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We prove that the parabolic fractional maximal operator ML, 0 < a < y, is bounded from
the modified parabolic Morrey space M1,),,p(R") to the weak modified parabolic Morrey space
WM,,.p(R") ifand only if a/y < 1-1/q < a/(y-A) and from M,,, p(R") to M, »(R") if and only
ifa/y <1/p-1/q9<a/(y —A). Here y = trP is the homogeneous dimension on R". In the limiting
case (y — 1)/a < p < y/a we prove that the operator MY is bounded from M,,,,\,p (R™) to L (R™).
As an application, we prove the boundedness of ML from the parabolic Besov-modified Morrey
spaces m:,g, L@R™) to B_]‘\‘/IZQ, L(R™). As other applications, we establish the boundedness of some
Schrodinger-ype operators on modified parabolic Morrey spaces related to certain nonnegative
potentials belonging to the reverse Holder class.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such as the maximal
operator, the fractional maximal operators, the fractional integral operators, and the singular
integral operators, from one weighted Lebesgue space to another one is well studied by now.
These results have good applications in the theory of partial differential equations. However,
in the theory of partial differential equations, along with Morrey spaces, modified Morrey
spaces also play an important role (see [1, 2]).

For x € R" and r > 0, we denote by B(x, r) the open ball centered at x of radius r and
by CB(x, ) denote its complement. Let |B(x, )| be the Lebesgue measure of the ball B(x, r).



2 Journal of Function Spaces and Applications

Let P be a real n x n matrix, all of whose eigenvalues have positive real part. Let A; =
tP(t > 0) and set y = tr P. Then, there exists a quasi-distance p associated with P such that

(a) p(Awx) =tp(x), t >0, for every x € R";
(b) p(0) =0, p(x —y) =p(y —x) 20,and p(x - y) < k(p(x - 2) + p(y - 2));
(c) dx = prtdo(w)dp, where p = p(x), w = A,x, and do(w) is a measure on the
ellipsoid {w : p(w) =1}.
Then, {R", p, dx} becomes a space of homogeneous type in the sense of Coifman-Weiss. More-
over, we always assume the following properties on p.

(d) For every x,
ailxl® < p(x) S clxl® if p(x) 2 1,
calxl™ < p(x) S culxl™ i p(x) < 1, (1.1)

pOx) <p(x) for0<0O<1.

Here a; and ¢;(i = 1,...,4) are some positive constants. Similar properties hold for p*
which is associated with the matrix P*. Here P* is the adjoint matrix of P.
There are some important examples for the above spaces.

(1) Let (Px, x) > (x,x)(x € R"). In this case, p(x) is defined by the unique solution of
|Ap1x| =1, and k = 1. This space is just the one studied by Calderén and Torchinsky
in [3].

(2) Let P be a diagonal matrix with positive diagonal entries and let t = p(x), x € R"
be the unique solution of |A;1x| = 1.

(a) If all diagonal entries are greater than or equal to 1, this space was studied
by Fabes and Riviere [4]. More precisely they studied the weak (1,1) and L?

estimates of the singular integral operators on this space in 1966.
(b) If there are diagonal entries smaller than 1, then p satisfies the above (a)—(d)
with k > 1.

Thus R”, endowed with the metric p, defines a homogeneous metric space [4, 5]. The
balls with respect to p, centered at x of radius r, are just the ellipsoids &(x,7r) = {y € R" :
p(x —y) < r}, with the Lebesgue measure |£(x,7)| = v,r', where v, is the volume of the
unit ellipsoid in R". Let also Ce(x,7) = R™\ &(x,7) be the complement of E(x, 7). If P = I,
then clearly p(x) = |x| and &;(x,7) = B(x,r). Note that in the standard parabolic case Py =

diag(1,...,1,2) we have
- \J|x’|z+\/|x’|4+x%
px) =

(1.2)

> ;o x= (X, xp).

Let f € L'*°(R"). The parabolic fractional maximal function MY, f and the parabolic fractional
integral I f are defined by

MEF () = supleCe O [ f(w)ldy, o<a<r.
t>0 E(x,t)

= p—(xf _(yy )),_ad

(1.3)
y, O<a<y.
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If a = 0, then M” = M is the parabolic maximal operator. If P = I, then M, = M},
is the fractional maximal operator, M = M is the Hardy-Littlewood maximal operator and
I, = IL is the Riesz potential.

It is well known that the fractional maximal operator, the fractional integral operator,
and Calder6n-Zygmund operators play an important role in harmonic analysis (see [6-9]).

Definition 1.1. Let 1 < p < o0, 0 < A <y, [t]; = min{1,t}. We denote by M, , p(R") the para-
bolic Morrey space, and by ﬂp, 1,p(R") the modified parabolic Morrey space the set of locally
integrable functions f(x), x € R", with the finite norms

1/p
1l = sop (7, 1rwlrar)
XER, 150 ()

1>

(1.4)

1/p

7, = s (1650, rPay)

xeR", >0 E(xt)
respectively.
Note that
Mpo,p(R") = Mpo,p(R") = Ly(R"),

(1.5)

My, p(R")C> My, p(R") N LR, max{|Ifll,

f”Lp} < ||f||Mp,,\,P’

and if A <0or A >y, then M, p(R") = M, , p(R") = ©, where the symbol C, means contin-
uous embedding (let X,Y be the normed spaces, then by definition XC,Y means that there
exists C > 0 such that ||x||y < C||x||x for all x € X) and O is the set of all functions equivalent
to 0 on R™.

Definition 1.2 (see [10-14]). Let1 < p < o0, 0 < A < y. We denote by WM, , p(R") the weak
parabolic Morrey space and by WMP, 1,p(R"™) the modified weak parabolic Morrey space the
set of locally integrable functions f(x), x € R" with finite norms:

_ 1/p
I lwas,,, =sup 7 sup (4 {y €&l t):|[f(w)|>7}])
P >0

x€eR”, >0

(1.6)
/
1S w5, ., =sup r sup (I {y € €6en: 1f(v)] > r}|>1 ’,

xeR", t>0

respectively.

Note that
WL,(R") = WM,,0p(R") = WM, 0p(R"),
My p(R") CWMpp®™), | fllwat,p < N1 llas, e (1.7)

Mpap(R") c WMpap®Y, | fllwag,., < 1f 15,

If P = I, then M,,(R") = M, (R") is the classical Morrey spaces [15] and AA/IP,,\(R") =
Mp, 1,1 (R™) is the modified Morrey spaces [2].
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Note that the parabolic generalized Morrey spaces are defined as follows (see, e.g.,
[16-18], etc.)

Definition 1.3. Let ¢(x,r) be a positive measurable function on R” x (0, 00) and 1 < p < co. We
denote by M,, , p = M, p(R") the parabolic generalized Morrey space, the space of all func-
tions f € L;,"C(R") with finite quasinorm:

”f”MW = sup o¢(x, H7E(x, t)|_1/P”f||Lp(é(x,t))' (1.8)

x€R”, t>0

Notice that if we let ¢(x,t) = [t]i”/’[J |&(x, 1)]/P, then we obtain the modified Morrey norm.

The anisotropic result by Hardy-Littlewood-Sobolev states thatif 1 < p < g < oo, then
IF is bounded from L, (R") to L,(R") ifand only if &« = y(1/p-1/g) and forp =1 < g < oo, I}
is bounded from L;(R") to WL,(R") if and only if « = y(1 - 1/g). Spanne (see [19]) and
Adams [1] studied boundedness of the Riesz potential I, for 0 < & < n in Morrey spaces
M, ). Later on Chiarenza and Frasca [20] reproved boundedness of the Riesz potential I, in
these spaces. By more general results of Guliyev [21] (see also [17, 18, 22, 23]) one can obtain
the following generalization of the results in [1, 19, 20] to the anisotropic case.

Theorem A. LetO<a<yand0<A<y-a,1<p<(y—-A)/a.

(1) If1 <p < (y—X)/a, then the condition 1/p—1/q = a/ (y — X) is necessary and sufficient
for the boundedness of the operator 1Y from M, p(R") to Mg, p(R™).

(2) If p = 1, then the condition 1 —1/q = a/ (y — \) is necessary and sufficient for the bound-
edness of the operator I% from M p(R™) to WM, p(R™).

Ifa=y/p—y/q, then A = 0 and the statement of Theorem A reduces to the aforemen-
tioned result by anisotropic version of Hardy-Littlewood-Sobolev.
Recall that, for0 < a <y,

MEfF(x) <o 7R ) (), (1.9)

hence Theorem A also implies the boundedness of the fractional maximal operator MZ. It is
known that the parabolic maximal operator M? is also bounded on Mpp foralll <p <o
and 0 < A < y (see, e.g. [24]), whose isotropic counterpart was proved by Chiarenza and
Frasca [20].

In this paper we study the parabolic fractional maximal integral MY f in the modified
parabolic Morrey space Mp,A,P(R")- In the case p = 1 we prove that the operator ML is
bounded from erl,p(Rn) to WMq,A,p(R") ifand only if, a/y <1-1/g < a/(y —\). In the case
1< p < (y—A)/awe prove that the operator ML is bounded from Mp,)L,p(IR") to Mq,)L,p(Rn) if
and only if, a/y <1/p-1/g < a/(y = A). In the limiting case (y - A)/a < p < y/a we prove
that the operator ML is bounded from Mp, 1Lp(R™) to Lo, (R™).

The structure of the paper is as follows. In Section 1 the boundedness of the maximal
operator in modified Morrey space Mp,A,P is proved. The main result of the paper is the
Hardy-Littlewood-Sobolev inequality in modified parabolic Morrey space for the parabolic
fractional maximal operator, established in Section 2. In Section 3 by using the (Mp, P, M aA,P)
boundedness of the parabolic fractional maximal operators we establish the boundedness of
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some Schrodinger type operators on modified Morrey spaces related to certain nonnegative
potentials belonging to the reverse Holder class.

By A < B we mean that A < CB with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A = B and say that A and B are
equivalent.

2. Main Results

Theorem 2.1. Let 0 <a <y, 0<A<y—-a,and1<p<(y—-A)/a.

(1) If1 <p < (y—A)/a, then the condition a/y < 1/p—1/q < a/(y — L) is necessary and
sufficient for the boundedness of the operator MY from Mp, ,p(R™) to Mq, 1,p(R™).

2)Ifp =1 < (y = A\)/a, then the condition a/y <1-1/q < a/(y — A) is necessary and
sufficient for the boundedness of the operator MY from My p(R") to W Mg, p(R™).

(3) If (y = A\)/a < p < y/a, then the operator MY is bounded from ]’\\/Idp,k,p(R") to Lo, (R™).

Besov-Morrey (and Triebel-Lizorkin-Morrey) spaces attracted some attention in these
two decades. Kozono and Yamazaki [25] and Mazzucato [26] used these spaces in the
theory of Navier-Stokes equations. Some properties of the spaces including the wavelet
characterizations were described in the papers by Sawano [27, 28], Sawano and Tanaka
[29, 30], Tang and Xu [31]. The most systematic and general approach can certainly be found
in the very recent book [32] of Yuan et al., we also recommend this monograph for further
up-to-date references on this subject.

In the following theorem we prove the boundedness of M’ in the parabolic Besov-
modified Morrey spaces on R" (see [33]), whose norm is given by

— 5
BM,,p(R") = 1 f: ”f”ﬁ/{f,eyllp = ”f”Mp,),P

(2.1)
1/0

— FI%
+ f ) f()”Mp"\'de < ¢,
N p(x)y+59

where1<p, <, 0<s<land0< A <y.

These spaces generalize certain Besov-Morrey and Triebel-Lizorkin-Morrey spaces. As
a general theory of Besov-Triebel-Lizorkin spaces, the Besov-Morrey and Triebel-Lizorkin-
Morrey spaces are introduced due to the study of Navier-Stokes equations and attract some
attention in recent years. Another scales of generalized Besov and Triebel-Lizorkin spaces,
the Besov-type space and Triebel-Lizorkin-type space, were introduced by Yang and Yuan
in [34, 35] and proved therein to be closely related to the theory of Q spaces. For further
developments and applications of these spaces, we also refer to [32, 34-39].
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Theorem 2.2. Let0<a <y, 0<A<y—aandl <p<(y-A)/a.lfa/Q<1/p-1/qg<a/(Q-N),
1 <0 < o0,and0 < s <1, then the operator ML is bounded from the space E?\J/IZQ,)L,I)(R") to
lﬁ\d/IZ& ,p(R™). More precisely, there is a constant C > 0 such that

|mEf

|ssi,., < CMF s, (22)

holds for all f € BMyg, p(R™).

3. Some Several Embeddings

Lemma3.1. Let 1 <p <oo0,0< A <y. Then

M, p(R") = M, p(R") N L,y(R"),

(3.1)
A5, = max{ll £lly,, o 111, }-

Proof. Let f € Mp,)hp(R"). Then from (1.5) we have that f € M,,p(R") N L,(R") and

max([[fllyg, o 11l ) < 1157,
Let now f € My, p(R") N L,(R"). Then

1/p
Ifll5,,, = sup <[t]I*I If(y)l”dy>
n >0 E(xt)

x€eR?, t>

1/p 1/p
m{ wp (1, vera) s ([ pwra) }
xeR™, 0<t<1 (e ) xeRm, 151 \J &(x,0)

£y, }

< max{ ”f”Mp,,\,P’
(3.2)

Therefore, f € Mp, ,,p(R") and the embedding M, , p(R") N L,(R") C, Mp, 1p(R™) is valid.
Thus M, p(R") = M, p(B") N Ly(R") and max{lIflly, Ifl,) = Ifl5,, O

The following statement can be proved analogously.

Lemma 3.2. Let1<p <oo,0< A<y, then
WM,,,p(R") = WM, p(R") N\ WL,(R"),

(3.3)
Fllw, }-

1wz, ., = max{ [ fllwas, .,

Lemma3.3. LetO<a<yand 0 <A <y—a. Then

M(Y_)L)/“r)trp(Rn) C> Ml/Y_a/P(Rn)’ ”f”MT,Y*'IVP S ’U:l_a/(r_)t) ||f||M(yf'\)/a,‘\,P. (34)
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Proof. Let0 <a <y, 0<A<y—a, f € My-1)/aap(R"). By the Holder’s inequality we have

Ny a/(y=-A) 1-a/(y-A)
J |f(y)|dy < <f |f ()| “dy> <f dy>
E(x ) E(x ) E(x )

(3.5)
a/(y-A)
< (o) /07 <f £ )17 “dy> :
E(x )
Moreover,
a/(y=-A)
_ 1-a/(y=\),— _ -\)/a
N R (I
E(xt) &(xb)
a/(y-A)
3.6
< U}l—a/(}’—/\) <t_)L f |f(y) |(y—A)/udy> ( )
E(xt)
1-a/(y-1)
<on T Fll g
thereforef € My, _,p(R") and
T-a/(y-A)
A S 20 0 Nt (3.7)
O
Lemma34. Let0<a <y, 0<A<y—a. Thenfor (y —A)/a<p<y/a
—_— / )
Mp,.)L,P(Rn) Cs Ml,y—a,P(Rn)/ ”f”Ml,rfa,P < '031 P ”f”MN/P. (38)

Proof. Let0 <a <y, 0<A<y—-a, f € Mp,,\,p(R"), and (y —A)/a < p < y/a. By the Holder’s
inequality we have

£l = sop #7151y

xR, >0

IN

1/p
o,/" sup ’-")’_Y/”[t]?/p<[tlfA L( , |f(]/)|pd3/>

x€eR", >0

IN

/p' - A/
o Il s0p "7 111, (39)

Ly -(r-1)/ -y/
Uy, ”f”A“/I,,,A,p max{osig ) P,sttj}o -y P}

1/p
=on " | fll5,,,-
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therefore f € My, ,p(R") and

1/p
10 as,, e <2 W f I, (3.10)

For the 0 < a < y we define the following fractional maximal functions:

1/p

My, f(x) = (M} Ifl”)”p<x) = sup<|é<x, bl f |f(y>|”dy> : (3.11)
>0 E(x,b)

In the case a = 0 we denote M, f is simply denoted by M, f.

Lemma3.5. Let1<p<oo, 0<a<y,and f € Mpy op(R"). Then My, f € Lo, (R") and

P (a/y-1)(1/p)
|Mpf]|, = £ llag,, o (3.12)
Proof. We have the following.
1/p
(a/y-1)(1/p) -
[Mpaf]), =on sup <t“ Yf If(y)l”dy>
o x€R™, 150 E(x ) (3.13)
_ o, @/y-1)(1/p)
= U 1 a0
O
From Lemmas 3.1 and 3.5 we get the following.
Lemma3.6. Let1<p<oo,0<a<yand f € Mp,y,u,p(R"). Then M,I:,af € L, (R") and
P (a/y-1)(1/p)
|Mpaf|, <o I, .. (3.14)

In the case a = 0 from Lemmas 3.5 and 3.6 one gets that for the M}f f the following
property is valid.

Corollary 3.7. Let 1 < p < oo and f € Lo, (R"). Then My f € Loo(R") and
-1/
|Mif], = oIS (3.15)
In the case p = 1 from Lemmas 3.3 and 3.5 we get for the M f the following property
is valid.
Corollary 3.8. Let 0<a <y, 0<A<y-aand f € My-1)/arp(R"). Then ML f € Lo.(R") and

a/y-a/(n-\)

/y-1
IMEAL = o Wl <08 N g (316)

L.
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From Lemmas 3.4 and 3.6 one gets that for MY, f the following property is valid.
Corollary 39. Let 0 < a < 7,0 < A < y—aand f € M, p(R"). Then MEf € Lo, (R™) for

(y=-A)/a<p<y/aand

|mEf

/y-1 /y-1/
| =oM< N e (3.17)

4. Mp,l,p Boundedness of the Parabolic Maximal Operator

In this section we study the Mp, 1, p boundedness of the maximal operator M”.

Theorem 4.1 (see [24]). (1) If f € My, p(R"),0 < A <y, then M"f € WM ) p(R") and
”MPfHWMHp s C)‘”f”Ml,A,P’ (4.1)

where C, depends only on n and \.
(2)If f € Mpyp(R"),1<p <o, 0< A<y, then MPf € M, p(R") and

|M75]),, < Conrllf (42)

where Cp ) p depends only on n, p, A, and P.
Applying Theorem 4.1, one obtains the following result.

Theorem 4.2. (1) If f € My, p(R"),0< A <y, then MF f € WM, p(R") and

HMPf ||WMW < Cuarllflls,, (4.3)

where EL \,p depends only on A and n.
Q) If f € Mp1p(R"),1<p<oo,0< A<y, then MPf € My, p(R") and

[M°f L <Coarllflss,, .o (4.4)

where Ep, A,p depends only on p, A, P, and n.

Proof. 1t is obvious that (see Lemmas 3.1 and 3.2)

7

M,.p

(1

[s] ], ) 45

M,.p
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forl <p < oo and

[ors], = mes{ 305, 4o

WL p WMip !

forp=1.
Let 1 < p < oo. By the boundedness of M” on L,(R") (see, e.g. [3]) and from
Theorem 4.1 we get

|MPf| . <max{Cy Cpar}lfllsg, .. (47)

pAP

O

Let p = 1. By the boundedness of M” from L;(R") to WL;(R") (see, e.g., [3]) and from
Theorem 4.1 we have

[0, <moviCs il w9

5. Proof of Main Results

Proof of Theorem 2.1. (1) Sufficiency. Letr > 0,0 <a <y, 0<A<y-a, f € Mp,)L,p(Rn), and
1<p<(y-\)/a Then

MP £(x) < suplé (x, t>|-““”f £ (y)|dy
E(xh)

t<r

(5.1)
+sup|&(x, BT f |f(v)|dy = A(x,7) + C(x, 7).
t>r E(xt)
O
For A(x,r) we get
A S suprleenr [ 1F)ldy
t<r E(xh) (5.2)
<r*MP f(x).
By the Holder inequality
C(x,r) = sup t“‘Yf |f(y)|dy
t>r E(x,t) (5.3)

<min{r TP £, Iy, , )
Thus forallr >0

[MEf )| < min{r M) 47 fll g, o MPFG) + 70V fllg L (54
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Minimizing with respect to r, at

7

] p/(y-1)

- |(m7r ) s,

p/n

- [ o) "ol

we have

M2 o] < mind (4L T (e ) 1A ll5
S W \ A5, Mar'

Then
-p/
[MEr)] £ (M7 @) A1
Hence, by Theorem 4.2, we have

oo |MPf(y)|dy I, [ (M) ay
AL

which implies that MP is bounded from M,, 1p(R™) to Mq Lp(R™).

11

(5.5)

(5.6)

(5.7)

(5.8)

Necesszty Letl <p<y-MAa, f € Mp Lp(R") and assume that MY is bounded from

M,,p(R") to Mg,,p(R").
Define fi(x) =: f(tx), [t]; , = max{1,t}. Then

1/p
b, = soe (007, 1rray)

>0, xeR

1/p
=777 sup <[r]I*L( )If(y)l’”dy>
X, tr

x€eR, r>0

— [tr] Me -1 p v
=t Sup\ +5— sup [tr]; |f(y)| dy
o \ [T]1 r>0, x€R” E(x tr)

= Yl

Mg fi(x) = " Mg f (tx),

pAP”
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1/q
el e sop ([, mtrco|'ay)

Mgp xeR", r>0

A q
= t‘“‘Y/qsup (—[trh > sup [tr] {A f
0 \ [T]1 >0, x€R" E(tx tr)

= /a7 | Mg f

q Y
Mt 'av)

'Mq,).,p

(5.9)
By the boundedness of ML from Mp, 1p(R™) to Mq, 1p(R™)
-1/
[vir,, = o mea]
q,\,P q,\,P
-1
< tu+Y/q[t]L+/q"ft ”iMP (5.10)

N sl (i ea] 1 P

pAP :

If 1/p < 1/q + a/y, then by letting t — 0 we have ||M5f||Mq“) = 0forall f €
Mp,)L,P(Rn)'

Aswellasif1/p >1/g+a/(y — 1), then att — oo we obtain ||M,ff||M“P = 0 for all
f € My, p(R").

Therefore a/y <1/p-1/qg<a/(y - \).

(2) Sufficiency. Let f € M, p(R"). From (5.1) we have

{v e e n: | MF(y)| > 28} <y € £Cen: AW D] > B+ {y € £ D:]Cy, )| > B

(5.11)
Then
C(y,t) = sup f”f |f(y)|dy
>t &(y,T)
o . 512
gmm{t Y”f”Ll/t v M”f”Ml,A,P}' ( )
< e fll 5,
Taking into account inequality (5.2) and Theorem 4.2, we have
{y €&, t): |A(y,b)| > B)|
p
< '{y S é(x/t) : Mpf(y) > Cyt= } (513)

Cot®
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where C; = Cy - Cq,),p and thus if C; [2t]%t"“r||f||M1 » = P, then|C(y, t)| < f and consequently,

l{y € &(x,t) - |C(y,t)| > B} = 0.
In the case 2t < 1
I £ 1l 5
Cy [Zt]i\ta—)’”fllﬁmm = pe= ; WP pr-a-)

Fle \ @0
N <—” ll;;h""f’ (5.14)

-1/ (y-A-a)
M, <||f||ﬂl,,k,p><* e
p p '

then
[{ve e [M2r@)]>28)| < 5 11 ¢ Al

O 5.15
) [t]x<||f||M1,A/P>(Y N/ (y-A-a) (5.15)
1 ﬁ .

In the case 2t > 1
£ 1l 52
G| 57, = B = [?4 ~

_ a/(y-a)
=t = <W> (5.16)

/(y-a)
M, <||f||m>“ -
p p '

then
(v eecon:[Mir)|>2p)| < 5 101 flls,

. 5.17
A<||f||m,,\,p>”” ) G17
z[t]l ﬂ .

Finally we have

|{v e et s [mEr(y)| > 26
e T I N
[t]; min B A (5.18)

<! (50 1s,)

A
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Necessity. Let ML be bounded from M, p(R") to WMq, 1Lp(R™). We have

1/q
||M§ft|| . =supr sup [T]I)‘J‘ dy
WLgap r>0 x€R", >0 {yeé(x,T) : IME fi(y)|>r)

1/q
=sup r sup [T]IAJ‘ dy
r>0  xeR",7>0 {ye&(tx,T): | ML f(ty)|>rtr}

Aq
= t‘“"”qsup< Ler], > sup rt* (5:19)
>0 [T]l >0

1/q
x sup [ [tr]7 f dy
xeR", >0 {ye&(xtr) : |ML f(y)|>rt*)

—a— A/ P
RO L P
q.\,

By the boundedness of ML from M, p(R") to WMq, Lp(R™)

_ A=A/
IMEF]|, . < Coant= e £l (5.20)
q,\,P o

where Cy 4, depends only on g, A, and n.

If1 < 1/q + a/y, then by letting t — 0 we have ||Mff||WM“P = 0forall f €
ML 1,p(R™), which is impossible.

Similarly, if 1 > 1/q + a/(y — 1), then for t — co we obtain ||M5f||WM“P =0 forall
fe ML 1,p(R™), which is impossible.

Therefore a/y <1-1/g< a/(y - 1).

Thus Theorem 2.1 is proved.

Proof of Theorem 2.2. By the definition of the parabolic Besov-modified Morrey spaces on R”
it suffices to show that

(5.21)

pAP 4

|72 - Mff“mP Sl f - fll

where 7, f(x) = f(x +y).
It is easy to see that 7, f commutes with M?, that is, 7, M} f = MZ(z, f). Hence we
obtain

|7y MLf - MEF| = |ME (ry £) - MEF| < ME(I7y f - £1)- (5.22)

Taking Mp, \,p-norm on both sides of the last inequality, we obtain the desired result by using
the boundedness of ML from Mp, 1p(R™) to Mq, Lp(R™).
Thus the proof of the Theorem 2.2 is completed. O
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6. Parabolic Schrodinger-Type Operators V*(3/dt — A + V)7
and V*V2(d/0t - A+ V)P

In this section we consider the parabolic Schrodinger operator

% -A+V on R™, (6.1)

where V' = V(x,t) is a nonnegative potential which belongs to the parabolic reverse Holder
class By(R™!). Examples of such potentials are all positive polynomials but also singular
functions like max{|x|,t!/2}* for & > —(n + 2)/q. We prove the modified parabolic Morrey
space M, p,(R™) — M, p(R™") estimates for the operators V#(8/dt — A + V) and
VEV2(3/0t - A + V)P, where Py = diag(1, ...,1,2).

The investigation of Schrodinger operators on the Euclidean space R" with nonnega-
tive potentials which belong to the reverse Holder class has attracted attention of a number
of authors (cf. [40—42]). Shen [41] studied the Schrodinger operator —A + V, assuming that
the nonnegative potential V belongs to the reverse Holder class B;(R") for g > n/2 and he
proved the L, boundedness of the operators (-A + V)# V2(-A + V), V(-A + V)_l/z, and
V(-A + V)™'. Kurata and Sugano generalized Shen’s results to uniformly elliptic operators
in [43]. Sugano [44] also extended some results of Shen to the operator V#(-A+ V)P, 0< U<
p<land VFV(-A + V)fﬂ, 0<u<1/2<p<1andp-pu >1/2. Following Shen’s approach,
Gao and Jiang extend the results to the parabolic case. In [45], they consider the parabolic
operator 0/0t — A + V where V € B,(R") is a nonnegative potential depending only on the
space variables and, under the assumptions n > 3 and p > (n+2)/2, they proved the bounded-
ness of V(8/0t — A + V) in L, (R™1).

The main purpose of this section is to investigate the modified parabolic Morrey space
M, p, (R™1) — M, 1 p, (R™!) boundedness of the operators

-+
tle”<%—A+V) , 0<u<p<i,
(6.2)

-
'c2=vﬂv2<%—A+V> , OS#S%SﬁSLﬁ_‘”Z

NI —

Note that the operator V2(d/0t — A + V) tin [45] is the special case of T,.

It is worth pointing out that we need to establish pointwise estimates for T;, T, and
their adjoint operators by using the estimates of fundamental solution for the Schrodinger
operator on R™*! in [45]. And we prove the modified parabolic Morrey space Mp, ve (R —
Mq, 1p, (R™1) boundedness of the parabolic fractional maximal operators.

Definition 6.1. (1) A nonnegative locally L, integrable function V on R™*! is said to belong
to the parabolic reverse Holder class Bq(R”“)(l < g < oo) if there exists C > 0 such that the
reverse Holder inequality

1 1/q C
<W IK V(y’T)qdydT> < m_[KV(y/T)dydT (6.3)
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holds for every parabolic cylinder

K = K((x,t),r) = {(y,T) ER™ :|x;—yi| <1 |t-7|<7?i= 1,...,n} (6.4)

of center (x,t) and radius r in R"*!.
(2) Let V = V(x,t) > 0. We say V € B, (R™*!), if there exists a constant C > 0 such that

C
Wl < g ij<y,T>dy dr (6.5)

holds for every parabolic cylinder K = K((x,t),r) in R"*L.

Clearly, B, (R™1) c B,(R™") for 1 < q < oo. But it is important that the B;(R""!") class
has a property of “self-improvement”, that is, if V € B,(R"*'), then V € Bg..(R™!) for some
£ >0 (see [46]).

By the functional calculus, we may write, forall0 < f < 1,

<9-A+v>ﬂ—lrﬂ<9-mvm>1dx (6.6)
ot ), ot . .

Let f € CP(R"™!). From

-1
(% ALV 4 )L> fx,b) = f I'(x,ty, ;A f(y,7)dydr, (6.7)
Rn+l
it follows that

Tif(x, ) = J‘RM Ki(x,ty,7)V(y, )" f(y,7)dy dr, (6.8)

where

j;fé" MPT(x, ty,7;0)dL for0<pf<1

Ki(x,t;y,7) = (6.9)

I'(x,ty,7;0) for p=1.

The following two pointwise estimates for T; and T, which were proved in [42],
Lemma 3.2 with the potential V € B, (R™*).

Theorem A. Suppose V € Be,(R™1) and 0 < p < p < 1. Then, for any f € CF(R"™)
|Tif(x, )] S M f(x, 1), (6.10)

where a = 2(f — p).
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Theorem B. Suppose V. € B, (R"™1), 0 < p < 1/2 < B < 1land p—pu > 1/2. Then, for any
f c Cgo (Rnﬂ)

|Taf (x, )] S MR f(x, 1), (6.11)

where a =2(f— p) — 1.

Note that the similar estimates for the adjoint operators T} and T, with the potential
V € By, for some g1 > (n +2)/2 are also valid (see [47]).

Theorem C. Suppose V € By (R™?) for some g1 > (n+2)/2,0 <y < p<landlet1/q =
1 - /g . Then there exists a constant C > 0 such that

T (e, B)] < C(M, (1) (x, t))”‘”, fecy(r), (6.12)

where a = 2(f — p).

Theorem D. Suppose V € By, (R™1) for some g1 > (n + 2)/2,0<u<1/2<p<1,and p—p >
1/2. And let

. 1—5, if u>n+2,
1
E= 1 ,u+1+ L ’fn+2< <n+2 o1
g n+2 2 =1 ’
Then there exists a constant C > 0 such that
1/q2
|T5 f(x,1)] < C(Mf?,z(|f|q2)(x, t)) , fece (R””), (6.14)

where a =2(f—p) - 1.
The above theorems will yield the modified parabolic Morrey estimates for T; and T,.

Corollary 6.2. Assume that V € By, (R"™!), and 0 < p < < 1. Let1 < p < g<ow0<A<
n+2 -2(p-p),and

2(ﬁ_ﬂ)<1_1<2(ﬂ_#) (6.15)
n+2 " p g n+2-A '

Then, for any f € Cg°(R™)

IS, < W, forp>1,

1S F it < W, forp=1.

(6.16)
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Corollary 6.3. Assume that V € B, (R™), 0< pu<1/2<pf<landf-pu>1/2. Let1<p<gq<
o, 0<A<n+1-2(f—p), and

n+2 p - )
Then, for any f € C°(R™*)

ISl < W, forp>1,

1A lws,, < 1A N5, forp=1

(6.18)

Corollary 6.4. Assume that V € By, (R™) for g1 > (n+2)/2and 0 < p < < 1. Let a = 2(f - p),
1<p<l/(u/q1 +a/(n+2)),a/(n+2)<1/p-1/9q<a/(n+2-1),1/q =1-pu/q.
Then, for any f € CZ (R™?)

1S ll5,,,, < W, forep>1
(6.19)
IS fllwsg,, < 1 W5,,, forp=1
Corollary 6.5. Assume that V € By, (R™) for g1 > (n+2)/2, and
1 .
0<p<s<ps<l ifq>n+2,
(6.20)

2
<q1<n+2.

Leta=2(f-p) -1, p-p21/2,1<p<1/(u/qi+a/(n+2)),a/(n+2) <1/p-1/q <
a/(n+2-1),1/q2 =1-pu/q1,where

. qﬁ, ifq1>n+2,
1
p k¥l 1 2 (621)
¢ n+2 By smsnys
Then, for any f € Cg°(R™)
1T fll5,,,, < W fll5s,,,, forp>1,
(6.22)
ICflwsi, ., < IflI57,,, forp=1
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