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Abstract

In this paper, we investigate pointwise slant submersions from almost product
Riemannian manifolds onto Riemannian manifolds. We obtain some characterizations for
such a submersion. Also we find curvature relations between the total manifold and the base
manifold.
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1. Introduction

The geometry of the Riemannian submersions were firstly examined
by O’Neill [17] and Gray [10]. Then in [26], Watson defined Riemannian
submersions between almost Hermitian manifolds and given some
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characterizations. As a generalization of Hermitian submersions and
anti-invariant submersions Sahin[23] defined slant submersions from
almost Hermitian manifolds and investigated the geometry of such maps.
Furthermore, Park study semi-slant submersions from almost Hermitian
manifold onto Riemannian manifold. He deal with the integrability of
distributions the geometry of fibers the harmonicity of these map. Later
the geometric properties of submersions have been studied extensively
between manifolds with different differentiable structures (see [11, 2, 4, 5,
12,13, 14, 18, 19, 21, 24, 25]).

On the other hand, in [8], Etayo defined pointwise slant submanifolds
as a generalization of slant submanifolds of an almost Hermitian manifold
under the name of quasi-slant submanifolds. Then, Chen and Gray
investigate pointwise slant submanifolds and obtained several results [7].

Moreover, J. W. Lee and B. Sahin [15] as a generalization of slant
submersion defined pointwise slant submersions from almost Hermitian
manifolds. They also given a method for obtaining examples of such map.
In addition, some functions on the riemannian manifolds are described and
investigated in [20]. In this study, we define pointwise slant submersions
from almost product Riemannian manifolds onto Riemannian manifolds.
We obtain an example and some characterizations for such submersions.

2. Basic Properties of Riemannian submersions and almost product
Riemannian manifolds

Let (M, ¢) and (N, g¢’) are Riemannian manifolds with m and
n-dimensional. A Riemannian submersion 7 : M — Nis a surjective map
that provides

1. mhas the maximal rank,

2. . preserves the lengths of horizontal vectors.

Givenage N, 77'(q) is an (m — n)-dimensional submanifold of M and
is called fiber. If X € T(TM) is always tangent (resp. orthogonal) to fibers,
then it is said to be vertical (resp. horizontal) [22]. If a vector field X on
M is horizontal and 7-related to a vector field X, on N, i.e., ﬂ*)_(p = )_Q,,@)
for all p € M, it is called basic. We will show the projection maps on the
distributions kerr. and (ker.)" by V and H, respectively.

The theory of Riemannian submersions is given by O’Neill’s tensors
7Tand A defined by
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T.F = HV  VF+W HF, 2.1)

AF = W, HF+HV, VF, (2.2)

where E,F e [(TM) and V the Levi-Civita connection of (M, Q) [17].
Now we remember the following lemma from [17].

Lemma 1 : Let & be a Riemannian submersion between Riemannian manifolds
(M, g) and (N, &'). If X and Y are basic vector fields of M, then

() ¢(X,Y)=¢'(X.,Y.)or,

(i) the horizontal part [X, Y™ of [X, Y] is a basic vector field and m([X, Y]")
= [X*/ Y*]/

(iii) [V, X] € T (ker ) for V € ker &,

—\H —
(iv) (V%AY) is the basic vector m-related to V‘;—('*K,

where V" and V" the Levi-Civita connections on M and N, respectively.
Furthermore, from (2.4) and (2.5), we have

VW = T,W+V,W (2.3)
V,X = HV, X+T,X (2.4)
V.V = AV+W, V (2.5)
V.Y = HV Y +AY (2.6)

for X,Yel((kerz)) and V,WeT(kerz), where V ,W=W W.
Besides, if X is a basic vector field, then HVV}_( = A;V. Furthermore, for
any E e I'(TM), it is said that 7is vertical, i.e., 7, = 7., and A is horizontal,
ie., A; = A, the tensor fields Tand A that are skew-symmetric on tangent
bundle of M satisfy the following equations

W = T, 2.7)

AY = —AYX=%V[X,Y] (2.8)

for U,W eTI'(kerz,) and X,Y eI'((kerx,)"). On the other hand, it is said
that a Riemannian submersion 7: M — N has totally geodesic fibers if and
only if Tidentically vanishes.
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Suppose that (M, g) and (N, ¢’) be Riemannian manifolds and
w:M—>Nis a smooth mapping between them. Then the second
fundamental form of yis defined as

VU (X,Y) = Vi (Y)Y, Y) (29)

for X,YeF(TM), where V¥ is the pullback connection and V the
Riemannian connections of the metrics ¢ and g’. If y is a Riemannian
submersion, then we can write

(Vyp)(X,Y) =0 (2.10)

for X,Y eI'((kery,)").
On the other hand a smooth map 7: (M, g) — (N, ¢’) is called harmonic
if
traceVrz, = 0 (2.11)

Also, from [6], mis said to be totally geodesic map if
(Vz)(X,Y) = 0. (2.12)

for X,Y e (TM).
We give the following curvature relations for a Riemannian
submersion.

Theorem 1 : Let (M, g) and (N, §) be two Riemannian manifolds with the
corresponding curvature tensors R and R’, respectively. Let w: (M, g) — (N, &)
be a Riemannian submersion and R the curvature tensor of fibers of w. If X, Y, Z,
H are horizontal and U, V, W, F vertical vectors, then

RU,V,W,F) = 7@(11,V,W,F)+g(TuF,TuW)—g(’TuF,TVW) (2.13)
R(X,Y,Z,H) = R'(zX,n.Y,n.Z, 7. H)+2g(AY,A H)
-8(A,Z, A H)+ ¢(AZ, A H) (2.14)
R(X,V,Y,W) = =g(V,T),W,Y)+g((V,A),Y W)
-8(7,X,7,Y)+8(AV,A W) (2.15)
(see [9]).

An m-dimensional manifold M is called an almost product manifold
with almost product structure if a tensor F of type (1, 1) is given in M and
satisfies
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F? =1, (2.16)
where I denotes the identity map. Then it can be written

1 1
P = _(I+F),Q=_(-F)

Furthermore the following equations are given

P+Q = I,P*=P,Q*=Q,PQ=QP=0,F=P-Q.

Thus, we say that the eigenvalues of F are +1 or —1.
Given a Riemannian metric g in almost product manifold M defined
as follows

g(FX,FY) = g(X,Y) (2.17)

for X,Y e F(TI\_/I), then (]\71, F g) is called an almost product Riemannian
manifold [11]. We denote the Levi-Civita connection on M with respect to
g by V.If F is parallel with respect to V, i.e.

V.F = 0,XeI(TM) (2.18)

we say that M is a locally product Riemannian manifold [3, 27].

3. Pointwise slant submersions

Definition 1 : Let (M, g, F) be an almost product Riemannian manifold
and (N, ¢’) a Riemannian manifold. A Riemannian submersion 7 : (M, g, F)
— (N, ¢') is called a pointwise slant submersion if for any point p € M, the
angle 6(X) between FX and the space (ker r,), is independent of the choice
of the nonzero vector X € I'(ker ). The angle 0 is called the slant function
of the pointwise slant submersion.

Now, we consider an example for pointwise slant submersions.

Example 1: Let R* denote the standard Euclidean space with the standard
metric g. Suppose that F, and F, are almost product Riemannian structure
on R* such that

E(x1/x2/x3/x4) = (_x3lx4/_x1/x2)l Fz(x1/x2/x3/x4) :(x2/x1/x4/x3)‘

Then we can define new almost product Riemannian structure F, on
R'by
F, = (cosO)F, +(sin0)F,,
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where 6 : R — R is a real-valued function. Thus, R} =(R*F,,g) is an
almost product Riemannian manifold. Let 7 : R* — R* be also a map
defined by

X =X xz_x4J

Then we obtain

kerz, = Span U:£+i,vzi+i
ox, ox, ox, Ox,
(kerz.)" = Span X:i_i,y:i_i )
ox, 0Ox, ox, 0Ox,

m is a Riemannian submersion. Moreover, 7 is a pointwise slant
submersion with slant function 6 such that ¢(F,U,V)=2cosé.

Let 7 be a pointwise slant submersion from an almost product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, <’). Then
for U, V € T'(ker ), we have

FU = oU+al, (3.1)

where @U and wlU are vertical and horizontal components of FU,
respectively. Also, for V e T((ker m,)"), we have

FX = BX+CX, (3.2)

where BX and CX are vertical and horizontal parts of FX, respectively.
Also, using (2.6), (2.7), (3.1) and (3.2), we can write the following equations

(V,0)V = CT,V-T,oV, (3.3)

(V,p)V = BT,V-T,0V, (3.4)
where

(V,0)V = HV,0V-aV,V, (3.5)

(V, @)V = V, oV -V, V (3.6)

for U, V e T(ker i), where Vis the Levi-Civita connection on M. We say
that wis parallel if

(V,0)V =0
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for U, V € T'(ker 1,).
Let (M, ¢) and (N, ¢) are two Riemannian manifolds and 7 : (M, g) —
(N, ¢') is a map between them, then the adjoint map ‘. of 7, is defined by

8/ my) = gz, xy) (3.7)

forxeT M, yeT N andpe M.Supposethat " isalinear transformation
P 7(p)
h . 1
7[*;1 . ((ker ﬂ*) (p)’ gp((kerlr,, )J‘(p)) j - (range”* (‘7)/ gq(mnge;r*)(q))

for each p € M. Denote the adjoint of 7" by
(., ranger.(q) — (ker z.)" (p)
defined by
(z)'y = "7y, (3.8)
where y e'(rangez., ),q = (p).. Then this map is an isomorphism and
(Y= (m) = () (3.9)
[15].

Theorem 2 : Let (M, g, F) be an almost product Riemannian manifold and (N,

¢’) a Riemannian manifold. A Riemannian submersion r: (M, g, F) — (N, &) is

a pointwise slant submersion if and only if there exist a slant function 0 such that
¢° = (cos’ U

for U € T(ker r,).

Proof : Suppose that 7is pointwise slant submersion. Then for any nonzero
U e T'(ker m,), we get

0sf = M, (3.10)
[l FU ]

where 6 is the slant angle. By using (2.2) and (3.10), we obtain

g(gozll,l,l) = g(¢U,¢U)
= (cos® O)g(U,U) (3.11)

for all U € T'(ker &,). From (3.11), we have
o’U = (cos’ U, U eT(kerr,).

Thus, the proof is completed. O
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Lemma 2: Let wbe a pointwise slant submersion from locally product Riemannian
manifold (M, g, F) onto a Riemannian manifold (N, §'). Then

2(@X,pY) = cos’ 0g(X,Y)
g(@X, oY) = sin®0g(X,Y)

forany X, Y e (ker m,)
Proof : From the equations (2.2) and Theorem 2, we arrive the proof. [

Theorem 3 : Let © be a pointwise slant submersion from locally product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, g’). Then r is
harmonic if and only if

trace ., (Vz.)(U), op(U))) - traceaT, L)
+traceC z,(V7,)(U), o(U)) = 0.

for U e T'(ker m,).

Proof : From the equations (2.2), (2.3), (2.6) and (3.1) we get
g(TuU, X) = g(Vu(pU, FX)+ g(Vua)LI, FX)
for U e T'(ker m,) and X e T'((ker .)"). Then we have
g(T,U,X) = gV, FoU,X)+¢(V,0U,FX).
Using (2.3), (3.2) and Theorem 2 we deduce
sin’ 0g(T,U, X) = g(V,00U,X)+g(T,oU,BX)+g(V, oU,CX).
Using (2.12) we obtain
sin® 0g(T, U, X) = -¢'(Vz.)U, wpU), 7.(X))+ §(T,0U, X)
_g,((Vﬂ-* )(U/ wu)/ T, (CX))
From the last equation, we derive
sin® 0g(T, U, X) = —g( 7.((Vz.)U,0pl)), X)+ g(@T,0U, X)
—8(C'z((Vx.)(U, ), X).

Thus we get the desired equality.
Conversely, a direct computation gives the proof. a
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Theorem 4 : Let m be a pointwise slant submersion from a locally product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, g'). Then the
fibers are totally geodesic submanifolds in M if and only if

(VY 7.(6ll), 7. (V) = ~sin (U, X1, V) +sin 20X[61g(UL, V)
- g(AXa)¢u/ V) - g(AX Cl)u, (DV)/

for U, V e T(ker m.) and X € T((ker m.)"), where X and X. are m-related vector
fields and V" is the Levi-Civita connection on N.

Proof : Using (2.2), (2.3), (2.6) and (3.1), we have
g(T,V,X) = —g(IU,X],V)-g(V,0°U,V)-g(V,0pU,V)
-8(V, U, FV)

for U, V e T'(ker m,) and X € T'((ker m,)"). Then, it follows from (2.9), (2.12),
(3.7) and Theorem (3.7) that
8(7,V,X) = —g(IU,X],V)+sin20X[01g(U, V)~ cos 0g(V , U, V)
-8(A 00U, V)~ g(A,0U, pV)
—g’(Vi\{’* .(ol), . (oV)).

Since Tis skew symmetric, we get
sin'08(Z,V,X) = —sin'08(IU, X],V)+sin20X[01g(U,V)
-8(A, 00U, V)-g(A,0U,pV)
_g’(Vg* z.(ol), ., (wV)).

Considering the fibers are totally geodesic, we get the equality in
hypothesis with simple calculations.
Conversely it is proved by direct calculation. |

Theorem 5 : Let © be a pointwise slant submersion from locally product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, g). Then mis a
totally geodesic map if and only if
gV 7. (wl), 7. (V) = sin 0g([U, X1, V) + sin 20X[0]g(UL, V)

-8(A 00U, V) - g(A ol,pV)

and

gAoU,BY) = -g'(Viz(opU), 7.(Y))- g (Vi z.(ol), 7. (CY))
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for U, V e I'(ker m,), where X and X’ are n-related vector fields and V" is the pull-
back connection along .

Proof : We know that ris totally geodesic if and only if
(Vz)X,Y) =0 (3.12)

for any X, Y € I'(TM). Using Theorem 4 and (2.13), we have the first
equation. Furthermore, by using (2.3), (2.9), (3.1), (3.2) and Theorem 2, we

get
g (Vz )X, U), 7. (Y)) = -sin20X[0]g(U,Y) - cos0g(V,U,Y)
-8(V, 09U, Y)~g(A,0U, BY)
—g(V, wll,CY).

Considering (2.12) we obtain

(V)X U),7.(Y)) = cos08' (V. (X,U),z.(Y)) -8V, 0pU,Y)
~g(V U, FU).

Then we have
sin® 0g'(Vz.)(X,U), z.(Y)) = -g'(Viz.(0pl), z.(Y))

-8'(Viz.(ol), z.(CY))
(A, all, BY).

Therefore, we arrive the result. Conversely, it can be directly verified.
O

4. Curvature Relations

Let m be a pointwise slant submersion from an almost product
Riemannian manifold (M, g, F) to a Riemannian manifold (N, g’). We know
that the sectional curvature K is defined

R(X,Y,Y,X)

K(X,Y) =
XNy e

(4.1
for nonzero orthogonal vectors X and Y in M [9]. Now, we examine

curvature relations between the total space, the base space and the fibers
of a pointwise slant submersion.

Theorem 6 : Let & be a pointwise slant submersion from a locally product
Riemannian manifold (M, g, F) onto Riemannian manifold (N, ¢). Suppose that
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K, Kand K’ be the sectional curvatures of the total space M, fibers and the base

space N, respectively. If X, Y are horizontal and U, V vertical vectors, then

KU,V) = K'(z.0U, 7.0V)+K(pU,pV) - g(wlpU, U], elpV,V])

K(X,Y) =

and

KX, U) =

~g(elgU, UL, HY ,0pV ~HV ,0V) - cos ' 08(T,U, T, V)
-8(olpV, V], HV j0pU -~ HV ,ol)-3|| A, oV I§

—cos g(T, U, 0lpV,V]1+HV ,0pV - HV ,0V)

+8(7,V, 0lpU, U]+ HV 09U — Huna)ll)}

~8(HV ,0pU, HY ,0pV ~HY ,oV)+| A, oUl
+g(HV¢ua)U,HVVa)(pV - HVWa)V)

+lolpU, V]+ cos 0T, U +HV ,0pU — HV 0V I?
—g((unT)W oV, ol)+ g((VW.A)wu wl,pV)

~l ploV, U]-sin 20U[0V + cos’V ,V + T,0pV -V, oU ||

2
+HAuoV| =8V, D), 0, 0V)+ 8V, A),, @V, U)
~l ploU, V]-sin 20V[O]U + cos’V U + T, 0pU -V 0V I,

K'(z.CX,.CY)+K(BX,BY)-g(T, BX, T, BY)
~4((V, T)yx BX,CY)+g((V 5 A), CY, BX)

N T CY 1P + 1| A BX II* +11 T, BY |
—4((V T)yy BY,CX)+g((V 5, A) o CX, BY)

— I T, CX P +11 A BY I =311 A CY I

K'(7.CX, z.0U)+ K(BX,pU) -3 || A ol |
-8(7,,BX, w[pU, U]+ HV ,0pU — vaua)ll)

+ |l olpU, X1+ cos 0AU + HV ,opU — HV ,,,CX 12
=8((V ;1) BX, 0U) + g((V,, A),, U, BX)

- || /];XG)U ”2 + || AwuBX ||2 _g((vch)(ﬂu (pul CX)
+8((V Aoy CX, o)+ || Ayl |

—lploU, X1+ A, 09U — sin 20X[01U + cos0VV U
¥, BX I —cos’08(T,, BX, T, U0).
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Proof : Since M, g, F) is a locally product Riemannian manifold , we have
KU,V) = K(FU,FV)=K(eU,pV)+ K(pU,oV)+ K(wU, pV)+ K(wU, ®V)

for U, V e I'(ker m,). Then using the equations (2.16), (2.17), (2.18) and (4.1),
we get
KipU,pV) = KlpU,pV)-g(elpl, U], olpV,V])
—cos' 03(T,U,T,V) - g(alpU, U], HV ,0pV = HV V)
-8(wlpV, V], HV ,0pU LA ol)
—cos {g(T, U, 0oV, V]+HV ,0pV — HV ,@V)
+8(7,V,0lpU, U]+ HV 09U - HVW&)U)}
—8(RV 09U, HV ,0pV —'HV V)
+8(HV ,oU, HV 09V —HV ,&V)
+1l@lgU, V1+ cos 0T, U + HV,,0pU ~HY oV |,

K(oU, pV) (v )W oV, ol)+ g((VW.A)mu ol,pV)

~ |l pleV, U] -sin 20UV +cos’ N,V + T, 00V
A(UU(DV

2
7

= 2
VUl +|

KlpU,aV) = —g((V,,T),,0U,oV)+g((V A, oV,pU)
~ Il plpU, V1-sin20V[OIU + cos’N U + T, 009U

S 2

A

a

and

K(ol,oV) = K'(r.0U,7.0V)-3|| A oV .

Similarly we can write

K(FX,FY) = K(BX,BY)+K(BX,CY)+K(CX,BY)+K(CX,CY)

for X, Y € T'((ker m,)"). Then we obtain
K(BX,BY) = K(BX,BY)-g(T, BX,T, BY)+|| T, BY |,

K(BX,CY) = ~(V, T)y BX,CY)+g((V; A), CY, BX)
I T, CY I + 1| A BX I,
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K(CX,BY) = ~((V7),,BY,CX)+g((V,,A)CX,BY)
N T BY I +1| A BY I’
and
K(CX,CY) = IC'(mCX,mCY)—SHACXCYHZ.

Furthermore we have
K(FX,FU) = K(BX,pU)+K(BX,wU)+K(CX, pU)+K(CX, wU)
for unit vectors X € I'((ker m.)") and U e T'(ker r,). Therefore we arrive
K(BX,pU) = I@(BX, oU) - g(7,,BX, w[pU, U]+ HV ,0pU — HVq)ua)lI)
+ |l olpU, X1+ cos OAU + HV ,opU - HV ,,CX I
—cos” 0g(7,,BX, T, U),

KBX, 0l) = —g((V ;T )y BX, 0U) +g((V,, A)
N T ol |* +11 A BXI,

wlU,BX)

ol

K(CX,0U) = =g((V o T), #U,CX)+ g(V , A) oy CX, 0UI)
+1 AU II” =l plpU, X]-sin 20X[O1U + cos OV U
+A0pU -V  BX |

and
K(CX,oU) = K'(7*CX, r.0U)-3|| A ol |

We obtain the equations given in the theorem with direct calculations.
O
By using Theorem 6 we get the following results.

Corollary 1 : Let & be a pointwise slant submersion from a locally product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, ¢') and
wlpU,V]=HV 0V —HV opU. Then we find following inequality

KU,V) > K'(r.oU,z.0V)+K(pU, V) - g(olpU, U], 0[pV,V])
~cos* O3(T, U, T, V) -3 A0V I +|A,,oU[
—cos O{g(T, U, 0oV ,V]+HV ,0pV - HV ,0V)
+8(7,V, 0lpU, U]+ HV ,0pU - HVWa)LI)}
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—§(HV 00U, HV 0@V —-'HV V)

+8(HV  @U, HY , 0pV ~HY ,&V) +|A,0V]

— g((unT)W oV,ol)+ g((VW.A)wu ol,pV)

~ I pl@V, U] -sin 20U[01V + cos’V ,V + T, w9V -V, oU |
~ |l ploU, V]-sin 20V[OIU + cos 'V U + T, 00U -V oV |
—g((vaT)wu oU,oV)+ g((V@uA)wV oV ,pU)

The equality case is satisfied if and only if the fibers are totally geodesic or

is an anti-invariant submersion.

Corollary 2 :

Let 1 be a pointwise slant submersion from a locally product

Riemannian manifold (M, g, F) onto a Riemannian manifold (N, g’) and

cos’ oWV U =

KU,V) <

@W(pu ~T,0¢U. Then we we obtain

K'(zm.oU, 7.0V)+ KU, V) - g, (olpU, U], &gV, V])
~cos* Og(T U, T, V) -3 A0V I +|A,,oU[

—cos’ 0{g(T, U, 0lpV ,V]+HV 0V ~HV ,aV)
+8(7,V, 0lpU, U]+ HV ,0pU - vaua)ll)}
~8(HV 09U, HV ,0pV ~HV ,oV)-| ¢lpU, V] I
+8(HV @l HY ,0pV ~HY ,&V) +|A,oV]
-8((V,, T )W oV, ol)+ g((VWA)wu wl,pV)

~l pl@V, U] -sin 20U[01V + cos’V ,V + T, 09V -V, oU |
~8((V,, T)y U, V) +8((V ,, A),, @V, L)

— | @lpU, V]+ cos 0T, U + HV gl — HV 0V I?
+2sin 26V [6]g(pleU, V], U).

The equality case is satisfied if and only if 7 is a slant submersion.

Corollary 3 :

Let 7 be a pointwise slant submersion from a locally product

Riemannian manifold (M, g, F) onto a Riemannian manifold (N, ¢') and
olpU,X]=HV ,,CX -HV yopU. Then we we find the inequality

KX, uy =

K'(7.CX, m.oU)+K(BX, pU) -3 || A 0l |
—-8(7,BX, w[pU, U]+ HV ,0pU — HV(ﬂqu)
—8((V ;1) BX, 0U) + g((V,, A),, U, BX)
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+lylyU, X1+ A, opU —sin 20X[0]U + cos OVV U
~V,uBX I —c0s08(T,, BX, T,U)+ || AU I

N Tyl P +II A, BX I =g((V, T),, pU, CX)
+8((V,; A)x CX, pU)

The equality case is satisfied if and only if m is an anti-invariant submersion
or T((ker m,)") is integrable.

Corollary 4 : Let & be a pointwise slant submersion from a locally product
Riemannian manifold (M, g, F) onto a Riemannian manifold (N, §’) and
cos’ oWV U = @WBX - A, oyU. Then we have
K(X,U) < K'(z.CX,z.0U)+K(BX,pU)-3|| Aol |

+8(7,BX, w[pU, U]+ HV ,0pU — HV¢qu)

=8((V ;1) BX, 0U) + g((V,, A),, U, BX)

— Tpy@U I + 1A, BX I =g((V o T),, 9U,CX)

+8((V ;A CX, oU)+ || A @U | +c0s°08(7,,BX, T, U)

+ || olpU, X1+ HV ;00U + cos 0A U -HV,,CX I

~ Il ploU, X11I* +25in 20X[0]g(plpU, X1, U)

The equality case is satisfied if and only if mis a slant submersion.
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