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1 Introduction

Boundedness of classical operators of the Real Analysis, such as the maximal operator,
fractional maximal operator, Riesz potential and the singular integral operators etc,
have been extensively investigated in various function spaces. Results on weak and
strong type inequalities for operators of this kind in Lebesgue spaces are classical
and can be found for example in [2,34,35]. These boundedness extended to several
function spaces which are generalizations of L ,-spaces, for example, Orlicz spaces,
Morrey spaces, Lorentz spaces, Herz spaces, etc.

Orlicz spaces, introduced in [29,30], are generalizations of Lebesgue spaces L .
They are useful tools in harmonic analysis and its applications. For example, the
Hardy-Littlewood maximal operator is bounded on L, for 1 < p < oo, but not on
L. Using Orlicz spaces, we can investigate the boundedness of the maximal operator
near p = 1 more precisely (see [4,18,19]).

On the other hand, Morrey spaces were introduced in [25] to estimate solutions of
partial differential equations, and studied by many authors.

Let f € LllOC (R™). The fractional maximal operator M, and the Riesz potential
operator I, are defined by

Mg f (x) = sup |B(x, l)|_1+%/ [fOWldy, 0 <a <n,
B(x.1)

t>0

I(Xf(X):/IR &dy, 0<a<n.

nx — y["Te

If « =0, then M = M is the Hardy-Littlewood maximal operator.

The operator M,, is of weak type (p,np/(n — ap)) if | < p < n/a and of
strong type (p, np/(n — ap)) if | < p < n/a. Also the operator I, is of weak type
(p,np/(n—ap))ifl < p < n/aandof strongtype (p, np/(n—ap))ifl < p <n/a.

The boundedness of M,, and I, from Orlicz space L¢ (R") to Ly (R") was studied
by Cianchi [4]. For boundedness of M, and I, on Morrey spaces M, ; (R"), see Peetre
(Spanne) [31], Adams [1].

The definition of generalized Orlicz—Morrey spaces introduced in [6] and used here
is different from that of Sawano et al. [33] and Nakai [27,28].

In [6], the boundedness of the maximal operator M and the Calderén—Zygmund
operator T from one generalized Orlicz-Morrey space Mo o, (R") to Mo 4, (R") and
from Mo o, (R") to the weak space W Mg 4, (R") was proved (see, also [17]). Also in
[16] the authors prove the boundedness of the Riesz potential operator I, and its com-
mutator [b, I, ] from Mo o, (R") to My 4, (R") and from Mo o, (R") to WMy 4, (R").

The main purpose of this paper is to find sufficient conditions on the general Young
functions ®, ¥ and the functions ¢, ¢, which ensure the boundedness of M, from
Mg, (R") to My 4, (R"), from Mg 4, (R") to WMy 4, (R") andinthe case b € BM O
the boundedness of the commutator of the fractional maximal operator Mj, o from
MCD,ga] (R™ to M‘I’Jﬂz (R™).

In the next section we recall the definitions of Orlicz and Morrey spaces and give the
definition of generalized Orlicz—Morrey spaces in Sect. 3. These boundedness results
extended of M, and its commutator operator M o is obtained in Sects. 4 and 5.
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By A < B we mean that A < C B with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A = B and say that A and B
are equivalent.

2 Some Preliminaries on Orlicz and Morrey Spaces

In the study of local properties of solutions of partial differential equations, together
with weighted Lebesgue spaces, Morrey spaces M, ; (R") play an important role, see
[9]. They are defined by the norm

i
1 fllp,, == sup 7 Pl fllL,Ber)

x, r>0

where 0 < A <n, 1 < p < oo. Here and everywhere in the sequel B(x, r) stands for
the ball in R” of radius r centered at x. Let | B(x, r)| be the Lebesgue measure of the
ball B(x, r) and |B(x, r)| = v,r", where v, = |B(0, 1)|.

Note that M, 0 = L,(R") and M,, = Lo®"). If A < 0 or A > n, then
M, ; = O, where O is the set of all functions equivalent to 0 on R".

We also denote by WM, ; (R") the weak Morrey space of all functions f €
W Lo¢(R") for which

_1
Ifllwam,, = sup 1 PIflwL,Ber) < 00,
xeR”, r>0

where WL ,(B(x, r)) denotes the weak L ,-space.
We refer in particular to [22] for the classical Morrey spaces.
We recall the definition of Young functions.

Definition 2.1 A function @ : [0, 400) — [0, oo] is called a Young function if & is
convex, left-continuous, lim ®(r) = ®(0) =0and lim ®(r) = oco.
r—+0 r—+00

From the convexity and ®(0) = 0 it follows that any Young function is increasing.
If there exists s € (0, +00) such that ®(s) = +o0, then ®(r) = +oo forr > s.

Definition 2.2 (Orlicz Space) For a Young function @, the set
Le(R") = [f € LIIOC(R”) : / @ (k| f(x)|)dx < +oo for some k > 0
Rll

is called Orlicz space. If ®(r) = r?, 1 < p < oo, then Lo(R") = L,(R"). If
D@r)=0,0<r <1and ®(r) = o0, (r > 1), then Lp(R") = L (R"). The
space Ll(gc (R™) endowed with the natural topology is defined as the set of all functions
f such that fx, € Lo(R") for all balls B C R". We refer to the books [20,21,32]
for the theory of Orlicz Spaces.
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Note that, L (R") is a Banach space with respect to the norm
I/l Lo =infix >0;/ (|fi )I)d - 1}

Definition 2.3 The weak Orlicz space
WLo@®") = {f € LI*®") [ fllwey < +o0]
is defined by the norm

1fllwLe :inf{x >0 sup®(D)|fx € R : [f(x)] > Ar)] < 1}.

t>0

For a Young function ® and 0 < s < 400, let
o l(s) =inf{r >0: ®(r) >s} (inf@ = +00).

We note that
D@ () <r <d (D) for0<r < +oo.

A Young function ® is said to satisfy the Aj-condition, denoted by ® € A, if
OQ2r) <kd@r) forr>0

for some k > 1. A Young function & is said to satisfy the V-condition, denoted also
by ® € Vy,if

1
d(r) < ﬂCD(kr) forr >0,

for some k > 1. The function ® (r) = r satisfies the A,-condition but does not satisfy
the Vj-condition. If 1 < p < oo, then ®(r) = r” satisfies both the conditions.
The function ®(r) = ¢" — r — 1 satisfies the V,-condition but does not satisfy the
Ajs-condition.

For a Young function @, the complementary function 5(r) is defined by

&)(r) _ sup{rs — ®(s) : s € [0, 00)}, r € [0, 00)
+o00, r = 4o0.
The complementary function @ is also a Young function and = I D) =r,
thenCE(r) Ofor0<r<1and§>(r) +oof0rr>lIf1<p<oo
l/p+ 1/p’=1and ®(r) = r?/p, then O(r) = r? /p. If ®(r) =" —r — 1, then
d>(r) = (1 4+r)log(1 +r) — r. Note that ® € V, if and only if D e Ay It is known
that
r<®'(Md'(r)y<2r forr>0. 2.1
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The following analogue of the Holder’s inequality is known, see [36].

Theorem 2.4 [36] For a Young function ® and its complementary function D, the
following inequality is valid

I felle,®ny =21 fllLelgllLg-

The following lemma is valid.

Lemma 2.5 [2,23] Let ® be a Young function and B a set in R" with finite Lebesgue
measure. Then

1

||XB||WL¢(R") = ||XB||L¢(R”) = W

In the next sections where we prove our main estimates, we use the following
lemma, which follows from Theorem 2.4, Lemma 2.5 and the inequality (2.1).

Lemma 2.6 For a Young function ® and B = B(x, r), the following inequality is
valid

1/ s = 218107 (1BI7) 1/ oca)-

Necessary and sufficient conditions on (®, W) for the boundedness of M, and I
from Orlicz spaces L (R") to Ly (R") and L (R") to W Ly (R") have been obtained
in [4, Theorem 1 and 2]. In the statement of the theorems, W, is the Young function
associated with the Young function ¥ and p € (1, co] whose Young conjugate is
given by

O R G G 22)
0
where W
BP(S)Z/O tH_p,dt

and p’, the Holder conjugate of p, equals either p/(p — 1) or 1, according to whether
p < ooor p=ocand @, denotes the Young function defined by

@00 = [ A ey @3)
0

where _
N (D(I)
Ap(s) = /0 l‘lTp/dt

Recall that, if & and W are functions from [0, c0) into [0, oo], then W is said to
dominate ® globally if a positive constant ¢ exists such that ®(s) < W(cs) for all
s> 0.



1254 V. S. Guliyev, F. Deringoz

Theorem 2.7 [4]

(i) The fractional maximal operator My, is bounded from L¢(R™) to WLy (R") if
and only if
® dominates globally the function Q, 2.4)

whose inverse is given by
0~ =r*/"u ().

(ii) The fractional maximal operator My, is bounded from Lo (R") to Ly (R™) if and
only if

1

W (t

/ M%dt < 0o and ® dominates globally the function WV, q.  (2.5)
0

Theorem 2.8 [4] Let 0 < a < n. Let ® and ¥ Young functions and let ®,;, and
W, /o be the Young functions defined as in (2.3) and (2.2), respectively. Then

(i) The Riesz potential 1, is bounded from Lo (R") to W Ly (R™) if and only if
1 ~
/ (1) /11 =Nt < 00 and @,/ dominates W globally. (2.6)
0
(ii) The Riesz potential 1 is bounded from Lo (R") to Ly (R") if and only if

1 1
/ (1)t =D gt < oo, / W)/t =g < o0,
0 0

® dominates W, o globally and ®,,,, dominates V globally. 2.7

3 Generalized Orlicz-Morrey Spaces

Definition 3.1 (generalized Orlicz—Morrey Space) Let ¢(x, r) be a positive measur-
able function on R" x (0, c0) and ® any Young function. We denote by Mo ,(R")
the generalized Orlicz—Morrey space, the space of all functions f € Llcgc (R™) with
finite quasinorm

1f Moy, = sup @, )T O fllLoBory-

xeR?,r>0

Also by WMg »,(R") we denote the weak generalized Orlicz-Morrey space of all
functions f € WL¢(R") for which

Ifllwa,, = sup @G 1) 'O G fllwLeBe.r) < 0o
xeR”,r>0
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where W Lo (B(x, r)) denotes the weak L ¢-space of measurable functions f for which

I flwLeBG.r) = 1S Xpem lWLe®e)-

According to this definition, we recover the Orlicz-Morrey spaces Mg ; and weak

o ()

Orlicz—Morrey spaces W Mg under the choice ¢ (x, r) = m:
(-

Mg ) = qu‘

s WMe ) =WMg, ‘ i) -
i) ooy

() ()

According to this definition, we recover the generalized Morrey spaces M, , and
weak generalized Morrey spaces WM, , under the choice ®(r) =r”, 1 < p < oc:

o

©

My, = qu‘ WM,, = WMW‘

O )=rr’ O )=rr

Sufficient conditions on ¢ for the boundedness of M, and I, in generalized Morrey
spaces M, ,(R") have been obtained in [3,10-15,24,26].

4 Boundedness of the Fractional Maximal Operator in the Spaces Mg ,(R")

In this section sufficient conditions on the pairs (¢1, ¢2) and (®, W) for the bound-
edness of M, from one generalized Orlicz-Morrey spaces Mg o, (R") to another
My 4, (R") and from Mo o, (R") to the weak space W My o, (R") have been obtained.
At first we recall some supremal inequalities which we use at the proof of our main
theorem.

Let v be a weight. We denote by L (0, 00) the space of all functions g(¢), ¢t > 0
with finite norm

181 Loo.s(0,00) = Sup v(#)|g ()]
>0

and Lo (0, 00) = Lo,1(0, 00). Let M(0, 0o) be the set of all Lebesgue-measurable
functions on (0, co) and 9T (0, 0o) its subset of all nonnegative functions on (0, 00).
We denote by 91(0, co; D) the cone of all functions in 9+ (0, co) which are non-
decreasing on (0, co) and

A= [<p e M (0, 00: 1) : tl_i)r(1)1+(p(t) =0}.

Let u be a continuous and non-negative function on (0, co). We define the supremal
operator S, on g € (0, co) by

(Sug) (1) = llu gll Lo r,00)» 1 € (0, 00).
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The following theorem was proved in [3].

Theorem 4.1 Let vy, vo be non-negative measurable functions satisfying 0 <
Vil Lo (r,00) < 00 for any t > 0 and let u be a continuous non-negative function
on (0, 00). Then the operator S, is bounded from Lo y, (0, 00) t0 Lo v, (0, 00) on
the cone A if and only if

oo (1122 o) |,y < (“.1)

For the fractional maximal operator the following local estimate is valid.

Lemma 4.2 Let ® and V Young functions, f € Llcgc (R™) and B = B(x, r).
If (O, V) satisfy the conditions (2.4), then

sup t "N Flly ). (4.2)

M < S —
Mo fllwee ) S N lLoB(x,2r)) ) 2

If (®, W) satisfy the conditions (2.5), then

sup t "N FllLy By (43)

M < B —
Mo fllLeB) S N fllLeBx,2r)) i)

Proof Let (®, V) satisfy the conditions (2.5). We put f = f; 4+ f2, where f; =

S XB(x2r) and fo = fXBB(x,zr)' Then we get

Mo fllLgB) < IMa fillLyB) + IMa f21lLy (B)-

By the boundedness of the operator M, from Lg(R") to Ly (R") (see Theorem 2.7)
we have

Mo fillLgB) S I flLeBx,2r)-

Let y be an arbitrary point in B. If B(y,t) N E(B(x, 2r)) # (, then ¢ > r. Indeed, if
z€ B(y.t)N (B(x,2r)), thent > |y —z| > |x — 2| — [x —y| > 2r —r = 1.
On the other hand, B(y,t) N D(B(x, 2r)) C B(x,2t). Indeed, if z € B(y,t) N

c(B()c, 2r)),thenweget |x —z| < |y —z|+|x —y| <t +r < 2t.
Hence

My f2(y) = sup |f(2)dz

>0 |B(y,n)|' "7 /B<y,z>m“<8<x,2r>)

S 21’!—& S

),
up ————— |f(2)ldz
t>r |B(x, 21‘)|1_H B(x,2t)

=2""% gsu ; d
- p 1—-2 |f(Z)| <.
>2r |B(x,t)|" " JB(x.,0)
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Therefore, for all y € B we have

My fo(y) <2"7% sup

1
B dz. 4.4
1=2r |B(x, 0)|' " /B(x,t) I/ (@)ldz )

Thus

1 1
Mo fllLyB) S flLoBe.2r) + (sup 7 / |f(Z)|dZ)~
a v (B) @ (B(x,2r)) \II—I(r—") e |B(x,t)|1_ﬁ B

Let now ® dominate globally the function Q. It is obvious that

Mo fllwry ) S Mo fillwiy®) + 1Mo follwiy )

for every ball B = B(x, r).
By the boundedness of the operator M, from L¢(R") to W Ly (R"), provided by
Theorem 2.7, we have

Mo fillwey ) S Il LeBx,2r))-
Then by (4.4) we get the inequality (4.2). O

Lemma 4.3 Let © and V Young functions, [ € Lgc R™")yand B = B(x,r).
If (O, V) satisfy the conditions (2.4), then

sup W (17" 11 £ Il Lo (Bl - 4.5)

Mo fllwey ) S
“ v lIjil(rin) t>2r

If (®, V) satisfy the conditions (2.5), then

1Mo fllLy ) S sup U () 1 f 1l Lo (Bxty)- (4.6)

vl (V_n) t>2r
Proof Suppose that the condition (2.5) satisfied. Denote

1 1

sup a/ If(z)ldz),
‘If_l(r_") (t>2r|B()C,l)|1" B(x,1)
| fllLo(BGx,2r))-

M =

My -

By Lemma 2.6, we get

M < sup 1@ (1) | f Il Lo (BGx.1)-

w-l (r—n) t>2r
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On the other hand, the conditions (2.5) implies the condition (2.4). Since from Theorem
2.7

(2.5) = M, strong type (O, ¥) = M, weak type (O, V) = (2.4).

The condition (2.4) is equivalent the condition o) < A (t). Indeed,

07" =inf{r>0:0@r) > 1}
> inf{r > 0: ®(Cr) > t}

1
= Einf{Cr >0:9(Cr) >t}

= 1@*0)
= = ,

So we arrive

M < sup \P_l(t_n)||f||La>(B(x,t))-

vl (r—n) t>2r
On the other hand

\IJ_I —n
W () tS>u£ N Lo B0

— sup Wt ~ Mos. 4.7
v sup (") 1 Lo B .20y 2 4.7

Vv

Since [My fllLy () < M1 + M by Lemma 4.2, we arrive at (4.6).
Suppose that the condition (2.4) satisfied. The inequality (4.5) directly follows from
“4.2). ]

Theorem 4.4 Let 0 < o < n and the functions (@1, ¢2) and (O, V) satisfy the
condition x. )
sup W! (t7") ess inf R

F<t<0o 1<s<00 q)*l(sfn)

= Cpax,r), (4.8)

where C does not depend on x and r. Then for the conditions (2.5), the fractional
maximal operator M, is bounded from Mo o (R") to My 4, (R") and for the conditions
(2.4), it is bounded from Mo o, (R") to WMy 4, (R").

Proof By Lemma 4.3 and Theorem 4.1 we get
1Mo fllntg,, S sup @2 )™ sup W (E™) [ £l Lo (Bl
xeR”,r>0 >r

o1/ —
S osup @i, )T T (F ) fll Lo (B
xeR?, r>0

= 11/ 110y, -

if (2.5) satisfied and

Mo fllwmg,, S sup @206,1) " sup W= (17") || fllLo(Borry
t>r

xeR™ r>0
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S osup (01(96,r)_lq>_1(r_")||f||L¢(B(x,r))

xeR™ r>0

= 11/ 1oy, -
if (2.4) satisfied. O

Note that analogue of the Theorem 4.4 for the Riesz potential proved in [16] as
follows.

Theorem 4.5 Let 0 < o < n and the functions (g1, ¢2) and (®, V) satisfy the
condition

o0
. (pl (-x7 S) —1(,—n dt

where C does not depend on x and r. Then for the conditions (2.7), 1 is bounded from
Mo o (R") to My o, (R") and for the conditions (2.6), 1y is bounded from Mo 4, (R")
to WMy 4, (R™).

Remark 4.6 The condition (4.8) is weaker than (4.9). Indeed, (4.9) implies (4.8):

o0
. p1(x,t) 1, _ndt
> oy 7 ny__
@a(x, 1) N/r ?i%inf _l(r_n) v (t ) ;

o0
Z/ ess inf et \Il_l(t_")d—t
1<T<00 (I)*l(r*n) t

o0
= ess inf M/ \Ifl(f")ﬂ
s<t<oo p—I (7;*”) B t

~ . (01()5, 7:) —1 —
et rerErL

where we took s € (r, 00), so that

.. 91X, 7)
sup ess inf ————
s> S<T<00 q)—l(t—n)

w! (s7") S e2(x, ).

o-! (z"’)

vl (t—")
condition (4.8), but do not satisfy the condition (4.9).

On the other hand the functions ¢ (x, 1) = and ¢y (x,1) = 1 satisfy the

Consider the case « = 0 and ® = W. In this case condition (2.4) satisfied by
any Young function and condition (2.5) satisfied if and only if ® € V; (see [4,19]
for details). Therefore we get the following corollary for Hardy-Littlewood maximal
operator which was proved in [6].

Corollary 4.7 Let the functions @1, ¢2 and ® satisfy the condition

—1 —n . (pl(xvs)
SR

< Cp(x,r), (4.10)
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where C does not depend on x and r. Then for ® € V», the maximal operator M is
bounded from Mo o, (R") to Mg, 4, (R") and for every Young function ®, it is bounded
Sfrom Mo o, (R") to WMg 4, (R").

If we take ®(¢) = t?, W(t) = 14, 1 < p,q < oo at Theorem 4.4 we get the
Spanne—Guliyev type result which was proved in [15].

Corollary 4.8 Letr0 <o <n, 1 < p < g, é = % — %, and (@1, @2) satisfy the
condition .
ess inf @1 (x, s)s?
sup ==X < Cor(x,r), (4.11)
r<t<oo ta

where C does not depend on x and r. Then for p > 1, My is bounded from M, ,, (R")
to My 4, (R") and for p =1, it is bounded from M o, (R") to WMy 4, (R™).

5 Commutators of the Fractional Maximal Operator in the Spaces M¢ ,

The theory of commutator was originally studied by Coifman, Rochberg and Weiss in
[5]. Since then, many authors have been interested in studying this theory.
We recall the definition of the space of BM O (R").

Definition 5.1 Suppose that f € LIIOC(R"), let

1
Iflls = X€§SB>OW B [f () = fBx,nldy < 00,
where
1
fBGx.r) = B s F(ydy.
Define

BMOR") = {f € LY*(R") : || f]lx < o0}.

Modulo constants, the space BM O (R") is a Banach space with respect to the norm
I 1l

Remark 5.2 (1) The John—Nirenberg inequality: there are constants C1, C; > 0, such
that forall f € BMO(R") and 8 > 0

{x € B : |f(x)— fgl > B} < Cy|Ble"P/I/l vB c R,

(2) The John—Nirenberg inequality implies that

I/~ sup 1£G) = fawenlPdy)” 6.1

xeR r>0 ( |B(x, 1)l B(x,r)

forl < p < o0.
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(3) Let f € BM O(R"™). Then there is a constant C > 0 such that

t
| f8een = faeen] < Clfleln— for 0<2r<t, (5.2)

where C is independent of f, x, r and ¢.

Definition 5.3 A Young function @ is said to be of upper type p (resp. lower type p) for
some p € [0, 00), if there exists a positive constant C such that, forallz € [1, co)(resp.
t €[0,1]D and s € [0, c0),

DO (st) < CtPd(s).

Remark 5.4 We know that if ® is lower type po and upper type p; with 1 < pg <
p1 < 0o, then ® € Ay N V,. Conversely if ® € Ay N V,, then @ is lower type po
and upper type p; with 1 < pg < p1 < oo (see [20]).

In the following lemma which was proved in [16] we provide a generalization of
the property (5.1) from L ,-norms to Orlicz norms.

Lemma 5.5 Let f € BMO(R") and ® be a Young function. Let ® is lower type pg
and upper type p1 with 1 < py < p1 < 09, then

Ifle~ sup &) [ FO = foen |y e -

xR, r>0
Definition 5.6 Let @ be a Young function. Let

o td'(1) . td' (1)

ag = In , by == su .
reo0) (1) relobe) D(1)

Remark 5.7 1t is known that ® € A, NV, if and only if 1 < agp < bep < oo (See
[21D).

Remark 5.8 Remark 5.7 and Remark 5.4 show us that a Young function & is lower
type po and upper type p; with 1 < pg < p; < ooifandonlyif 1l < agp < be < 00.

The commutators generated by b € LIIOC(R") and the operators M, and I, are
defined by

Mpo(f)(x) = sup|B(x,n)| "7 j( [b(x) —bWIf (Idy, (5.3)
t>0 B(x,t)

b —b
[b. 1/ (x) = / ) =bO) ¢ (1) ay, (5.4)
R |x —y|"—¢
b —b
b I f (x) = / ) =D 13, (5.5)
R |x —y["¢

respectively.
The known boundedness statements for the commutator operators [b, 1] and |b, 1|
in Orlicz spaces run as follows.
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Theorem 5.9 [8] Let 0 < @« < nand b € BMO(R"). Let ® be a Young function
and V defined by its inverse W™ (1) := &N () ™" If1 < ap < be < o0 and
1 < ay < by < 09, then [b, 1] is bounded from L®(R") to LY (R").

Remark 5.10 Note that, the operator |b, I, | is bounded from L®(R") to LY (R") under
the conditions of Theorem 5.9. The proof of this fact is similar to proof of Theorem
5.9.

In [7] it was proved that the commutator of the Hardy—Littlewood maximal operator
Mpo = Mp with b € BMO(R"), is bounded in L®(R") for any Young function &
with 1 < a¢p < bp < oo. This result together with the well known inequality
My p()(x) < |b, Ix|(] f1)(x) and Remark 5.10, imply the following theorem.

Theorem 5.11 Let 0 < o < n and b, ® and V the same as in Theorem 5.9. If
l <ap <bp <ocandl < ay < by < 0o, then My, o is bounded from L®(@R") to
LY (RM).

The following lemma is valid.

Lemma 5.12 Let0 < o <nandb € BMO@R"). Let ® be a Young function and V
defined, via its inverse, by setting, for all t € (0, 00), W~1(t) := &~V (1)r=*/" and
l<ap <bp <ocoandl < ay < by < o0, then the inequality

t>2r

1 I\ _1/_n
Mo f L Bico.rn S 181 === sup (1410 =)~ (7)1 £l oo

w-l(rn) r
holds for any ball B(xg, r) and for all f € L{{,’C(R”).
Proof For arbitrary xg € R", set B = B(xg, r) for the ball centered at x¢ and of radius
r. Write f = f1 + f> with fi = fx,; and fo = fx, .Hence

2B)
”Mh»af”Lq,(B) = ”Mh’afl ||Lq,(B) + ||Mh’0tf2 ||Lq,(B)'

From the boundedness of M} o from Lo (R") to Ly (R") it follows that

IMpo fillLg ) < IMpofillL,®n
S bl M fillLe®sy = 181+ 1 fllLoB)-

For x € B we have

Mp o f2(x) = sup ————— / |b(y) = b))l f2(y)ldy
>0 |B(x,t)|" "7 JB(x,1)

1

= sup —u/ [b(y) — b)) f()dy.
>0 |B(x, )" 7 JBx.nnt2B)

Let x be an arbitrary point in B. If B(x, ) N {E(ZB)} # (), then ¢t > r. Indeed, if
y € B(x,t)ﬂ{C(ZB)}, thent > |[x —y|>|xo—y|—|xo— x| >2r —r =r.
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On the other hand, B(x, /)N {"(2B)} C B(xo, 2¢). Indeed,if y € B(x, )N{ (2B)},
then we get |[xg — y| < |x — y| 4+ |xo — x| <t +r < 2t.
Hence

My o (f2)(x) = sup

i
— 1b(y) — b()|| f(y)Idy
>0 |B(x, )| "7 JBx.nnt2B)

1
<2" —/ [b(y) — b f(WIdy
Z>Ir) |B(x0, 20)|' ™ JB(xo,20)
1
=2""% sup —/ [b(y) — b)) f(»)dy.
1>2r | B(xg, )7 JB(xo.)

Therefore, for all x € B we have

1
Mp.o(f2)(x) < 2""% sup —/ [b(y) = b fIdy.  (5.6)
r>2r |B(xg, t)l n J B(xo.t)
Then
1
IMpo follLys) S |SUp —————= |b(y) = bOIf(y)Idy
t>2r | B(xg, l)l n J B(xq,t) Ly (B)
1
< |sup ———— / 1b(y) — byl f(3)ldy
t>2r |B(xp, t)|" " n JB(xo,0) Ly (B)
1
sup—— [ 1) = ball )y
t>2r |B(x0, )| "7 JB(xo.1) Ly(B)
=Ji1+ /.

Let us estimate J;.

1 1
W (") o5 B,
1
W)

sup 14" / 1b(y) — byl £(»)Idy.
w1y n) t>2r B(xo,t)

I~ / 1b(y) — bsl| F()Idy
B(xo,t)

22

Applying Holder’s inequality, by Lemma 5.5 and (5.2) we get

J1 S sup la_”/ 1b(y) = bB(xo.n |l f(V)Idy
B(xg,t)

vl (rin) t>2r

sup 1 bao ~basonl [ IF Iy
B(xo,t)

T —
\I;—l(r—n) t>2r

1 -
S w1 () s 7 [BC) = bae.n “L@(B(XOJD I F Lo (Bxo.1))
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+ ————supt“ b —b e
ey t>2[i 1bB(xo,r) — PB(xo,0)] (" f | Lo B0
1 t
Il w1 ) (110 ) |
S 1Bl () sup (") g LA PYCION)

In order to estimate J» note that

Jo = ||b(-) = bpllL, ) Sup I‘H‘/ |f(DIdy
B(xo.1)

t>2r

1 _1/.—
S ||b||*msup\v HEMF Lo (Beouy-

t>2r

Summing up J; and J> we get

1 i t
Mpo f2llLyB) S 11D1l% m sup W (1 )(1 +1In ;)”f”L(p(B(xo,t))- (5.7

t>2r

Finally,

Mo fllLyd S0 fllLees)

bl < sup W () (10 Y1 g
* w-L(rn) o r ®(B(x0.1))>
and the statement of Lemma 5.12 follows by (4.7). O

Theorem 5.13 Let 0 < o < nandb € BMO(R"). Let also ® be a Young function
and V defined, via its inverse, by setting, for all t € (0, 00), W~1(t) := &~ (r)r~/"
and 1 < ap <bp <ocand 1 < ay < by < oo, (p1, ¢2) and (P, V) satisfy the
condition

t b
sup (1 +1n -)qu(f") essinf 2L 0o G, (5.8)
r

<t <00 [<§<00 Q—l(s—”)

where C does not depend on x and r. Then the operator My, o is bounded from
Mo o, (R") to My o, (R"). Moreover

1Mb,o flimgy, < 101l f Mg, -

Proof The statement of Theorem 5.13 follows by Lemma 5.12 and Theorem 4.1 in
the same manner as in the proof of Theorem 4.4. O

If we take o = O at Theorem 5.13 we get the following new result for the commutator
of Hardy-Littlewood maximal operator Mj.
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Corollary 5.14 Letb € BM O (R"), ® be a Young function with 1 < ap < bg < 00,
(@1, ¢2) and @ satisfy the condition

t 9
sup (1 +1In —)CD’](I*”) ess inf 1x ) <Cp(x,r), (5.9)
r

P P50 1 (5 7)

where C does not depend on x and r. Then the operator My, is bounded from Mo o, (R")
to Mo 4, (R"). Moreover

1M f Moy, < DI f Moy, -

Note that analogue of the Theorem 5.13 for the commutator of the Riesz potential
[b, 1,] proved in [16] as follows.

Theorem 5.15 Let 0 < o < nandb € BMO(R"). Let ® be a Young function and
VU defined, via its inverse, by setting, for all t € (0,00), W™(r) := & L(r)r=/"
and 1 < ap <bp <o0and 1 < ay < by < o0. (p1, ¢2) and (P, V) satisfy the
condition

> t L oox,s) o dt
/r (1+ln;)?§§g£mw (7)== Coatran), (5.10)

where C does not depend on x and r.
Then the operator [b, I,] is bounded from Mo o, (R") to My 4, (R"). Moreover

b, Lo ) fllmg y, < DIl f Nl Moy, -
Remark 5.16 The condition (5.8) is weaker than (5.10). See Remark 4.6 for details.

If we take ®(t) = P, W(r) = 11, 1 < p,q < oo at Theorem 5.13 we get the
Spanne—Guliyev type result which was proved at [15].

Corollary 5.17 Let0 < a <n, 1 < p < 7,
condition

1 .
5 %, and (@1, @2) satisfy the

1 _
;=
PN inf ¢ (x, s)s%
sup (1 +In -)’<S<°°—n < Cor(x, ), (5.11)
r<t<oo r tq
where C does not depend on x and r. Then My is bounded from M , (R") to
My 4, (R™).
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