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ON INFLUENCE OF FLUID VISCOSITY ON INTERFACE PRESSURE
IN HYDRO-PIEZOELECTRIC SYSTEM UNDER ITS FORCED
VIBRATION*

S. D. Akbarov!? and Z. Ekicioglu Kuzeci®

The primary focus of this paper is to examine the effect of fluid viscosity on vibration that occurs when
harmonic mechanical force is applied to a system consisting of a piezoelectric plate, a compressible
viscous fluid, and a rigid wall. The exact equations of motion of the linear electro-elasticity theory for the
piezoelectric materials are used to describe the plate motion. The plane-strain state of the plate is
considered. The linearized Navier-Stokes equations for a compressible (barotropic) viscous fluid are
used to describe the fluid flow, and the plane flow is taken into consideration. Equations corresponding
to the problem are solved by applying the Fourier transform with respect to the space coordinate, which
is on the coordinate axis directed along the plate-lying direction. The Fourier transforms are determined
analytically, but the inverse transforms are computed numerically. Numerical results on the interface
pressure are obtained for the PMN-PT and PZT-2 materials, and the results are discussed. According to
these results, it is established that the fluid viscosity causes the increase in the amplitude of the interface
normal stress and can also significantly affect the vibration phase at which the studied stress has its
absolute minimum value. Furthermore, the electromechanical coupling effects of the plate material on
the studied parameters are determined.
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1. Introduction. In the literature, the study of plate and fluid interaction has a long history that starts with the work of
Lamb [1]; afterwards, many further studies have been conducted on this subject. A thorough review of the history of this topic
can be found in the studies of Amabili [2], Akbarov [3], Akbarov and Ismailov [4], Guz [5], Guz, Zhuk, and Bagno [6],
Paimushin and Gazizullin [7], Paimushin et al. [8], Shuaib et al. [9], Sorokin and Chubinskij [10], Zamanov et al. [11], and many
others listed therein. These investigations can be classified into three aspects: first, according to theories applied to describe the
motion of the plate; second, according to the type of dynamic problem (wave dispersion, free vibration, and forced vibration);
and at last, according to defined fluid modeling (inviscid fluid, viscous fluid, compressible fluid, and incompressible fluid).
There are studies in which the fluid is modeled as the inviscid fluid [12—16]. However, studies considering the fluid as viscous in
interaction problems are also given in [17-21].
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Fig. 1. Sketch of system.

2. Formulation of Problem. Study on the forced vibration of the hydro-piezoelectric system consisting of a
piezoelectric plate, a compressible fluid and a rigid wall has been performed in [22]. Investigations is expanded for the influence
of the fluid viscosity to the stress on the plate-fluid interface in this annotation. The system is shown in Fig. 1. According to this
figure, h is the piezoelectric plate thickness, h, is the fluid depth, respectively. The plate occupy the regions
{00 <y <+90,—h <x, <0,-00 <x; <+oo}and the fluid occupies the region {~o0 <x; <+o0, ~h—h,; <x, <—h, =0 <x; <+0}.
Also, the Cartesian coordinate system Ox, x, x5 on the upper surface plane of the plate is defined and Ox; axis is perpendicular to
the figure plane. The plane strain state in the plate and the two-dimensional flow of the fluid on the plane Ox,x, are considered.
Furthermore, it is assumed that the homogeneous time-harmonic linear mechanical force with intensity P, is applied at the upper
surface of the plate.

In the problem mathematical formulation, the equations of the motion of the piezoelectric plate and the constitutive
equations are given in (1) and (2), respectively
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where 6,,, 6,,, and G,, are the components of the mechanical stress tensor in the plane-strain state; u; and u, are the
components of the mechanical displacement vector; v, Y,,,and y,, are the components of the mechanical strain tensor; D, and
D, are the components of the electrical displacement vector; ¢ is the electric potential; ¢, ¢35, ¢;3, and ¢, are the elastic
constants; e, €33, and e, 5 are the piezoelectric constants; €, and & 33 are the dielectric constants. The linearized Navier-Stokes
equations defining the fluid flow, the fluid continuity equation, and the linearized rheological relations are given in (4), (5), and
(6), respectively
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In fluid field equations, p () is the fluid density before perturbation; p ) is the hydrostatic pressure before perturbation;

p M is the perturbation of the fluid density; p M is the perturbation of the pressure; V; andV, are the components of the fluid flow

velocity vector in the directions of the Ox; and Ox, axes, respectively; T ande . i (i =11, 22, 12)are the components of the stress
and strain velocity tensors in the fluid; a,, is the sound velocity in the ﬂu1d 2D and n () are the coefficients of the fluid viscosity.

To the aforementioned equations and relations, the following representations for the velocities V| and V,, and the pressure p( )

are also added
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If we take p ——(T 11 + 75, +T55)/ 3, then the expression A0 = -2u (/3 can be deduced from the rheological

relations in (6). Note that the formulation above is written for the case where the fluid is a compressible viscous one. However,
this formulation has been changed for the case where the fluid is inviscid. If we take p M =M =0and \j M =0in the foregoing

relations and equations related to the fluid and ignore the compatibility and the impermeability conditions with respect to the
velocity V|, then we obtain the formulation in (9) for the inviscid fluid case
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The continuity equation is the same as (4) for the inviscid fluid. Equations (10) and (11) show the constitutive equations
and the potential equations for the inviscid fluid, respectively

o 1
T =Ty =T33 -pW, (10)
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Additionally, the expression of inviscid fluid velocity and pressure in terms of potential is as follows:
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The last part of the mathematical formulation specifies the boundary, contact, and impermeability conditions. The
following conditions are defined to solve the problem: the boundary conditions of the upper surface of the piezoelectric plate are
given in (13), the compatibility conditions on the interface plane of the piezoelectric plate and fluid are given in (14), the
impermeability conditions on the rigid wall is given in (15), and the boundary conditions for the electrical part is given in (16)
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3. Method of Solution. Considering the characteristics of time-dependent harmonic vibration, all investigated
parameters of the problem were defined in the form of g(x,, x,, 1) =g(x;, x, )e'® Thus, these expressions o(*) and —w? Q)

were written instead of the derivatives 0(¢)/ 0t and 02 (*)/ ot Following this mathematical procedure, the boundary, contact,

compatibility, and impermeability equations were used to obtain the amplitudes of the investigated parameters. For the solution
of these equations, we employed the exponential Fourier transform that was given in (17). The amplitudes of the investigated
parameters were given by (18)

Jr (s, x5)= J.f(xl, Xy )e dxl, (17)
100
ulzz—nJ‘u“,(sxz)elsx1 s, ...; oy = IcllF(sx2)elsx1 s, ...;
—00
17 1
isX, 18X,
— S,X, )e lds, ...; =— S,X, )e lds, ...
- L 17 (5,35) ¢ 2ﬂ_{o<pF( 2)
100
v, = leF(sxz)e’”‘l sos Ty = [Tyyp (s )e ™ds, ... (18)
27t_OO

Thus, by substituting the expressions in (18) into the preceding equations and relations, we obtain the corresponding
equations and relations for the amplitude Fourier transforms. First, we consider the procedure for solving these equations for the
plate. We can obtain the following system of the ordinary differential equations in (19) for u, u, ., and @ by using the
Fourier transforms of the relations (2) and (3) and performing the corresponding mathematical manipulations
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According to the Euler method, the particular solution of the ordinary differential equation in (19) is given as follows:
Uy :iAebsxz, Uyp :Bebsxz, Pp — e (21)

It should be noted that 4, B, C and b are the unknown constants that will be calculated in the following section. Then we
obtain following system of homogeneous linear algebraic equations with respect to the unknown constants 4, B and C by
substituting the particular solution in (21) into the system of equations in (19)
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We equalize the determinant of the system’s coefficient matrices in order to get the non-trivial solution to the system of
equations in (22), and we arrive at the bicubic equation shown below for determining the unknown constant b

b +a b} +a,b, +ay =0 (23)
The following notation is accepted in (23)
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For finding the roots of (23), we employ Vieta’s trigonometric formula for cubic equations (detailed information in
[22]). After determining the six roots of the bicubic characteristic equation in (23), the general solution to the system of the
ordinary differential equation in (22) is written as the expressions in (26)
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When the expression in (27) is substituted into the Fourier transform of the relationships in (2), the expressions in (28)
for the stresses and electrical displacements that enter the boundary and compatibility conditions are obtained
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After completing the Fourier transform of the plate expressions, we will attempt to determine the Fourier transforms of

fluid flow quantities, beginning with (pgrl) and \yl(,l), which will be used to determine the Fourier transforms of velocities and

pressure. The Fourier transforms of (pjg) and \ug) are as follows:
of) =oh?§D, YD =oh§, (29)

After some mathematical manipulations and using the Fourier transform of the equations in (8) and the expressions in

(29) yield the equations that follow for the functions 62) and \T/g)
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The expression of the dimensionless numbers in (35), which characterize the effect of the fluid viscosity and fluid
compressibility, respectively, isQQ| =wh/a, and N i =wh? /v(D . It should be noted that the relation A1) = -2u (M /3is taken

into account when getting the equations in (30). The solution to the equations in (30) is calculated by using the well-known
solution technique of the ordinary differential equations and it is presented as follows:
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Using the expressions in (31), (29), (7) and (6), the following expressions are obtained for the quantities related to the
fluid flow
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Thus, finding the Fourier transforms of the expressions for the plate and fluid that will enter the boundary conditions is
completed. Substituting the expressions (26), (28), and (32) into the boundary (16) and (13), compatibility (14), and
impermeability (15) conditions, we obtain the system of algebraic equations for the unknown constants 4,, 4,, Ay, Ay, As, Ag,
A4,4q,A4y,and 4. Thus, we obtain ten equations with respect to the ten unknown constants and after determination of these
constants from the equations in (34).
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Consider the integral calculation algorithm in (18), and it is noted that these integrals are commonly known as
wavenumber integrals. As a result, if we take the ratio ®/ s as the velocity, the determinant (indicate as det||a,, || where n,
m=1,2,...,10) coincides with the left side of the corresponding dispersion equation of the wave propagating with the velocity
o/ sin the system under consideration. No explicit expressions for the matrix components (a,,, ) are given here, because they can
be easily determined from the coefficient matrix of the system of equations in (34). Therefore, the unknown coefficients 4,
(k=1,2,...,10) are found in the following form,

~det||bf ||

= 35
det||a (33)

k

2
nm ||

where the matrix (b:fm )is obtained from the matrix (a ) then by replacing the kth column of the latter with the column (0,0,

nm
=Py / ¢44,0,0,0,0,0,0, 0)” . Note that the equation (det||a .m ||= 0) has a certain number of roots with respect to s for each chosen
o. It should be noted that these roots are complex numbers when at least one of the system constituents is time-dependent.
Otherwise, these roots are real numbers, which makes direct calculation of the wavenumber integrals in (18) using the
corresponding well-known traditional algorithms significantly more difficult. In such cases, the Sommerfeld contour method for
calculating wavenumber integrals is used, as discussed and used in the monograph (Akbarov 2015) and the works reviewed in
(Akbarov 2018). In this case, the integrals in (18) can be calculated using the well-known Gauss integration algorithm. In this
calculation procedure, we return to the relation g (x, , x,, 1) =g (x;,x, )e'® and the originals of the sought values are determined

from the relation

{092:012:011, D1, D5, 9,1y, uy , Ty Ty Ty V)V )
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TABLE 1. Mechanical, piezoelectric, and dielectric constants of selected piezoelectric materials

[23, 24]

Materials Cpy X 10710, N/m? oy % 10710, N/m? G X 10710 N/m? 35 % 10710 N/m? p, kg/m®
PZT-2 2.22 13.5 6.81 11.3 7600
PMN-%28PT 6.49 19.96 7.19 15.36 8102

Materials ey, C/m? ey, C/m? ¢5 C/m? g, x10°, Fim | &y x10", F/m
PZT-2 -1.9 9.0 9.8 8.7 3.9
PMN-%28PT 343 15.74 16.74 0.66 0.56
1 o0

3 - isx,
—?nRe e I[GZ2F :O12F 1 O11F »Pip  Dap »Op sthypstiap s Toa s Thop s Ty Vip Vo ledsy. (36)
—00

0 0

Moreover, note that under the calculation procedure, the improper integrals j S (s)cos(sx, )ds and j S (s)sin(sx; )ds,

—00 —00
Sy
which follow from the integrals in (41) are replaced by the corresponding definite integrals j f(s)cos(sx, )ds and
—S;

%

S

1

I f(s)sin(sx, )ds,, respectively, and the values of Sl* are determined from the convergence requirement of the numerical
,Sl
results. After this replacement, the integration interval [-S 1* S 1* ]is divided into a certain number of shorter intervals which are

used in the Gauss integration algorithm. However, when the fluid is modeled as inviscid, the integrals are evaluated using the
Sommerfeld contour method.

The boundary value problem has been effectively solved using the exponential Fourier transform in order to get an
analytical solution. After obtaining the transforms of desired values, the original values have been found numerically from the
relation given in (36). All these calculations are performed automatically with the PC programs in MATLAB.

4. Calculation Results. In this research, the numerical results are obtained for the piezoelectric materials whose

properties are given in Table 1. Glycerin with the viscosity coefficient M =1393 kg / (m-s), density pg) =1260kg / m?, and

sound speed a, =1927m/s is chosen as the fluid (Guz 2009). All numerical results shown in this study are obtained for stress
acting on the interface plane between the piezoelectric plate and fluid. The primary focus of this paper is the effect of the fluid
viscosity on the interface stress quantities. Furthermore, the effect of the fluid viscosity on stress in the interface plane is
investigated for various plate materials. At the same time, the effect of the vibration phase on the investigated stress value is
considered. And at last, for different 4, / hratio, the interface frequency response curves of the fluid in viscous and inviscid fluid
states are examined.

The numerical results in Fig. 2 show the influence of the fluid viscosity on the frequency response of the dimensionless
interface normal stress 75, 1/ P, calculated at the point x; / 4 =0.

The numerical results shown in Figs. 2a—c indicate that the absolute values of the interface pressure decrease as the fluid
depth increases, i.e. with ratio /; / h. Additionally, it can be seen that the pressure value rises as the plate thickness increases by
comparing Figs. 2a and 2d. Fluid viscosity causes the absolute value of the interface pressure to increase. Also, the difference
between the influence of viscous and inviscid fluid on pressure reduces as the ratio /2, / hrises. Fluid viscosity, on the other hand,
has greater effect on the stress value of the PMN-PT material than the PZT-2 material.
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Fig. 2. Frequency responses of interface normal stress of PZT-2 and PMN-PT plate materials
in case of viscous and inviscid fluid interactions.
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Fig. 3. Frequency response of interface stress for PMN-PT in case of viscous

) 1
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and inviscid fluid interactions under ot =/ 2.

Figure 3 shows the stress values of the PMN-PT plate material and the viscous/non-viscous fluid interface plane when
the vibration frequency is taken as 7/ 2. As can be seen, when the vibration phase is 7w/ 2 there is quite a decrease in the absolute
value of the stress value.

When comparing Fig. 2 and Fig. 3, the stress values decrease for both inviscid and viscous fluid cases. In Fig. 3, while
the stress value for inviscid fluids is almost zero, the stress value for viscous fluids has decreased by six times compared to the
vibration phase, which is equal to zero.

The curves showing the relationship between the interface stress value and the vibration frequency of the PMN-PT plate
material are given in Fig. 4. The curves given in Fig. 4a-c are constructed for the cases with respect to the ratio /2 ; / & for the plate
under ®=400(rad/s) and 2 =0.001 m, 2 =0.01 m, and 2 =0.0001 m, respectively.

These figures show that it is valid for all plate thickness values and all /1, / hratios where the fluid viscosity causes the
increase above the interface stress value. Also, the fluid viscosity can significantly shift the vibration phase at which the studied
stress has its absolute minimum value. According to Fig. 4, it can be seen that the shifting effect of the fluid viscosity on the
vibration phase decreases when the plate thickness increases.

5. Summary and Conclusions. This article is devoted to the investigation of the mechanically forced vibration of the
hydro-piezoelectric system consisting of a piezoelectric plate, a compressible viscous fluid and a rigid wall. The PZT layer of the
plate is assumed to be in contact with the fluid and the time-harmonic linear forces act on the free surface of the elastic-metallic
layer. The plate motion is described using the exact equations and relations of elasto-electrodynamics for the piezoelectric
materials within the piecewise homogeneous body model. The fluid flow is described by the linearized Navier-Stokes equations
for the barotropic compressible viscous Newtonian fluid. Besides, the fluid equations have been rewritten as above for cases
where the fluid is inviscid. The plane-strain state in the plate and the plane flow in the fluid occur. The Fourier transform is used
with respect to the spatial coordinate on the axis along the plate laying direction in order to solve the corresponding
boundary-value problem. The analytical expressions of the Fourier transform for all sought values of each component of the
system are determined.
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Fig. 4. Curves of dependence between interface stress and vibration phase for PMN-PT
in case of viscous and inviscid fluid interactions.

These results are obtained by selecting PMN-PT and PZT-2 as piezoelectric materials and glycerin as fluid. The
analysis of these results allows for the following conclusions about the influence of the fluid viscosity on the frequency response
of the stress acting on the interface between the piezoelectric layer and fluid:

For all plate materials and fluid states, the absolute values of the interface pressure decrease as the fluid depth increases,
i.e., with the ratio 2, / h.

Fluid viscosity raises the absolute value of the interface pressure, as seen in all figures.

The difference between the interface pressure values of viscous and inviscid fluids decreases as the /i, / h ratio
increases.

The amount of difference between the interface stress values of viscous fluid and inviscid fluid states can change
according to the type of the piezoelectric plate.

The vibration phase is shown to be important in the plate-viscous-inviscid fluid interaction problem. The interface
stress approaches zero in the case of inviscid fluid when the fluid phase is taken as /2.

When the vibration phase is 7w/ 2 the interface stress value in the viscous fluid-plate interaction decreases compared to
when the vibration phase is 0.

Fluid viscosity can significantly shift the value of the vibration phase at which the interface stress has its absolute
minimum.
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