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We prove that the parabolic fractional maximal operator MP
α , 0 ≤ α < γ , is bounded from

the modified parabolic Morrey space ˜M1,λ,P (Rn) to the weak modified parabolic Morrey space
W˜Mq,λ,P (Rn) if and only if α/γ ≤ 1−1/q ≤ α/(γ −λ) and from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn) if and only
if α/γ ≤ 1/p − 1/q ≤ α/(γ − λ). Here γ = trP is the homogeneous dimension on R

n. In the limiting
case (γ − λ)/α ≤ p ≤ γ/α we prove that the operator MP

α is bounded from ˜Mp,λ,P (Rn) to L∞(Rn).
As an application, we prove the boundedness of MP

α from the parabolic Besov-modified Morrey
spaces ˜BM

s

pθ,λ(R
n) to ˜BM

s

qθ,λ(R
n). As other applications, we establish the boundedness of some

Schrödinger-ype operators on modified parabolic Morrey spaces related to certain nonnegative
potentials belonging to the reverse Hölder class.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such as the maximal
operator, the fractional maximal operators, the fractional integral operators, and the singular
integral operators, from one weighted Lebesgue space to another one is well studied by now.
These results have good applications in the theory of partial differential equations. However,
in the theory of partial differential equations, along with Morrey spaces, modified Morrey
spaces also play an important role (see [1, 2]).

For x ∈ R
n and r > 0, we denote by B(x, r) the open ball centered at x of radius r and

by �B(x, r) denote its complement. Let |B(x, r)| be the Lebesgue measure of the ball B(x, r).
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Let P be a real n × n matrix, all of whose eigenvalues have positive real part. Let At =
tP (t > 0) and set γ = trP . Then, there exists a quasi-distance ρ associated with P such that

(a) ρ(Atx) = tρ(x), t > 0, for every x ∈ R
n;

(b) ρ(0) = 0, ρ(x − y) = ρ(y − x) ≥ 0, and ρ(x − y) ≤ k(ρ(x − z) + ρ(y − z));

(c) dx = ργ−1dσ(w)dρ, where ρ = ρ(x), w = Aρ−1x, and dσ(w) is a measure on the
ellipsoid {w : ρ(w) = 1}.

Then, {Rn, ρ, dx} becomes a space of homogeneous type in the sense of Coifman-Weiss. More-
over, we always assume the following properties on ρ.

(d) For every x,

c1|x|α1 ≤ ρ(x) ≤ c2|x|α2 if ρ(x) ≥ 1,

c3|x|α3 ≤ ρ(x) ≤ c4|x|α4 if ρ(x) ≤ 1,

ρ(θx) ≤ ρ(x) for 0 < θ < 1.

(1.1)

Here αi and ci(i = 1, . . . , 4) are some positive constants. Similar properties hold for ρ∗

which is associated with the matrix P ∗. Here P ∗ is the adjoint matrix of P .
There are some important examples for the above spaces.

(1) Let (Px, x) ≥ (x, x)(x ∈ R
n). In this case, ρ(x) is defined by the unique solution of

|At−1x| = 1, and k = 1. This space is just the one studied by Calderón and Torchinsky
in [3].

(2) Let P be a diagonal matrix with positive diagonal entries and let t = ρ(x), x ∈ R
n

be the unique solution of |At−1x| = 1.

(a) If all diagonal entries are greater than or equal to 1, this space was studied
by Fabes and Rivière [4]. More precisely they studied the weak (1, 1) and Lp

estimates of the singular integral operators on this space in 1966.
(b) If there are diagonal entries smaller than 1, then ρ satisfies the above (a)–(d)

with k > 1.

Thus R
n, endowed with the metric ρ, defines a homogeneous metric space [4, 5]. The

balls with respect to ρ, centered at x of radius r, are just the ellipsoids E(x, r) = {y ∈ R
n :

ρ(x − y) < r}, with the Lebesgue measure |E(x, r)| = vnr
γ , where vn is the volume of the

unit ellipsoid in R
n. Let also �E(x, r) = R

n \ E(x, r) be the complement of E(x, r). If P = I,
then clearly ρ(x) = |x| and EI(x, r) = B(x, r). Note that in the standard parabolic case P0 =
diag(1, . . . , 1, 2) we have

ρ(x) =

√

√

√

√ |x′|2 +
√

|x′|4 + x2
n

2
, x =

(

x′, xn

)

.
(1.2)

Let f ∈ Lloc
1 (Rn). The parabolic fractional maximal functionMP

αf and the parabolic fractional
integral IPα f are defined by

MP
αf(x) = sup

t>0
|E(x, t)|−1+α/γ

∫

E(x,t)

∣

∣f
(

y
)∣

∣dy, 0 ≤ α < γ.

IPα f(x) =
∫

Rn

f
(

y
)

ρ
(

x − y
)γ−α dy, 0 < α < γ.

(1.3)
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If α = 0, then MP ≡ MP
0 is the parabolic maximal operator. If P = I, then Mα ≡ MI

α

is the fractional maximal operator, M ≡ MI
0 is the Hardy-Littlewood maximal operator and

Iα ≡ IIα is the Riesz potential.
It is well known that the fractional maximal operator, the fractional integral operator,

and Calderón-Zygmund operators play an important role in harmonic analysis (see [6–9]).

Definition 1.1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ , [t]1 = min{1, t}. We denote by Mp,λ,P (Rn) the para-
bolic Morrey space, and by ˜Mp,λ,P (Rn) the modified parabolic Morrey space the set of locally
integrable functions f(x), x ∈ R

n, with the finite norms

∥

∥f
∥

∥

Mp,λ,P
= sup

x∈Rn, t>0

(

t−λ
∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

,

∥

∥f
∥

∥

˜Mp,λ,P
= sup

x∈Rn, t>0

(

[t]−λ1

∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

,

(1.4)

respectively.
Note that

˜Mp,0,P (Rn) = Mp,0,P (Rn) = Lp(Rn),

˜Mp,λ,P (Rn)⊂
Mp,λ,P (Rn) ∩ Lp(Rn), max
{

∥

∥f
∥

∥

Mp,λ,P
,
∥

∥f
∥

∥

Lp

}

≤
∥

∥f
∥

∥

˜Mp,λ,P
,

(1.5)

and if λ < 0 or λ > γ , then Mp,λ,P (Rn) = ˜Mp,λ,P (Rn) = Θ, where the symbol ⊂
 means contin-
uous embedding (let X,Y be the normed spaces, then by definition X⊂
Y means that there
exists C > 0 such that ‖x‖Y ≤ C‖x‖X for all x ∈ X) and Θ is the set of all functions equivalent
to 0 on R

n.

Definition 1.2 (see [10–14]). Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ . We denote by WMp,λ,P (Rn) the weak
parabolic Morrey space and by W˜Mp,λ,P (Rn) the modified weak parabolic Morrey space the
set of locally integrable functions f(x), x ∈ R

n with finite norms:
∥

∥f
∥

∥

WMp,λ,P
= sup

r>0
r sup
x∈Rn, t>0

(

t−λ
∣

∣

{

y ∈ E(x, t) :
∣

∣f
(

y
)∣

∣ > r
}∣

∣

)1/p
,

∥

∥f
∥

∥

W˜Mp,λ,P
= sup

r>0
r sup
x∈Rn, t>0

(

[t]−λ1
∣

∣

{

y ∈ E(x, t) :
∣

∣f
(

y
)∣

∣ > r
}∣

∣

)1/p
,

(1.6)

respectively.

Note that

WLp(Rn) = WMp,0,P (Rn) = W˜Mp,0,P (Rn),

Mp,λ,P (Rn) ⊂ WMp,λ,P (Rn),
∥

∥f
∥

∥

WMp,λ,P
≤
∥

∥f
∥

∥

Mp,λ,P
,

˜Mp,λ,P (Rn) ⊂ W˜Mp,λ,P (Rn),
∥

∥f
∥

∥

W˜Mp,λ,P
≤
∥

∥f
∥

∥

˜Mp,λ,P
.

(1.7)

If P = I, then Mp,λ(Rn) ≡ Mp,λ,I(Rn) is the classical Morrey spaces [15] and ˜Mp,λ(Rn) ≡
˜Mp,λ,I(Rn) is the modified Morrey spaces [2].
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Note that the parabolic generalized Morrey spaces are defined as follows (see, e.g.,
[16–18], etc.)

Definition 1.3. Let ϕ(x, r) be a positive measurable function on R
n × (0,∞) and 1 ≤ p < ∞. We

denote by Mp,ϕ,P ≡ Mp,ϕ,P (Rn) the parabolic generalized Morrey space, the space of all func-
tions f ∈ Lloc

p (Rn)with finite quasinorm:

∥

∥f
∥

∥

Mp,ϕ,P
= sup

x∈Rn, t>0
ϕ(x, t)−1|E(x, t)|−1/p

∥

∥f
∥

∥

Lp(E(x,t)). (1.8)

Notice that if we let ϕ(x, t) = [t]λ/p1 |E(x, t)|1/p, then we obtain the modified Morrey norm.
The anisotropic result by Hardy-Littlewood-Sobolev states that if 1 < p < q < ∞, then

IPα is bounded from Lp(Rn) to Lq(Rn) if and only if α = γ(1/p−1/q) and for p = 1 < q < ∞, IPα
is bounded from L1(Rn) to WLq(Rn) if and only if α = γ(1 − 1/q). Spanne (see [19]) and
Adams [1] studied boundedness of the Riesz potential Iα for 0 < α < n in Morrey spaces
Mp,λ. Later on Chiarenza and Frasca [20] reproved boundedness of the Riesz potential Iα in
these spaces. By more general results of Guliyev [21] (see also [17, 18, 22, 23]) one can obtain
the following generalization of the results in [1, 19, 20] to the anisotropic case.

Theorem A. Let 0 < α < γ and 0 ≤ λ < γ − α, 1 ≤ p < (γ − λ)/α.

(1) If 1 < p < (γ − λ)/α, then the condition 1/p − 1/q = α/(γ − λ) is necessary and sufficient
for the boundedness of the operator IPα fromMp,λ,P (Rn) toMq,λ,P (Rn).

(2) If p = 1, then the condition 1 − 1/q = α/(γ − λ) is necessary and sufficient for the bound-
edness of the operator IPα from M1,λ,P (Rn) toWMq,λ,P (Rn).

If α = γ/p − γ/q, then λ = 0 and the statement of Theorem A reduces to the aforemen-
tioned result by anisotropic version of Hardy-Littlewood-Sobolev.

Recall that, for 0 < α < γ ,

MP
αf(x) ≤ v

α/γ−1
n IPα

(∣

∣f
∣

∣

)

(x), (1.9)

hence Theorem A also implies the boundedness of the fractional maximal operator MP
α . It is

known that the parabolic maximal operator MP is also bounded on Mp,λ,P for all 1 < p < ∞
and 0 < λ < γ (see, e.g. [24]), whose isotropic counterpart was proved by Chiarenza and
Frasca [20].

In this paper we study the parabolic fractional maximal integral MP
αf in the modified

parabolic Morrey space ˜Mp,λ,P (Rn). In the case p = 1 we prove that the operator MP
α is

bounded from ˜M1,λ,P (Rn) toW˜Mq,λ,P (Rn) if and only if, α/γ ≤ 1−1/q ≤ α/(γ −λ). In the case
1 < p < (γ −λ)/αwe prove that the operatorMP

α is bounded from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn) if
and only if, α/γ ≤ 1/p − 1/q ≤ α/(γ − λ). In the limiting case (γ − λ)/α ≤ p ≤ γ/α we prove
that the operator MP

α is bounded from ˜Mp,λ,P (Rn) to L∞(Rn).
The structure of the paper is as follows. In Section 1 the boundedness of the maximal

operator in modified Morrey space ˜Mp,λ,P is proved. The main result of the paper is the
Hardy-Littlewood-Sobolev inequality in modified parabolic Morrey space for the parabolic
fractional maximal operator, established in Section 2. In Section 3 by using the (˜Mp,λ,P , ˜Mq,λ,P )
boundedness of the parabolic fractional maximal operators we establish the boundedness of
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some Schrödinger type operators on modified Morrey spaces related to certain nonnegative
potentials belonging to the reverse Hölder class.

By A � B we mean that A ≤ CB with some positive constant C independent of
appropriate quantities. If A � B and B � A, we write A ≈ B and say that A and B are
equivalent.

2. Main Results

Theorem 2.1. Let 0 < α < γ , 0 ≤ λ < γ − α, and 1 ≤ p ≤ (γ − λ)/α.

(1) If 1 < p < (γ − λ)/α, then the condition α/γ ≤ 1/p − 1/q ≤ α/(γ − λ) is necessary and
sufficient for the boundedness of the operator MP

α from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn).

(2) If p = 1 < (γ − λ)/α, then the condition α/γ ≤ 1 − 1/q ≤ α/(γ − λ) is necessary and
sufficient for the boundedness of the operator MP

α from ˜M1,λ,P (Rn) toW˜Mq,λ,P (Rn).

(3) If (γ − λ)/α ≤ p ≤ γ/α, then the operator MP
α is bounded from ˜Mp,λ,P (Rn) to L∞(Rn).

Besov-Morrey (and Triebel-Lizorkin-Morrey) spaces attracted some attention in these
two decades. Kozono and Yamazaki [25] and Mazzucato [26] used these spaces in the
theory of Navier-Stokes equations. Some properties of the spaces including the wavelet
characterizations were described in the papers by Sawano [27, 28], Sawano and Tanaka
[29, 30], Tang and Xu [31]. The most systematic and general approach can certainly be found
in the very recent book [32] of Yuan et al., we also recommend this monograph for further
up-to-date references on this subject.

In the following theorem we prove the boundedness of MP
α in the parabolic Besov-

modified Morrey spaces on R
n (see [33]), whose norm is given by

˜BM
s

pθ,λ,P (R
n) =

⎧

⎪

⎨

⎪

⎩

f :
∥

∥f
∥

∥

˜BM
s

pθ,λ,P
=
∥

∥f
∥

∥

˜Mp,λ,P

+

⎛

⎝

∫

Rn

∥

∥f(x + ·) − f(·)
∥

∥

θ
˜Mp,λ,P

ρ(x)γ+sθ
dx

⎞

⎠

1/θ

< ∞

⎫

⎪

⎬

⎪

⎭

,

(2.1)

where 1 ≤ p, θ ≤ ∞, 0 < s < 1 and 0 ≤ λ < γ .
These spaces generalize certain Besov-Morrey and Triebel-Lizorkin-Morrey spaces. As

a general theory of Besov-Triebel-Lizorkin spaces, the Besov-Morrey and Triebel-Lizorkin-
Morrey spaces are introduced due to the study of Navier-Stokes equations and attract some
attention in recent years. Another scales of generalized Besov and Triebel-Lizorkin spaces,
the Besov-type space and Triebel-Lizorkin-type space, were introduced by Yang and Yuan
in [34, 35] and proved therein to be closely related to the theory of Q spaces. For further
developments and applications of these spaces, we also refer to [32, 34–39].
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Theorem 2.2. Let 0 ≤ α < γ , 0 ≤ λ < γ −α and 1 ≤ p < (γ −λ)/α. If α/Q ≤ 1/p−1/q ≤ α/(Q−λ),
1 ≤ θ ≤ ∞, and 0 < s < 1, then the operator MP

α is bounded from the space ˜BM
s

pθ,λ,P (R
n) to

˜BM
s

qθ,λ,P (R
n). More precisely, there is a constant C > 0 such that

∥

∥

∥MP
αf
∥

∥

∥

˜BM
s

qθ,λ,P

≤ C
∥

∥f
∥

∥

˜BM
s

pθ,λ,P
(2.2)

holds for all f ∈ ˜BM
s

pθ,λ,P (R
n).

3. Some Several Embeddings

Lemma 3.1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ . Then

˜Mp,λ,P (Rn) = Mp,λ,P (Rn) ∩ Lp(Rn),
∥

∥f
∥

∥

˜Mp,λ,P
= max

{

∥

∥f
∥

∥

Mp,λ,P
,
∥

∥f
∥

∥

Lp

}

.
(3.1)

Proof. Let f ∈ ˜Mp,λ,P (Rn). Then from (1.5) we have that f ∈ Mp,λ,P (Rn) ∩ Lp(Rn) and
max{‖f‖Mp,λ,P

, ‖f‖Lp
} ≤ ‖f‖

˜Mp,λ,P
.

Let now f ∈ Mp,λ,P (Rn) ∩ Lp(Rn). Then

∥

∥f
∥

∥

˜Mp,λ,P
= sup

x∈Rn, t>0

(

[t]−λ1

∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

= max

⎧

⎨

⎩

sup
x∈Rn, 0<t≤1

(

t−λ
∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

, sup
x∈Rn, t>1

(

∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p
⎫

⎬

⎭

≤ max
{

∥

∥f
∥

∥

Mp,λ,P
,
∥

∥f
∥

∥

Lp

}

.

(3.2)

Therefore, f ∈ ˜Mp,λ,P (Rn) and the embedding Mp,λ,P (Rn) ∩ Lp(Rn) ⊂
 ˜Mp,λ,P (Rn) is valid.
Thus ˜Mp,λ,P (Rn) = Mp,λ,P (Rn) ∩ Lp(Rn) and max{‖f‖Mp,λ,P

, ‖f‖Lp
} = ‖f‖

˜Mp,λ,P
.

The following statement can be proved analogously.

Lemma 3.2. Let 1 ≤ p < ∞, 0 ≤ λ ≤ γ , then

W˜Mp,λ,P (Rn) = WMp,λ,P (Rn) ∩WLp(Rn),
∥

∥f
∥

∥

W˜Mp,λ,P
= max

{

∥

∥f
∥

∥

WMp,λ,P
,
∥

∥f
∥

∥

WLp

}

.
(3.3)

Lemma 3.3. Let 0 < α < γ and 0 ≤ λ ≤ γ − α. Then

M(γ−λ)/α,λ,P (Rn) ⊂
 M1,γ−α,P (Rn),
∥

∥f
∥

∥

M1,γ−α,P
≤ v

1−α/(γ−λ)
n

∥

∥f
∥

∥

M(γ−λ)/α,λ,P
. (3.4)
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Proof. Let 0 < α < γ , 0 ≤ λ ≤ γ − α, f ∈ M(γ−λ)/α,λ,P (Rn). By the Hölder’s inequality we have

∫

E(x,t)

∣

∣f
(

y
)∣

∣dy ≤
(

∫

E(x,t)

∣

∣f
(

y
)∣

∣

(γ−λ)/α
dy

)α/(γ−λ)(∫

E(x,t)
dy

)1−α/(γ−λ)

≤ (vnt
γ)1−α/(γ−λ)

(

∫

E(x,t)

∣

∣f
(

y
)∣

∣

(γ−λ)/α
dy

)α/(γ−λ)

.

(3.5)

Moreover,

tα−γ
∫

E(x,t)

∣

∣f
(

y
)∣

∣dy ≤ v
1−α/(γ−λ)
n t−αλ/(γ−λ)

(

∫

E(x,t)

∣

∣f
(

y
)∣

∣

(γ−λ)/α
dy

)α/(γ−λ)

≤ v
1−α/(γ−λ)
n

(

t−λ
∫

E(x,t)

∣

∣f
(

y
)∣

∣

(γ−λ)/α
dy

)α/(γ−λ)

≤ v
1−α/(γ−λ)
n

∥

∥f
∥

∥

M(γ−λ)/α,λ,P
,

(3.6)

thereforef ∈ M1,γ−α,P (Rn) and

∥

∥f
∥

∥

M1,γ−α,P
≤ v

1−α/(γ−λ)
n

∥

∥f
∥

∥

M(γ−λ)/α,λ,P
. (3.7)

Lemma 3.4. Let 0 < α < γ , 0 ≤ λ ≤ γ − α. Then for (γ − λ)/α ≤ p ≤ γ/α.

˜Mp,λ,P (Rn) ⊂
 M1,γ−α,P (Rn),
∥

∥f
∥

∥

M1,γ−α,P
≤ v

1/p′
n

∥

∥f
∥

∥

˜Mp,λ,P
. (3.8)

Proof. Let 0 < α < γ , 0 ≤ λ ≤ γ − α, f ∈ ˜Mp,λ,P (Rn), and (γ − λ)/α ≤ p ≤ γ/α. By the Hölder’s
inequality we have

∥

∥f
∥

∥

M1,γ−α,P
= sup

x∈Rn, t>0
tα−γ

∫

E(x,t)

∣

∣f
(

y
)∣

∣dy

≤ v
1/p′
n sup

x∈Rn, t>0
tα−γ/p[t]λ/p1

(

[t]−λ1

∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

≤ v
1/p′
n

∥

∥f
∥

∥

˜Mp,λ,P
sup
t>0

tα−γ/p [t]λ/p1

= v
1/p′
n

∥

∥f
∥

∥

˜Mp,λ,P
max

{

sup
0<t≤1

tα−(γ−λ)/p, sup
t>1

tα−γ/p
}

= v
1/p′
n

∥

∥f
∥

∥

˜Mp,λ,P
,

(3.9)
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therefore f ∈ M1,γ−α,P (Rn) and

∥

∥f
∥

∥

M1,γ−α,P
≤ v

1/p′
n

∥

∥f
∥

∥

˜Mp,λ,P
. (3.10)

For the 0 ≤ α < γ we define the following fractional maximal functions:

MP
p,αf(x) ≡

(

MP
α

∣

∣f
∣

∣

p
)1/p

(x) = sup
t>0

(

|E(x, t)|−1+α/γ
∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

. (3.11)

In the case α = 0 we denote MP
p,0f is simply denoted by MP

p f .

Lemma 3.5. Let 1 ≤ p < ∞, 0 ≤ α < γ, and f ∈ Mp,γ−α,P (Rn). Then MP
p,αf ∈ L∞(Rn) and

∥

∥

∥MP
p,αf

∥

∥

∥

L∞
= v

(α/γ−1)(1/p)
n

∥

∥f
∥

∥

Mp,γ−α,P
. (3.12)

Proof. We have the following.

∥

∥

∥MP
p,αf

∥

∥

∥

L∞
= v

(α/γ−1)(1/p)
n sup

x∈Rn,t>0

(

tα−γ
∫

E(x,t)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

= v
(α/γ−1)(1/p)
n

∥

∥f
∥

∥

Mp,γ−α,P
.

(3.13)

From Lemmas 3.1 and 3.5 we get the following.

Lemma 3.6. Let 1 ≤ p < ∞, 0 ≤ α < γ and f ∈ ˜Mp,γ−α,P (Rn). Then MP
p,αf ∈ L∞(Rn) and

∥

∥

∥MP
p,αf

∥

∥

∥

L∞
≤ v

(α/γ−1)(1/p)
n

∥

∥f
∥

∥

˜Mp,γ−α,P
. (3.14)

In the case α = 0 from Lemmas 3.5 and 3.6 one gets that for the MP
p f the following

property is valid.

Corollary 3.7. Let 1 ≤ p < ∞ and f ∈ L∞(Rn). Then MP
p f ∈ L∞(Rn) and

∥

∥

∥MP
p f
∥

∥

∥

L∞
= v

−1/p
n

∥

∥f
∥

∥

L∞
. (3.15)

In the case p = 1 from Lemmas 3.3 and 3.5 we get for the MP
αf the following property

is valid.

Corollary 3.8. Let 0 ≤ α < γ , 0 ≤ λ ≤ γ − α and f ∈ M(γ−λ)/α,λ,P (Rn). ThenMP
αf ∈ L∞(Rn) and

∥

∥

∥MP
αf
∥

∥

∥

L∞
= v

α/γ−1
n

∥

∥f
∥

∥

M1,γ−α,P
≤ v

α/γ−α/(n−λ)
n

∥

∥f
∥

∥

M(γ−λ)/α,λ,P
. (3.16)
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From Lemmas 3.4 and 3.6 one gets that forMP
αf the following property is valid.

Corollary 3.9. Let 0 ≤ α < γ , 0 ≤ λ ≤ γ − α and f ∈ ˜Mp,λ,P (Rn). Then MP
αf ∈ L∞(Rn) for

(γ − λ)/α ≤ p ≤ γ/α and

∥

∥

∥MP
αf
∥

∥

∥

L∞
= v

α/γ−1
n

∥

∥f
∥

∥

M1,γ−α,P
≤ v

α/γ−1/p
n

∥

∥f
∥

∥

˜Mp,λ,P
. (3.17)

4. ˜Mp,λ,P Boundedness of the Parabolic Maximal Operator

In this section we study the ˜Mp,λ,P boundedness of the maximal operator MP .

Theorem 4.1 (see [24]). (1) If f ∈ M1,λ,P (Rn), 0 ≤ λ < γ , thenMPf ∈ WM1,λ,P (Rn) and

∥

∥

∥MPf
∥

∥

∥

WM1,λ,P
≤ Cλ

∥

∥f
∥

∥

M1,λ,P
, (4.1)

where Cλ depends only on n and λ.
(2) If f ∈ Mp,λ,P (Rn), 1 < p < ∞, 0 ≤ λ < γ , thenMPf ∈ Mp,λ,P (Rn) and

∥

∥

∥MPf
∥

∥

∥

Mp,λ,P

≤ Cp,λ,P

∥

∥f
∥

∥

Mp,λ,P
, (4.2)

where Cp,λ,P depends only on n, p, λ, and P .

Applying Theorem 4.1, one obtains the following result.

Theorem 4.2. (1) If f ∈ ˜M1,λ,P (Rn), 0 ≤ λ < γ , thenMPf ∈ W˜M1,λ,P (Rn) and

∥

∥

∥MPf
∥

∥

∥

W˜M1,λ,P
≤ C1,λ,P

∥

∥f
∥

∥

˜M1,λ,P
, (4.3)

where C1,λ,P depends only on λ and n.
(2) If f ∈ ˜Mp,λ,P (Rn), 1 < p < ∞, 0 ≤ λ < γ , thenMPf ∈ ˜Mp,λ,P (Rn) and

∥

∥

∥MPf
∥

∥

∥

˜Mp,λ,P

≤ Cp,λ,P

∥

∥f
∥

∥

˜Mp,λ,P
, (4.4)

where Cp,λ,P depends only on p, λ, P , and n.

Proof. It is obvious that (see Lemmas 3.1 and 3.2)

∥

∥

∥MPf
∥

∥

∥

˜Mp,λ,P

= max
{

∥

∥

∥MPf
∥

∥

∥

Mp,λ,P

,
∥

∥

∥MPf
∥

∥

∥

Lp

}

(4.5)
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for 1 < p < ∞ and

∥

∥

∥MPf
∥

∥

∥

W ˜L1,λ,P
= max

{

∥

∥

∥MPf
∥

∥

∥

WM1,λ,P
,
∥

∥

∥MPf
∥

∥

∥

WL1

}

(4.6)

for p = 1.
Let 1 < p < ∞. By the boundedness of MP on Lp(Rn) (see, e.g. [3]) and from

Theorem 4.1 we get

∥

∥

∥MPf
∥

∥

∥

˜Mp,λ,P

≤ max
{

Cp,Cp,λ,P

}∥

∥f
∥

∥

˜Mp,λ,P
. (4.7)

Let p = 1. By the boundedness ofMP from L1(Rn) toWL1(Rn) (see, e.g., [3]) and from
Theorem 4.1 we have

∥

∥

∥MPf
∥

∥

∥

W˜M1,λ,P
≤ max{C1, C1,λ,P}

∥

∥f
∥

∥

˜M1,λ,P
. (4.8)

5. Proof of Main Results

Proof of Theorem 2.1. (1)Sufficiency. Let r > 0, 0 < α < γ , 0 < λ < γ − α, f ∈ ˜Mp,λ,P (Rn), and
1 < p < (γ − λ)/α. Then

MP
αf(x) ≤ sup

t≤r
|E(x, t)|−1+α/γ

∫

E(x,t)

∣

∣f
(

y
)∣

∣dy

+ sup
t>r

|E(x, t)|−1+α/γ
∫

E(x,t)

∣

∣f
(

y
)∣

∣dy ≡ A(x, r) + C(x, r).
(5.1)

For A(x, r) we get

|A(x, r)| � sup
t≤r

tα|E(x, t)|−1
∫

E(x,t)

∣

∣f
(

y
)∣

∣dy

≤ rαMPf(x).

(5.2)

By the Hölder inequality

C(x, r) ≈ sup
t>r

tα−γ
∫

E(x,t)

∣

∣f
(

y
)∣

∣dy

≤ min
{

rα−γ/p
∥

∥f
∥

∥

Lp
, rα−(γ−λ)/p

∥

∥f
∥

∥

Mp,λ,P

}

.

(5.3)

Thus for all r > 0
∣

∣

∣MP
αf(x)

∣

∣

∣ � min
{

rαMPf(x) + rα−γ/p
∥

∥f
∥

∥

˜Mp,λ,P
, rαMPf(x) + tα−(γ−λ)/p

∥

∥f
∥

∥

˜Mp,λ,P

}

. (5.4)
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Minimizing with respect to r, at

r =
[

(

MPf(x)
)−1∥
∥f
∥

∥

˜Mp,λ,P

]p/(γ−λ)
,

r =
[

(

MPf(x)
)−1∥
∥f
∥

∥

˜Mp,λ,P

]p/n

,

(5.5)

we have

∣

∣

∣MP
αf(x)

∣

∣

∣ � min

⎧

⎪

⎨

⎪

⎩

⎛

⎝

MPf(x)
∥

∥f
∥

∥

˜Mp,λ,P

⎞

⎠

1−pα/(γ−λ)

,

⎛

⎝

MPf(x)
∥

∥f
∥

∥

˜Mp,λ,P

⎞

⎠

1−pα/γ
⎫

⎪

⎬

⎪

⎭

∥

∥f
∥

∥

˜Mp,λ,P
. (5.6)

Then

∣

∣

∣MP
αf(x)

∣

∣

∣ �
(

MPf(x)
)p/q∥

∥f
∥

∥

1−p/q
˜Mp,λ,P

. (5.7)

Hence, by Theorem 4.2, we have

∫

E(x,t)

∣

∣

∣MP
αf
(

y
)

∣

∣

∣

q
dy �

∥

∥f
∥

∥

q−p
˜Mp,λ,P

∫

E(x,t)

(

MPf
(

y
)

)p
dy

� [t]λ1
∥

∥f
∥

∥

q

˜Mp,λ,P
,

(5.8)

which implies that MP
α is bounded from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn).

Necessity. Let 1 < p < γ − λ/α, f ∈ ˜Mp,λ,P (Rn) and assume that MP
α is bounded from

˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn).
Define ft(x) =: f(tx), [t]1,+ = max{1, t}. Then

∥

∥ft
∥

∥

˜Mp,λ,P
= sup

r>0, x∈Rn

(

[r]−λ1

∫

E(x,r)

∣

∣ft
(

y
)∣

∣

p
dy

)1/p

= t−γ/p sup
x∈Rn, r>0

(

[r]−λ1

∫

E(x,tr)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

= t−γ/psup
r>0

(

[tr]1
[r]1

)λ/p

sup
r>0, x∈Rn

(

[tr]−λ1

∫

E(x,tr)

∣

∣f
(

y
)∣

∣

p
dy

)1/p

= t−γ/p[t]λ/p1,+

∥

∥f
∥

∥

˜Mp,λ,P
,

MP
αft(x) = t−αMP

αf(tx),
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∥

∥

∥MP
αft
∥

∥

∥

˜Mq,λ,P

= t−α sup
x∈Rn, r>0

(

[r]−λ1

∫

E(x,r)

∣

∣

∣MP
αf
(

ty
)

∣

∣

∣

q
dy

)1/q

= t−α−γ/qsup
r>0

(

[tr]1
[r]1

)λ/q

sup
r>0, x∈Rn

(

[tr]−λ1

∫

E(tx,tr)

∣

∣

∣MP
αf
(

y
)

∣

∣

∣

q
dy

)1/q

= t−α−γ/q[t]λ/q1,+

∥

∥

∥MP
αf
∥

∥

∥

˜Mq,λ,P

.

(5.9)

By the boundedness of MP
α from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn)

∥

∥

∥MP
αf
∥

∥

∥

˜Lq,λ,P

= tα+γ/q[t]−λ/q1,+

∥

∥

∥MP
αft
∥

∥

∥

˜Lq,λ,P

≤ tα+γ/q[t]−λ/q1,+

∥

∥ft
∥

∥

˜Lp,λ,P

� tα+γ/q−γ/p[t]λ/p−λ/q1,+

∥

∥f
∥

∥

˜Mp,λ,P
.

(5.10)

If 1/p < 1/q + α/γ , then by letting t → 0 we have ‖MP
αf‖˜Mq,λ,P

= 0 for all f ∈
˜Mp,λ,P (Rn).

As well as if 1/p > 1/q + α/(γ − λ), then at t → ∞ we obtain ‖MP
αf‖˜Mq,λ,P

= 0 for all

f ∈ ˜Mp,λ,P (Rn).
Therefore α/γ ≤ 1/p − 1/q ≤ α/(γ − λ).
(2) Sufficiency. Let f ∈ ˜M1,λ,P (Rn). From (5.1) we have

∣

∣

∣

{

y ∈ E(x, t) :
∣

∣

∣MP
αf
(

y
)

∣

∣

∣ > 2β
}∣

∣

∣≤
∣

∣

{

y ∈ E(x, t) :
∣

∣A
(

y, t
)∣

∣ > β
}∣

∣+
∣

∣

{

y ∈ E(x, t) :
∣

∣C
(

y, t
)∣

∣ > β
}∣

∣.

(5.11)

Then

C
(

y, t
)

≈ sup
τ>t

tα−γ
∫

E(y,τ)

∣

∣f
(

y
)∣

∣dy

≤ min
{

tα−γ
∥

∥f
∥

∥

L1
, tα−(γ−λ)

∥

∥f
∥

∥

M1,λ,P

}

.

� [t]λ1t
α−γ∥
∥f
∥

∥

˜M1,λ,P
.

(5.12)

Taking into account inequality (5.2) and Theorem 4.2, we have

∣

∣

{

y ∈ E(x, t) :
∣

∣A
(

y, t
)∣

∣ > β
}∣

∣

≤
∣

∣

∣

∣

{

y ∈ E(x, t) : MPf
(

y
)

>
β

C1tα

}∣

∣

∣

∣

≤ C2t
α

β
· [t]λ1

∥

∥f
∥

∥

˜M1,λ,P
,

(5.13)
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where C2 = C1 · C1,λ,P and thus if C2[2t]
λ
1t

α−γ‖f‖
˜M1,λ,P

= β, then |C(y, t)| ≤ β and consequently,
|{y ∈ E(x, t) : |C(y, t)| > β}| = 0.

In the case 2t < 1

C2[2t]λ1t
α−γ∥
∥f
∥

∥

˜M1,λ,P
= β ⇐⇒

∥

∥f
∥

∥

˜M1,λ,P

β
≈ tγ−α−λ

⇐⇒ tα ≈
(

∥

∥f
∥

∥

˜M1,λ,P

β

)α/(γ−λ−α)

⇐⇒ tα

∥

∥f
∥

∥

˜M1,λ,P

β
≈
(

∥

∥f
∥

∥

˜M1,λ,P

β

)(γ−λ)/(γ−λ−α)

,

(5.14)

then
∣

∣

∣

{

y ∈ E(x, t) :
∣

∣

∣MP
αf
(

y
)

∣

∣

∣ > 2β
}∣

∣

∣ � 1
β

[t]λ1 tα
∥

∥f
∥

∥

˜M1,λ,P

≈ [t]λ1

(

∥

∥f
∥

∥

˜M1,λ,P

β

)(γ−λ)/(γ−λ−α)

.

(5.15)

In the case 2t ≥ 1

C2[2t]λ1t
α−γ∥
∥f
∥

∥

˜M1,λ,P
= β ⇐⇒

∥

∥f
∥

∥

˜M1,λ,P

β
≈ tγ−α

⇐⇒ tα ≈
(

∥

∥f
∥

∥

˜M1,λ,P

β

)α/(γ−α)

⇐⇒ tα

∥

∥f
∥

∥

˜M1,λ,P

β
≈
(

∥

∥f
∥

∥

˜M1,λ,P

β

)α/(γ−α)

,

(5.16)

then
∣

∣

∣

{

y ∈ E(x, t) :
∣

∣

∣MP
αf
(

y
)

∣

∣

∣ > 2β
}∣

∣

∣ � 1
β

[t]λ1 tα
∥

∥f
∥

∥

˜M1,λ,P

≈ [t]λ1

(

∥

∥f
∥

∥

˜M1,λ,P

β

)γ/(γ−α)

.

(5.17)

Finally we have

∣

∣

∣

{

y ∈ E(x, t) :
∣

∣

∣MP
αf
(

y
)

∣

∣

∣ > 2β
}∣

∣

∣

� [t]λ1 min

⎧

⎨

⎩

(

∥

∥f
∥

∥

˜M1,λ,P

β

)(γ−λ)/(γ−λ−α)

,

(

∥

∥f
∥

∥

˜M1,λ,P

β

)γ/(γ−α)⎫
⎬

⎭

� [t]λ1

(

1
β

∥

∥f
∥

∥

˜M1,λ,P

)q

.

(5.18)
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Necessity. Let MP
α be bounded from ˜M1,λ,P (Rn) toW˜Mq,λ,P (Rn). We have

∥

∥

∥MP
αft
∥

∥

∥

W ˜Lq,λ,P

= sup
r>0

r sup
x∈Rn, τ>0

(

[τ]−λ1

∫

{y∈E(x,τ) : |MP
α ft(y)|>r}

dy

)1/q

= sup
r>0

r sup
x∈Rn, τ>0

(

[τ]−λ1

∫

{y∈E(tx,τ) : |MP
α f(ty)|>rtα}

dy

)1/q

= t−α−γ/qsup
τ>0

(

[tτ]1
[τ]1

)λ/q

sup
r>0

rtα

× sup
x∈Rn, τ>0

(

[tτ]−λ1

∫

{y∈E(x,tτ) : |MP
α f(y)|>rtα}

dy

)1/q

= t−α−γ/q[t]λ/q1,+

∥

∥

∥MP
αf
∥

∥

∥

W˜Mq,λ,P

.

(5.19)

By the boundedness of MP
α from ˜M1,λ,P (Rn) toW˜Mq,λ,P (Rn)

∥

∥

∥MP
αf
∥

∥

∥

W ˜Lq,λ,P

≤ C1,q,λt
α+γ/q−n[t]λ−λ/q1,+

∥

∥f
∥

∥

˜M1,λ,P
, (5.20)

where C1,q,λ depends only on q, λ, and n.
If 1 < 1/q + α/γ , then by letting t → 0 we have ‖MP

αf‖W˜Mq,λ,P
= 0 for all f ∈

˜M1,λ,P (Rn), which is impossible.
Similarly, if 1 > 1/q + α/(γ − λ), then for t → ∞ we obtain ‖MP

αf‖W˜Mq,λ,P
= 0 for all

f ∈ ˜M1,λ,P (Rn), which is impossible.
Therefore α/γ ≤ 1 − 1/q ≤ α/(γ − λ).
Thus Theorem 2.1 is proved.

Proof of Theorem 2.2. By the definition of the parabolic Besov-modified Morrey spaces on R
n

it suffices to show that

∥

∥

∥τyM
P
αf −MP

αf
∥

∥

∥

˜Mq,λ,P

�
∥

∥τyf − f
∥

∥

˜Mp,λ,P
, (5.21)

where τyf(x) = f(x + y).
It is easy to see that τyf commutes with MP

α , that is, τyM
P
αf = MP

α (τyf). Hence we
obtain

∣

∣

∣τyM
P
αf −MP

αf
∣

∣

∣ =
∣

∣

∣MP
α

(

τyf
)

−MP
αf
∣

∣

∣ ≤ MP
α

(∣

∣τyf − f
∣

∣

)

. (5.22)

Taking ˜Mp,λ,P -norm on both sides of the last inequality, we obtain the desired result by using
the boundedness of MP

α from ˜Mp,λ,P (Rn) to ˜Mq,λ,P (Rn).
Thus the proof of the Theorem 2.2 is completed.
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6. Parabolic Schrödinger-Type Operators V μ(∂/∂t −Δ + V )−β

and V μ∇2(∂/∂t −Δ + V )−β

In this section we consider the parabolic Schrödinger operator

∂

∂t
−Δ + V on R

n+1, (6.1)

where V = V (x, t) is a nonnegative potential which belongs to the parabolic reverse Hölder
class Bq(Rn+1). Examples of such potentials are all positive polynomials but also singular
functions like max{|x|, t1/2}α for α > −(n + 2)/q. We prove the modified parabolic Morrey
space ˜Mp,λ,P0(R

n+1) → ˜Mq,λ,P0(R
n+1) estimates for the operators V μ(∂/∂t − Δ + V )−β and

V μ∇2(∂/∂t −Δ + V )−β, where P0 = diag(1, . . . , 1, 2).
The investigation of Schrödinger operators on the Euclidean space R

n with nonnega-
tive potentials which belong to the reverse Hölder class has attracted attention of a number
of authors (cf. [40–42]). Shen [41] studied the Schrödinger operator −Δ + V , assuming that
the nonnegative potential V belongs to the reverse Hölder class Bq(Rn) for q ≥ n/2 and he
proved the Lp boundedness of the operators (−Δ + V )iμ,∇2(−Δ + V )−1,∇(−Δ + V )−1/2, and
∇(−Δ + V )−1. Kurata and Sugano generalized Shen’s results to uniformly elliptic operators
in [43]. Sugano [44] also extended some results of Shen to the operator V μ(−Δ+ V )−β, 0 ≤ μ ≤
β ≤ 1 and V μ∇(−Δ + V )−β, 0 ≤ μ ≤ 1/2 ≤ β ≤ 1 and β − μ ≥ 1/2. Following Shen’s approach,
Gao and Jiang extend the results to the parabolic case. In [45], they consider the parabolic
operator ∂/∂t −Δ + V where V ∈ Bq(Rn+1) is a nonnegative potential depending only on the
space variables and, under the assumptions n ≥ 3 and p > (n+2)/2, they proved the bounded-
ness of V (∂/∂t −Δ + V )−1 in Lp(Rn+1).

The main purpose of this section is to investigate the modified parabolic Morrey space
˜Mp,λ,P0(R

n+1) → ˜Mq,λ,P0(R
n+1) boundedness of the operators

T1 = V μ

(

∂

∂t
−Δ + V

)−β
, 0 ≤ μ ≤ β ≤ 1,

T2 = V μ∇2
(

∂

∂t
−Δ + V

)−β
, 0 ≤ μ ≤ 1

2
≤ β ≤ 1, β − μ ≥ 1

2
.

(6.2)

Note that the operator ∇2(∂/∂t −Δ + V )−1 in [45] is the special case of T2.
It is worth pointing out that we need to establish pointwise estimates for T1, T2 and

their adjoint operators by using the estimates of fundamental solution for the Schrödinger
operator on R

n+1 in [45]. Andwe prove the modified parabolic Morrey space ˜Mp,λ,P0(R
n+1) →

˜Mq,λ,P0(R
n+1) boundedness of the parabolic fractional maximal operators.

Definition 6.1. (1) A nonnegative locally Lq integrable function V on R
n+1 is said to belong

to the parabolic reverse Hölder class Bq(Rn+1)(1 < q < ∞) if there exists C > 0 such that the
reverse Hölder inequality

(

1
|K|

∫

K

V
(

y, τ
)q
dy dτ

)1/q

≤ C

|K|

∫

K

V
(

y, τ
)

dy dτ (6.3)
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holds for every parabolic cylinder

K = K((x, t), r) =
{

(

y, τ
)

∈ R
n+1 :

∣

∣xi − yi

∣

∣ < r, |t − τ | < r2, i = 1, . . . , n
}

(6.4)

of center (x, t) and radius r in R
n+1.

(2) Let V = V (x, t) ≥ 0. We say V ∈ B∞(Rn+1), if there exists a constant C > 0 such that

‖V ‖L∞(K) ≤
C

|K|

∫

K

V
(

y, τ
)

dy dτ (6.5)

holds for every parabolic cylinder K = K((x, t), r) in R
n+1.

Clearly, B∞(Rn+1) ⊂ Bq(Rn+1) for 1 < q < ∞. But it is important that the Bq(Rn+1) class
has a property of “self-improvement”, that is, if V ∈ Bq(Rn+1), then V ∈ Bq+ε(Rn+1) for some
ε > 0 (see [46]).

By the functional calculus, we may write, for all 0 < β < 1,

(

∂

∂t
−Δ + V

)−β
=

1
π

∫∞

0
λ−β
(

∂

∂t
−Δ + V + λ

)−1
dλ. (6.6)

Let f ∈ C∞
0 (Rn+1). From

(

∂

∂t
−Δ + V + λ

)−1
f(x, t) =

∫

Rn+1
Γ
(

x, t;y, τ ;λ
)

f
(

y, τ
)

dy dτ, (6.7)

it follows that

T1f(x, t) =
∫

Rn+1
K1
(

x, t;y, τ
)

V
(

y, τ
)μ
f
(

y, τ
)

dy dτ, (6.8)

where

K1
(

x, t;y, τ
)

=

⎧

⎪

⎨

⎪

⎩

1
π

∫∞
0 λ−βΓ

(

x, t;y, τ ;λ
)

dλ for 0 < β < 1

Γ
(

x, t;y, τ ; 0
)

for β = 1.
(6.9)

The following two pointwise estimates for T1 and T2 which were proved in [42],
Lemma 3.2 with the potential V ∈ B∞(Rn+1).

Theorem A. Suppose V ∈ B∞(Rn+1) and 0 ≤ μ ≤ β ≤ 1. Then, for any f ∈ C∞
0 (Rn+1)

∣

∣T1f(x, t)
∣

∣ � MP0
α f(x, t), (6.10)

where α = 2(β − μ).
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Theorem B. Suppose V ∈ B∞(Rn+1), 0 ≤ μ ≤ 1/2 ≤ β ≤ 1 and β − μ ≥ 1/2. Then, for any
f ∈ C∞

0 (Rn+1)

∣

∣T2f(x, t)
∣

∣ � MP0
α f(x, t), (6.11)

where α = 2(β − μ) − 1.

Note that the similar estimates for the adjoint operators T∗
1 and T ∗

2 with the potential
V ∈ Bq1 for some q1 > (n + 2)/2 are also valid (see [47]).

Theorem C. Suppose V ∈ Bq1(R
n+1) for some q1 > (n + 2)/2, 0 ≤ μ ≤ β ≤ 1 and let 1/q2 =

1 − μ/q1 . Then there exists a constant C > 0 such that

∣

∣T ∗
1f(x, t)

∣

∣ ≤ C
(

MP0
αq2

(∣

∣f
∣

∣

q2)(x, t)
)1/q2

, f ∈ C∞
0

(

R
n+1
)

, (6.12)

where α = 2(β − μ).

Theorem D. Suppose V ∈ Bq1(R
n+1) for some q1 > (n + 2)/2, 0 ≤ μ ≤ 1/2 < β ≤ 1, and β − μ ≥

1/2. And let

1
q2

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 − μ

q1
, if q1 > n + 2,

1 − μ + 1
q1

+
1

n + 2
, if

n + 2
2

< q1 < n + 2.
(6.13)

Then there exists a constant C > 0 such that

∣

∣T ∗
2f(x, t)

∣

∣ ≤ C
(

MP0
αq2

(∣

∣f
∣

∣

q2)(x, t)
)1/q2

, f ∈ C∞
0

(

R
n+1
)

, (6.14)

where α = 2(β − μ) − 1.
The above theorems will yield the modified parabolic Morrey estimates for T1 and T2.

Corollary 6.2. Assume that V ∈ B∞(Rn+1), and 0 ≤ μ ≤ β ≤ 1. Let 1 ≤ p ≤ q < ∞, 0 ≤ λ <
n + 2 − 2(β − μ), and

2
(

β − μ
)

n + 2
≤ 1

p
− 1
q
≤

2
(

β − μ
)

n + 2 − λ
. (6.15)

Then, for any f ∈ C∞
0 (Rn+1)

∥

∥T1f
∥

∥

˜Mq,λ,P0
�
∥

∥f
∥

∥

˜Mp,λ,P0
for p > 1,

∥

∥T1f
∥

∥

W˜Mq,λ,P0
�
∥

∥f
∥

∥

˜M1,λ,P0
for p = 1.

(6.16)
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Corollary 6.3. Assume that V ∈ B∞(Rn+1), 0 ≤ μ ≤ 1/2 ≤ β ≤ 1 and β − μ ≥ 1/2. Let 1 ≤ p ≤ q <
∞, 0 ≤ λ < n + 1 − 2(β − μ), and

2
(

β − μ
)

− 1
n + 2

≤ 1
p
− 1
q
≤

2
(

β − μ
)

− 1
n + 2 − λ

. (6.17)

Then, for any f ∈ C∞
0 (Rn+1)

∥

∥T2f
∥

∥

˜Mq,λ,P0
�
∥

∥f
∥

∥

˜Mp,λ,P0
for p > 1,

∥

∥T2f
∥

∥

W˜Mq,λ,P0
�
∥

∥f
∥

∥

˜M1,λ,P0
for p = 1.

(6.18)

Corollary 6.4. Assume that V ∈ Bq1(R
n+1) for q1 > (n + 2)/2 and 0 ≤ μ ≤ β ≤ 1. Let α = 2(β − μ),

1 ≤ p < 1/(μ/q1 + α/(n + 2)), α/(n + 2) ≤ 1/p − 1/q ≤ α/(n + 2 − λ), 1/q2 = 1 − μ/q1.
Then, for any f ∈ C∞

0 (Rn+1)

∥

∥T1f
∥

∥

˜Mq,λ,P0
�
∥

∥f
∥

∥

˜Mp,λ,P0
for p > 1,

∥

∥T1f
∥

∥

W˜Mq,λ,P0
�
∥

∥f
∥

∥

˜M1,λ,P0
for p = 1.

(6.19)

Corollary 6.5. Assume that V ∈ Bq1(R
n+1) for q1 > (n + 2)/2, and

0 ≤ μ ≤ 1
2
≤ β ≤ 1 if q1 > n + 2,

0 ≤ μ ≤ 1
2
< β ≤ 1 if

n + 2
2

< q1 < n + 2.

(6.20)

Let α = 2(β − μ) − 1, β − μ ≥ 1/2, 1 ≤ p < 1/(μ/q1 + α/(n + 2)), α/(n + 2) ≤ 1/p − 1/q ≤
α/(n + 2 − λ), 1/q2 = 1 − μ/q1 , where

1
p1

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

μ

q1
, if q1 > n + 2,

μ + 1
q1

− 1
n + 2

, if
n + 2
2

< q1 < n + 2.
(6.21)

Then, for any f ∈ C∞
0 (Rn+1)

∥

∥T2f
∥

∥

˜Mq,λ,P0
�
∥

∥f
∥

∥

˜Mp,λ,P0
for p > 1,

∥

∥T2f
∥

∥

W˜Mq,λ,P0
�
∥

∥f
∥

∥

˜M1,λ,P0
for p = 1.

(6.22)

Acknowledgments

The authors would like to express their gratitude to the referees for their very valuable com-
ments and suggestions. The research of V. Guliyev was partially supported by the Grant of



Journal of Function Spaces and Applications 19

Science Development Foundation under the President of the Republic of Azerbaijan Project
EIF-2010-1(1)-40/06-1 and by the Grant of 2011-Ahi Evran University Scientific Research
Projects (BAP FBA-11-13) and by the Scientific and Technological Research Council of Turkey
(TUBITAK Project no. 110T695).

References

[1] D. R. Adams, “A note on Riesz potentials,”Duke Mathematical Journal, vol. 42, no. 4, pp. 765–778, 1975.
[2] V. S. Guliyev, J. J. Hasanov, and Y. Zeren, “Necessary and sufficient conditions for the boundedness

of the riesz potential in modified Morrey spaces,” Journal of Mathematical Inequalities, vol. 5, no. 4, pp.
491–506, 2011.

[3] A. P. Calderón and A. Torchinsky, “Parabolic maximal functions associated with a distribution,”
Advances in Mathematics, vol. 16, pp. 1–64, 1975.

[4] E. B. Fabes and N. M. Rivière, “Singular integrals with mixed homogeneity,” Studia Mathematica, vol.
27, pp. 19–38, 1966.

[5] O. V. Besov, V. P. Il’in, and P. I. Lizorkin, “The Lp-estimates of a certain class of non-isotropically
singular integrals,” Doklady Akademii Nauk SSSR, vol. 169, pp. 1250–1253, 1966.

[6] B. Rubin, Fractional integrals and potentials, vol. 82 of PitmanMonographs and Surveys in Pure and Applied
Mathematics, Longman, Harlow, UK, 1996.

[7] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional integrals and derivatives, Gordon and Breach
Science Publishers, Yverdon, Switzerland, 1993, Theory and applications.

[8] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series,
Princeton University Press, Princeton, NJ, USA, 1970.

[9] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals, vol. 43 of
PrincetonMathematical Series, PrincetonUniversity Press, Princeton, NJ, USA, 1993,With the assistance
of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

[10] V. I. Burenkov and H. V. Guliyev, “Necessary and sufficient conditions for boundedness of the
maximal operator in local Morrey-type spaces,” Studia Mathematica, vol. 163, no. 2, pp. 157–176, 2004.

[11] V. I. Burenkov and V. S. Guliyev, “Necessary and sufficient conditions for the boundedness of the
Riesz potential in local Morrey-type spaces,” Potential Analysis, vol. 30, no. 3, pp. 211–249, 2009.

[12] V. S. Guliev, “Sobolev’s theorem for the anisotropic Riesz-Bessel potential in Morrey-Bessel spaces,”
Doklady Akademii Nauk, vol. 367, no. 2, pp. 155–156, 1999.

[13] V. S. Guliev, “On maximal function and fractional integral, associated with the Bessel differential
operator,”Mathematical Inequalities & Applications, vol. 6, no. 2, pp. 317–330, 2003.

[14] V. S. Guliyev and J. J. Hasanov, “Necessary and sufficient conditions for the boundedness of B-Riesz
potential in the B-Morrey spaces,” Journal of Mathematical Analysis and Applications, vol. 347, no. 1, pp.
113–122, 2008.

[15] C. B. Morrey, Jr., “On the solutions of quasi-linear elliptic partial differential equations,” Transactions
of the American Mathematical Society, vol. 43, no. 1, pp. 126–166, 1938.

[16] E. Nakai, “Hardy-littlewood maximal operator, singular integral operators and the Riesz potentials
on generalized Morrey spaces,” Mathematische Nachrichten, vol. 166, pp. 95–103, 1994.

[17] V. S. Guliyev, “Boundedness of the maximal, potential and singular operators in the generalized Mor-
rey spaces,” Journal of Inequalities and Applications, Article ID 503948, 20 pages, 2009.

[18] Y. Sawano, “Generalized Morrey spaces for non-doubling measures,” NoDEA. Nonlinear Differential
Equations and Applications, vol. 15, no. 4-5, pp. 413–425, 2008.

[19] S. Spanne, “Sur l’interpolation entre les espaces LpΦ
k
,” vol. 20, pp. 625–648, 1966.

[20] F. Chiarenza and M. Frasca, “Morrey spaces and hardy-littlewood maximal function,” Rendiconti di
Matematica e delle sue Applicazioni, vol. 7, no. 3-4, pp. 273–279, 1987.

[21] V. S. Guliyev, Integral operators on function spaces on the homogeneous groups and on domains in R
n, [Ph.D.

thesis], Mathematical Institute Steklov, Moscow, Russia, 1999.
[22] V. S. Guliyev, Function Spaces, Integral Operators and Two Weighted Inequalities on Homogeneous Groups,

Some Applications, Baku, Azerbaijan, 1999.
[23] A. Akbulut, V. S. Guliyev, and Sh. A. Muradova, “On the boundedness of anisotropic Riesz potential

in anisotropic local Morrey-type spaces,” Complex Variables and Elliptic Equations, vol. 57, no. 10, pp.
1–26, 2011.



20 Journal of Function Spaces and Applications

[24] A. Meskhi, “Maximal functions, potentials and singular integrals in grand morrey spaces,” Complex
Variables and Elliptic Equations, vol. 56, no. 10-11, pp. 1003–1019, 2011.

[25] H. Kozono and M. Yamazaki, “Semilinear heat equations and the navier-stokes equation with dis-
tributions in new function spaces as initial data,” Communications in Partial Differential Equations, vol.
19, no. 5-6, pp. 959–1014, 1994.

[26] A. L. Mazzucato, “Besov-Morrey spaces: function space theory and applications to non-linear PDE,”
Transactions of the American Mathematical Society, vol. 355, no. 4, pp. 1297–1364, 2003.

[27] Y. Sawano, “Wavelet characterization of Besov-Morrey and Triebel-Lizorkin-Morrey spaces,” Func-
tiones et Approximatio Commentarii Mathematici, vol. 38, no. part 1, pp. 93–107, 2008.

[28] Y. Sawano, “A note on Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces,” Acta Mathematica
Sinica (English Series), vol. 25, no. 8, pp. 1223–1242, 2009.

[29] Y. Sawano and H. Tanaka, “Decompositions of Besov-Morrey spaces and Triebel-Lizorkin-Morrey
spaces,”Mathematische Zeitschrift, vol. 257, no. 4, pp. 871–905, 2007.

[30] Y. Sawano and H. Tanaka, “Besov-Morrey spaces and Triebel-Lizorkin-Morrey spaces for non-
doubling measures,”Mathematische Nachrichten, vol. 282, no. 12, pp. 1788–1810, 2009.

[31] L. Tang and J. Xu, “Some properties of Morrey type Besov-Triebel spaces,”Mathematische Nachrichten,
vol. 278, no. 7-8, pp. 904–917, 2005.

[32] W. Yuan, W. Sickel, and D. Yang, Morrey and Campanato meet Besov, Lizorkin and Triebel, vol. 2005 of
Lecture Notes in Mathematics, Springer, Berlin, Germany, 2010.

[33] Y. Liang, Y. Sawano, T. Ullrich, D. Yang, and W. Yuan, “New characterizations of Besov-Triebel-
Lizorkin-Hausdorff spaces including coorbits and wavelets,” The Journal of Fourier Analysis and
Applications, vol. 18, no. 5, pp. 1067–1111, 2012.

[34] D. Yang and W. Yuan, “A new class of function spaces connecting Triebel-Lizorkin spaces and Q
spaces,” Journal of Functional Analysis, vol. 255, no. 10, pp. 2760–2809, 2008.

[35] D. Yang andW. Yuan, “New Besov-type spaces and Triebel-Lizorkin-type spaces includingQ spaces,”
Mathematische Zeitschrift, vol. 265, no. 2, pp. 451–480, 2010.

[36] Y. Liang, Y. Sawano, T. Ullrich, D. Yang, and W. Yuan, “New characterizations of Besov-Triebel-
Lizorkin-Hausdorff spaces including coorbits and wavelets,” The Journal of Fourier Analysis and Appli-
cations, vol. 18, no. 5, pp. 1067–1111, 2012.

[37] Y. Sawano, D. Yang, and W. Yuan, “New applications of Besov-type and Triebel-Lizorkin-type
spaces,” Journal of Mathematical Analysis and Applications, vol. 363, no. 1, pp. 73–85, 2010.

[38] D. Yang and W. Yuan, “Relationsamong Besov-type spaces, Triebel-Lizorkintype spaces and gen-
erallized Carleson measure spaces,” http://arxiv.org/abs/1109.0789.

[39] D. Yang, W. Yuan, and C. Zhuo, “Fourier multipliers on Triebel-Lizorkin-type spaces,” Journal of
Function Spaces and Applications, Article ID 431016, 37 pages, 2012.

[40] C. L. Fefferman, “The uncertainty principle,” American Mathematical Society. Bulletin. New Series, vol.
9, no. 2, pp. 129–206, 1983.

[41] Z. W. Shen, “Lp estimates for Schrödinger operators with certain potentials,” Annales de l’institut
Fourier, vol. 45, no. 2, pp. 513–546, 1995.

[42] J. P. Zhong, Harmonic analysis for some Schrödinger type operators [Ph.D. thesis], Princeton University,
Princeton, NJ, USA, 1993.

[43] K. Kurata and S. Sugano, “A remark on estimates for uniformly elliptic operators on weighted Lp

spaces and Morrey spaces,” Mathematische Nachrichten, vol. 209, pp. 137–150, 2000.
[44] S. Sugano, “Estimates for the operators V α(−Δ + V )−β and V α∇(−Δ + V )−β with certain nonnegative

potentials V ,” Tokyo Journal of Mathematics, vol. 21, no. 2, pp. 441–452, 1998.
[45] W. Gao and Y. Jiang, “Lp estimate for parabolic Schrödinger operator with certain potentials,” Journal

of Mathematical Analysis and Applications, vol. 310, no. 1, pp. 128–143, 2005.
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