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ABSTRACT  
In this paper, the Jahn–Teller distortion (JTD) effect on the temperature 
dependence of magnetization of the square lattice is investigated using 
the effective field theory developed by Kaneyoshi. We find that the Tc 
of the square lattice (θ = 90°) is lower than those of z-in (θ < 90°) or z- 
out (θ > 90°) JTD. Thus, it has a minimum Tc for non-JTD and Tc 
increases as the JTD increases. Tc-θ curve is conical. However, the 
square lattice undergoes a magnetic phase transition from 
ferromagnetic to ferromagnetic at T < Tc and from paramagnetic to 
ferromagnetic state at the temperature between TcSq < T < TcJTD. 
Therefore, we propose that the JTD has a strong effect on the magnetic 
properties of the square lattice.

The Jahn–Teller distortion has effects on the Tc of the square lattice.
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1. Introduction

The Jahn–Teller distortion is predicted in a plane square lattice by Jahn and Teller [1]. They 
reported that nuclear displacement destroys the fourfold axial symmetry, replacing it with a twofold 
one. They modeled the distortion with the elongation (z-out) and compression (z-in) in the hori
zontal plane or vertical plane. These geometrical distortions of molecules and ions are associated 
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with certain electron configurations. When a molecule exhibits a spatially degenerate electronic 
ground state, it will undergo a geometrical distortion that removes this degeneracy to lower the 
overall energy of the species [2]. The Jahn–Teller distortion (JTD) or effect (JTE) represents an 
important phenomenon in physics and chemistry [3]. It was triggered by one of the most important 
Nobel Prize discoveries in physics of our times inspired by the Jahn–Teller effect: the high-temp
erature superconductivity. As explained by the authors of this discovery, ‘‘the guiding idea in devel
oping this concept was influenced by the Jahn–Teller polaron model’’. With regard to recent 
achievements in application to molecular systems, in addition to vast numbers of solutions to struc
tural, spectroscopic and magnetic problems, the Jahn–Teller effect has been most instrumental in 
explaining the properties of colossal magnetoresistance, the fullerenes, the origin of reactivity and 
mechanisms of chemical reactions [4,5]. The Jahn–Teller effect is encountered in organic com
pounds [6,7], transition metal complexes [8], molecule XY6 [9] and Cu ions [10].

On the other hand, effective field theory (EFT) developed by Takahito Kaneyoshi [11] is one of 
the very important theories for modeling magnetic systems and obtaining their magnetic proper
ties. For example, nanowires [12], nanotubes [13], graphenes [14, 15], ABO3-type Perovskites [16] 
and Heusler alloys [17–21], were modeled and their magnetic properties were investigated. How
ever, some physical phenomena were modeled using KA such as quantum tuneling of magnetiza
tion (QTM) [22], exchange bias effect (EBE) [23], Austenite (A), Martensite (M), Detwinned 
Martensite (DTM) [24] and Bain transformations (BT) [25] and type II superconductivity (SC) 
[26–30].

Jahn–Teller considered ‘ … the conditions under which a polyatomic molecule can have a stable 
equilibrium configuration when its electronic state has orbital degeneracy, i.e. degeneracy not aris
ing from the spin … ’ in their famous study [1]. Therefore, in this work, we modeled the JTD with 
the spin-1/2 Ising particles on the plane square lattice (PSL) and its effects on the temperature 

Figure 1. Jahn-Teller distortion in the square lattice (After Ref. [1]).
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dependence of magnetization of the PSL (see Figure 1) using the effective field theory (EFT) devel
oped by Takahito Kaneyoshi [11].

2. Model and EFT formulations

We use the effective field theory developed by Kaneyoshi [9] within the Ising model. For the mod
eling of the JTD (or JTE), we considered the planar square lattice reported by Jahn–Teller [1]. In 
Figure 1, m1, m2, m3 and m4 denote the magnetization of the spin-1/2 Ising particles on the square 
and distorted square lattice by JTD. J12 is the exchange interaction between m1 and m2 and so on. θ 
is the twinning angle between two sides of the lattice which defines the direction of the JTD. If the θ 
is 90°, the lattice is square, if the θ is larger than 90°, the lattice has a z-out JTD and if the θ is lower 
than 90°, the lattice has a z-in JTD. The Hamiltonian and magnetizations of PSL are given as 
follows [11]:

2.1. Hamiltonian

HTL = − J12
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(1) 

In the Hamiltonian, Sz = ±1/2 shows the Pauli spin operator, and H is the external magnetic field.

2.2. Magnetizations
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In Equation (2), ∇ = ∂/∂x used is the differential operator and F(x) is given for the spin-1/2 

PHASE TRANSITIONS 309



particles described as follows [11], where kB is the Boltzmann’s constant, β = 1/kBTA.

F(x) =
1
2

tan h
b

2
(x+ h)

􏼔 􏼕

, (3) 

Finally, the total magnetization of PSL is given as follows

MTPSL =
1
4

(m1 +m2 +m3 +m4). (4) 

3. Numerical results

Figure 1 shows the Jahn–Teller distortion effects on the temperature dependence of magnetization 
of the planar square lattice (PSL). The Curie temperature is obtained at Tc = 0,471 for the square 
lattice with non-JTD or θ = 90°(black solid line). In Figure 2(a) when JTD starts in the direction 
of z-out (θ>90°) or z-in (θ < 90°), the Tc of the distorted square lattice is obtained at Tc = 0,589 
for elongation (θ = 160° and green dashed line) and compression (θ = 20°and red solid line). One 
notes that the non-JTD square lattice has a phase transition from ferromagnetic (FM) to the para
magnetic (PM) phase at TcSq = 0,471 < T < TcJTD = 0,589. Similarly, a phase transition is observed 
from (FM) to FM phase at T < TcSq (see black arrow). Similar behaviors are observed at TcSq =  
0,471 < T < TcJTD = 0,52 in Figure 2(b), TcSq = 0,471 < T < TcJTD = 0,487 in Figure 2(c) and TcSq =  
0,471 < T < TcJTD = 0,473 in Figure 2(d). The effect of the JTD on the M-T curves of the square lat
tice disappears when the JTD ends (θ = 90°). These JTD-induced phase transitions agreed with the 

Figure 2. Jahn-Teller distortions effects on the temperature dependence of magnetizations of square lattice at H = 0 T; (a) for θ =  
20° and 160°, (b) for θ = 40° and 140°, (c) for θ = 60° and 120°, (d) for θ = 80° and 100°. Tc is the Curie temperature.
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JTD-induced phase transition from PM to FM of Pr0.6-xErxSr0.4MnO3 (x = 0.0, 0.1 and 0.2) by 
M’nassri et al. [31]. They find that all their synthesized samples exhibit a paramagnetic–ferromag
netic transition with decreasing temperature. The magnetic transition temperature TC decreases 
continuously with increasing Er concentration. Similarly, magnetic transitions from PM to FM 
in LaMn1-xCrxO3 compounds were observed by Georgalas et al. [32]. Additionally, our M-T results 
are in good agreement with the M vs T curves for Sr = 0.15, 0.08, 0.07 and 0.06 samples of La0.7Ca0.3- 

xSrxMnO3 (x = 0.15, 0.08, 0.07 and 0.06) manganites by Gandara et al. [33]. They find that the Curie 
temperatures for Sr = 0.15, 0.08, 0.07 and 0.06 samples are 332, 300, 295 and 290 K, respectively. 
Since the Tc increases as the Sr content increases, we suggest that an increase of Sr content causes 
JTD in the La0.7Ca0.3-xSrxMnO3 and it causes phase transition from PM to FM at 290K < T < 295 K 
for 0.07, 295K < T < 300 K for 0.08 and 300 K < T < 332 K for 0.15 and from FM to FM at T < Tc =  
290 K for 0.07, T < Tc = 295 K for 0.08 and T < Tc = 300 K for 0.15, as shown in Figure 2(a).

Figure 3 shows the Jahn–Teller distortion effects on the Curie temperature (Tc) of the planar 
square lattice (PSL) for the distortion angles of θ = 20°–160° with 20° steps. The Tc of PSL has a 
minimum value for θ = 90° (non-JTD). On the other hand, when the JTD starts in the direction 
of z-out (θ > 90°, elongation) or z-in (θ < 90°, compression), the Tc of the distorted PSL increases. 
Our results of Tc-θ curves are in good agreement with the results of E-d curves and EI-EII curves of 
the Jahn and Teller [1]. As they stated 

… it is clear that since the configurations I and II are geometrically congruent and the planes σ’, σ in II cor
respond respectively to the planes σ, σ’ in I, the energy of фσ for the configuration I must be the same as the 
energy of фσ’ for the configuration II … (see Ref. [1])

Jahn and Teller investigated the orbital degeneracy. In this paper, we investigated the degeneracy 
arising from the spin-1/2. As a result, we show that the spin degeneracy also gives the same results 
as orbital degeneracy by Jahn and Teller [1]. On the other hand, the minimum Tc behavior (conic 
shape) results from JTD in agreement with the effects of Cr-doping on the Jahn–Teller, the orthor
hombic to rhombohedral and the magnetic transitions in LaMn1-xCrxO3 compounds by Georgalas 
et al. [32]. They find that As Cr-doping increases, TCA (Magnetic ordering transition temperatures) 

Figure 3. Jahn-Teller distortion effects on Tc of the square lattice.
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shows a monotonous decrease from TN = 137 K (for x = 0.00) to a minimum at TCA = 85 K (for x =  
0.20). For x > 0.20, TCA steadily increases to TCA = 103 K for x = 0.35, with a diminishing incremen
tal increase. Thus, we suggest the Cr-doping causes JTD in the orthorhombic to rhombohedral 
LaMn1-xCrxO3 compounds as JTD-z out for x > 0.20, JTD-z in for x < 0.20 and non-JTD for x =  
0.20, as shown in Figure 1 and Jahn and Teller [1].

4. Conclusions

The Jahn–Teller distortion (JTD) effect on the temperature dependence of magnetization of the 
square lattice is investigated using EFT (or Kaneyoshi theory [11]), and we find the following. 

(1) Planar square lattice has a minimum Tc for non-JTD (θ = 90°)
(2) For the elongation in the direction of z-out (θ>90°) or compression in the direction of z-in 

(θ<90°), the Tc increases.
(3) Our results are in good agreement with the results of orbital degeneracy by Jahn and Teller [1]. 

Thus, spin degeneracy also gives the same results as orbital degeneracy.
(4) The non-JTD planar square lattice has a phase transition from FM to FM at T < TcSq and from 

PM to FM at TcSq < T < TcJTD

(5) There is a strong relationship between the JTD and magnetic properties.
(6) Finally, Jahn and Teller predicted that… Spin degeneracy may also produce similar effects, but 

these, too, will be small, since the coupling of spin and nuclear motion will depend upon the 
interaction of the spin with the orbital motion of the electrons, which interaction, at least for 
light elements, is small … 

Our results at the vicinity of θ = 90° (while the θ goes to 90°), the JTD effect on the M-T and Tc-θ 
curves is very small, and it disappears at θ = 90°.
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