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Abstract The problem of boundedness of the Riesz potential in local Morrey-
type spaces is reduced to the problem of boundedness of the Hardy operator in
weighted Lp-spaces on the cone of non-negative non-increasing functions. This
allows obtaining sharp sufficient conditions for boundedness for all admissible values
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of the parameters, which, for a certain range of the parameters wider than known
before, coincide with the necessary ones.
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1 Introduction

If E is a nonempty measurable subset on R
n and f is a measurable function on E,

then we put

‖ f‖Lp(E) :=
(∫

E
| f (y)|pdy

) 1
p

, 0 < p < +∞,

‖ f‖L∞(E) := sup{α : |{y ∈ E : | f (y)| ≥ α}| > 0}.

For x ∈ R
n and r > 0, let B(x, r) denote the open ball centered at x of radius r and

�
B(x, r) denote the set R

n\B(x, r).
Let f ∈ Lloc

1 (Rn). The Riesz potential Iα is defined by

Iα f (x) =
∫

Rn

f (y)

|x − y|n−α
dy, 0 < α < n.

The operator Iα plays an important role in real and harmonic analysis (see, for
example [22, 23]).

In the theory of partial differential equations, together with weighted Lp,w spaces,
Morrey spaces Mp,λ are widely used. They were introduced by C. Morrey in 1938
[20] and defined as follows: For 0 ≤ λ ≤ n, 1 ≤ p ≤ ∞, f ∈ Mp,λ if f ∈ Lloc

p (Rn)

and

‖ f‖Mp,λ
≡ ‖ f‖Mp,λ(Rn) = sup

x∈Rn, r>0
r−λ/p‖ f‖Lp(B(x,r)) < ∞.

(If λ = 0, then Mp,0 = Lp(R
n); if λ = n, then Mp,n = L∞(Rn); if λ < 0 or λ > n,

then Mp,λ = �, where � is the set of all functions equivalent to 0 on R
n.)

These spaces appeared to be quite useful in the study of a number of problems in
the theory of partial differential equations, in particular in the study of local behavior
of solutions to elliptic and parabolic differential equations.

Also by WMp,λ we denote the weak Morrey space of all functions f ∈ WLloc
p (Rn)

for which

‖ f‖WMp,λ
≡ ‖ f‖WMp,λ(Rn) = sup

x∈Rn, r>0
r−λ/p‖ f‖WLp(B(x,r)) < ∞,
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where WLp(B(x, r)) denotes the weak Lp-space of measurable functions f for which

‖ f‖WLp(B(x,r)) ≡ ‖ fχB(x,r)‖WLp(Rn)

= sup
t>0

t |{y ∈ B(x, r) : | f (y)| > t}|1/p

= sup
0<t≤|B(x,r)|

t1/p (
fχB(x,r)

)∗
(t) < ∞,

where g∗ denotes the non-increasing rearrangement of g.
The classical result by Hardy-Littlewood-Sobolev states that if 1 < p1 < p2 < ∞,

then Iα is bounded from Lp1(R
n) to Lp2(R

n) if and only if α = n
(

1
p1

− 1
p2

)
and

for p1 = 1 < p2 < ∞, Iα is bounded from L1(R
n) to WLp2(R

n) if and only if α =
n

(
1 − 1

p2

)
. Adams [1] studied boundedness of the Riesz potential in Morrey spaces

and obtained the following statement.

Theorem 1.1

(1) Let 1 < p1 < p2 < ∞ and 0 < α < n. Then Iα is bounded from Mp1,λ to Mp2,λ

if and only if

α ≤ n
(

1
p1

− 1
p2

)
and λ =

(
n

(
1
p1

− 1
p2

)
− α

) (
1
p1

− 1
p2

)−1

.

(2) Let 1 < p2 < ∞ and 0 < α < n. Then Iα is bounded from M1,λ to WMp2,λ if
and only if

α ≤ n
(

1 − 1
p2

)
and λ =

(
n

(
1 − 1

p2

)
− α

)(
1 − 1

p2

)−1

.

If α = n
(

1
p1

− 1
p2

)
, then λ = 0 and the statement of Theorem 1.1 reduces to the

aforementioned result by Hardy-Littlewood-Sobolev.
If in the place of the power function r−λ/p in the definitions of Mp,λ and WMp,λ

we consider any positive measurable function w defined on (0,∞), then it becomes
the Morrey-type space Mp,w, WMp,w respectively. Mizuhara [19], Nakai [21] and
Guliyev [15] generalized Theorem 1.1 and obtained sufficient conditions on functions
w1 and w2 ensuring boundedness of the Riesz potential Iα for the limiting case α =
n

(
1
p1

− 1
p2

)
from Mp1,w1 to Mp2,w2 .

The following statement, containing weaker results obtained earlier in [19, 21],
was proved in [15] (see also [16–18]).

Theorem 1.2 Let 1 ≤ p1 ≤ p2 < ∞ and α = n
(

1
p1

− 1
p2

)
. Moreover, let w1, w2 be

positive measurable functions satisfying the following condition:

sup
t>0

w2(t)t
n
p2

∫ ∞

t

s− n
p2

−1

w1(s)
ds < ∞. (1.1)

Then for p1 > 1 Iα is bounded from Mp1,w1 to Mp2,w2 and for p1 = 1 Iα is bounded
from M1,w1 to WMp2,w2 .
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In [2–10] and [15–18] boundedness of maximal operator, fractional maximal
operator, Riesz potential and singular integral operators from one local Morrey-type
space LMp1θ1,w1 to another one LMp2θ2,w2 has been investigated and, in particular,
in [6, 9] for a certain range of the parameters necessary and sufficient conditions
for the operator Iα to be bounded from LMp1θ1,w1 to LMp2θ2,w2 were obtained. (The
definition and basic properties of these spaces are given in Section 2. In particular it
is noted there that local Morrey-type spaces are non-trivial only if w1, w2 belong to
classes �θ1 , �θ2 respectively, defined in that section.)

Theorem 1.3

1. If 1 ≤ p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < α < n
p1

, 0 < θ1, θ2 ≤ ∞, w1 ∈ �θ1 and w2 ∈ �θ2 ,
then the condition

tα−n/p1+min{n−α,n/p2}
∥∥∥∥w2(r)

rn/p2

(t + r)min{n−α,n/p2}

∥∥∥∥
Lθ2 (0,∞)

≤ c‖w1‖Lθ1 (t,∞) (1.2)

for all t > 0, where c > 0 is independent of t, is necessary for boundedness of Iα

from LMp1θ1,w1 to LMp2θ2,w2 .
2. If the condition

1 < p1 < p2 < ∞ and α = n
(

1
p1

− 1
p2

)

or the condition1

1 ≤ p1 < ∞, 0 < p2 < ∞ and n
(

1
p1

− 1
p2

)
+

< α <
n
p1

is satisf ied, 0 < θ1 ≤ θ2 ≤ ∞, θ1 ≤ 1, w1 ∈ �θ1 and w2 ∈ �θ2 , then the condition∥∥∥∥w2(r)
rn/p2

(t + r)n/p1−α

∥∥∥∥
Lθ2 (0,∞)

≤ c‖w1‖Lθ1 (t,∞) (1.3)

for all t > 0, where c > 0 is independent of t, is suf f icient for boundedness of Iα

from LMp1θ1,w1 to LMp2θ2,w2 .

3. In particular, if 1 < p1 < p2 < ∞, α = n
(

1
p1

− 1
p2

)
, 0 < θ1 ≤ θ2 ≤ ∞, θ1 ≤ 1,

w1 ∈ �θ1 and w2 ∈ �θ2 , then the condition∥∥∥∥∥w2(r)
(

r
t + r

) n
p2

∥∥∥∥∥
Lθ2 (0,∞)

≤ c‖w1‖Lθ1 (t,∞) (1.4)

for all t > 0, where c > 0 is independent of t, is necessary and suf f icient for
boundedness of Iα from LMp1θ1,w1 to LMp2θ2,w2 .

The proof in [9] was based on a certain estimate for Lp-quasinorms of Iα f over
balls B(x, r), which allowed reducing the problem of boundedness of Iα in local
Morrey-type spaces to the problem of boundedeness of the Hardy operator on the
cone of non-negative non-increasing functions.

1 Here and in the sequel t+ = t if t ≥ 0 and t+ = 0 if t < 0.
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In this paper we improve the estimate for Lp-quasinorms of Iα f over balls B(x, r)
mentioned above and we give an equivalent description of these quasinorms in terms
not involving the operator Iα (Theorem 3.9). This allows obtaining sharp sufficient
conditions for boundedness for all admissible values of the parameters; if p1 = 1 then
these sufficient conditions coincide with necessary ones (Theorem 5.1). Moreover,
we prove that Statement 3 of Theorem 1.3 holds without the assumption θ1 ≤ 1
(Theorem 5.5). In these theorems the case of weak local Morrey-type spaces is also
considered.

A preliminary version of this paper was published as preprint [7].

2 Definitions and Basic Properties of Morrey-Type Spaces

Definition 2.1 Let 0 < p, θ ≤ ∞ and let w be a non-negative measurable function on
(0,∞). We denote by LMpθ,w, GMpθ,w respectively, the local Morrey-type spaces,
the global Morrey-type spaces respectively, the spaces of all functions f ∈ Lloc

p (Rn)

with finite quasinorms

‖ f‖LMpθ,w
≡ ‖ f‖LMpθ,w(Rn) = ∥∥w(r)‖ f‖Lp(B(0,r))

∥∥
Lθ (0,∞)

,

‖ f‖GMpθ,w
= sup

x∈Rn
‖ f (x + ·)‖LMpθ,w

respectively.

Note that

‖ f‖LMp∞,1
= ‖ f‖GMp∞,1

= ‖ f‖Lp .

Furthermore, GMp∞,r−λ/p ≡ Mp,λ, 0 ≤ λ ≤ n, and GMp∞,w ≡ Mp,w.

Definition 2.2 Let 0 < p, θ ≤ ∞. We denote by �θ the set of all functions w which
are non-negative, measurable on (0,∞), not equivalent to 0 and such that for some
t > 0

‖w‖Lθ (t,∞) < ∞.

Moreover, we denote by �p,θ the set of all functions w which are non-negative,
measurable on (0,∞), not equivalent to 0 and such that for some t1, t2 > 0

‖w(r)‖Lθ (t1,∞) < ∞, ‖w(r)rn/p‖Lθ (0,t2) < ∞.

In [3] it was proved that if ‖w‖Lθ (t,∞) = ∞ for all t > 0, then GMpθ,w = LMpθ,w =
� and if ‖w(r)rn/p‖Lθ (0,t2) = ∞ for all t > 0, then GMpθ,w = �. For this reason when
considering spaces LMpθ,w we always assume that w ∈ �θ and when considering
spaces GMpθ,w we always assume that w ∈ �p,θ .

In [6] the following statements were proved.
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Lemma 2.3 Let 1 < p1 ≤ ∞, 0 < p2 ≤ ∞, 0 < α < n, 0 < θ1, θ2 ≤ ∞, w1 ∈ �θ1 , and
w2 ∈ �θ2 . Then the condition

α <
n
p1

is necessary for boundedness of Iα from LMp1θ1,w1 to LMp2θ2,w2 .

Throughout this paper a � b (b � a) means that a ≤ λb , where λ > 0 depends on
unessential parameters. If b � a � b , then we write a ≈ b .

3 Lp-Estimates of the Riesz Potential over Balls

We consider the following “partial” Riesz potentials

Iα,r f (x) ≡ Iα( fχB(x,r) )(x) =
∫

B(x,r)

| f (y)|
|x − y|n−α

dy,

Iα,r f (x) ≡ Iα( fχ�
B(x,r)

)(x) =
∫

�B(x,r)

| f (y)|
|x − y|n−α

dy.

Lemma 3.1 Let 0 < p < ∞, 0 < α < n and f ∈ Lloc
1 (Rn). Then for any ball B(x, r)

in R
n

‖Iα(| f |)‖WLp(B(x,r)) � r
n
p Iα,r(| f |)(x).

Proof If y ∈ B(x, r) and z ∈ �
B(x, r), then |y − z| ≤ 2|x − z| and

Iα(| f |)(y) ≥
∫

�B(x,r)

| f (z)|
|y − z|n−α

dz

≥ 2α−n
∫

�B(x,r)

| f (z)|
|x − z|n−α

dz = 2α−n Iα,r(| f |)(x).

Hence2

‖Iα(| f |)‖WLp(B(x,r)) ≥ (vnrn)
1
p 2α−n Iα,r(| f |)(x),

where vn is the volume of the unit ball in R
n. 	


Lemma 3.2 Let 0 < p < ∞, 0 < α < n and f ∈ Lloc
1 (Rn). Then for any ball B(x, r)

in R
n

‖Iα(| f |)‖Lp(B(x,r)) ≈ ‖Iα(| f |χB(x,2r) )‖Lp(B(x,r)) + r
n
p Iα,2r(| f |)(x) (3.1)

and

‖Iα(| f |)‖WLp(B(x,r)) ≈ ‖Iα(| f |χB(x,2r) )‖WLp(B(x,r)) + r
n
p Iα,2r(| f |)(x). (3.2)

2We apply the following simple statement. If � is a measurable set in R
n, M > 0 and for almost all

y ∈ � g(y) ≥ M, then for any 0 < p ≤ ∞ ‖g‖WLp(�) ≥ M |�| 1
p .
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Proof Clearly

‖Iα(| f |)‖Lp(B(x,r)) � ‖Iα(| f |χB(x,2r) )‖Lp(B(x,r)) + ‖Iα(| f |χ�
B(x,2r)

)‖Lp(B(x,r))

and

‖Iα(| f |)‖WLp(B(x,r)) � ‖Iα(| f |χB(x,2r) )‖WLp(B(x,r)) + ‖Iα(| f |χ�
B(x,2r)

)‖WLp(B(x,r)).

If y ∈ B(x, r), z ∈ �
B(x, 2r), then |x − z|/2 ≤ |y − z| ≤ 3|x − z|/2. Therefore

‖Iα(| f |χ�
B(x,2r)

)‖WLp(B(x,r)) ≤ ‖Iα(| f |χ�
B(x,2r)

)‖Lp(B(x,r))

=
(∫

B(x,r)

(∫
�B(x,2r)

f (z)

|y − z|n−α
dz

)p

dy
) 1

p

≈ r
n
p

∫
�B(x,2r)

| f (z)|
|x − z|n−α

dz

= r
n
p Iα,2r(| f |)(x)

and the right-hand side inequalities in Eqs. 3.1 and 3.2 follow.
The left-hand side inequalities in Eqs. 3.1 and 3.2 follow by Lemma 3.1 and

obvious inequalities

‖Iα(| f |)‖Lp(B(x,r)) ≥ ‖Iα(| f |χB(x,2r) )‖Lp(B(x,r))

and

‖Iα(| f |)‖WLp(B(x,r)) ≥ ‖Iα(| f |χB(x,2r) )‖WLp(B(x,r)).

	


Lemma 3.3 Let 1 ≤ p1 < p2 < ∞ and 0 < α < n. The inequality

‖Iα( fχB(x,2r) )‖Lp2 (B(x,r)) � rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r)) (3.3)

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

p1
(Rn) if and only if in the case p1 > 1

α ≥ n
(

1
p1

− 1
p2

)
(3.4)

and in the case p1 = 1

α > n
(

1 − 1
p2

)
.

Moreover for 1 < p2 < ∞ and α = n
(

1 − 1
p2

)
the inequality

‖Iα( fχB(x,2r) )‖WLp2 (B(x,r)) � ‖ f‖L1(B(x,2r)) (3.5)

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).
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Proof Recall the well-known inequalities for the Riesz potential [22]. If 1 < p < q <

∞, then

‖I
n
(

1
p − 1

q

) f‖Lq(Rn) � ‖ f‖Lp(Rn) . (3.6)

Also if 1 < q < ∞, then

‖I
n
(

1− 1
q

) f‖WLq(Rn) � ‖ f‖L1(Rn) . (3.7)

If 1 < p1 < p2 < ∞, inequality (3.4) holds and z ∈ B(x, r), then

Iα

(| f |χB(x,2r)

)
(z) � rα−n

(
1

p1
− 1

p2

)
I

n
(

1
p1

− 1
p2

) (| f |χB(x,2r)

)
(z)

and by Eq. 3.6

‖Iα

(| f |χB(x,2r)

) ‖Lp2 (B(x,r)) � rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r)) .

If 1 < p2 < ∞ and inequality (3.5) holds then by Eq. 3.7

‖Iα

(| f |χB(x,2r)

) ‖Lp2 (B(x,r)) ≤ ‖ (
Iα

(| f |χB(x,2r)

))∗ ‖Lp2 (0,|B(x,r)|)

≤ sup
0<t≤|B(x,r)|

t1− α
n
(
Iα

(| f |χB(x,2r)

))∗
(t)‖t

α
n −1‖Lp2 (0,|B(x,r)|)

≈ rα−n
(

1− 1
p2

) ∥∥Iα

(| f |χB(x,2r)

)∥∥
WL n

n−α
(B(x,r))

� rα−n
(

1− 1
p2

)
‖ f‖L1(B(x,2r)) .

If p1 ≥ 1 and α < n
(

1
p1

− 1
p2

)
, then inequality (3.3) cannot hold for all f ∈

Lloc
p1

(Rn). Indeed if f ∈ Lp1(R
n) and f � 0 then by passing in Eq. 3.3 to the limit

as r → +∞ we arrive at a contradition.
Assume that p1 = 1, 1 < p2 < ∞, α = n

(
1 − 1

p2

)
and f ∈ L1(R

n). Then by pass-
ing to the limit in Eq. 3.3 as r → +∞ we get

‖Iα f‖Lp2 (Rn) � ‖ f‖L1(Rn)

which, according to known results [22], is not possible. 	


Corollary 3.4 Let

1 < p1 ≤ ∞, 0 < p2 ≤ ∞ or p1 = 1, 0 < p2 < ∞, and n
( 1

p1
− 1

p2

)
+

< α < n,

(3.8)
or

1 < p1 < p2 < ∞ and α = n
( 1

p1
− 1

p2

)
. (3.9)

Then the inequality

‖Iα( fχB(x,2r) )‖Lp2 (B(x,r)) � rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r))
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holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

p1
(Rn).

Moreover for 1 < p2 < ∞ and α = n
(

1 − 1
p2

)
, then the inequality

‖Iα( fχB(x,2r) )‖WLp2 (B(x,r)) � ‖ f‖L1(B(x,2r))

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).

Proof If p2 > p1, the statement follows by Lemma 3.3.
If p2 = p1, then by applying Minkowski’s inequality for integrals we have

∥∥Iα

(
fχB(x,2r)

)∥∥
Lp1 (B(x,r)) ≤

∥∥∥
∫

B(x,2r)

∣∣( fχB(x,2r)

)
(y)

∣∣
| · −y|n−α

dy
∥∥∥

Lp1 (B(x,r))

≤
∥∥∥

∫
B(0,3r)

∣∣( fχB(x,2r)

)
(· − u)

∣∣
|u|n−α

du
∥∥∥

Lp1 (Rn)

≤
∫

B(0,3r)

du
|u|n−α

∥∥ fχB(x,2r)

∥∥
Lp1 (Rn)

� rα‖ f‖Lp1 (B(x,2r)).

If p2 < p1, then by applying Hölder’s inequality and this inequality we get

‖Iα( fχB(x,2r) )‖Lp2 (B(x,r)) � r
n
p2

− n
p1 ‖Iα( fχB(x,2r) )‖Lp1 (B(x,r))

� rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r)) .

	


Lemma 3.2 and Corollary 3.4 imply the following statement.

Lemma 3.5 Let condition (3.8) or condition (3.9) be satisf ied. Then the inequality

‖Iα f‖Lp2 (B(x,r)) � rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r)) + r

n
p2 Iα,2r(| f |)(x) (3.10)

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

p1
(Rn).

Moreover, for 1 < p2 < ∞ and α = n
(

1 − 1
p2

)
the inequality

‖Iα f‖WLp2 (B(x,r)) � ‖ f‖L1(B(x,2r)) + r
n
p2 Iα,2r(| f |)(x) (3.11)

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).

Lemma 3.6 Let the condition (3.8) or condition (3.9) be satisf ied. Then the inequality

‖Iα f‖Lp2 (B(x,r)) � r
n
p2

∫ ∞

r
‖ f‖Lp1 (B(x,t))

dt

t
n
p1

−α+1
(3.12)

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

p1
(Rn).

Proof Note that if α ≥ n
p1

and f is not equivalent to 0 on R
n, then right hand side of

Eq. 3.12 is infinite, and in this case inequality (3.12) is trivial.
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Let α < n
p1

. By Lemma 6 in [5] and Hölder’s inequality

r
n
p2 Iα,2r(| f |)(x) = r

n
p2

∫
�B(x,2r)

| f (y)|
|x − y|n−α

dy

= (n − α) r
n
p2

∫ ∞

2r

(∫
2r≤|x−y|≤t

| f (y)|dy
)

dt
tn−α+1

≤ (n − α) r
n
p2

∫ ∞

2r
‖ f‖L1(B(x,t))

dt
tn−α+1

� r
n
p2

∫ ∞

2r
‖ f‖Lp1 (B(x,t))

dt

t
n
p1

−α+1
.

In the other hand

rα−n
(

1
p1

− 1
p2

)
‖ f‖Lp1 (B(x,2r))

=
(

n
p1

− α

)
2α− n

p1 r
n
p2 ‖ f‖Lp1 (B(x,2r))

∫ ∞

2r

dt

t
n
p1

−α+1

� r
n
p2

∫ ∞

2r
‖ f‖Lp1 (B(x,t))

dt

t
n
p1

−α+1
.

Hence the statement of the lemma follows by inequalities (3.10) and (3.11). 	


Remark 3.7 Note that inequality (37) in [6]

‖Iα f‖Lp2 (B(x,r)) � r
n
p2

−δ

(∫ ∞

r

(∫
B(x,t)

| f (y)|p1 dy
)

dt
tn−(α+δ)p1+1

) 1
p1

follows from the inequality (3.12) by applying Hölder’s inequality.
Indeed for any δ > 0 by Eq. 3.12

‖Iα f‖Lp2 (B(x,r)) � r
n
p2

∫ ∞

r

(∫
B(x,t)

| f (y)|p1 dy
) 1

p1 dt

t
n
p1

−(α+δ)+ 1
p1

+δ+ 1
p1 ′

� r
n
p2

(∫ ∞

r

(∫
B(x,t)

| f (y)|p1 dy
)

dt
tn−(α+δ)p1+1

) 1
p1

(∫ ∞

r

dt
tp1

′δ+1

) 1
p1 ′

� r
n
p2

−δ

(∫ ∞

r

(∫
B(x,t)

| f (y)|p1 dy
)

dt
tn−(α+δ)p1+1

) 1
p1

.

Lemma 3.8 Let 0 < p < ∞, 0 < α < n. Then the inequality

‖Iα(| f |)‖WLp(B(x,r)) � r
n
p

∫ ∞

r
‖ f‖L1(B(x,t))

dt
tn−α+1

� rα−n
(

1− 1
p

)
‖ f‖L1(B(x,2r))

holds for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).
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Proof For all y ∈ B(x, r) |y − z| ≤ 2r if z ∈ B(x, r) and |y − z| ≤ 2|x − z| if z ∈
�
B(x, r), therefore

Iα(| f |)(y) =
∫

B(x,r)

| f (z)|
|y − z|n−α

dz +
∫

�B(x,r)

| f (z)|
|y − z|n−α

dz

≥ (2r)α−n
∫

B(x,r)
| f (z)|dz + 2α−n

∫
�B(x,r)

| f (z)|
|x − z|n−α

dz

= (n − α)2α−n
∫ ∞

r

(∫
B(x,r)

| f (z)|dz
)

dt
tn−α+1

+ (n − α)2α−n
∫

�B(x,r)

(∫ ∞

|x−z|
dt

tn−α+1

)
| f (z)|dz

= (n − α)2α−n
(∫ ∞

r

(∫
B(x,r)

| f (z)|dz
)

dt
tn−α+1

+
∫ ∞

r

(∫
B(x,t)\B(x,r)

| f (z)|dz
)

dt
tn−α+1

)

= (n − α)2α−n
∫ ∞

r
‖ f‖L1(B(x,t))

dt
tn−α+1 .

Hence the first of the desired inequalities follows.3

The second one follows since

r
n
p

∫ ∞

r
‖ f‖L1(B(x,t))

dt
tn−α+1 ≥ r

n
p

∫ ∞

2r
‖ f‖L1(B(x,t))

dt
tn−α+1

� rα−n
(

1− 1
p

)
‖ f‖L1(B(x,2r)).

	


Theorem 3.9

1. Let 0 < p < ∞ and n
(

1 − 1
p

)
+

< α < n. Then the equivalences

‖Iα(| f |)‖WLp(B(x,r)) ≈ ‖Iα(| f |)‖Lp(B(x,r))

≈ r
n
p Iα,r(| f |)(x) + rα−n

(
1− 1

p

)
‖ f‖L1(B(x,2r))

≈ r
n
p

∫ ∞

r
‖ f‖L1(B(x,t))

dt
tn−α+1 (3.13)

hold for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).

3See footnote 2.
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2. Let 1 < p < ∞ and α = n
(

1 − 1
p

)
. Then the equivalences

‖I
n
(

1− 1
p

)(| f |)‖WLp(B(x,r)) ≈ r
n
p I

n
(

1− 1
p

)
,r
(| f |)(x) + ‖ f‖L1(B(x,2r))

≈ r
n
p

∫ ∞

r
‖ f‖L1(B(x,t))

dt

t
n
p +1

(3.14)

hold for any ball B(x, r) ⊂ R
n and for all f ∈ Lloc

1 (Rn).

Proof The second equivalence in Eq. 3.13 for both ‖Iα(| f |)‖WLp(B(x,r)) and
‖Iα(| f |)‖Lp(B(x,r)) and the first equivalence in Eq. 3.14 follow by Lemma 3.5 (estimate
above) and Lemmas 3.1 and 3.8 (estimate below). The third equivalence in Eq. 3.13
for both ‖Iα(| f |)‖WLp(B(x,r)) and ‖Iα(| f |)‖Lp(B(x,r)) and the second equivalence in
Eq. 3.14 follow by Lemmas 3.6 and 3.8. 	


4 Riesz Potential and Hardy Operator

Let M(0,∞) be the set of all Lebesgue measurable functions on (0,∞) and
M+(0,∞) its subset consisting of all non-negative functions on (0,∞). We denote
by M+(0,∞; ↓) the cone of all functions in M+(0,∞) which are non-increasing on
(0,∞) and we set

A =
{
ϕ ∈ M+(0,∞;↓) : lim

t→∞ ϕ(t) = 0
}

.

Let H be the Hardy operator

(Hg)(t) :=
∫ t

0
g(r)dr, 0 < t < ∞,

Lemma 4.1 Let condition (3.8) or condition (3.9) be satisf ied. Moreover, let 0 < θ2 ≤
∞ and w2 ∈ �θ2 .

Then

‖Iα f‖LMp2θ2 ,w2
� ‖Hgp1‖Lθ2 ,υ2 (0,∞) (4.1)

for all f ∈ Lloc
p1

(Rn), where

gp1(t) =
(∫

B(0,t− 1
σ )

| f (y)|p1 dy
) 1

p1

, σ = n
p1

− α > 0

and

υ2(r) = w2(r− 1
σ )r− n

σ p2
− 1

θ2σ
− 1

θ2 . (4.2)

Moreover, if p1 = 1, 0 < p2 < ∞ and n
(

1 − 1
p2

)
+

< α < n, then

‖Iα f‖WLMp2θ2 ,w2
≈ ‖Iα f‖LMp2θ2 ,w2

≈ ‖Hg1‖Lθ2 ,υ2 (0,∞)

for all non-negative functions f ∈ Lloc
1 (Rn).
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Also if 1 < p2 < ∞ and α = n
(

1 − 1
p2

)
, then

‖Iα f‖WLMp2θ2 ,w2
≈ ‖Hg1‖Lθ2 ,υ2 (0,∞)

for all non-negative functions f ∈ Lloc
1 (Rn).

Proof By Lemma 3.6 we have

‖Iα f‖LMp2θ2 ,w2
�

∥∥∥∥w2(r)r
n
p2

∫ ∞

r
‖ f‖Lp1 (B(0,t))

dt
tσ+1

∥∥∥∥
Lθ2(0,∞)

≈

∥∥∥∥∥w2(r)r
n
p2

∫ r−σ

0
‖ f‖

Lp1 (B(0,τ− 1
σ ))

dτ

∥∥∥∥∥
Lθ2(0,∞)

=
∥∥∥∥∥w2(r)r

n
p2

∫ r−σ

0
gp1(τ )dτ

∥∥∥∥∥
Lθ2(0,∞)

=
∥∥∥w2(ρ

− 1
σ )ρ

− n
σ p2

− 1
θ2σ

− 1
θ2 (Hgp1(ρ))

∥∥∥
Lθ2(0,∞)

= ‖Hgp1‖Lθ2 ,υ2 (0,∞).

The second and third statement of the lemma follow by applying also
Theorem 3.9. 	


Theorem 4.2 Let condition (3.8) or condition (3.9) be satisf ied. Moreover, let 0 <

θ1, θ2 ≤ ∞, w1 ∈ �θ1 and w2 ∈ �θ2 .
Then Iα is bounded from LMp1θ1,w1 to LMp2θ2,w2 if, and in the case p1 = 1, 0 < p2 <

∞ and n
(

1 − 1
p2

)
+

< α < n only if, the operator H is bounded from Lθ1,υ1(0,∞) to

Lθ2,υ2(0,∞) on the cone A, that is

‖Hg‖Lθ2 ,υ2 (0,∞) � ‖g‖Lθ1 ,υ1 (0,∞) (4.3)

for all functions g ∈ A, where

υ1(r) = w1(r− 1
σ )r− 1

θ1σ
− 1

θ1 (4.4)

and υ2 is def ined by equality (4.2).

Moreover, if p1 = 1, 0 < p2 < ∞ and n
(

1 − 1
p2

)
+

< α < n or 1 < p2 < ∞ and

α = n
(

1 − 1
p2

)
, then Iα is bounded from LM1θ1,w1 to WLMp2θ2,w2 if and only if, the

operator H is bounded from Lθ1,υ1(0,∞) to Lθ2,υ2(0,∞) on the cone A.

Proof Assume that the operator H is bounded from Lθ1,υ1(0,∞) to Lθ2,υ2(0,∞) on
the cone A. Since gp1 ∈ A, by Lemma 4.1 we have

‖Iα f‖LMp2θ2 ,w2
� ‖Hgp1‖Lθ2 ,υ2 (0,∞) � ‖gp1‖Lθ1 ,υ1 (0,∞).
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Note that

‖gp1‖Lθ1 ,υ1 (0,∞) = ∥∥υ1(t)‖ f‖
Lp1 (B(0,t− 1

σ ))

∥∥
Lθ1 ,υ1 (0,∞)

≈
∥∥υ1(ρ

−σ )ρ
− σ+1

θ1 ‖ f‖Lp1 (B(0,ρ))

∥∥
Lθ1 ,υ1 (0,∞)

= ∥∥w1(ρ)‖ f‖Lp1 (B(0,ρ))

∥∥
Lθ1 ,υ1 (0,∞)

= ‖ f‖LMp1θ1 ,w1
.

Hence it follows that Iα is bounded from LMp1θ1,w1 to LMp2θ2,w2 .
Assume that Iα is bounded from LM1θ1,w1 to LMp2θ2,w2 . Then for all non-negative

f ∈ Lloc
1 (Rn)

‖Hgp1‖Lθ2 ,υ2 (0,∞) ≈ ‖Iα f‖LMp2θ2 ,w2
� ‖ f‖LM1θ1 ,w1

≈ ‖gp1‖Lθ1 ,υ1 (0,∞). (4.5)

Let g ∈ A be locally absolutely continuous on (0,∞). Consider the non-negative
measurable function h on (0,∞) defined uniquely up to equivalence by the equality

g(t) = ‖h(| · |)‖
Lp1 (B(0,t− 1

σ ))
= (nvn)

1
p1

(∫ t− 1
σ

0
h(ρ)p1ρn−1dρ

) 1
p1

.

If we take in Eq. 4.5 f (x) = h(|x|) then gp1 = g and Eq. 4.5 implies that

‖Hg‖Lθ2 ,υ2 (0,∞) � ‖g‖Lθ1 ,υ1 (0,∞). (4.6)

Finally if g is an arbitrary function in A, then there exist functions gn ∈ A which are
locally absolutely continuous on (0,∞) and gn ↗ g on (0,∞) as n → ∞. Therefore
by passing to the limit it follows that inequality (4.6) holds for all g ∈ A. 	


5 Necessary and Sufficient Conditions

In order to obtain sufficient conditions on the weight functions ensuring boundedness
of Iα, we shall apply Theorem 4.2 and the known necessary and sufficient conditions
ensuring boundedness of the Hardy operator H from one weighted Lebesgue space
to another one on the cone A (see, for example, [11, 12]).

Theorem 5.1 Let condition (3.8) or condition (3.9) be satisf ied. Moreover, let 0 <

θ1, θ2 ≤ ∞, w1 ∈ �θ1 , w2 ∈ �θ2 .
Then the operator Iα is bounded from LMp1θ1,w1 to LMp2θ2,w2 if, and in the case

p1 = 1 only if,

(a) If 1 < θ1 ≤ θ2 < ∞, then

B1
1 := sup

t>0

(∫ ∞

t
w

θ2
2 (r)rθ2

(
α−n

(
1

p1
− 1

p2

))
dr

) 1
θ2

(∫ ∞

t
w

θ1
1 (r)dr

)− 1
θ1

< ∞, (5.1)
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and

B1
2 := sup

t>0

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

⎛
⎜⎝

∫ ∞

t

w
θ1
1 (r)rθ ′

1

(
α− n

p1

)

(∫ ∞
r w

θ1
1 (ρ)dρ

)θ ′
1
dr

⎞
⎟⎠

1
θ ′
1

< ∞. (5.2)

(b) If 0 < θ1 ≤ 1, 0 < θ1 ≤ θ2 < ∞, then B1
1 < ∞ and

B2
2 := sup

t>0
tα− n

p1

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

(∫ ∞

t
w

θ1
1 (r)dr

)− 1
θ1

< ∞. (5.3)

(c) If 1 < θ1 < ∞, 0 < θ2 < θ1 < ∞, θ2 �= 1, then

B3
1 :=

⎛
⎜⎝
∫ ∞

0

⎛
⎝

∫ ∞
t w

θ2
2 (r)rθ2

(
α−n

(
1

p1
− 1

p2

))
dr∫ ∞

t w
θ1
1 (r)dr

⎞
⎠

θ2
θ1−θ2

w
θ2
2 (t)tθ2

(
α−n

(
1

p1
− 1

p2

))
dt

⎞
⎟⎠

θ1−θ2
θ1θ2

< ∞,

and

B3
2 :=

⎛
⎜⎜⎜⎜⎝

∫ ∞

0

⎡
⎢⎢⎣

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

⎛
⎜⎝

∫ ∞

t

w
θ1
1 (r)rθ ′

1

(
α− n

p1

)

(∫ ∞
r w

θ1
1 (ρ)dρ

)θ ′
1
dr

⎞
⎟⎠

θ2−1
θ2

⎤
⎥⎥⎦

θ1θ2
θ1−θ2

× w
θ1
1 (t)tθ

′
1

(
α− n

p1

)

(∫ ∞
t w

θ1
1 (ρ)dρ

)θ ′
1
dt

⎞
⎟⎟⎟⎟⎠

θ1−θ2
θ1θ2

< ∞.

(d) If 1 = θ2 < θ1 < ∞, then

B4
1 :=

⎛
⎜⎝

∫ ∞

0

⎛
⎝

∫ ∞
t w2(r)r

α−n
(

1
p1

− 1
p2

)
dr∫ ∞

t w
θ1
1 (r)dr

⎞
⎠

1
θ1−1

w2(t)t
α−n

(
1

p1
− 1

p2

)
dt

⎞
⎟⎠

θ1−1
θ1

< ∞,

and

B4
2 :=

⎛
⎜⎝

∫ ∞

0

⎛
⎝

∫ ∞
t w2(r)r

α−n
(

1
p1

− 1
p2

)
dr + tα− n

p1
∫ t

0 w2(r)r
n
p2 dr∫ ∞

t w
θ1
1 (r)dr

⎞
⎠

θ ′
1−1

×tα− n
p1

(∫ t

0
w2(r)r

n
p2 dr

)
dt
t

⎞
⎟⎠

θ ′
1

< ∞.
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(e) If 0 < θ2 < θ1 = 1, then

B5
1 :=

⎛
⎜⎝

∫ ∞

0

⎛
⎝

∫ ∞
t w

θ2
2 (r)rθ2

(
α−n

(
1

p1
− 1

p2

))
dr∫ ∞

t w1(r)dr

⎞
⎠

θ2
1−θ2

w
θ2
2 (t)tθ2

(
α−n

(
1

p1
− 1

p2

))
dt

⎞
⎟⎠

1−θ2
θ2

< ∞,

and

B5
2 :=

⎛
⎝∫ ∞

0

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) θ2
1−θ2

(
inf

t<s<∞ s
n
p1

−α

∫ ∞

s
w1(ρ)dρ

) θ2
θ2−1

× w
θ2
2 (t)tθ2

n
p2 dt

⎞
⎠

1−θ2
θ2

< ∞.

(f) If 0 < θ2 < θ1 < 1, then B3
1 < ∞ and

B6
2 :=

⎛
⎜⎜⎝

∫ ∞

0
sup

t≤s<∞
s
(
α− n

p1

)
θ1θ2

θ1−θ2

(∫ ∞
s w

θ1
1 (ρ)dρ

) θ2
θ1−θ2

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) θ2
θ1−θ2

× w
θ2
2 (t)tθ2

n
p2 dt

⎞
⎟⎟⎠

θ1−θ2
θ1θ2

< ∞.

(g) If 0 < θ1 ≤ 1, θ2 = ∞, then

B7 := ess sup
0<t≤s<∞

w2(t)t
n
p2

s
n
p1

−α
(∫ ∞

s w
θ1
1 (r)dr

) 1
θ1

< ∞.

(h) If 1 < θ1 < ∞, θ2 = ∞, then

B8 := ess sup
t>0

w2(t)t
n
p2

⎛
⎜⎝

∫ ∞

t

rθ ′
1

(
α− n

p1

)

(∫ ∞
r w

θ1
1 (s)ds

)θ ′
1−1

dr
r

⎞
⎟⎠

1
θ ′
1

< ∞.

(i) If θ1 = ∞, 0 < θ2 < ∞, then

B10 :=
⎛
⎝∫ ∞

0

(
t

n
p1

−α

∫ ∞

t

sα− n
p1

−1ds
ess sups<y<∞ w1(y)

)θ2

×w
θ2
2 (t)tθ2

(
α−n

(
1

p1
− 1

p2

))
dt

⎞
⎠

1
θ2

< ∞.
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(j) If θ1 = θ2 = ∞, then

B9 := ess sup
t>0

w2(t)t
n
p2

∫ ∞

t

sα− n
p1

−1

ess sups<y<∞ w1(y)
ds < ∞.

Moreover, if p1 = 1, 0 < p2 < ∞ and n
(

1 − 1
p2

)
+

< α < n or 1 < p2 < ∞ and

α = n
(

1 − 1
p2

)
, then Iα is bounded from LM1θ1,w1 to WLMp2θ2,w2 if and only if

conditions (a) − ( j) are satisf ied.

Proof From results in [11, 12] it follows that conditions (a)–(j) are necessary and
sufficient for inequality (4.3) to hold, where υ1 and υ2 are defined by Eqs. 4.2, 4.4
respectively.

For example, let 1 < θ1 ≤ θ2 < ∞, then by [11, 12] inequality (4.3) holds if and
only if

A1
1 := sup

t>0

(∫ t

0
v

θ2
2 (s)ds

) 1
θ2

(∫ t

0
v

θ1
1 (s)ds

)− 1
θ1

< ∞

and

A1
2 := sup

t>0

(∫ ∞

t
v

θ2
2 (s)

) 1
θ2

⎛
⎜⎝

∫ t

0

v
θ1
1 (s)sθ ′

1(∫ s
0 v

θ2
2 (τ )ds

)θ ′
1
ds

⎞
⎟⎠

1
θ ′
1

< ∞.

If υ1 and υ2 are defined by Eqs. 4.2, 4.4 respectively, then by using the substitute
r = s− 1

σ we get that

A1
1 := sup

t>0

(∫ t

0
w

θ2
2 (s− 1

σ )s− nθ2
σ p2

− 1
σ
−1ds

) 1
θ2

(∫ t

0
w

θ1
1 (s− 1

σ )r− 1
σ
−1ds

)− 1
θ1

≈ B1
1

and similarly A1
2 ≈ B1

2.
Hence the statement follows by Theorem 4.2. 	


Remark 5.2 Note that two conditions (5.1) and (5.3) are equivalent to one condition
(1.3).

Corollary 5.3 Let condition (3.8) or condition (3.9) be satisf ied. Moreover, let func-
tions w1 ∈ �p1,∞ and w2 ∈ �p2,∞ satisfy the following condition:

sup
t>0

w2(t)t
n
p2

∫ ∞

t

sα− n
p1

−1

ess sups<τ<∞ w1(τ )
ds < ∞. (5.4)

Then Iα is bounded from Mp1,w1 to Mp2,w2 .

Proof Clearly boundedness of Iα from LMp1∞,w1 to LMp2∞,w2 implies boundedness
of Iα from GMp1∞,w1 = Mp1,w1 to GMp2∞,w2 = Mp2,w2 . 	
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Remark 5.4 Let 1 < p1 < p2 < ∞, α = n
(

1
p1

− 1
p2

)
. It is obvious that if condition

(1.1) holds, then condition (5.4) holds too. Moreover for non-increasing continuous
functions w1 conditions (1.1) and (5.4) coincide. However, in general, condition (5.4)
does not imply condition (1.1). For example, the functions

w1(r) = χ
(1,∞)

(r)r−β, w2(t) = 1
tβ + 1

, 0 < β <
n
p1

− α

satisfy condition (5.4) but do not satisfy condition (1.1).

Theorem 5.5

1) Let 1 < p1 < p2 < ∞, α = n
(

1
p1

− 1
p2

)
, 0 < θ1 < ∞ and θ1 ≤ θ2 ≤ ∞, w1 ∈ �θ1

and w2 ∈ �θ2 , then condition (1.4) is necessary and suf f icient for boundedness of
Iα from LMp1θ1,w1 to LMp2θ2,w2 .

2) Let 1 ≤ p1 < p2 < ∞, α = n
(

1
p1

− 1
p2

)
, 0 < θ1 < ∞ and θ1 ≤ θ2 ≤ ∞, w1 ∈ �θ1

and w2 ∈ �θ2 , then condition (1.4) is necessary and suf f icient for boundedness of
Iα from LMp1θ1,w1 to WLMp2θ2,w2 .

Proof If 0 < θ1 ≤ 1, 0 < θ1 ≤ θ2 ≤ ∞, then the statement of the theorem was proved
in [6, 9]. Let 1 < θ1 ≤ θ2 < ∞. Since

B1
2 = sup

t>0

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

⎛
⎜⎝

∫ ∞

t

w
θ1
1 (r)rθ ′

1

(
α− n

p1

)

(∫ ∞
r w

θ1
1 (ρ)dρ

)θ ′
1
dr

⎞
⎟⎠

1
θ ′
1

≤ sup
t>0

tα− n
p1

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

⎛
⎜⎝

∫ ∞

t

w
θ1
1 (r)(∫ ∞

r w
θ1
1 (ρ)dρ

)θ ′
1
dr

⎞
⎟⎠

1
θ ′
1

≈ sup
t>0

tα− n
p1

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

(
−

∫ ∞

t
d

(∫ ∞

r
w

θ1
1 (ρ)dρ

)1−θ ′
1
) 1

θ ′
1

= sup
t>0

tα− n
p1

(∫ t

0
w

θ2
2 (r)rθ2

n
p2 dr

) 1
θ2

(∫ ∞

t
w

θ1
1 (r)dr

)− 1
θ1 = B2

2,

sufficiency of Eqs. 5.1 and 5.3 follows by Theorem 5.1, part (a). Hence condition (1.4)
is sufficient (by Remark 5.2) and necessary (by Theorem 1.3, part 1) for boundedness
of Iα from LMp1θ1,w1 to LMp2θ2,w2 . The case 1 < θ1 < ∞, θ2 = ∞ is similar, because
in this case B8 ≤ B2

2 by this same argument as above.
The proof of sufficiency for the second statement is similar. As for necessity

one should note that boundedness of Iα from LMp1θ1,w1 to WLMp2θ2,w2 implies
boundedness of the fractional maximal operator Mα from LMp1θ1,w1 to WLMp2θ2,w2

and that condition (1.2) is necessary for boundedness of Mα from LMp1θ1,w1 to
WLMp2θ2,w2 (see [9]). 	
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Corollary 5.6 Let 1 < p1 ≤ p2 < ∞, α = n
(

1
p1

− 1
p2

)
, 0 < θ1 < ∞ and θ1 ≤ θ2 ≤ ∞,

w2 ∈ �θ2 and ∥∥∥∥∥w2(r)
(

r
t + r

) n
p2

∥∥∥∥∥
Lθ2 (0,∞)

< ∞

for all t > 0. Moreover, if θ2 = ∞ and θ1 < ∞ it is also assumed that

lim
t→∞

∥∥∥∥∥w2(r)
(

r
t + r

) n
p2

∥∥∥∥∥
L∞(0,∞)

= 0 .

Then

1) Iα is bounded from LMp1θ1,w
∗
1

to LMp2θ2,w2 , where w∗
1 is a non-increasing contin-

uous function on (0,∞) def ined by

‖w∗
1‖Lθ1 (t,∞) =

∥∥∥∥∥w2(r)
(

r
t + r

) n
p2

∥∥∥∥∥
Lθ2 (0,∞)

, t ∈ (0,∞).

2) If w1 ∈ �θ1 and Iα is bounded from LMp1θ1,w1 to LMp2θ2,w2 , then

LMp1θ1,w1 ⊂ LMp1θ1,w
∗
1
.

(Hence LMp1θ1,w
∗
1

is the maximal among spaces LMp1θ1,w1 for which Iα is bounded
from LMp1θ1,w1 to LMp2θ2,w2 .)

Proof Since condition (1.4) is also necessary and sufficient for boundedness of the
fractional maximal operator Mα (see [10]), the proof of Corollary 5.6 is also the same
as for the case of Mα . 	


An analogue of Corollary 5.6 also holds for the case in which LMp2θ2,w2 is replaced
by WLMp2θ2,w2 .

Corollary 5.7 Let 1 < p1 ≤ p2 < ∞, α = n
(

1
p1

− 1
p2

)
, w1 ∈ �p1 and w2 ∈ �p2 , then

condition (1.4) is necessary and suf f icient for boundedness of Iα from Lp1,W1 to
Lp2,W2 , where W1(x) = ‖w1‖Lp1 (|x|,∞), W2(x) = ‖w2‖Lp2 (|x|,∞).

Proof It suffices to take into account that for 0 < p ≤ ∞
‖ f‖LMpp,w

= ‖ f‖Lp,W ,

where for all x ∈ R
n W(x) = ‖w‖Lp(|x|,∞) (see [3]). 	


It is interesting to note that condition (1.4) have the form that differs from the
known necessary and sufficient conditions discussed in detail, for example, in [14].

Example 5.8 Let the condition (3.8) or condition (3.9) be satisfied. Moreover, let
1 < θ1 ≤ θ2 < ∞, and β be such that

β + 1
θ2

< 0, β + n
p2

+ 1
θ2

> 0, β + n
p2

+ 1
θ2

+ α − n
p1

< 0,
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then it is easy calculate that the functions w1(t) = tβ+ n
p2

+ 1
θ2

+α− n
p1

− 1
θ1 , w2(t) = tβ satisfy

the condition (a) of Theorem 5.1. Thus Iα is bounded from LMp1θ1,w1 to LMp2θ2,w2 .

6 Some Applications

The theorems of the previous sections can be applied to various operators which are
estimated from above by Riesz potentials. We give some examples.

Suppose that L is a linear operator on L2 which generates an analytic semigroup
e−tL with the kernel pt(x, y) satisfying a Gaussian upper bound, that is,

|pt(x, y)| ≤ c1

tn/2 e−c2
|x−y|2

t (6.1)

for x, y ∈ R
n and all t > 0, where c1, c2 > 0 are independent of x, y and t.

For 0 < α < n, the fractional powers L−α/2 of the operator L are defined by

L−α/2 f (x) = 1
�(α/2)

∫ ∞

0
e−tL f (x)

dt
t−α/2+1 .

Note that if L = −� is the Laplacian on R
n, then L−α/2 is the Riesz potential Iα .

See, for example, Chapter 5 in [22].

Theorem 6.1 Let condition (6.1) be satisf ied. Moreover, let α, p1, p2, θ1, θ2, w1 and
w2 satisfy the suf f iciency conditions of Theorems 5.1 or 5.5. Then L−α/2 is bounded
from LMp1θ1,w1 to LMp2θ2,w2 .

Proof Since the semigroup e−tL has the kernel pt(x, y) which satisfies condition (6.1),
it follows that

|L−α/2 f (x)| � Iα(| f |)(x)

(see [13]). Hence by the aforementioned theorems we have

‖L−α/2 f‖LMp2θ2 ,w2
� ‖Iα(| f |)‖LMp2θ2 ,w2

� ‖ f‖LMp1θ1 ,w1
.

	


Property (6.1) is satisfied for large classes of differential operators (see, for
example [9]). In [9] also other examples of operators which are estimates from above
by Riesz potentials are given. In these cases Theorems 5.1 and 5.5 are also applicable
for proving boundedness of those operators from LMp1θ1,w1 to LMp2θ2,w2 .

Acknowledgement The authors thank the referees for careful reading the paper and useful
comments.
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