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1 Introduction

In this paper, we consider the second-order Schrodinger differential operator in R” with
n > 3, defined by

L=-A+V,

where V' is nonnegative and belongs to the reverse Hélder class RH, for some exponent
q = n/2. Assume that V' is a nonnegative locally L,(R") integrable function on R”, then
we say that V' belongs to RH, (1 < p < 00) if there exists a positive constant C such that

the reverse Holder inequality

1 Yo ¢
(E /B Vq(x)dx) < E /B V(x)dx
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holds for every x € R”, where B(x, r) denotes the ball centered at x with radius r. For ex-
ample, the nonnegative polynomial V' € RH,, in particular, |x| € RHx.

Let the potential V' € RH, with g > #/2, and the critical radius function p(x) is defined
as

p(x) =

1
:sup{r:—Z/ V(y)dyfl},xeR”.
=% JB@r)

le(x) >0

Clearly, 0 < my(x) < oo when V' #0, and my(x) =1 when V =1 and my(x) =~ 1 + |x| with
V(x) = |x|%.

Thanks to the heat diffusion semigroup e for enough good function f, the negative
powers L™#/2 (8 > 0) related to the Schrodinger operators L can be written as

Tif (%) = LPPf(x) = / h L)) tP*dt, 0<B<n.
0

Applying Lemma 3.3 in [1] for enough good function f holds that

Iﬁf(x) = /W Kg(x, 9)f()dy, 0<pB<n,

and the kernel Kg(x, y) satisfies the following inequality:
c 1

(1+ M)N =yt
p(x)

. yl” —=5,0<B<n
The commutator of Iﬁ is defined by

|Kp(x, p)| <

Moreover, we have |Kg(x,y)| <

[b, Z51f (%) = b(x)T4f (x) — T (bf )(x).

Note that if L = —A is the Laplacian on R”, then Ié and [b,IfL,] are the Riesz potential I
and the commutator of the Riesz potential [b, 1], respectively, that is,

1) = / f (”lndy, [b, 1,1 () = f br) — b (y)f(y)dy

According to [2], the new BMO space BMOy(p) with 0 > 0is defined as a set of all locally

integrable functions b such that

1
[BCx, )| J e

0
1b) ~ baldy < C(1+ — )
p(x)
for all x € R” and r > 0, where bg = ﬁ fB b(y)dy. A norm for b € BMOy(p), denoted by
[bly, is given by the infimum of the constants in the inequalities above. Clearly, BMO C
BMOy(p).
Throughout this paper, the letter p denotes n-tuples of the numbers in (0, oo], n > 1,
P=@Lpr....pn) 1 <P < oo means 1 < p; < oo for each i. For 1 < p < 0o, we denote
p' =Wy, ... ,p,), where p| satisfies 1/p; + 1/p| =
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In 2019, Nogayama [3] considered a new Morrey space, with the L, norm replaced by
the mixed Lebesgue norm Lz(R"), which is called mixed Morrey spaces.

We first recall the definition of mixed Lebesgue space defined in [4].
is

Let p = (p1,...,pn) € (0,00]". Then the mixed Lebesgue norm || - [I; or || - llz,, .
defined by
”f”LI; = ”L(pl,.,.,pn)

r3 1

- (/R...(/R</R[f(x1, X2, oo, xn)|P1dx1>%dx2)P2 ...dx,,)fn,

where f : R” — R is a measurable function. If p; = oo for some j = 1,...,n, then we
have to make appropriate modifications. We define the mixed Lebesgue space L;(R") =
Li,,..pm(R™) to be the set of all f € Ly(R”) with |[f||L;, < 00, where Ly(R") denotes the set
of measurable functions on R”.

The following analogue of Holder’s inequality for Lj is well known (see, for example,

(5]).

L

Theorem 1 Let Q C R” be a measurable set, 1 < p < 0o and ;> = 1. Then, for any

f € Lp(RQ) and g € Ly (), the following inequality is valid:

1y
P p

| Feids < e el

By elementary calculations we have the following property.
Lemma 1 Let 0 < p < 00 and B be a ball in R". Then
1w 1
Ix8llz; = I x8llwr, = |BI" 217

By Theorem 1 and Lemma 1 we get the following estimate.

Lemma 2 For 1 < p < 0o and for the balls B = B(x, r), the following inequality is valid:

S
[ vy <15" 0 i,
B

The following lemma shows the Lebesgue differential theorem in mixed-norm Lebesgue
spaces.

Lemma 3 [5, Lemma 2.4] Let f € L'f’C(R”) and 0 < p < 0o, then
}1_1}(1) ”XB(x,r)”Z; I ;B = [f®)] ae.xeR"

In [1], Morrey developed typical Morrey spaces L, , (R") to investigate the local behavior
of solutions to second order elliptic partial differential equations. We refer the readers to
[1, 6-8] for information on the characteristics and uses of traditional Morrey spaces. A
general nonnegative function ¢(x,r) that satisfies certain assumptions replaces r* in the
definition of the generalized Morrey spaces (see, for example, [9-14]). Actually, a higher



Guliyev et al. Boundary Value Problems (2024) 2024:137 Page 4 of 17

degree of regularity in the solutions to certain elliptic and parabolic boundary problems
may be obtained thanks to the improved inclusion between the Morrey and the Holder
spaces. Generalized Morrey spaces M, , were separately introduced by Guliyev, Mizuhara,
and Nakai [12, 13, 15] (see also [11, 16, 17]). Generally speaking, local Morrey spaces were
also introduced separately by Guliyev [15] and Garcia-Cuerva and Herrero [18] (see also
[19]). It should be noted that Guliyev introduced and analyzed integral operators in local
Morrey-type spaces, including generalized local Morrey spaces, in [15].

We now provide the concept of potential-related generalized mixed Morrey spaces (in-
cluding weak versions), which was previously presented by the first author in [20] for the

caseof p=(p,...,p).

Definition 1 Let ¢(x,r) be a positive measurable function on R” x (0,00), 1 < p < 00,
« >0,and V € RHy, g > 1. We denote by M;”;/ = Mg”;(R”) the generalized mixed Morrey
space associated with Schrodinger operator, the space of all functions f € L};’“(R") with

finite quasinorm

I (14 =2=) 0™ s I em I ]
v = sup + ox, r XB, S on XBoer | L3R
Mgd/) x€RM r>0 p(x) (%) Ly(R™) () 1Ly (R

A
Remark 1 (i) When a = 0 and o(x,7) =7 "
Lz, (R™), see, for example, [3];
Aoyl
(ii) When ¢(x,r) = r =t Mg”;/(R”) is the mixed Morrey space associated with

>
= Mg"q‘;(R”) is the mixed Morrey space

Schrodinger operator L;’kv (R™) studied by Tang and Dong in [21] in the case of p =
®;...,p);

(iii) When «a = 0, ng’(;/(R”) is a generalized mixed Morrey space Mj; ,(R") introduced in
the case of p = (p, ..., p) by the first author, Mizuhara and Nakai in [12, 13, 15].

(iv) The generalized Morrey space associated with Schrodinger operator Mg,’;/(R”) was
introduced by the first author in [20] in the case of p = (p, ..., p).

For brevity, in the sequel, we use the notations

A . "\ -1 -1
A, Fix,r) = (1 + %) @) N X8 sy I XBeon -

Definition 2 The vanishing mixed generalized Morrey space associated with Schrédinger
operator VMg,’;(R”) is defined as the spaces of functions f € ME”X(R”) such that

lim sup ng’;/(f; x%,7)=0. (2)
; )

=0 xeR"

The vanishing space VM;';/(R”) is Banach spaces with respect to the norm

— _ oV r,
Hf”VMg";/ = |V‘||Mg.,¢‘>/ - Sup Q[Zg,(p (f7x1 r)'

x€R™,r>0

A 1
G=D 2 p;

L=

In the case @ = 0 and ¢(x,7) = r , VMS,’;(R”) is the vanishing Morrey space
VM, introduced in the case of p = (p,...,p) in [22], where applications to PDE were con-

sidered.
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We refer to [10, 23—27] for some properties of vanishing generalized Morrey spaces.

In this paper, we consider the boundedness of the fractional integral operator Ié on the
generalized mixed Morrey spaces M;:X(R”) and the vanishing generalized mixed Morrey
spaces VMg,’:(R”). When b belongs to the new BMO space BMOy(p), we also show that
[b,Z}] is bounded from Mg;;/(mn) to Mg;;(w) and from VM;';’(R") to VMg;;(R").

Our main results are as follows.

n n
Theorem 2 Let V € RH,pp, 0 >0,1<p<n/f, Y L -3 L-p, ndwleQ- ,(pzeQ“V

=t gt
satisfy the condition
2
>
oo €ss inf 1 (x, s)si=1 dt
/ == n — = CO§02(x> r); (3)
r > qi

ti=1""

where co does not depend on x and r. Then the operator Zé is bounded on Mg';/l to Mg’(p‘;
for p > 1. Moreover,

IL o, S C oV
I ,5JC||1\4ZI"/\)/2 Ilfllj\/lmy1
where C does not depend on f .

n n
Theorem 3 Let V € RH,p5, @ > 0,1<p<n/B, Zpi - qu =B and ¢, € Qg’v, @y € Qg’v
=17 =

satisfy the condition

M=

1
lpl

. r

1 7 = CO‘pZ(x: r)’ (4)

lql

M=

ti

where ¢y does not depend on x and r. If b € BMOy(p), then the operator [b, Ié] is bounded
from Ml’iﬂ‘,’(;/1 to M%‘,’w‘; and

1B, ZE1f || v < CLOIoIIf Nl g »
92 b1
where C does not depend on f.

n n
Theorem 4 Let V € RHyp, @ =0, 1<p<n/B, Y o =3 - =B and ¢ € Qg'lv, ¢ € Qg’f
=1 =1 ’ ’

satisfy the conditions

o dt
Cs :=/ sup @1 (x, t)— <00
s

x€RM

forevery § >0, and

/ <p1(x,t) e _Coqoz(x,r), 5)
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where Cy does not depend on x € R" and r > 0. Then the operator Ié is bounded from
VMEY to VM) .
2% Q9

n n
Theorem 5 Let V € RH,5, b € BMOy(p), 1 < p < nl/B, Zpi - qu =B, and ¢, € Qg'lv,
=17 = ’

@) € QZIV satisfy the conditions

o 1+1 t dt < 6
: ( + H;)¢1(x,t)ﬁ_cowz(xxr): ©)

where ¢y does not depend on x and r,

In % 0 @)
m —————— =0,
r=0 infyern 0a(x,7)
and
oo dt
5= (1 +|In t|> sup @1 (x, ) < 00 ®)
) xeR” ti-p

for every & > 0. Then the operator [, Ié] is bounded from VM;:;/I to VMg,’:Z.
Remark 2 Note that, in the case of p = (p,...,p), Theorems 2 and 3 in the case of V =0

(-1 > L
were proved in [28, Corollary 5.5 and 7.5] and in the case of ¢(x,r) =1 =" in [21,

Theorems 1.3 and 1.4].

In this paper, we shall use the symbol A < B to indicate that there exists a universal
positive constant C, independent of all important parameters, such that A < CB. A~ B
means that A < Band B < A.

2 Some preliminaries

We would like to recall the important properties concerning the critical function.

Lemma 4 [29] Let V € RH,,,. For the associated function p, there exist C and ko > 1 such
that

e — yI
p(x)

kq

)_k" < p() = Co)(1+ 5

c! p(x)(l + )

forall x,y e R".

Lemma 5 [30] Suppose x € B(xo,r). Then, for k € N, we have
. S . Nitko+1) *
2kr ~ 2kr o+
(e 25)  (1+ )

We give some inequalities about the new BMO space BMOy(p).
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Lemma 6 [2] Let 1 <s<oo.Ifbe BMOy(p), then

5 [ 160~ bal'ay) (1)

IBI o)

forall B=B(x,r) withx € R" andr > 0, where 0’ = (ko +1)0 and k is the constant appearing
in (9).

Lemma 7 [2] Let 1 <s< o0, be BMOy(p), and B = B(x,r). Then

k
(ﬁ /2 . 1b0)- baldy) < (blok(1+ %)

or all k €e N with ' as in Lemma 6.
S

Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 8 [31] Let f be a real-valued nonnegative function and measurable on E. Then

(esxsegnf f (x)) = es:esEup f(l )

Lemma 9 Let ¢(x,r) be a positive measurable function on R" x (0,00), 1 <p < oo, a >0,
and V € RHy, q > 1.

UM
e
s (1+ r )”'Zlm o f t>0 and forall x € R (10)
u — = or somet >0 and for all x ,
t<r<ro)o (%) @(x,7)
o,V oy _
then MZW R™ = 6.
(i) If
o\ 4 n
sup (1 + —) @, r)" =00 forsomet >0 and forallx € R", (11)
O<r<t ,O(x)

o,V mony _
then Mfw R" = 0.

Proof (i) Let (10) be satisfied and f be not equivalent to zero. Then sup,g» >0,

V “LP(B(x £)

hence

M=

1
Pi

Hf”MaV > sup sup (1 + L)aw(x,r)‘lr_i i

xR t<r<oo px) lf ”L[y(B(x,r))

1

1p‘.

M:

> sup Hf”L 5B S p (1 + ﬁ) o, )ty i

Therefore H_f”MaV =00
by
(ii) Let f € W’V(R”) and (11) be satisfied. Then there are two possibilities:
Case 1: sup,,, <1 + p(x)) o, 1) =ooforall £>0.

Case 2: sup.,.; <1 + ) @(x,r)"! < 00 for some ¢ € (0, 7).

p(x)
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For Case 1, by Lebesgue differentiation theorem (see, Lemma 3), for almost all x € R”,

”fXB(x,r) ”Lf?

m
r=0+ || X8 Il

= |[f(x)]. (12)

We claim that f(x) = 0 for all those x. Indeed, fix x and assume |f(x)| > 0. Then by (12)
there exists £y > 0 such that

M:
N
M=
I~

1
pi Hf

for all 0 < r < ty, where v, is the volume of the unit ball in R”. Consequently,

il
—

i=1
r LB = 2 lf @)

@V > Su <1 —) x, ) Ly =17
“f”M; 0<r30 (%) p(x,7) ‘VHLIZ,(B(W»
141
W2 a
=27, T )] sup (14 =) g™,
O<r<ty )O(x)

Hence |f|| My = 00, so f ¢ Mz ,(IR"), and we have arrived at a contradiction.

Note that Case 2 implies that sup,_,._, (1 + p(x)> @(x, 1) = 00, hence

M=

A A
"> sup (1 +— ) @, )ty F7
t<r<t ( )

2t (10 55) e -

s (e o) vt

which is the case in (i). g

Remark 3 We denote by Qg'v the sets of all positive measurable functions ¢ on R” x (0, c0)
such that, for all £ > 0,

on

-y L
1 Pi

(1 ﬁ) :o(x r

sup
xeR”

<00, and sup
Loo(t,00) xeRM

r 4
1+ —) (2,77t ” <00
( o)) ¢ Loo(00)

respectively. In what follows, keeping in mind Lemma 9, we always assume that ¢ € Qg'v.

Remark 4 We denote by lev the sets of all positive measurable functions ¢ on R” x (0, c0)
such that

inf inf(l + %)_uw(x, r) >0 for some § >0 (13)
o(x

xeR” r>8

and

M:

1
pi

Him (1 * ﬁ)a ;(:x, n

For the nontriviality of the space VMS’;/(R”), we always assume that ¢ € lev .

Page 8 of 17
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3 Proof of Theorem 2
The following Guliyev-type local estimates play an essential role in the proof of our results,
see for example [11, 15, 20].

n

n
Theorem 6 Let V € RH, ;. If 1 <p <n/B, qi = pi B, then the inequality
=1 =t

NS

Z qi
|I DllzzBaorm STt / .
2r > L ¢
ti:l qi

% If Ly Bexo.en dt

loc mon
holds for any f € L(R").

Proof For arbitrary xo € R”, set B = B(xo, 1) and AB = B(xo, Ar) for any A > 0. We write f as
f =fi +f2, where fi(y) = f(¥) XBxo,2n (), and xp(x,,2r) denotes the characteristic function of
B(xg,2r). Then

L L L
1Z5 O B0 = I1ZG D g0 + 1Z5FD N 25Bex0.r-

Since f; € L3(R") and from the boundedness of Ig from Lz(R") to Lz(IR”) (see [4]), it fol-
lows that

L
”Iﬁ(fl)”L;I(B(xo,r)) S ”f”L;,(B(xo,Zr))

> A * dt
St |[f||LI;(B(x0,2r))/ -

1
2r ti:z‘i q_i+1
S~ 1 oo B
< i / |lf||L1;<B<xo,t>> dt 14)
2r > l t
pizi T

To estimate ||I,§()‘2)||Lﬁ(3(x0,,)), observe that x € B, y € (2B)° implies |x — y| = |xg — y|. Then
by (1) we have

sup T4(5)9)| = sup / Ky, ) )l dy

(2B)¢
[ v,
@By %0 =y P
(2k+lr)—n+/3 lf(y)'dy
1 ok+1p

By Holder’s inequality, we get
L - k+1 _l_i 1’%‘ +h
Sup |Iﬂ(fZ)(x)| S Z ”f||L[-,(2k+lB)(2 ry =l dt
xeB P 9

k+
< 2% ANz Bexonen dt
Z T

E%
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< /‘°° W Nl Ly Bexoen dt
~ LA ?
2r ti:z‘iq—i

Then

s
L — g
T g S [ 2
2r > l t
pizi @

W iz e dt

holds for 1 < p < n/B. Therefore, by (14) and (16) we get

>4
L 2
IZ5 8o < 7t / i
2r > L t
gic1

W ez oo dt

holds for 1 < p < n/B.

Proof of Theorem 2 From Lemma 8, we have

= ess sup .
t<s<oco 1
pi

M=
“E‘»—-
M=

1

ess inf @, (x, s)s=1"" P1(x,8)si

<8§<00

Note the fact that |[f [|;5(x..) is @ nondecreasing function of ¢ and f € Mg’;/l , then

o
t
(1 + W) V1l Bexo.t

L
ess inf @, (xo, )si=1 "
£<8<00
Lo 25) I
+ 560 ) WLz,
< ess sup m
t<s<00 3 Pii

1

@1(x0, s)s

o
(1 + ﬁo)) 1l s B0

< sup 0
0<s<00 3 pl
(Pl(xO; S)Si:1 '
,S ”f”M‘}V .
b1

Since « > 0 and (g1, ¢;) satisfies condition (3), then

/°° W Nl Ly Bexo.en) dt
-
2r L ¢
tl:zl qi
1

pi

o
. i i=1
_/oo <1+ p(xo)) I Nl 2y Bexontn ets<§<1or<1)f¢1(x0,s)s dt
2

M=

r

M=
3=

R
S|

- a
1 (1+ L ) t
£<8<00 p(x0)

ess inf @1 (xg, $)s?

(15)

(16)

(17)

Page 10 of 17
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. >3
oo €ss inf @1 (xp, s)si=1 dt
Sl [ 4 —
b1 Jor o Z%
(14 545) e
p(x0)
5L
_y oo €SS infgal(xo,s)siﬂp’ dt
< 1 t<§<00 it
Wy (14575)" [
b1 p(%o) r v L ¢
ti=1 qi
Wy (1+ =) " atx0,7) (18)
S av |1+ ) X0, 7). 18
lf Mi’:m p(xo) P2(Xo
Then by Theorem 6 we get
IZ5 N pgev
92
>

1

oA L
S sup <1+ )(02(960,1”) r

IZ5 O 1 Baory
xp€R”,r>0 p(xO) s r 0

N |\ llz5Bexo.)) dt
S osup (1 + ) @a(xo,7) 7" ——
X0€R™,r>0 p(x0) 2% y 1 t
ti=1 4
Sl yev O
yZ14)

4 Proof of Theorem 3

As the proof of Theorem 2, it suffices to prove the following result.

Theorem 7 Let V € RH,,;, b € BMOy(p). If 1 < p < nlB, Zqi = Zpi — B, then the in-
=1 =t
equality

n
1 (%) t

>
1B, ZE (e < Blor=1 " / (1+m

2r

) s Bo.0n dt (19)

r 1 t
tgqi

holds for any f € L}fc(R”).
Proof We write f as f = fi +f, where f1(¥) =f(¥) XBxo,2r)(»)- Then

116, ZEO N 8o < W0 ZEWD B + 116 ZE1) 1 exoury-

q

By the boundedness of [, Ig] on L;(R") to Lz(R") (see [21]) and (14) we get

116, ZEW 2Bz S 1010 I 5 8ex0,2m0

1

n 1 00 3
< [b]grizzl % / |lf||L1;(B(x0,t)) dt
2r > qi t
ti=1""

n
1 oo

> i\ WLy Beot) dt
< [blpri-t % / (1 +1In —)7lf ’Z( Go.0) —. (20)
o r s 1 t
ti:] qi
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We now turn to dealing with the term ||[b, Ié](}%)” L;(Bxo)- For any given x € B(xy,r), we

have

|16, Zg 1o ()| < 1b(x) = bagl IZ5(f)(®)] +1Z5((b = bag)fa)()].
Then, by (15), Lemma 6, and taking N > (ko + 1)0, we get

I(B(@) = bag) T (F2) | 1 Bxr)

Xni + 2r \O-Nitko+1) [ |If |5 Bexot)) dit
< [blpri-t <1 n ) / ﬂ_
2

(xO) r Z 1 t
tl
L oo VIl Bsoney dt
SblprA " / (1+m° )L el (21)
2w r Z 1 t
tl

Finally, let us estimate ||I§((b - sz)f2)||Lé(B(XO,,)). By (1), Lemma 5, and (15) we have

sug IIfL,((b — bap)fo)(x)|

1 b(y)-b
gsup/ NI ()|’) zflsll};()’)ldy
B J 2By (Bl X0 —y|""
. (1 o )
> 1
<Ssupd v [, 160~ baallr iy
xeB ko \n— 2kr 2k+1p
o (2kry ﬁ(l + m)
> 1
S Z ok, N/(ko+1) /;k+lB |b()/) - bZBHf(y)'dy
k=1 (2kryn= ﬂ(l + p(xo)>
Note that

/ 1b(y) = bagl[f Wy < I1BC) = bagll, - k1) Il 20015
2k+lp V4 4

k

VAYS 0’
2k
p(xo)> (

k) [\/]:
S \\H

lf”L 5(B(xo, 2k+1py)

S 1blok(1+

Then
> k(zkr)_t:il it
sup |Z5((b ~ ban))()| S LB > " )N/(k0+l)_9, I 1z eso2ko1y
Xe r
pxo)

=1 (1 +
1
qi

M:

1

S [blo Zk(zkr) ,

”f”L;,(B(xo,Zk“r))

k-

<1b N P 20 flly oy dt

40 Z e 1
k=1 tlZ: qi
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Since 2fr <t < 2K*1y, then k ~ In £ Thus

k+1
2 Ny Beo.e dt

t

|=

IH(b-b <I[b k/
sup |Z5((b— ban)o) ()| S [ 19; 5 :
=1

00 2k+1r
£ W llsBrony di
Swpy [ mismrtend
o1 2k r tlzzj t

© i W 5Bty dt
,<V[b]9/ <l+ln—>7lf B &
o r L t

ti:lql

)

i

Then

> A £\ W50, dt
IZH(® b liganr S I [ (Lo D) =220
2w r Zqi t

ti=1 "

Combining (20), (21), and (22), the proof of Theorem 7 is completed.

(22)

Proof of Theorem 3. Since f € M*V and (¢1,¢,) satisfies condition (4), by (18) we

o1
have

o i\ Wl Bty dit
/ (1 . ln—) 5Bt dt
2

r 1 t
d ti:zlqi

o -
4 i i=1
B /‘Oo <1 + ﬂ(xo)) ”f”L;,(B(xo,t)) (1 . lnf ets<§<lorcl)f<p1(x0,s)s dt
2,

= i
(1+ L )atizzlqi

r

M=
3=

] -

ess inf @1 (xg, )s?
t<8<00

p(x0)
o
0o £ eS8 inf @1 (xo, s)si=1 " dt
SNy / (1 L ) teseee _
1 Jor r o 1 t
(1 : ;> gimi ¥
p(x0)
I
—a [ £ €ssin @1(x0, )1 1y
SIWfllpev (1+ —— 1+In- —
o1 p(x0) r r L t
ti=1 4
< U
ov 1+ ) X0,7).
Wy (14 505) oan)

Then from Theorem 7 and by (23) we get

1B, ZEP)I o
992

1

LU, T oy

M=

ro\® 4
S s (Le—) @00’
xo€R”,r>0 p(xO)

(23)
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"\ *© i\ W Lot dt
Sbly sup (1 + ) @a(x0,1) ! (1 +1n—>M_
x0€R”,r>0 p(xo) o r B ql f

ti=1 7"

S (bl IlfllMg,q}v . O
¥1

5 Proof of Theorem 4
The statement is derived from estimate (17). The estimation of the norm of the operator,
that is, the boundedness in the nonvanishing space, immediately follows from Theorem 2.

So we only have to prove that

lim sup ng,’;/l (f;2,r)=0 = }im sup ng,’:z (Ié(f);x, r)=0. (24)

=0 yeRr —0 yeRn

M=

1
Pi

To show that sup (1 + ﬁ) 0o (x, r)‘lr_i 1
x€R”

right-hand side of (17):

||I§(f)||L;,(B(x,r)) < & for small r, we split the

a -> %
(1 + ﬁ) 020,77 ALy < Cllsg@,r) + 50 (1], (25)

where 8y > 0 (we may take § > 1), and

r ¢ n
0+MQ‘ﬁ°jl
r

Is (x,7) = L a dt
50(%,7) ) TR/
and
o)
1+ —) 0o _y1_
@ gt
Ty = PO f EE Il et
0 0, 7) s, pEED)

and it is supposed that r < §o. We use the fact that f € VM;:;’I (R") and choose any fixed
8o > 0 such that

ro\@ - 4+
sup (1 + —) o1(x,t)" 't =17
xeR” p(x)

n

3
|lf||L1;(B(x,n) < FCO'

where C and Cj are constants from (5) and (25). This allows to estimate the first term

uniformly in r € (0, 8o):

£
sup Cls,(x,7) < =, 0<r<dp.
xeR” 2

The estimation of the second term now may be made already by the choice of r sufficiently

small. Indeed, thanks to condition (13), we have

- o
<1+m)

]50 (xr r) = Coy o (?C, r)

Wl pgev s
1Z31
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where c,, is the constant from (2). Then, by (13), it suffices to choose r small enough such

that
- o
(1 + m) e
<

xeR” sz(x: r) - 20(70 Hf” VM?’V
pe1

’

which completes the proof of (24).

6 Proof of Theorem 5
The norm inequality having already been provided by Theorem 3, we only have to prove
the implication

li <1 rx )"‘ ( )_1 7'}11 pli A1 0
im su + o1(x,r)" 1 = R =
r ’Oxe]RE‘ px) ! LpBer)
r o .- En pl- I
= lim su (1 + —) x, ) r =17 ||[b, L _ =0.
, Oxeﬂg @) @2, 1) I ﬁ(f)]”Lq(B(x,r))
To check that

M=

L
pi

o\ 7
sup <1+—> ©a(x,r) 0=l

b, T% By f 1 r,
sup e 116, Zg ("))l Bxry < € for small 7

we use estimate (19):

aX [b]s o0 i\ W llzs o) dt
(,02(96,7’) 17’ P id ||[hxsz3(f)]”L;I(B(x,r)) S / (1 +In —)1270_
va(x,1) J,r r >l t
ti=1""

We take r < 89, where § will be chosen small enough, and split the integration:

(1+5) o™ S B ZE O Nsgern < Clly(r) + ), 26)
where
1+-r5)" oo £\ WLy Eeo dt
Isy (1) := 7( i )) / (1 +1n—> 71]( L’;(B( o) &
pa(%,7) Sy r Lt
tii qi
and
1+-r5)" o £\ Wl oo dt
Jso (%, 1) := 7( ”(x>) / <1 +1n —) L Li(B( o) &
P2(x,1) s, r L t
ti:l qi

We choose a fixed 8y > 0 such that

M=
3=

: n

NG 1.
sup (1+ —) or1(x,r)" i

£
_ <— 1r=<dp
Ao W llipaern < 5o 7<%
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where C and Cj are constants from (26) and (6), which yields the estimate of the first term

uniform in r € (0, 8y): sup Cls,(x,7) < %, 0<r<dp.
xeR”
For the second term, writing 1 + In ﬁ <1+|lnt|+1In %, we obtain

1

+¢s5 In

0 0

=Ny s
el

Jso(x,7) < &
2%, 7)

where c¢5, is the constant from (8) with § = 8y and ¢, is a similar constant with omit-
ted logarithmic factor in the integrand. Then, by (7), we can choose small r such that
Sup,cpn J5,(%,7) < 5, which completes the proof.

7 Conclusion

In this paper, we study the boundedness of the fractional integral operator Iﬁ associated
with the Schrodinger operator and its commutators [b, Ig] with b € BMOy(p) on general-
ized mixed Morrey spaces Mg,’; associated with the Schrodinger operator and vanishing
generalized mixed Morrey spaces VMg,’;/ associated with the Schrédinger operator. We
find the sufficient conditions on the pair (¢;, ¢), which ensures the boundedness of the op-
erator Zf from Mg”;)/l to ng’(:; and from VMZ";1 to VMg”(p‘;, é: % = znlj 1%‘ —B. When b belongs
to BMOy(p) and (@1, ¢o) satisfies some conditions, we alsl(; showlghat the commutator op-

n n
Ly v @V @V @V N1 N1
erator [b, Iﬁ] is bounded from Mg,m to MW2 and from \/Mle to VM?z,wz’ ;:1 o= ;:1 » B.
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