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A NEW GENERALIZATION ON ABSOLUTE MATRIX
SUMMABILITY FACTORS OF FOURIER SERIES

SEBNEM YILDIZ

ABSTRACT. In this paper, two theorems for |A, pn; 6|, summability which gen-
eralize recent theorems on |A,py|, summability of Fourier series have been
proved. This work also reveals many factor theorems for other summability
methods.

1. INTRODUCTION

Let > a,, be a given infinite series with the partial sums (s,). We denote by u2
and t% the n-th Cesaro means of order a, with a@ > —1, of the sequence (s,) and
(nay), respectively, that is

1< 1<
UTO: = E ZA%:}qu” tTO: = E ZA%:}}'UGW (11)
n v=0 n v=0
where
AY=0(n%), a>-1, Af =1 and A%, =0 for n>0. (1.2)
A series > a,, is said to be summable |C, a; 8|k, k > 1 and § > 0, if (see [9])
> e < oo, (1.3)
n=1

If we take 6 = 0, then we get |C, a|, summability (see [§],[11]).
Let (pn) be a sequence of positive numbers such that
Pn:va—M)o as n—oo, (P_j=p_;=0, i>1). (1.4)
v=0

The sequence-to—sequence transformation
1 n
Op = P z(:)pvsq, (1.5)
v=
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66 SEBNEM YILDIZ
defines the sequence (o,,) of the (NV,p,) mean of the sequence (s,), generated by

the sequence of coefficients (p,,) (see [10]).
The series Y a,, is said to be summable | N, py,; 5‘k, k>1and § >0, if (see [4])

oo P Sk+k—1
EI@f) A, |* < oo, (1.6)
n=1 n

where

Pn
A n—1= — Pv— v > 1
g 1 PnPn_l ; 1a n =

In the special case, when p, = 1 for all values of n, (resp. 6 = 0), |N,pn;d|x
summability is the same as |C, 1; 6|5 (resp. [N, p,|r) summability (see [1]). Also, if
we take d =0, k =1 and p, = %ﬂ (resp. k =1 and § = 0) summability | N, p,;d|x
becomes |R, logn, 1| (resp. [N, p,|) summability.

Let f be a periodic function with period 27, and integrable (L) over (—m,).
Without loss of generality we may assume that the constant term in the Fourier
series of f is zero, so that

" st =o.
ft) ~ i(an cosnt + by, sinnt) = io:C’n(t)7 (1.7)
n=1 n—=1
where (a,,) and (b,) denote the Fourier coefficients.
We write
olt) = AT+ 1)+ flz — 1), wdq%wzgilh—uw1ﬂwm,<a>m

Given a normal matrix A = (a,, ), we associate two lower semimatrices A = (any)
and A = (Gn,) as follows:

n
Qny :Zania ’II,’U:O,I,... (19)
i=v
and
Gpo = Qoo = A0, Gny = Gny — -1, N =1,2,.. (1.10)

Then A defines the sequence—to—sequence transformation, mapping the sequence
s = (sp) to As = (A,(s)), where

n
An(s) =) anusy, n=0,1,.. (1.11)
v=0
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It may be noted that A and A are the well-known matrices of series—to-sequence
and series—to—series transformations, respectively. Then, we have

n

n v n n
An(s) - E ApySy = § Aoy § a; = § a; E Any
v=0 v 1=0 =0 v=t

=0

n n
= E CLiC_LniZ E C_lm)av. (112)
=0 v=0
n—1
Since  Gp—1n = Y Gn-1,; =0,
1=1

n n—1
AAn(s) = An(s) — Ap—i(s) = Zdnvav - Z On—1,00
v=0 v=0

n n
= (@nv - a}n—l,v)av + @n—l,nan = Zdnvav- (113)
v=0 v=0

The series Y a, is said to be summable |4, p,; |k, £ > 1 and § > 0, if (see [13])

o) Pn Sk+k—1 B .
n; <pn) |AA,(s)]F < oo, (1.14)
where
AAn(s) =A,(s) — An-1(9). (1.15)

In the special case, if we set § = 0, then we obtain |A, p,|; summability (see [I5]).
If we take an, = 1’;—1 and § = 0, then |A, p,;d|x summability reduces to |N, pp|k
summability. Furthermore, if we take 6 = 0 and p, = 1 for all n, |A,p,;d
summability is the same as [A[; summability (see [16]) and if we take an, = 5,
then | A, summability is the same as |R, p, |, summability (see [3]). Finally, if we

take an, = %=, then |A, p,;d[; summability is the same as [V, p,,; 0| summability.

k

2. THE KNOWN RESULTS

Several authors have studied on absolute summability factors of Fourier series
(see [B]-[7], [14], [I7]-]19]). Recently, in [I7], Yildiz has generalized two theorems of
Bor (see [2]) for the |A, p,|r summability method in the following form;

Theorem 2.1. Let there be sequences (p,) and (\,) such that

P, = O(np,) (2.1)
PnApn = O(pnpn-i-l) 2 2)
> ~ " < o0 (2.3)
n=1

D AN < o, (2.4)

n=1
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and let A = (an,) be a positive normal matrix such that
ano =1, n=0,1, ..., (2.5)

Gn—1,v > Apy, fOT n Z v+ 17

nvr1 = O(V|Ay (ano)])- (2.8)

If ¢, (t) is of bounded variation in (0, 7), then the series 3 C,, ()2 "p = is summable
‘Aapn|k7 k Z 1.

Theorem 2.2. If the conditions (2.1)-2-8) of Theorem [2.1] and

B, = Zvav =0(n), n— oo, (2.9)

P

are satisfied, then the series Y an > s summable |A, pnlk, k> 1.

3. THE MAIN RESULTS

The aim of this paper is to generalize Theorem and Theorem for the
|A, pr; 8] summability method. Now, we shall prove the following theorems.

Theorem 3.1. Let p1(t) be of bounded variation in (0, 7). If the conditions (2.1))-
(2.2) of Theorem are satisfied, and if A = (any) is a positive normal matriz
satisfying conditions (2.5)-([2.8) of Theorem[2.1], and also

m+1 Sk Sk—1
P, P,
Z (n> |A, (Gno)| = O { (v) } as m — oo, (3.1)
n—or1 \Pn by
m+1 ok Sk
P, . P,
Z <> |Gn,vt1] = O { () } as m — oo. (3.2)
n=v+1 Pn Pv
m P, ok A, k
Z <> A =0(1) as m— oo, (3.3)
ne1 \Pn n
m P ok
Z (") AN, =O(1) as m — oo, (3.4)
n=1 Pn
then the series 3 Cy(t)2 . Puis summable |A, p,; 8|, fork >1 and 0 <5 < 1/k.

Remark. It should be noted that if we take § = 0 in this theorem, then the

conditions (3.3 and | 4)) are satlsﬁed by a hypotheses of the Theorem [2.1] n Also
in this case condition (3.1)) and ( are obvious.

Theorem 3 2 If the conditions ( - and (2.5)—(2.8) of Theorem |2 1 and
condition (2.9) of Theoremand also condztwns 1- |- of Theorem 3.1 are

satisfied, then the series Y an, "P” is summable |A, pn;dlk for k> 1 and 0 < § <
1/k.

We need the following lemmas for the proof of Theorem and Theorem
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Lemma 3.3. [12] If ¢1(t) is of bounded variation in (0,7) for any x € (—m, ),
then

Z’UCU(LC) =0(n) as n— oo. (3.5)

Lemma 3.4. [2] If the sequence (p,) such that conditions (2.1)) and (2.2)) of The-

orem are satisfied, then
P, 1
> =0 () .

4. PROOF OF THEOREM [3.2]

Proof. Let (V;,) denotes the A-transform of the series > a, P\, (np,)~t. Then,

by (LT2) and

Vn = Zam}aupv/\v(vpv)il

v=0

A‘/77, - Vn - anl - Z&nvavPvAv(rUpv)il-
v=0

and since no = apo — aGn—1,0 = 0 we get
n
N -1
= § am}aUP'UAv(Upv) .
v=1

Applying Abel’s transformation to this sum and by condition (2.9)), we have

- e o Py o a P An
AV =3 dmanPoA(op) " = 3 A, ( a )Z BB Zmr
v=1 v=1 r=1
2 Ay(lne)Pody | = o1 Py —
_ v \Wno v\ n,v+1
= {; 7’02])1; + I; 71) Do A)\ + vz:l (€79} erl)\erlA ( ) } Z rar
GnnPrin
+ — n2p, ;rar
1 n—1 .
GnnPrn anv P Av - Pv Qnp v+1Pv
= Bn B w1 A1y B, 7A/\ B,
n2p,, + Z vzl (n,v+1Av+1 py + vzl v2ps

- Vn,l + Vn,2 + Vn,S + Vn,4~

To complete the proof of Theorem [3:2] by Minkowski inequality, it is sufficient to
show that

00 P Ok+k—1
> <”> [VorlF < oo, for r=1,2,34. (4.1)

n=1 n
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Firstly, since a,, = O (%), we have that

m Sk+k—1 m 6k+k—1
Pn k Pn
n=1 Dn n=1

— Pn

k
(€277 )\nPn

B
n2p, "

n=1 n

i( )M')\ " =0(1) as m — oo,

by conditions (2.9) and (3.3]). Now, applying Hélder’s inequality, we have that

m+1 Sk+k—1 m+1 ok+k—1
o \Pn o

Pn v=1

=0<1>§(§:)5k+k l{DA (5 p) SV |’€}x{§mv<am>|}k_l

By the definitions of A and A matrices of series—to—sequence and series—to—series
transformations

n—1

k
S Al B,

Av (anv) = Qpy — Anu4+1 = Any — Gp—1 v an Ju+1 + an—l,v—i—l
n—1

n—1
= E Ani — E An—1, — E Apj + § An—1,5 = — Qp—1,v, (42)
1=v 1=v+1 1=v+1

and since ap—1,4 > Gny, Gno = 1 We get

n—1

Z‘A ny |—Z(an—1,v_anv):1_an 1,0 — L4+ ano + ann < anp

_1, < . (4.3)

By using conditions (2.7)), (3.1)), (4.2), (4.3]) we have

m+l g\ Okt . mtl o\ Shtkol .
S () walt—om Y (2) 3 A il () Il
n=2 Dn n=2 Pn v=1 pv

m k m+1

:mnzuvmmw (Pp) 3 (P")MAU(%M,

v=1 n=v+1

and using condition (2.9)) and ( ., we get

m+1 Sk+k—1 m k ok—1
P, P, P,

> (p > Vool =0(1)) IM’“BvI’“< 2 <)

n=2 n

P, Sk+k—1 1 " /P, ok pL:
—0<1>Z(p) B =0 Y (5] Pela
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On the other hand, since A { vf;v } =0 (U%) by Lemma we obtain

m+1 ok+k—1 m+1 Ok+k—1
P, P,
p n=2

k

n—1
X P,
Z ‘an,v+l|‘)\v+1|Av (’Uzpv> Bv

n Pn

n=2 v=1
mtl o p N Sktk—l (-] 1 n—1 PR k-1
Sow 3 () D el
n=2 Dn v=1 v=1 v

By using Ay (Gny) = Gny — Gnv+1, Gnotl = Gnotl — Gn-1,p+1 and virtue of the
hypotheses of Theorem[2.1]we get, Gn o1 = O(v|Ay(dny)|). By using this condition,
and condition (4.3)), we have

mtl p N Sktk-1 . mAl g N Sktk-1 n—1 k-1
)9 (p) Vasl" =000 3 <p> {Z | Ao [ } x {Z Av<am>|}
= n v=1

n

n=2 v=1
1 m+1 P ok )
me’“ > (55
n=v+1 Pn

and conditions and ( ., we get

m—+1 P Ok+k—1 A m |)\ 1|k
Z(n> Vasl” = Z( > L =0(1) as m— o0

n=2 n v=1
Finally, using condition (2.1) we get

n—1 .

mt1 Sktk—1 m41 Sktk—1
P”) k Pn an v+1P
S () ma =X () S e,
neo (pn o \DPn =1 UPv
m+1 P Sk+k—1 |n—1 aQ "
=0(1) ( n) LA)\UBU
valb)

mAl o\ Sktk-l \B k—1
—omy" (p) {Z|am+1||m | } {Danmnm |}
n=2 n

By using conditions (2.5)), (2.6] , we get, for 1 <v <n-—1,

n

n—1
dn,v+1 = an,erl - anfl,erl = E Ani — § An—1,i

1=v+1 1=v+1
v n—1
=1- Zanz 1 +Zan 1,4 — Z Gn—1,i _ani) < Z(anfl,i _ani) =1-1 + Apn = Apn
1=0 =0
where
v
Z(an—u —ap;) >0 (4.4)
1=0
By condition (2.5)), ano = 1, and
v n—1

CAln,erl = Z(anfl,i - ani) < Z(anfl,i - ani) =l-1+4ap,= Apn,y
=0 =0
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we have
n—1
D an w1l AN| = O(ann). (4.5)
v=1

By using condition ([27), @9), (82), B4), (£4), (£H). also we have

m+1 Sk+k—1 m k m+l Sk+k—1
Pn k ‘Bv| Pn . N
> () Vaal® = 00) Y AN 5= D0 b a1

n=2 bn v=1 v n=v+1 Dn
m m+1 ok
B,|* P, R
—om > AnTE S () il
v=1 n=v+1 n

m ok
=0(1)) <§”> AN, =O0(1) as m — oc.
v=1 v

This completes the proof of Theorem [3.2 (]
5. PROOF OF THEOREM [3.1]
Theorem [3.1]is a direct consequence of Theorem [3.2] and Lemma [3.3]

Corollary 5.1. If we take § = 0 in Theorem [3.1] and Theorem [3.3, then we get
two theorems dealing with | A, p,|r summability factors of Fourier series.

Corollary 5.2. If we take ay, = 11;2 and p, = 1 for all values of n (resp. any, = %’;
and § =0) in Theorem and Theorem then we get new results concerning
the |C,1; 6|k (resp. |N,pnl) summability method of Fourier series.

Corollary 5.3. If we take a,, = &= in Theorem and Theorem then we
obtain a new theorem dealing with |N,py; 0|, summability methods of Fourier series.
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