable set in R”, M > 0 and for almost all

1
y €8 g(y) = M, thenforany 0 < p < oo liglwL,@ = MIQ|7.
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 73

Proof Clearly
1 (DL, B S Ml f1X s LBy + I Ia('f|XgB(X2”)”Lp(B(x,r))
and

1 e (L fDIwe, B S Hell flXswa) WL, (Bar) + ||Ia(|flngM))||WL,,(B(x,r)>~

Ifye Blx,r),z € l3B(x, 2r), then |x —z|/2 < |y — z| < 3|x — z|/2. Therefore

”Ia(|f|X[}B( 2))||WLP(B(x,r)) < ”Lx('legB( 2))||L,,(B(x,r))

PN
2208
By \J CB2n |y — Z|"7¢

n Z
rp/ | f( )|_ dz
Cpex2n X — 2"

7 Ty (L FD ()

and the right-hand side inequalities in Egs. 3.1 and 3.2 follow.
The left-hand side inequalities in Egs. 3.1 and 3.2 follow by Lemma 3.1 and
obvious inequalities

Q

1Me (| fDN LB = Mol f1X ) 1L (Bor)
and
1Mo (| fDIWL, B = Ha( fIX s ) IWL, (B -
O
Lemma 3.3 Letl < p; < p; < o0 and 0 < a < n. The inequality
< (5 5)
Mo (X o Ly By SN 22N fllL, (B2 (3:3)

holds for any ball B(x,r) C R" and forall f € Llp"]"(R”) if and only if in the case p; > 1

a>n (i — é) 34)

(-5)
a>n|l——|.
P2

Moreover for 1 < p, <ocoanda =n (1 — #) the inequality

and in the case p; = 1

”10!(fXB<x.2r))”WL,JZ(B(XJ)) S/ Il f||L|(B(x,2r)) (35)

holds for any ball B(x,r) C R" and for all f € LI*°(R").
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74 V.I. Burenkov et al.

Proof Recall the well-known inequalities for the Riesz potential [22]. If 1 < p < ¢ <
00, then

(s Fleaer S 1y (3.6)

Alsoif 1 < g < oo, then
||In(]71) f”WLq(]R") 5 l f”L](]Rn) . (3~7)
q

If 1 < p; < p2 < 00, inequality (3.4) holds and z € B(x, r), then

L, (|f|XBt,n2r)) (2) S rain(plilirlz)ln(ifi) (|f|XB("v2’)) ()

Py r2

and by Eq. 3.6

< nli=3s)
2o (1 f1 X ) N2y By ST N0 2 ] Ly, (B(x,2r)) -
If 1 < p, < oo and inequality (3.5) holds then by Eq. 3.7

”Iot (|f|XR(x,Zr)) ”LM(B(x,r)) = ” (Iot (|f|Xg(,nz,)))* ||L,,2(0,|B(x,r)|)

1—e * a_q
< sup 0 (L (1 flXpes) @l IlL,,0,1B6n)
0<t<|B(x,r)|

~ ra—n(l-%) ||Ia (|f|XB(.t.27))

| WLﬁ (B(x,r))

a—n(1—-L
Sr ( ”Z) I FI L, B2y -

P P2
L'[‘,’IC(R”). Indeed if f e L, (R") and f ~ 0 then by passing in Eq. 3.3 to the limit
as r — +oo we arrive at a contradition.
Assume that p; = 1,1 < p, < o0, =n <1 - i) and f € L;(R"). Then by pass-
ing to the limit in Eq. 3.3 as r — 400 we get

1Mo fllL,, @ S FllL, @

which, according to known results [22], is not possible. O

If py>1and ¢ <n (i — i), then inequality (3.3) cannot hold for all f e

Corollary 3.4 Let

1 1
l<pi <00, 0<py<oocorp =1, 0< py <oo, andn(———) <o <n,
b1 p2a/+t
(3.8)
or
1 1
1 < p <p2<ooanda=n(———>. (3.9)

P12
Then the inequality

oa—n 1L
Ve o it S 7T 5 1L iy
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 75

holds for any ball B(x,r) C R" and forall f € LIOC(R”)

Moreover for 1 < p, <occanda =n (1 — —) then the inequality

||IC((fXB(.\‘.Zr))”WLpz(B(x )~ || f||L,(B<x 2r))

holds for any ball B(x,r) C R" and for all f € L'°(R™).

Proof If p, > pi, the statement follows by Lemma 3.3.
If p» = pi1, then by applying Minkowski’s inequality for integrals we have

| | M @]
Ly B = | fp o —ylr—e Ly, (B(x.r))

<| / fXM) [t ) = 0],
B(0,3r) |u|r—

du
< T X
/B(o,sr) 172 /%

If p, < pi, then by applying Holder’s inequality and this inequality we get

H Lo (fXBuzr))

Ly, ®")

Ly @ S TN, Bean-

Mo (f Xpeea) Ly By S rer o Cf X peea ) I L, (B
a—n(-L-L
A N F P

Lemma 3.2 and Corollary 3.4 imply the following statement.
Lemma 3.5 Let condition (3.8) or condition (3.9) be satisfied. Then the inequality

Ve Pl ccery < "B fL, sy + 7 T (1D (3.10)

holds for any ball B(x,r) C R" and forall f € Lg’f(R").
Moreover, for 1 < p, < oo and o = n(l — i) the inequality

Mo Flwe,, e S 1Ly + r7: T, (| () (3.11)

holds for any ball B(x,r) C R" and forall f € LIIDC(R”).
Lemma 3.6 Let the condition (3.8) or condition (3.9) be satisfied. Then the inequality

n [ dt
1o fllL,, Bary ST7 / I Iz, (B gy (3.12)
r

holds for any ball B(x,r) C R" and for all f € LIOC(R")

Proof Note thatif o > ﬁ and f is not equivalent to 0 on R”, then right hand side of
Eq. 3.12 is infinite, and in this case inequality (3.12) is trivial.
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Leta < %. By Lemma 6 in [S] and Holder’s inequality

n

re 7a,2r(|f|)(x) = rpiz / Md

IJB()C,Zr) |x - )’|"_0‘

[ dt
— (—a) dy | ——
(n=r /2r </;r<|xy|<z )l y> et

n [ dt
<(mn—-ayrn I f”L](B(x,t))tn_T_H

2r

P dt
<ym -
S /2 I fllz,, Bexo e

r

In the other hand

ra_n(ﬁ_ﬂilz)

I fllL,, (Bx,2r)

n o a o dt
(7 —o() 2%k ;2 I fllL,, (Bex,2ry) /
D1 2r

tﬁ—a-#l
R dt
< rr -
S /2 I fllL,, (oo T

r

Hence the statement of the lemma follows by inequalities (3.10) and (3.11).

Remark 3.7 Note that inequality (37) in [6]

1
n o dt P
g
1o fllL,, B Sre </r (/B(x.l) If(y)lp‘dy> W)

follows from the inequality (3.12) by applying Holder’s inequality.
Indeed for any § > 0 by Eq. 3.12

n o0 Plil dt
VLo Flly, sy < 775 / / | F@)IPdy
r B(x,1) t

n 1 1
ﬁ*(d+5)+ﬁ+5+ﬁ

B 0o dt Qi © gt \w
; )4 S T
5 rr2 ([ <~/;9(M) |f(Y)| dy) tn_(a+§)p1+l> (/r [P1’5+1>
. 00 dt ﬁ
S ™ 8 </. (/ |f(y)|p]dy> 7> .
r B(x,t)

—(@+8)pi+1

Lemma 3.8 Let0 < p < 00, 0 < a < n. Then the inequality

S e dt
e fDIwL, B Z 17 i I By ot

2 (=) I Fll Ly B2y
holds for any ball B(x,r) C R" and for all f € LI*°(R").
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 77

Proof For all ye B(x,r) |[y—z| <2rif z€ B(x,r) and |y—z| <2|x—z| if z €
|3B(x, r), therefore

/()] / /@)
L _ EEASTA P a—
(fH /B wn =2 Jop Ty =z

> (2P /B ( )| F(2)|dz + 297" / /@)

UB(x,r) |X - Z|n7a

(1= a2 / N ( /B N If(z)ldz> —

+ (1 — )2 /c - ( /lo_o y dj+1> | f(D)ldz
(1= a2 ( / N ( /B N If(z)ldz) -
* /roo </B<x,n\3<x,r> @ |dz> " Cit“ )

o dt
=(n—a)2“" /r Il Beoy g e

Hence the first of the desired inequalities follows.
The second one follows since

n [ dt n dt
re I flle By -7 a1 277 ||f||L.(B(x ) et
r 2r

> (- )”f”Ll(B(x 2))-

a
Theorem 3.9
1. Let0<p<ooandn (1 — %)+ < o < n. Then the equivalences
1o (1 fDIwL,Ber) = el fDIL, B
~ 15 Ts (P + 78 f Ly cainny
<ot [ o (3.13)

hold for any ball B(x,r) C R" and for all f € L'*(R").

3See footnote 2.
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78 V.I. Burenkov et al.

2. Letl<p<ooanda=n (1 — %) Then the equivalences

12y D lwe oy = re 7n(1_%),,<|f|)<x> + 1 Fll L Berany

n [ dt
~r [ - (3.14)
r P
hold for any ball B(x,r) C R" and for all f € L'*(R").

Proof The second equivalence in Eq. 3.13 for both || 1, (| fD)llw L, Be.r) and

[ 1o (| fD Il L, (Bex.r) and the first equivalence in Eq. 3.14 follow by Lemma 3.5 (estimate
above) and Lemmas 3.1 and 3.8 (estimate below). The third equivalence in Eq. 3.13
for both | I,(| fDllwL, . and 11| fDIlL, 5w and the second equivalence in
Eq. 3.14 follow by Lemmas 3.6 and 3.8. O

4 Riesz Potential and Hardy Operator

Let 991(0, c0) be the set of all Lebesgue measurable functions on (0, c0) and
M (0, 0o) its subset consisting of all non-negative functions on (0, oo). We denote
by 9T (0, oo; |) the cone of all functions in 91+ (0, co) which are non-increasing on
(0, o0) and we set

A= {ga e M (0, 003 }) : tl_i)rglogo(t) = 0} .

Let H be the Hardy operator
t
(Hg)(0) == / g(r)dr, 0 <t < oo,
0

Lemma 4.1 Let condition (3.8) or condition (3.9) be satisfied. Moreover, let 0 < 6, <
oo and wy € y,.
Then

1o fllLMypsy 0y S NHEp, N L4, 00,00 (4.1)

forall f e Llp"f(R"), where

Pl n
gpl(l)=</ 1 If(y)lpldy) ,0=—-a>0
B(0,r77) P1

and

n

Us(r) = wy () e (4.2)

Moreover, if py = 1,0 < p, <occandn (1 — i) <a < n, then
+

1o fllwem,, ., = Mo fllim,, ., = 1HE1L, ., 0.00

for all non-negative functions f € Lll"C(R").
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Boundedness of the Riesz Potential in Local Morrey-Type Spaces 79

Alsoif1 < p <oocanda :n(l — i), then
I o fllwim,y, ., = 1HE L, ., 0,00
for all non-negative functions f € L'*°(R™).

Proof By Lemma 3.6 we have

a [ dt
Mo fllLby s,y S wz(r)rﬁz/ ||f||Lpl(B(0,t))7ta+]
i

Lo, 0,00)

—0

,
23
waer [, ety

Q

Lo, 0.0

—0

= [wa(r)ri / gp (D)dt
0

Lo, 0,00)

Lo, 0,00)

= 1Hgp, Il Ly, ., (0,00-

The second and third statement of the lemma follow by applying also
Theorem 3.9. O

Theorem 4.2 Let condition (3.8) or condition (3.9) be satisfied. Moreover, let 0 <
0, 6, <00, wy € le and w; € ng.
Then I, is bounded from LM, v, to LM p,e, v, if, and inthe case py = 1,0 < p <

P2
Ly, 1, (0, 00) on the cone A, that is

oo and n (l — L) < a < n only if, the operator H is bounded from Ly, ., (0, co) to
+

1 Hgll Ly, . 0,000 S N8l Ls, o, 0,00 (4.3)

for all functions g € A, where

Vi) = wy (r ) AT (44)
and v, is defined by equality (4.2).

Moreover, if py =1, 0 < p) < o0 and n (1 1

_E) <a<norl< p;<ooand
+

a=n (1 - i), then I, is bounded from LMy, ., to WLM,, ., if and only if, the
operator H is bounded from Ly, ,, (0, 00) to Ly, ,,(0, 00) on the cone A.

Proof Assume that the operator H is bounded from Ly, 4, (0, 00) to Ly, ., (0, c0) on
the cone A. Since g,, € A, by Lemma 4.1 we have

Mo fllLmyy S WHEp Ly, 0,00 S 1801 N Ls, o, 0.00)-
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Note that
1801120, 0000 = O, o3l 000

sl
~ |vite™)p @ I fllL,, BO.p) ”LHI‘UI(O.OO)
= ||w1(P)||f||Lpl(B(o,p)) I L, 1, (0,00)
=1l -

Hence it follows that I, is bounded from LM, g, ., to LM 4, 1,.
Assume that I, is bounded from LMy, ,, to LM, ,,,. Then for all non-negative
fe L@

I HEp Ly, 0, 0.000 = Mo fllinyyy, SN FlEM, 0 =180 Ly, 0,00 (4.5)

Let g € A be locally absolutely continuous on (0, o). Consider the non-negative

measurable function 4 on (0, co) defined uniquely up to equivalence by the equality
1

Pr

1 tini
80 =IAA-Dl,, g, by = (0007 (/0 h(p)”‘p”'dp>

If we take in Eq. 4.5 f(x) = h(|x]) then g,, = g and Eq. 4.5 implies that

1 Hgll Ly, ., 0.000 S N8l Ly, 0, 0.00)- (4.6)

Finally if g is an arbitrary function in A, then there exist functions g, € A which are
locally absolutely continuous on (0, oc) and g, ' g on (0, o) as n — oo. Therefore
by passing to the limit it follows that inequality (4.6) holds for all g € A. O

5 Necessary and Sufficient Conditions

In order to obtain sufficient conditions on the weight functions ensuring boundedness
of 1,, we shall apply Theorem 4.2 and the known necessary and sufficient conditions
ensuring boundedness of the Hardy operator H from one weighted Lebesgue space
to another one on the cone A (see, for example, [11, 12]).

Theorem 5.1 Let condition (3.8) or condition (3.9) be satisfied. Moreover, let 0 <
6, 6, <00, wy € Q@], wy € 992.

Then the operator 1, is bounded from LM, ., to LM, ., if, and in the case
p1 = 1onlyif,

(@) If1 <6, <6, < o0, then

1

Bj :=sup (/OO w§2 (r)er(a—n(ﬁ—p%))dO@ (/OO wf' (r)dr)_W <00, (5.1)
t t

t>0
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and

=)

‘ L N eyt ile )
B) := sup (/ wgz (r)r525dr> / Le/dr <oo. (52)
t>0 0 t (/;00 w(lﬂ (,O)dp)

(b) If0<6, <1,0 <6 <6, < oo, then B} < coand

s W \®E [ [ i
B} :=supt* (f wgz (r)reszdr> (/ w?' (r)dr) < o0. (5.3)
>0 0 t

() If1 <6, <00,0<6, <0 <o00,0, #1, then

616,
_b 016y
o f oo 6 eg(a—n(i—i)) =0y
B3 — /; Wy (r)r no n))ldr wgz(t)tez(a—n(ﬁ—é)>dt < o0,
! 0 foo w (r)dr 2
¢ W
and
01 917]—857
1 / n )
00 t ; " 0o 91(‘*771)
B; = / (/ wgz(r)rezﬁdr> ’ / o Or dr
1
0 0 ! (f,°° w) (p)dp)
01-6)
616,
W (i (= 77)
x—e,dt < 00.
1
(f,°° w! (p)dp)
(d) If1 =06, <6 < oo, then
6y —1
o 00 a_n(L_L)d 91%1 IT‘
wo (r)r non)dr wen(L_1
B} = / i }(w) T wa (D)1 (3 Plz)dt < 00,
0 . wy (ndr

and

0—1

B /'OO [ wz(r)rafn(ﬁfﬁflz)dr + 7 N wa (F)r 7z dr
2 0 I w?l (rdr

4

_n ! n dt
N </ wo (F)r 72 dr) - =
0
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(e) If0 <6, <6, =1, then

B < ([ w (r)rez(“‘”<ﬁ—é)>dr
1= /0

[ wi(rdr
and
b ! g, 1 l%z n % 9292—1
B = / (/ wgz(r)rzfzdr> < inf SW_O‘/ wl(p)dp)
0 0 [<s<oo s
i
[23
Oy o
X w, (72 dt < 00.

(f) If0 <6, <6 < 1, then B} < oo and

)

_n) %o
6 o S(a 1 ) 16, ! o g, 910
B; = | sup 5 ; wy (Nrrdr

S (o)

01-6,
00,
x w6 dt < .
(&) If0 <6 <1,6, =00, then
nin
B’ := esssup wa (O — < oo0.

O<t<s<oo I _qg © O 2
§7 (fs wll(r)dr)‘

(h) If1 <6 < o0, 0, = 00, then

8 s *© P (a "1) dr
B® :=esssup wy ()t / 0—1 5 = oo
>0 t <froo u)(f1 (S)dS) T

(i) If6, = 00, 0 < 6, < o0, then

o 0>
o, [ s s
tri
0 t €ss sups<y<oo wi ()’)

b2

xw%(oﬁz(“‘"(ﬁ‘i))m < oo.

BIO .
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G) If6, = 6, = oo, then

g

9 o [ sYTh
B’ := esssup w,(f)t 2 ds < oo.
>0 t ess Sups<y<oo wy (y)

1

Moreover, if py =1, 0 < p; < 00 and n(l —

) <a<norl<p,<ooand
+

a=n (1 - i), then I, is bounded from LMy, ., to WLM ., ., if and only if
conditions (a) — (j) are satisfied.

Proof From results in [11, 12] it follows that conditions (a)—(j) are necessary and
sufficient for inequality (4.3) to hold, where v, and v, are defined by Eqs. 4.2, 4.4
respectively.

For example, let 1 < 0, <6, < oo, then by [11, 12] inequality (4.3) holds if and
only if

1

t é t 2
A: = sup (/ vgz (s)ds) (/ vf' (s)ds) < o0
>0 0 0

and

00 ) é t v91 (S)Sel’
A% ‘= sup (f vj(s)) / — L _ds
>0 \J¢ 0 (

_— o]
OS vg' (t)ds)

If v; and v, are defined by Eqgs. 4.2, 4.4 respectively, then by using the substitute
r=s"r we get that

1 i
1 N Y S B 2 Lo 11y o 1
A= sug) Wy (s7e)s o ds wi' (s7o)r o ds ~ B,
> 0 0

and similarly A} ~ Bj.
Hence the statement follows by Theorem 4.2. O

Remark 5.2 Note that two conditions (5.1) and (5.3) are equivalent to one condition
(1.3).

Corollary 5.3 Let condition (3.8) or condition (3.9) be satisfied. Moreover, let func-
tions wy € Qp, o0 and wy € Qp,  satisfy the following condition:

n o0 s 1
sup wo (Htr2 / ds < o0. (5.4)
>0 t eSSSUPg_; o Wi(T)

Then I, is bounded from M, ., to M, ..

Proof Clearly boundedness of I, from LM, ., to LM, ., implies boundedness
of I, from GM, 00w, = Mp, w, 10 GMp00.w, = Mp, . O
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P1 P2
(1.1) holds, then condition (5.4) holds too. Moreover for non-increasing continuous

functions w; conditions (1.1) and (5.4) coincide. However, in general, condition (5.4)
does not imply condition (1.1). For example, the functions

Remark 5.4 Let 1 < py <py<oo,a=n (— - —) It is obvious that if condition

n
,0<B<——«

wl(r) = X (r)riﬂ’ U)Q(I) - m P1

satisfy condition (5.4) but do not satisfy condition (1.1).

Theorem 5.5

1) Letl < p; < p; <oo, a_n<ﬁ—;> 0<6 <ooand 6 <6, <oo, w € Qy,

and w, € Qy,, then condition (1.4) is necessary and sufficient for boundedness of
I, from LMy g, w, to LM, y,.

2) Letl < p; < p; <00, a_n(ﬁ—g) 0<6) <ooand 6 <6, <oo, w; € Qy,

and w, € Qy,, then condition (1.4) is necessary and sufficient for boundedness of
Iy from LMy 0, 0, to WLM 0, ,-

Proof 10 < 6, < 1,0 < 0, < 6, < oo, then the statement of the theorem was proved
in[6,9]. Let 1 < 6, <6, < oo. Since

1
t R % oot 0‘ [7]
Bj = sup < / wy (r)rgzﬁdr> ’ / o P —
>0 0 (

[ wh (p)dp)

N t " 05 e8] 0,
<supt* </ w?z(r)r%dr> ’ (/ Wi () T —
t>0 0

(p)dp)
‘ %
n n 2
~ supt’r ( / wy (r)rezﬁdr)
>0 0

16\ 7
(p)dp) )
: : -+
=supt* </ w? (r)rezﬁdr) </ w) (r)dr) = B3,
t>0 0 t

sufficiency of Egs. 5.1 and 5.3 follows by Theorem 5.1, part (a). Hence condition (1.4)
is sufficient (by Remark 5.2) and necessary (by Theorem 1.3, part 1) for boundedness
of I, from LM g, v, 10 LMp,, w,. The case 1 < 6; < oo, 6, = oo is similar, because
in this case B® < B} by this same argument as above.

The proof of sufficiency for the second statement is similar. As for necessity
one should note that boundedness of I, from LM, ., to WLM,,, ,, implies
boundedness of the fractional maximal operator M, from LM 4, ., to WLM g, .,
and that condition (1.2) is necessary for boundedness of M, from LM, ., to
WLM,., ., (see[9]). ]

@ Springer



Boundedness of the Riesz Potential in Local Morrey-Type Spaces 85

Corollary 5.6 Let 1 < p; < p, < 00, a—n(;—;) 0<6 <ooand B <6, < o0,

wy € ng and

n

r n
wy (1) <t+r>

forallt > 0. Moreover, if 9, = co and 0; < oo it is also assumed that

ro\m
n wa(r) (H—r)

< 0
L, (0,00)

=0.
Lo (0,00)

lim
—

Then

1) 1, is bounded from LMpo,w; to LM, ,, where wi is a non-increasing contin-
uous function on (0, c0) defined by
, t € (0, 00).

(- 7
wa(r) | —
? t+r
Ly, (0,00)

2) Ifw € Qp and I, is bounded from LMy, , to LM, .,, then

lwill Ly, ¢,00) =

LMP191JU| C LMpl(’].wl*-
(Hence LM g, : is the maximal among spaces LM pg, ., for which I, is bounded

from LMy, v, to LMp,, w,.)

Proof Since condition (1.4) is also necessary and sufficient for boundedness of the
fractional maximal operator M, (see [10]), the proof of Corollary 5.6 is also the same
as for the case of M,. O

An analogue of Corollary 5.6 also holds for the case in which LM, 4, ., is replaced
by WLM .0, v,

Corollary 5.7 Let 1 < p; < p) <00, « —n(ﬁ - i), wy € Qp, and wy € Qp,, then

condition (1.4) is necessary and sufficient for boundedness of I, from L, w, to
Lp, w,, where Wi (x) = llwillL,, (x1,00 W2(X) = lw2llL,, (1x],00)-

Proof It suffices to take into account that for 0 < p < oo

NN LMy = W FN Ly

where for all x € R” W(x) = [[wllL,(x.c0) (s€€ [3])- o

It is interesting to note that condition (1.4) have the form that differs from the
known necessary and sufficient conditions discussed in detail, for example, in [14].

Example 5.8 Let the condition (3.8) or condition (3.9) be satisfied. Moreover, let
1 <6, <6, < o0, and B be such that

1 1 1 n
B+ — <0, ﬂ+—+—>0 ﬂ—i———l— +a—-—— <0,
0, P2 0 P2 6 )4
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o1 _n_ 1 .
then it is easy calculate that the functions w, (f) = Pt , wa(t) = 1P satisfy

the condition (a) of Theorem 5.1. Thus I, is bounded from LM, 4, ., to LM 4, v,.

6 Some Applications

The theorems of the previous sections can be applied to various operators which are
estimated from above by Riesz potentials. We give some examples.

Suppose that L is a linear operator on L, which generates an analytic semigroup
e~'I with the kernel p;(x, y) satisfying a Gaussian upper bound, that is,

v—vi2
=yl
—cy

C
Pyl < e (6.1)

for x, y e R" and all t > 0, where ¢, ¢; > 0 are independent of x, y and ¢.

For 0 < o < n, the fractional powers L~%/? of the operator L are defined by
1 < L dt
I(a/2) ‘/0 ¢ f(x) a/2+1"

Note that if L = —A is the Laplacian on R”, then L=%/? is the Riesz potential I,.
See, for example, Chapter 5 in [22].

L fx) =

Theorem 6.1 Let condition (6.1) be satisfied. Moreover, let a, py, pa, 601, 62, wy and
ws satisfy the sufficiency conditions of Theorems 5.1 or 5.5. Then L~%/? is bounded
from LM 4, v, to LM p,0, v,

Proof Since the semigroup e~** has the kernel p;(x, y) which satisfies condition (6.1),
it follows that

IL™2 f)] S L fD ()
(see [13]). Hence by the aforementioned theorems we have

—a/2
DL Fll iy S Ml DN Lty S 0Lty

[}

Property (6.1) is satisfied for large classes of differential operators (see, for
example [9]). In [9] also other examples of operators which are estimates from above
by Riesz potentials are given. In these cases Theorems 5.1 and 5.5 are also applicable
for proving boundedness of those operators from LM 4, ., to LM g, y,.

Acknowledgement The authors thank the referees for careful reading the paper and useful
comments.
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