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A b s t r a c t   

The characteristics of the electronic and phonon subsystems of lanthanum tetraboride (LaB4) studied using 
first-principles calculations. The calculated lattice parameters, as well as the positions of atomic, are sa
tisfactorily consistent with the experimental data. The partial densities of states, band structure, Fermi 
surface, phonon dispersion curve of LaB4 are calculated and analysed. The reliability of the calculation 
results is confirmed by a satisfactory agreement between the calculated thermodynamic parameters of LaB4 

(temperature changes in heat capacity, entropy, Grüneisen parameter and volume modulus) with experi
mental data. 

© 2020 Elsevier B.V. All rights reserved.    

1. Introduction 

The study of rare-earth (RE) tetraborides, RB4 (where R is a rare- 
earth metal), is of considerable scientific interest due to the pecu
liarity of their crystal structure and transitions to a magnetically 
ordered state at low temperature [1–8]. For a detailed study of the 
properties of the magnetic subsystems of RE tetraborides, it is ne
cessary to be able to separate the magnitude of the magnetic con
tribution to the physical characteristics of borides from their full 
values. This is usually achieved by comparing the physical char
acteristics of magnetic substances with similar values for their iso
structural analogues. For heavy RE tetraborides (Gd–Lu), this 
analogue is LuB4. For the tetraborides with light REs (Ce–Eu), it 
is LaB4. 

Lanthanum tetraboride (LaB4), like other RE tetraborides, crys
tallises into a tetragonal structure with space group P4/mbm. There 
are four formula units per unit cell [1]. The boron sublattice of tet
raborides contains structural elements of both RB2 diborides (a chain 

of boron atoms) and RB6 hexaborides (B6 octahedra). Strong covalent 
bonds in the boron sublattice provide the tetraborides with high 
hardness values and melting points. RE atoms are located between 
the distorted heptagonal rings of the boron atoms, forming the so- 
called frustrated Shastry-Sutherland lattice [9], which is responsible 
for the specific anomalies of the magnetic and thermodynamic 
properties of RE tetraborides at low temperatures [5,10–13]. 

The analysis of the experimental temperature dependencies of 
the specific heat Cv(T) and unit cell volume Vu(T) of LaB4 [14] in the 
simple Debye-Einstein approximation showed that both de
pendencies can be satisfactorily approximated by the sum of the 
specific heat of the electron gas, with two Debye contributions CD1 

and CD2 (θD1 = 420 K and θD2 = 230 K), as well as two Einstein 
components CE1 and CE2 (θE1 = 890 K and θE2 = 177 K). At the lowest 
temperatures, the main contribution to the heat capacity is the 
contribution of the electron gas Ce(T) = 7.4•10−5T (J mol−1 K−1). The 
model parameters obtained in [14] are in a good agreement with 
Raman scattering data [15]. 

In this study, using Density Functional Theory (DFT), the elec
tronic, phonon, and thermodynamic properties (specific heat, en
tropy, free energy and Gibbs energy, temperature dependences of 
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the bulk modulus and Grüneisen parameter) of LaB4 are investigated 
and the obtained results are compared with experimental data ob
tained previously [14]. The model for describing the temperature 
dependence of the heat capacity of LaB4 (the low-temperature 
contribution of two-level systems (TLS) was taken into account) is 
also refined. Moreover, the temperature changes of the Grüneisen 
parameter is analyzed and the features of the electronic and phonon 
subsystems of boride using DFT calculations are studied. 

2. Computational details 

The Vienna Ab-initio Simulation Package (VASP) [16,17] has been 
employed for density functional theory (DFT) calculations. The Per
dew–Burke–Ernzerhof (PBE) [18] parameterization of the general
ized gradient approximation (GGA) [19] has selected to describe the 
exchange and correlation functionals. The projector augmented 
wave (PAW) [20] method has been also used with 700 eV energy cut 
off for the electron-ion interaction to deal with the interaction be
tween the ion cores and valence electrons. Moreover, the electron- 
electron interaction has been considered using the strongly con
strained and appropriately normed (SCAN) functional within the 
meta-Generalized Gradient Approximation (meta-GGA) [21] for 
electronic properties. The optimizations have been carried out using 
6 × 6 × 12 k-points with the gamma centred grid [22]. The ground 
state geometry of LaB4 compound has been determined with a force 
convergence criterion as 10−11 eV Å−1 and an energy convergence 
criterion as 10−12 eV per unit cell. For the vibrational properties, 
PHONOPY software [23] has been used for the supercell generation 
(2 × 2 × 1) and this supercell has been employed to VASP using linear 
response method. 

3. Electronic properties 

The crystal structure of LaB4 has the tetragonal shape with space 
group P4/mbm (No.127), as shown in Fig. 1. The lanthanum atoms in 
the crystal structure of LaB4 occupy the positions La 4 g (x, ½ + x, 0). 
Three non-equivalent boron atoms occupy the positions B1 4e (0,0, 
z), B2 4 h (x, ½ + x, 1/2) and B3 8j (x, y, 1/2), respectively. After the 
geometry optimization in VASP, the crystal structure is fully relaxed 
and the obtained equilibrium lattice constants are obtained and 
listed in Table 1. Also, Table 1 lists the experimental data from Ref  
[24] to compare the obtained results and as can be concluded from 
the table, the theoretical results are consistent with the experi
mental ones. 

Furthermore, the partial densities of states for LaB4 (see Fig. 2) 
have been obtained. As can be seen from this figure, this compound 
has a metallic nature due having no band gap. The density of states 
at the Fermi level has been found as N(EF) = 0.87 eV−1 form unit−1. 

This corresponds to a coefficient of electronic heat capacity (Som
merfeld constant) of γ = 2.05 mJ K−2 mol−1, which approximately 
corresponds to the refined experimental value of 
γ = 1.85 mJ K−2 mol−1. 

An analysis of the interatomic interaction for LaB4 shows that the 
main types of interactions can be attributed to s and p orbitals of B, 
p, d, and f orbitals of La (Fig. 2). The more contribution to the partial 
density of states below the Fermi level comes from the p orbitals of B 
atoms and there is a hybridization between d orbitals of La atoms 
and p orbitals of B atoms in the energy range between − 4.3 eV and 
0 eV. Moreover, there is a hybridization between f orbitals of La 
atoms, d orbitals of La atoms and p orbitals of B atoms in the energy 
range between 1 eV and 4 eV above the Fermi level. 

It must be emphasised that this effect is identical for the YB4 

system, as shown in [1]. In addition, to understand the chemical 
bonding type made by atoms, electronic charge density distributions 
have been plotted for different plane as shown in Fig. 3. According to 
these plots, it could be indicated that the bond between boron atoms 
is of a substantial covalent nature, which determines the stability of 
the boron sublattice and high strength properties for this 
system [25]. 

It can be seen from the band structure of LaB4 shown in Fig. 4 
that electronic levels have a high dispersion. A weakly pronounced 
feature in the band structure of LaB4 along the R-A direction is ob
served due to the broad gap of about 4 eV along the top (and bottom) 
edges R-A of the Brillouin zone. As seen from the figure, along these 
edges, lines stick together in pairs and the structure is much less 
dispersed. This gap closes along the kz = π/c plane of the zone only 
for small in-plane components of the wave vectors. The gaps en
closing EFermi often indicates the stability of a crystal structure and 
the high crystalline stability of lanthanum tetraboride [1]. 

In addition, the Fermi surface is crucial for the metallic systems 
and it is a surface that separates the filled and unfilled states in the 
reciprocal states. Fig. 5 shows the Fermi surface of LaB4 obtained 
using DFT where there are 10–13 no. of bands that crosses the Fermi 
level for LaB4. In Fig. 5, the empty regions show the holes and the 
coloured regions show the electrons where the colour changes due 
the electron velocity. The red colour corresponds to the high velocity 
while the purple colour represents the low velocity. The other col
ours correspond to intermediate velocity. The Fermi surface de
termines the electrical conductivity for the metals and as can be 
seen from the figure, at the centre of the Brillouin zone (at the Γ 
point) and at the Z point there are closed surfaces of an electronic 
type. Also, there are 3D surfaces of complex topology of the hole 
type along the direction Г–Z and there are small closed surfaces of a 
hole type of a fusiform shape along the direction Г–M. 

4. Phonon spectrum and thermodynamic functions of LaB4 

The dynamical stability of a compound could be determined with 
the phonon dispersion curves. The stability is also of very high im
portance for evaluating the material stability because the soft 
phonon modes can reflect the possible distortion in crystal. A stable 
crystalline structure requires all phonon frequencies and the corre
sponding phonon DOS to be positive, as seen in Fig. 6, the absence of Fig. 1. The crystal structure of LaB4 in 3D.  

Table 1 
Lattice constants (a, and c in ) and positions of La and B atoms.      

Experiment [24] Theoretical  

a  7.324  7.309 
c  4.181  4.183 
Lax  0.3166  0.3163 
B1z  0.2088  0.2940 
B2x  0.0884  0.0884 
B3x  0.1743  0.1735 
B3y  0.0394  0.0389 
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any imaginary phonon frequency in the whole Brillouin zone for this 
compound indicates the dynamical stabilities. There are 60 branches 
in the phonon spectrum consisting of 3 acoustic and 57 optic 
branches with respect to having 20 atoms in the primitive cell. 

The phonon density of states is shown in Fig. 6 where the B 
atoms give more contribution to the optic modes as shown in Fig. 6 
due to the lower atomic mass than La atoms. In addition, this 
phonon spectrum can be divided by frequency into three areas. The 
first region (from 0 to 5.3 THz) relates to acoustic phonons and is 
determined by the contribution of vibrations of La atoms. The 

second region (from 7.9 to 27.7 THz) related to optical phonons is 
determined by the vibrational modes of B atoms, which mainly in
teract with La atoms. The third low-dispersion region (from 30.8 to 
32.1 THz) refers to high-frequency optical phonons, which char
acterise the interaction between the atoms of the B sublattice. 

Furthermore, it is well known that the first-principles calcula
tions are limited to calculate thermodynamic properties directly  
[26,27]. However, the thermodynamic properties could be de
termined using approximations such as Quasi-harmonic Debye [23] 
that are based on phonons. Based on the obtained phonon spectrum 

Fig. 2. Partial densities of states of LaB4.  

Fig. 3. The crystal structure in (1 0 0) (a), (1 ½ 0) (b) and (0 0 1) (c) orientations and corresponding electronic charge densities (d), (e) and (f), respectively.  
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of LaB4, the temperature-dependent Helmholtz free energy F, en
tropy S, molar heat capacity at constant volume Cv and molar heat 
capacity at constant pressure Сp [23] has been obtained: 
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where kB, ħ, and T are the Boltzmann constant, Planck constant and 
absolute temperature, respectively, and ωqj are the eigenvalues of the 
dynamic matrix for the wave vector qj. 

Fig. 7 shows the experimental and theoretical temperature de
pendences of the entropy for LaB4. As can be seen, these de
pendencies completely coincide, which allows us to use the so- 
called quasi-harmonic approximation to determine the temperature 
dependences of the specific heat Cp, Grüneisen coefficient, bulk 
modulus B, crystal lattice constants and so on. 

The temperature dependent entropy has been used to obtain the 
molar heat capacity that is an important parameter for the techno
logical applications of materials. Fig. 8 shows the experimental and 
theoretical dependences of the molar heat capacities Cv (T) and Сp(T) 
for LaB4. It can be seen that the coincidence of theoretical calcula
tions of heat capacities with experiment is actually absolute. 

Next, the theoretical values of the temperature dependence of 
the Grüneisen parameter γ, the bulk modulus B, Gibbs free energy 
has been calculated. The calculations of the Grüneisen parameter 
were performed according to the formulas: 

=V
V

e
D V q

V
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= C C/
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where Dαβ
qj are the elements of the dynamic matrix and e are the 

elements of the polarisation vector [17]. Fig. 9 shows the tempera
ture dependence of Grüneisen parameter with the experimental and 
theoretical results. As can be seen from the figure, both dependences 
are close and demonstrate a similar character of changes with 
temperature: in the region of elevated and moderately low tem
peratures, both curves are located almost horizontally near values 
1.2–1.3; with decreasing temperature, an increase in both quantities 
and a sharp maximum near 15 K are observed. With a further de
crease in temperature, the values of γexp(T) and γcalc(T) decrease. 

Fig. 5. Fermi surface of LaB4. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 

Fig. 4. Band structure of LaB4.  
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The values of the bulk modulus of lanthanum tetraboride BLaB4(T) 
obtained from the calculations (Fig. 10) are close to the data from  
[28] and are consistent with the data [29] for LuB4 at room tem
perature (183.5 GPa). The values of BLuB4 and BLaB4 are of the same 
order. Moreover, as one would expect for tetraboride with lower 
lattice parameters, BLuB4 >  BLaB4. 

As can be seen from Fig. 10, the decrease in the total bulk mod
ulus in the range from 0 to 400 K occurs only by 2.6%. This suggests 
that quantum chemical calculations performed at a temperature of 
0 K make it possible to obtain the values of the elastic constants for 
real operating temperatures with high accuracy comparable to the 
experimental error. 

The detailed experimental and theoretical studies have been 
performed for the molar heat capacity and thermal expansion 
coefficient of LaB4. The molar heat capacity and the thermal ex
pansion coefficient are crucial to provide the thermodynamic char
acteristic of a material. The experimental temperature dependence 
of the specific heat Cexp(T) in the coordinates C/T3−T2 of lanthanum 
tetraboride [14] is shown in Fig. 11. 

Fig. 6. Dispersion dependence and phonon spectrum of LaB4.  
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Fig. 7. Experimental (1) and theoretical (2) temperature dependences of the LaB4 

entropy. 

Fig. 8. Experimental (1) and theoretical temperature dependences of CP (2) and CV (3).  
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Fig. 9. Dependence of the Grüneisen parameter on temperature: 1−γ (T); 2−γexp(T); 
3−γcalc(T). 
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In the present work, when analysing the dependence (Cp/T3)−(T2), in 
contrast to [14], a weak anomaly near 100 K2 has been taken into ac
count, approximating it by the contribution of TLS CTLS(T) [30] as can be 
seen from Fig. 11. The environment of lanthanum atoms with boron 
atoms in the crystal structure of LaB4 is not spherically symmetric. This 
asymmetry becomes even greater due to the possible imperfection of 
the boron sublattice. Therefore, lanthanum atoms have the opportunity 
to occupy spatially close, but energetically non-equivalent positions in 
the cavities of the boron matrix, which leads to the formation of TLS. 
In the Cp/T3 plot of T2, the TLS contribution appears as a bell-shaped hill. 
The dependence CTLS(T) was calculated by the relation: 

=
+( )
( )

C
R be

be1
,TLS

T

2

2

T

T

where R is the universal gas constant, δ is the TLS energy difference in 
Kelvin and b is the ratio of the degeneracy rates of the excited and 
ground states [31,32]. In LaB4 case, it was obtained that δ = 45 K 
and b= 0.1. 

The introduction of CTLS(T) into consideration led to a slight 
change in the parameters of the Debye-Einstein model, with the 
quantity θE1 having to be increased by 7 K compared with the results 
of [14]. A comparison of the characteristic Debye and Einstein fre
quencies obtained from the analysis of Cp(T) data with the LaB4 

phonon spectrum shows their satisfactory mutual correspondence 
for the interval from low frequencies to moderately high ones. 

Furthermore, these detailed heat capacity contributions could 
reveal the low temperature anomaly of the temperature dependence 
of the Grüneisen parameter. To clarify the causes of the observed 
low-temperature anomalies in the temperature dependence of the 
Grüneisen parameter of lanthanum tetraboride, the dependence γ(T) 
as the sum of the contributions of various modes of the phonon 
spectrum has been presented: 

= + + + + +

+ + + + +

T C C C C C C

C C C C C C

( ) ( )/

( ),
e e TLS TLS D D D D E E E E

e TLS D D E E

1 1 2 2 1 1 2 2

1 2 1 2

where Сi are various contributions to the heat capacity of tetraboride 
(see Fig. 11) and γi are the Grüneisen mode parameters corre
sponding to these contributions (selected by fitting to the experi
mental data). As a result of the fitting process, it was found that the 
behaviour of the γ(T) curve in the region of elevated and moderately 
low temperatures (150–300 K) is determined by the high-frequency 
contributions of Einstein and Debye CD1(T) and CE1(T) (γD1 = 1.2 and 
γE1 = 1.2). At temperatures of 50–150 K, the quantities γ(T) are de
termined mainly by the influence of the low-frequency components 
CD2(T) and CE2(T) (γD2 = 1.2, γE2 = 0.8). The sharp increase in the γ(T) 
dependence at temperatures of 10–20 K is caused, as it turned out, 
by the influence of TLS (γTLS = 45), and the subsequent decline is due 
to the influence of free electron gas (γe = − 10). 

The temperature dependence of the volumetric thermal expan
sion coefficient (β(T)) is shown in Fig. 12 for LaB4. β(T) could be de
termined using 

=T T B V C T( ) ( ) / ( )exp m v

where γexp(T) is the Grüneisen parameter, B is the bulk modulus and 
Vm is the molar volume. The experimental temperature dependence 
of LaB4 volume thermal expansion coefficient βexp(T) is compared 
with calculated one βcalc(T) in Fig. 12. As can be seen, the difference 
between these values is less than the experimental error. 

5. Conclusion 

The possibility of theoretical prediction of the behaviour of the 
electronic and thermodynamic properties of borides of RB4 family, 
the experimental determination of which often requires consider
able labour both in the synthesis of objects of study and during the 
experiment, is shown. At the same time, an experimental study of 
the behaviour of various boride subsystems when changing external 
influences provides material that allows us to test theoretical ap
proaches and establish the limits of their applicability. 
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As a result of the analysis of interatomic interaction, the band 
structure, the high thermal and mechanical characteristics of tetra
borides were first explained. The calculated dispersion curves and 
the phonon spectrum of lanthanum tetraboride were the theoretical 
justification for the use of the previously used approaches to the 
analysis of the experimental temperature dependences of the ther
modynamic properties of RE tetraborides, as well as other classes of 
borides. A detailed analysis of the temperature changes in the 
thermodynamic characteristics of LaB4 at the lowest helium tem
peratures revealed the influence of TLS, the existence of which is due 
to the features of the crystal structure, as well as a quantitative 
description of their effect on the behaviour of the phonon subsystem 
of boride. The results of calculations of the main characteristics of 
the electronic, phonon and thermodynamic properties subsystems 
of lanthanum tetraboride by quantum chemical methods have 
shown satisfactory agreement between the calculated and experi
mental values in a wide low-temperature region. 
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