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1 Introduction

As is well known, Morrey spaces are widely used to investigate the local behavior of solu-
tions to second order elliptic and parabolic partial differential equations and systems. Recall
that the classical Morrey spaces M?+*(R") are defined by

_x
MPHR") = {f €L R N flippr == sup r 2| fllrBary) < OO},
xeR”, r>0

where 0 <A <n,1 < p < oo.
The spaces MP-%_ equipped with the norms

Il fIl ppe :=  sup I flliLeBee,m) (D

xeRn, r>0 P(X,7)
where ¢ is a positive measurable function on R” x (0, 00), are known as generalized Morrey
spaces.

Orlicz spaces L® (see Definition 2.2), generalizations of Lebesgue spaces L”, intro-
duced in [41, 42] are useful tools in harmonic analysis and its applications. For example,
the Hardy-Littlewood maximal operator is bounded on L? for 1 < p < oo, but not on L',
but using Orlicz spaces, we can investigate the boundedness of the maximal operator near
p =1, see [4, 30, 31] and [5] for more precise statements.

A natural step in the theory of functions spaces was to study Orlicz-Morrey spaces

MELRY),

where the "Morrey-type measuring”of regularity of functions is realized with respect to the
Orlicz norm over balls instead of the Lebesgue one. Such spaces were introduced by Nakai
in [37]. The boundedness of operators of harmonic analysis, in Orlicz-Morrey spaces, is
studied in [8, 11, 18, 21, 23, 26, 38, 39, 46, 48].

We point out that our definition of Orlicz-Morrey spaces (see [8]) is different from the
one used by Nakai [37] and Sawano et al. [48]. In words of [22], our generalized Orlicz-
Morrey space is the third kind and the ones in [37] and [48] are the first kind and the
second kind, respectively. According to the examples in [12], one can say that the general-
ized Orlicz-Morrey space of the first kind and the second kind are different. Notice that the
definition of the space of the third kind relies only on the fact that L® is a normed linear
space, which is independent of the condition that it is generated by modulars. On the other
hand, the spaces of the first and the second kind are defined via the family of modulars.

Morrey and Orlicz-Morrey spaces are not separable due to the L°°-norm with respect to
r and x. The closure of nice functions in the Morrey norm gives a subspace known under
the name of vanishing Morrey space, see [45]. Such space, corresponding to the classical
Morrey space, M?P *is in connection with Partial Differential Equations in [49, 50], they
were also used in [44]. The vanishing generalized Morrey spaces were studied in [43] and
references therein.

The intrinsic square functions were first introduced by Wilson in [55, 56]. They are
defined as follows. For 0 < a < 1, let C,, be the family of functions ¢ : R” — R such that

the support of ¢ is contained in {x : |x| < 1}, ¢dx =0, and for x, x’ € R",
lp(x) —p (x| < |x — x'|%.
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For (y, 1) e R% ! and f € L) (R"), set

Ao f(t, y) = sup |f @i (),
$<Ca

where ¢;(y) = t’"qb(X) . Then, we define the varying-aperture intrinsic square (intrinsic

Lusin) function of f by the formula
1

d 2
G () = (//,Sx(A fiy t,,y+f>

where I'g(x) = {(y, 1) € R’jfl t|x — y| < Bt}. If B = 1 we use the following notation
Ga,l(f) = Got(f) .

This function is independent of any particular kernel, such as the Poisson kernel, and
dominates pointwise both the classical square function (the Lusin area integral) and its
real-variable generalizations. Although the function G4 g(f) is dependent of kernels with
uniform compact support, there is a pointwise relation between G, g( f) with different 8:

Gap(f)(x) < BT Go(f)(x) .

We can see details in [55].
The intrinsic Littlewood-Paley g-function and the intrinsic g} function are defined

respectively by
1
oo d b
gaﬂx):(fo <Aaf<r,y)>27’) ,

ni
t Ldyat
8 o f () = (//R () @areo Hl)

Let b be a locally integrable function on R”. Setting

1

Aap f(1,y) = Sup

/ D) — b1 (y — ) f(2)dz| .

the commutators are defined by

d
[b, Gol f (x) = ( / / (Aup £ (2, 1)) ZH’)

1
o0 d bl
[b, galf(x) = ( /0 (Aan £, y>>27’)2

and 1

An 2
[b. 841/ () = (// <t+|x_y|) (a1, 7)) m)

Wilson [55] proved that G, is bounded on L”(R") for | < p < ocoand 0 < o < 1. After
then, Huang and Liu [27] studied the boundedness of intrinsic square functions on weighted
Hardy spaces. Moreover, they characterized the weighted Hardy spaces by intrinsic square
functions. In [52] and [53], Wang and Liu obtained some weak type estimates on weighted
Hardy spaces. In [51] and [40] Wang and Nakamura considered intrinsic functions and
the commutators generated with Bounded Mean Oscillation functions (BMO) (see [29]) on
weighted Morrey spaces. In [20], Guliyev and Shukurov proved the boundedness of intrinsic
square functions and their commutators on generalized Morrey spaces. In [19], Guliyev
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810 F. Deringoz et al.

and Omarova considered vector-valued intrinsic square functions and their commutators
generated with BMO functions on vector-valued generalized weighted Morrey spaces. In
[35] and [36], Liang, Lu et al. studied the boundedness of these operators on Musielak-
Orlicz Morrey and Campaanto spaces.

In this paper, we will consider Gy, gu, &5 , and their commutators on vanishing gener-
alized Orlicz-Morrey spaces. More precisely, we find sufficient conditions on general Young
function ® and functions @1, ¢2 which ensure the boundedness of the operators under con-
sideration from one vanishing generalized Orlicz-Morrey spaces V. M ®¢1(R") to another
VM®#2(R"). Our results, in the setting of Orlicz-Morrey spaces, are new, even in the case
of non-vanishing spaces.

By A < B we mean that A < C B with some positive constant C independent of appro-
priate quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.
Everywhere in the sequel B(x, r) stands for the ball in R” of radius r centered at x and
|B(x, r)| for the Lebesgue measure of the ball B(x, r) and |B(x, r)| = v,r", where v, is
the volume of the unit ball in R”.

2 Preliminaries
We recall the definition of Young functions.

Definition 2.1 A function ® : [0, +00) — [0, 00] is called a Young function if ® is
convex, left-continuous, lim ®(r) = ®(0) =0and lim () = 0.
r—+0 r—400

From the convexity and ®(0) = 0 it follows that any Young function is increasing. If
there exists s € (0, +00) such that ®(s) = o0, then ®(r) = +oo forr > s.
Let Y be the set of all Young functions ® such that

0<®@F) <400 for 0<r <+
If ® € ), then @ is absolutely continuous on every closed interval in [0, +00) and bijective
from [0, +00) to itself.
Definition 2.2 (Orlicz Space). For a Young function ®, the set

L®R") = {f €Ll (R"): / ® (k| f (x))dx < 400 for some k > 0 }
Rﬂ

is called a Orlicz space. If ®(r) = r”, 1 < p < oo, then L*R") = LP(R"). If ®(r) =
0, (0<r <1)and &) = oo, (r > 1), then L2(R") = L>®(R"). The space Lf;c(]R”)
endowed with the natural topology is defined as the set of all functions f such that fx, €
L®@R"), for all balls B C R”, where xp is the characteristic function of B. We refer e.g. to

[32, 33, 47] for the theory of Orlicz Spaces.

L®(R") is a Banach space with respect to the norm

IfllLo =inf=A>0;fnq>(|f(;)|)dx5 1}.

/ o |||JJC‘(||XL)«|> )i <

We note that
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For a Young function ® and 0 < s < 400, let
O () =inf{r >0: @) >s}  (inff = +o0).
If ® € Y, then ®! is the usual inverse function of ®. We note that
Q@) <r <d N (@(r) for0 <r < +oo. )
A Young function @ is said to satisfy the A,-condition, denoted by ® € Ay, if
O2r) <kd(r)forr >0

for some k > 1. If ® € A, then ® € ). A Young function ® is said to satisfy the
V,-condition, denoted also by ® € Vy, if

1
@(r)gﬁd%kr), r =0,

for some k£ > 1. The function ®(r) = r satisfies the A-condition but does not satisfy the
Va-condition. If 1 < p < oo, then ®(r) = r? satisfies both the conditions. The function
®(r) = ¢" — r — 1 satisfies the V;-condition but does not satisfy the A,-condition.

A Young function @ is said to satisfy the A’-condition, denoted also by ® € A/, if

D(rt) < cd@)d(r), r,t >0,

for some positive constant c. Note that, each element of A’-class is also an element of
Ajp-class.

Definition 2.3 A Young function @ is said to be of upper type p (resp. lower type p) for
some p € [0, 00), if there exists a positive constant C such that, for all # € [1, co)(resp.
t €[0,1]) and s € [0, 00),

D(st) < CtP D (s).

Remark 2.1 We know that if ® is of lower type pg and of upper type p; with 1 < pg <
p1 < oo, then ® € Ay N V;. Conversely, if @ € Ay NV, then @ is of lower type po and
of upper type p; with 1 < pg < p1 < oo (see for example [32]).

Lemma 2.1 [34] Let ® be a Young function which is of lower type po and of upper type pi

with 1 < pg < p1 < o0o. Let C be a positive constant. Then, there exists a positive constant
C such that, for any ball B of R" and u € (0, 00), the inequality

/q)(If(X)I)deg
B w

For a Young function @, the complementary function ®(r) is defined by

implies that ||f||L<1>(B) <Cpu.

sup{rs — ®(s) : s € [0, 00)} , r € [0, 00)
+00 , = +400.

®(r) = {

The complementary function ® is also a Young function and d = @.If ®(r) = r, then
®(r) =0for0 <r < land &(r) = +ooforr > L.If1 < p < 00,1/p+1/p' = 1 and
o) =rP/p,then ®(r) = rpl/p’. If®d(r) =e"—r—1,then 5(}’) = (1+r)log(14+r)—r.
Note that ® € V; if and only if de A»,. It is known that

r< <I>_1(r)<T>_1(r) <2r forr > 0. 3
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812 F. Deringoz et al.

Note that Young functions satisfy the properties

Oan) <a®(), if 0<a<l . & lar) = ad (), if 0O<a<1
D(at) > ad@), if ao>1 O Nat) <a® @), if ao>1.

The following analogue of the Holder inequality is known, see [54].

Theorem 2.1 [54] For a Young function ® and its complementary function ®, the Sfollowing
inequality is valid

Ifellpign <21 lLoligl,a.
The following lemma is valid. See for example [1] for the proof.

Lemma 2.2 Let ® be a Young function and B a set in R" with finite Lebesgue measure.
Then
1

Xzl o @y = W‘

In the next sections where we prove our main estimates, we use the following lemma,
which follows from Theorem 2.1, Lemma 2.2 and (3).

Lemma 2.3 For a Young function ® and B = B(x, r), the following inequality is valid

£ cey < 218107 (1BI7) 1/l oga):

The following theorem is an analogue of Lebesgue differentiation theorem in Orlicz
spaces.

Theorem 2.2 [24] Suppose that ® is a Young function and let f € L®(R") be nonnegative.
Then

liminf I fxBee,mliLe

> f(x), foralmostevery x € R". (€))
r—>0+ [IXBx,nliLe

If we moreover assume that ® € A/, then

1 fxBom Lo

= f(x), foralmosteveryx € R". %)
r—>0+ ”XB()C,V)”L‘p

Definition 2.4 (generalized Orlicz-Morrey Space) Let ¢(x, r) be a positive measurable
function on R” x (0, oc) and ® any Young function. We denote by M®#(R") the gen-
eralized Orlicz-Morrey space. It is the space of all functions f & Lfgc (R™) with finite
quasinorm

Ifllpmee = sup @G, ) N fllLoBe.r)-

xeR"™ r>0

According to this definition, we recover the generalized Morrey space M?¢ under the
choice ®(r) =rP, 1 < p < o0.
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The following lemma was proved in [10] (see also [9]).

Lemma 2.4 Let ® be a Young function and ¢ be a positive measurable function on R" x
(0, 00).
(i If

sup @(x,r)"' =00 forsomet >0 andforall x € R",
I<r<oo

then M®¢(R") = ©, where © is the set of all functions equivalent to 0 on R".
(it) If
1
sup — —
0<r<t 9(x,7) @7H(|B(x, |7

=00 forsomet >0 and for almost all x € R",

then M®?¢(R") = ©.

Remark 2.2 For the case Lemma 2.4 (ii), we impose the condition ® € A’ in [9, 10] since
we use (5) in the proof. But this condition is superfluous. It is enough to use (4) to prove
this fact, the details being omitted.

Remark 2.3 Let @ be a Young function. We denote by Q24 the sets of all positive measurable
functions ¢ on R" x (0, oo) such that for all ¢ > 0,

-1
Sup ”q)(-xv r) ”LOO(I,OO) < 00,
xeR"

and
1

H <00
@, r) @=1(BCx, r)|71) L~

up
xeR?

respectively. In what follows, keeping in mind Lemma 2.4, we always assume that ¢ € Qg.

Extending the definition of vanishing generalized Morrey spaces to the case of Orlicz-
Morrey spaces, we introduce the following definition.

Definition 2.5 (vanishing generalized Orlicz-Morrey Space) The vanishing generalized
Orlicz-Morrey space V M®¢(R") is defined as the spaces of functions f € M®¢(R")
such that

[
lim sup 1o Bee.ry) _

0. (6)
r—0 cRn o(x,r)

Remark 2.4 Let @ be a Young function. We denote by Qg the sets of all positive measurable
functions ¢ on R” x (0, oo) such that,

inf inf ¢(x,r) > 0, forall§ > 0 (7
xeR"” r>48
and
. 1
lim (3)

=0 &= L(r—") infyepn @(x, 1)

Taking into account Lemma 2.4 for the non-triviality of the space V. M®#(R") we always
assume that ¢ € QC‘I/). For details, see [10].
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814 F. Deringoz et al.

The space VMP#?(R") is a closed subspace of the Banach space M®¢(R"), by
standard means.
We will also use the notation

I FllLe By

Ao o(fix,7) = .

for brevity, so that
VMR = {f e M®YR") : lim sup Ao 4 (f;x,7) = 0} .
r—>0 ycRrn
3 Intrinsic Square Functions in the Spaces M ®¢ (R")
The known boundedness statement for G, on Orlicz spaces runs as follows.

Theorem 3.1 [35] Let @ € (0, 1], © be a Young function which is of lower type pg and of
upper type py with 1 < pg < p1 < oo. Then, G, is bounded from L® (R") to itself.

The following theorems was proved by Liang, Y., Nakai, E., Yang, D., Zhang, J. in [35].

Theorem 3.2 [35] Let a € (0, 1], ® be a Young function which is of lower type po and of
upper type p1 with 1 < pg < p1 < 0o. Assume that there exists a positive constant C such
that, forall x e R" and0 <r <5 < 00,

o dt  ~ ~ ~
/ o(x, t)T <Cox,r), px,s) < Co(x,r)and p(x,r)r < Co(x,s)s. (9)
p
Then, the operators Gy and go are bounded on M®¢ (R").

Theorem 3.3 [35] Let « € (0, 1], © be a Young function which is of lower type pg and of
upper type p1 with 1 < pg < p1 < 0o and suppose that the function ¢ (x, r) satisfies the

2
conditions (9). Then, for . > 3 + —a, the operator g5 , is bounded on MR,
n )

Given a weight w, will use the following statements on the boundedness of the weighted
Hardy operators

oo
H,,g(r) ;:/ gw(s)ds, r € (0,00)
r
and
& t
Hpg(r) :=/ (1 +1In 7> gOw@)dt, r e (0,00).
p r
The following theorem was proved in [17].

Theorem 3.4 Let vy, vy and w be weights on (0, 00) and v (t) be bounded outside a
neighborhood of the origin. The inequality

supva(r)Hyg(r) < Csupvi(r)g(r) (10

r>0 r>0
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holds for some C > 0 and all non-negative and non-decreasing g on (0, 00) if and only if
o0 1)dt
B :=supvy(r) L
r>0 r SUP;cs<o0 V1 (s)

Moreover, the value C = B is the best constant for (10).
The following theorem was proved in [16].

Theorem 3.5 Let vy, vy and w be weights on (0, 00) and v (t) be bounded outside a
neighborhood of the origin. The inequality

supv2(r)Hyg(r) < Csupui(r)g(r) (11)

r>0 r>0
holds for some C > 0 and all non-negative and non-decreasing g on (0, 00) if and only if
w(t)dt

* t
B :=supuvy(r) <1 + In 7) _
r rj Sup; s<c0 v1(s)

r>0

Moreover, the value C = B is the best constant for (11).

The following lemma was generalization of the Guliyev lemma [13-15] for Orlicz
spaces.

Lemma 3.1 Let o € (0, 1], ® be a Young function which is of lower type po and of upper
type pywithl < pg < p1 <00, f € L® (R"), B = B(xo, r), xo € R" and r > 0. Then,

loc

for the operator G, the following inequality is valid

dt

I o0 o
1Ga fllpem) S qu("_")/zr 1F Lo B, @ (t7") ; (12)

Proof With the notation 2B = B(xg, 2r), we represent f as

=+ A0)=fDMxs(®), L= f(y)Xc(zB)(y),

and then

1Ga Loy < 1GafillLe) + 1Ga f2llLop)-
Since f1 € L®(RM), by Theorem 3.1, it follows that

G fillLogs) < IGa fill o < CllfillLogn = Cll fllLoqp-

Then let us estimate |Gy f2l o (p)-

|f2 % (V)] =

i~ f 06X %) fr0dz
ly—zl<t t

< f | 2 (2)ldz.
ly—z|=<t

Since x € B(xg,r), (y,t) € I'(x), wehave |[x —z| < |z — y| 4+ |x — y| <2¢t,and

r<lxo—zl—|lxo—x|<|x—z| <|x —y|+|y—z| <2t
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816 F. Deringoz et al.

1
2 2
Gop = ([ [ [ ipeue 2F
re) ly—zl=t "
1
2 2
dydt
d- | 2225
- (/’>V/2 /X—y|<t </|‘x—z|§2t|f2(Z)| Z> ’3"“)
1
2 4 \2
(/t>r/2 </|x—z|521|f2(z)|dz> IZ"H) '

. . . . 1
By Minkowski’s inequality and the relations |x — z| > |x¢p — z| — |x0 — x| > §|xo —z|, we

So, we obtain

A

A

have
1

d 2
Gu fo(x) < f ( / - thfH) | f2@)ldz
n I>T<

</ [ f(2)] dz</ | f(2)] dz
~ |xo—z|>2r [x —z|" ~ |xo—z|>2r |xo — z|"
+o00 dt
= | f(2)] dz
/\XO—ZI>2r ozl 1"
o dt
= | f(@dz —
/;r /2r<\x0—z|<t i+l
*© —1(,—n dt
< e e ® (") — (13)
r

The last inequality follows from Lemma 2.3. Moreover,
dt

1 o 1
||Gafz||m<3)5m /2 I lzo oo @ (")~

Thus
dt

1 o 1
< JE— - L P
1Gu S Nusimn 5 W usm + gorpmy [, W isimcan® ()T

On the other hand, by (3) we get
® dt

®7l(r7") ~~ dfl(r*”)r” /2r ey

o dt
< / o1 (i<
2r t
and then
< : ~ ot (1) 4! 14
fllLees S m ., 1 le Beo.n @ (1 )T' (14)
Thus
1 * —1(,—n di
1GafllLom) S 7@_1(}’_") /Zr Iz (B P (t )7
O
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Theorem 3.6 Let o € (0, 1], ® be a Young function which is of lower type py and of upper
type p1 with 1 < po < p1 < 00, @1, 92 € Q¢ and suppose that the functions (¢1, ¢2) and
® satisfy the condition

/‘00 (ess infor(x, s)) <I>71(f”)? <C ¢71(r7'1)¢2(x, r), (15)

1<s<oo

where C does not depend on x and r. Then G is bounded from M® 1 (R") to M®¢2(R").

Proof By Lemma 3.1 and Theorem 3.4 we have

1Gafllpgoin @y S sup  ————— [F O (i™)||f] o &
a Sl p@0n ey xeR”€>O e () J; S Lo Beon
S osup f/’l(x»”)_l||f||L¢(B(x,r))
xeR” r>0
= ”f”./\/[@vwl (Rm)*

O

In [55], the author proved that the functions G, f and g, f are pointwise comparable.
Thus, as a consequence of Theorem 3.6, we have the following result.

Corollary 3.1 Leta € (0, 1], ® be a Young function which is of lower type po and of upper
type p1 with 1 < po < p1 < 00, @1, 92 € Q¢ and suppose that the functions (1, ¢2) and
® satisfy the condition (15), then g is bounded from M® 1 (R") to M®#2(R™).

Theorem 3.7 Let o« € (0, 1], ® be a Young function which is of lower type po and of upper
type p1 with 1 < pg < p1 < 00, ¢1, @2 € Qg, suppose that the functions (@1, ¢2) and ®
satisfy the conditions

oo q)_](t_n)
cs :=/ sup ¢1(x,t)————=dt < 00 (16)
8 xeRr t
for every § > 0, and
1 o dt
- x, 1)1 (17")— < Cy, 17
<pz<x,r)d>-1(r-")fr O O an

where Co does not depend on x € R" and r > 0. Then G is bounded from VM®e1 (R
to VM®22 (R

Proof Since the norm inequality is already provided by Theorem 3.6, so we only have to
prove that

lim sup Ag o, (f;x,7) =0 = lim sup Ae, ¢, (Go f;x,7) =0, (18)

r=>0 yeRrr r=>UxeRrn
To check (18), i.e. to show that
1Ga fllLe B,y
xeRn 2(x,r)

we use the estimate (12) where we split the right-hand side:

< ¢ for small r,

||Gaf||L®(B(x,r))

on(x. 1) < ClIsy(x, r) + Js (x, 1)1, (19)
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818 F. Deringoz et al.

with 89 > 0 and r < §y, where

I ) 1 8o (Dfl(tfn) p
, = t
wr d>—1(r—"><pz<x,r>/r T leeen

and
1 % ~!(rm)
S r=m)pa(x, 1) Js,

Jso(x, 1) == I F e, dt-

We use the fact that £ € V M®#1(R") and choose any fixed 8y > 0 such that

@ &
up If e Bex.ry) _ i<é
xeRn? D1 ()C, l) 2CCO

where C and Cy are constants from (19) and (17). This yields a uniform estimate of the first
term with respect to r € (0, &) :

sup Cls,(x,7) < f, 0<r <.
xeRn 2

(vl \
For the second term, we have Js,(x, r) < cs, #)Z:’(‘xr),

(16) with § = &p. Then, by (8) we choose a small r such that sup, g» W <

where cs, is the constant from

»——————. The proof of the estimate of the second term is complete.
oo 17T gy

Corollary 3.2 Let o € (0, 1], ® be a Young function which is of lower type po and of
upper type p1 with 1 < po < p1 < 00, 1,2 € Qg. Moreover, suppose that the functions

(@1, ¢2) and O satisfy the conditions (16) and (17), then gy is bounded from V M®e1 (R
to VM2 (RM).

The following lemma is an easy consequence of the inequality
o
Gap(fH)(x) = B2Ga(f)(x)
which was proved in [55] and of the monotonicity of the norm || - ||, o.

Lemma 3.2 For j € Z™, denote

1
% dydt\?
Ga,zj(f)(x)=</ f (Aaf(y.1)? ny+f>2

0 Jx—yl=2it t

Let ® be a Young function and 0 < a < 1, then we have

P(3n
1G g (o S 2/ TG ()l Lo @

Theorem 3.8 Let«a € (0, 1], ® be a Young function which is of lower type pgy and of upper
type p1with 1 < py < p1 < 00, 91, g2 € Qo and the functions (@1, ¢2) and O satisfy the

2
condition (15). Then for . > 3 + —a, g}, is bounded from M®#1 (R") to M®#2(R").
n ,
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Proof

g} (NP = / / (t)'M (Ao f (3, 222
Ao lx—y|<t t+|x )’| ’ 1

N
|x—y|>t t+[x =yl > i+l

=I+1I

First, let us estimate 1.

+00
1</ /l | (Aq f(y,t)) ,,+1 _(G fx)?
x—y|<t

Now, let us estimate II.

o) 0o ni
t ,dydt
I < / / <7) (Auf (3. D)
; 0 Jo-li<pp—y<2ir \t +|x = | il
oo 00 d
< 27" (Ag f(y. 1))
ZZ:/O /;f*]tg\x7y|§2/t e+l
dt
<y > 2 f f (Aaf(y, 07?24
i 1 l—y|<2it "t

= Zz—f"*(Ga,z,- (f)(x))?

j=1
Thus,
o0
% _inx
||g)h,a(f)||M®yw2(Rn) = ”Gotf”M(DWZ (R™) + Z 277 ||Ga,21' (f)”M@ywz(Rn)- (20)
j=1
By Theorem 3.6, we have
||Gaf||M¢»<ﬂ2(Rn) 5 ”f”_/\/tq’)@l (R™)* 21

In the following, we will estimate |G, 5j (f) || \ @ ®n)- We divide |G, 2j (f)lILo(p) into
two parts.

1Gy2i (DlILesy < NGy (fOllLem) + 11Gy i (f2) Loy (22)

where f1(y) = f)x28(Y), f2(y) = f(y) — f1(y) . For the first part, by Lemma 3.2 and
(14),

1G a2 (FllLam S 2 F NG (Dllo@n S 23U flLo0p

dt

. 37n+ l o —1 —
<22 “)(Dl(rn)/zr I Lo By @ (1 n)T' @9
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For the second part.

Gy 0 (f2)(x)

1
> dydt)i
Ay , 2
(/0 /xy|§2/'[( f(y l"'H
2
/Oof sup [f ()] ) 2
0 Jx—y|<2/t \peCq ! i+l
dydt
| f2(z)ldz )
(/ /Ix y|<2it (/Z yl<t 2 3n+l>

Since |x —z| < |z — y| + |x — y| < 27F11, we get

1

IA

1

dydt
If(z)ldz> dydt
</(‘) /|X—y|§2/t (/X—z|§21+1t 2 £3n+1
1
OO 2 Hjn 2
2/ndt
d -
(-/(; </|X—Z§2f+1t |f2(Z)| Z) t2n+1 )

) 2

n

22/"</ - | f2(2))? preey z) dz
—21+1

o | e
|xo—z|>2r |X - Z|n

1 1 ..
For |x —z| = |xo—z| — |xo — x| > |x0—z|—§|x0—z| = §|x0—z|,s0 by Fubini’s theorem

IA

G2 (f2)(x)

IA

IA

IA

and Lemma 2.3, we obtain

3jn [ f ()]
Gapi (f)(x) = 27 e,
lxo—zl>2r X0 — 2|
. o0
2 @) Ldr
= Z —_— Z
|xo—z|>2r lxo—2z| el
an [ 1
<272 / [ | f (D] n_Hdzdt
2r [xo—z|<t
sn .
< 2% [l @ ()
So,
3jn 1 o —1(,—n dt
1G g2 ()l Lom) S 27 q>1(r)/z 1o Baan® (") @4

Combining (22), (23) and (24), we have

dt

o 1 o
. < ](L‘FO() —1(,—n\ %"
1G a2 (NllLem S27'2 o1 /zr 1 1l2e (B, @ (") o
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Thus by Theorem 3.4 we have

:3n 1 o0 dl
Gy i gy S22 sup ——— / o —
1Gq 2 f||M<l>wz(]R y xeR",I:>0 (pz(x,r)dfl(r*”) ; ( )||f||L¢(B(x,r)) ;
(3 _
S22 sup @10 )T llLe sy
xeR™ r>0
i(3n
= 2G| £l pgoun gy (25)
. 2a .
Since A > 3 + —, by (20), (21) and (25), we have the desired theorem. O
n

The proof of the following theorem is similar to the Theorem 3.7. So we omit the details
here.

Theorem 3.9 Let o € (0, 1], ® be a Young function which is of lower type py and of upper
type p1 with 1 < pg < p1 < 00, 91,92 € QX) and the functions (@1, ¢2) and ® satisfy

2

the conditions (16) and (17). Then for A > 3 + —a, &% o, s bounded from V ME21(RY) to
n .

VMEe (R

Remark 3.1 Note that from Theorems 3.6, 3.8 and Corollary 3.1 in particular we get
Theorems 3.2 and 3.3 which proved in [35].

4 Commutators of the Intrinsic Square Functions in the Spaces
M2 (R")

It is well known that the commutator is an important integral operator and plays a key role
in harmonic analysis. In 1965, Calder6n [2, 3] studied a kind of commutators appearing
in Cauchy integral problems of Lip-line. Let K be a Calder6n—Zygmund singular integral
operator and b be a BM O (R") function. A well known result of Coifman et al. [6] states that
the commutator operator [b, K]f = K (bf) —b Kf is bounded on L, (R") for 1 < p < oo.
The commutator of Calderén—Zygmund operators plays an important role in studying the
regularity of solutions of elliptic partial differential equations of second order. The bounded-
ness result was generalized to other contexts and important applications to some non-linear
Partial Differential Equations were given by Coifman et al. [7].
A function f € Llloc (R") is said to be a BM O (R") function if, for

1
= — d s
fBG,r B Jsen fdy

the quantity

1
Ifll«= sup ——— [f () — FB@x.mldy < o0,
* xeR",r>0 |B(x7 }")| B(x,r) (en)

is finite.
Before proving the main theorems, we need the following lemmas.
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Lemma 4.1 [29] (1) The John—Nirenberg inequality: there are constants C1, C3 > 0,
such that for all b is a BM O (R") function and 8 > 0

l{x € B : |b(x) — bg| > B}| < C1|Ble”C2P/IPlx  vB R,
(2) The John—Nirenberg inequality implies that

1
p
b« = sup 1b(y) — bB(x,r)lpdy) (26)

xeR" r>0 <|B(x, r)| B(x,r)
forl < p < o0.
(3) Letbisa BMO((R") function. Then, there is a constant C > 0 such that
t
|65y — BBy | < CllbsIn - for 0<2r<t, 27

where C is independent of b, x, r and t.

Lemma 4.2 Let b be a BM O function and ® be a Young function. Let ® is of lower type
po and of upper type p1 with 1 < pg < p1 < 00, then

1Bl = sup 0q>—l(r—n) ”b() — bB(x,r) ”Lq’(B(x,r)) :

xeR" r>

Proof By Holder’s inequality, we have
Iblls S sup &' (r") [BC) — baer) HLq)(B(X_,)) :

xeR"r>0

Now we show that

sup q)_l (r_") ”b() - bB(x,r) ”L‘D(B(x,r)) S ”b”*

xeR",r>0

Without loss of generality, we may assume that ||b]|, = 1; otherwise, we replace b by
b/||b]«. Using the fact that ® is of lower type po and of upper type p; and (2) it follows that

_ —1 —1
/ ® 1b(y) — by (1B, 1)) dy
B(x,r) 1511«

= [ @ (b0 = baen 1o (1B ) ) dy
B(x,r)

1

<
|B(x, )| JBx,r
By Lemma 2.1 we get the desired result. O

[|b(y) - bB(x,r)|p0 +1b(y) — bB(x,r)|pl]dy 5 L.

Remark 4.1 Note that statements of type of Lemma 4.2 are known in a more general case
of rearrangement invariant spaces and also variable exponent Lebesgue spaces L”(), see,
for instance, [25] and [28]. Hovewer, we gave a short proof of Lemma 4.2 for completeness
of presentation.

The known boundedness statement for [b, G] on Orlicz spaces runs as follows.
Theorem 4.1 [35] Let b a BM O function, o« € (0, 1], ® to be a Young function of lower

type po and of upper type p1 with 1 < pg < p1 < oo. Then, |b, Gy] is bounded from
L®R") to itself.
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The following theorems was proved by Liang et al. in [35].

Theorem 4.2 [35] Let o € (0, 1], ® be a Young function which is of lower type po and
of upper type p1 with 1 < pg < p1 < 00, b be a BM O function. Suppose, also, that
the mapping ¢(x, r) satisfy the conditions (9). Then, the operators [b, Gy] and [b, g,] are
bounded on M®¢R").

Theorem 4.3 [35] Let « € (0, 1], ® be a Young function which is of lower type po and
of upper type p1 with 1 < pg < p1 < oo. Suppose, also, that the mapping b be a BM O

2
function and that the function ¢(x, r) satisfy the conditions (9). Then, for ». > 3 + —a, the

n
operator [b, g5 ,1is bounded on MP2RY).

Lemma 4.3 Let b be a BM O function, a € (0, 1], ® be a Young function which is of lower
type po and of upper type p1 with 1 < pg < p1 < oo. Then, the inequality

1511« dt

o0
b, GalfllLe g,y S <1>(r”)/2r ( +In )||f||L<l>(B(x0 @ )7 (28)

holds for any ball B(xq, r) and for all f € L® (R").

loc

Proof For arbitrary xo € R”", set B = B(xp, r) for the ball centered at xy and of radius r.
Write f = f1 + f2 with f1 = fx,, and f2 = fx, .Hence
©B)

D, Galfllpesy < b, Galfillpegy + b, Galf2llpe(p) -
From the boundedness of [b, G4] in L®(R") it follows that

||[b, Ga]fl ||L¢(B ||[b, Ga]fl”Ub(Rn)

<
S Bl N fillLe ey = 161 1f | Lo @p)-

We split the second part into two parts.

I'(x) peCy
['(x) ¢peCqy

/ / x) ¢pel
( ) o

= A+ B.

1

2 dydt \?
[n+1

1

2 dydt \?
tl’l-‘rl

dydt
tn+l

(D, Golf2(x)

. [b(x) = b(2)]¢i (y — 2) f2(2)dz

IA

. [b(x) — DBl (y — 2) f2(2)dz

[bB — b)) (y — 2) f2(2)dz

First, for A, we find that

— Ib(r) — bs| (/f sup
I'(x) peCqy

& (y — 2) f2(2)dz
R’l

Zdydt\?
I”T = |b(x) — bp|Gq f2(x).
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By (13) and Lemma 4.2, we derive

IAlLeB) = I16C) = bBlGa f2()lLoB)
dt

oo
I6(-) — bl Lo /2 ||f||m3(x0,,)><l>‘l(t‘”)7
r

1511 /"O R
< — () —.
o 1) Ly 1112 o @7 )t

IA

For B, since |x — y| < t, we get |x — z| < 2t. Thus, by Minkowski’s inequality,

1
/ / 2 dydt \?
- ') t3n+l

>~
A

/ b5 — ()| 2()ldz
|x—z|<2t

00 2 dt %
N lbp — b f2(D)Ndz| ——
/O ‘/Ixz|<21 2+l
dz
< [bp — b f(2)] e
|xo—z|>2r |x — Z|
. 1
Since |x — z| > Elxo — z|, we have
|b(z) — bp|
B N H/ —|f(z dz‘
Bl o s A T |f (@) LB

! |b(z) — bg|
) d
*- )/(23) Ixo — z|" |f (2)Idz

. n)ﬁz 1b) — bsll )

R

xo—z| l‘n+]dZ

|b(z) — bl (Z)|dZ
o-1(r—n \/;r /2r<|xo z|<t i f

57// b(z) - bB||f(Z)|dZ
r 2r JBxo.)

Applying Holder’s inequality, by Lemma 4.2 and (27) we get

R

(r~
1
-1
1
1 (r )
1

Bl b < bB z dZ
L®(B) ~ q>_]( —ﬂ) . 0.1) (x0,1) t"+1

+ ; /00 lbp —b |/ |f(2)ld ar
- - _ ) dz —
q)fl(rfn) o B B(xo,1) Bxo.1) i+l

_ 1 o) b b ~ dt
< m ., ” () — DB(xp,1) ”Ld)(B) ”f”L‘I’(B(X(),I)) i+l
(o) dt
+ ( = /Zr = b Lo g, @~ )= :
||b|| * 1
5 * 5 1+1n ”f”L‘D(B(xg,t))CD 1(t n)?
.
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Summing up ||A||L®(B) and ”B”L(D(B)’ we have

bl [ / ot
< 77 _ n)“°
I, Gal Flloca) < 5= 55 f2 (110 )1 Do qmieg.m @ () =

Finally, we obtain

b, Ga]f||L¢(B) 5 1511 ||f||L¢(2B)

1B /w( ' g dt
_ Ol 141 7) S (e
oy L, U 1AL By @ (") 7
and the statement of Lemma 4.3 follows by (14). O

Theorem 4.4 Let b be a BM O function, o € (0, 1], ® be a Young function which is of
lower type po and of upper type p1 with 1 < pg < p; < 00 and @1, g2 € Qg. Suppose,
also, that the mappings (¢1, ¢2) and © satisfy the condition

dt —1(,.—n
<CO ' (r")epalx, ), (29)

/r~oo (1 +1n ;) (ess infor(x, s)) @! (t_n)7

1<s<0o0

where C does not depend on x and r. Then, the operator [b, G,] is bounded from

MEPLLRY) 10 MP22(RM).

Proof The statement of Theorem 4.4 follows in a similar way as for Lemma 4.3 and
Theorem 3.5 in the same manner as in the proof of Theorem 3.6. O

In [55], the author proved that the functions G, f and g, f are pointwise comparable.
Thus, as a consequence of Theorem 4.4, we have the following result.

Corollary 4.1 Let b be a BM O function, a« € (0, 1], ® be a Young function which is of
lower type po and of upper type p1 with 1 < pg < p1 < o0 and ¢1, @2 € Q. Suppose,
also, that the mappings (@1, ¢2) and ® satisfy the condition (29). Then, [b, g4] is bounded
from M®21LR") to MP92(R").

Theorem 4.5 Let b be a BM O function, @ € (0, 1], ® be a Young function which is of
lower type po and of upper type p1 with 1 < pg < p1 < o0 and ¢1, ¢y € Qg. Suppose,
also, that the mappings (@1, ¢2) and ® satisfy

0 t | dt 1
[ (m e e () 5 < ot o (7), (30)
, r
where Cq does not depend on x € R" and r > 0 and the conditions
) Ini
lim — L = (€2)
r—0 ®~1(r—")inf,cgn 2 (x,7)
and
00 q)—l (t—n)
Cs :=/ (1 +|In ¢t|) sup g1(x,t)———=dt < o0 (32)
8 xeR? t

forevery 8 > 0. Then, the operator [b, G| is bounded from V M®#1 (R") to V M P92 (R").
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Proof The proof follows more or less the same lines as for Theorem 3.7, but now the
arguments are different due to the necessity to introduce the logarithmic factor into the
assumptions.

The norm inequality having already been provided by Theorem 4.4, we only have to
prove the implication

I f 2o B 1D, Galf Loy

lim sup =0 = lim sup 0. 33)

r—0,ern  @1(x,71) r—0 cRn ©(x,r)
To check that

b, G
It a]f||L¢(B(x’r)) < ¢ forsmall r,
xeR”? §02(x7 r)
we use the estimate (28):
16, Galf e ey — 16« dt

* t
1+1In- CI)_I "
@2 (x,7) ~ goz(x,r)@_l(r—")/r ( ,) 1o By @ (") -

We take r < §p where §p will be chosen small enough and we split the integration:

1D, Gd]f”Lq’(B(X.’))
v2(x, 1)

= Clsy(x,r) + Jsy (x, )], (34)

where

. 1 % t\ (™)
Iao(x, r) = W/r 1+1In ; f ”f”Lq’(B(x,t))dt

and

1 o0
S r—mpa(x, 1) Js,
We choose a fixed g > 0 such that

r\ (™)
J(So(x,r) = 1 +1n; f ”f”Ld)(B(X,t))dt'

] &
" I fllLe . - i <é
xerr  @1(x,1) 2CCy

where C and Cy are constants from (34) and (30), which yields the estimate of the first term

uniformly in r € (0, 89) : sup Cls,(x,r) < 5, 0 <r <.
xeR”?
For the second term, writing 1 + ln§ <14 |lnt/+In % we obtain

1

Cso + Csy In .

BT = G g (e 1)

where cs, is the constant from (32) with § = §p and C’SB is a similar constant with the
omitted logarithmic factor in the integrand. Then, by (31) we can choose a small » such that

SUP,ern J5o (X, 1) < %, and the proof is established. O

(RAIPYTYS

Remark 4.2 By using the argument similarly as the above proofs and also in the proof
of Theorem 3.8, we can also show the boundedness of [b, g;f’a] on M®¢@R") and

V M®e (R,

Remark 4.3 Let us notice that from Theorem 4.4, Corollary 4.1 and Remark 4.2 we
recapture Theorems 4.2 and 4.3 proved in [35].
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