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Abstract
In this paper, we investigate pointwise slant submersions from almost product 

Riemannian manifolds onto Riemannian manifolds. We obtain some characterizations for 
such a submersion. Also we find curvature relations between the total manifold and the base 
manifold. 

Subject Classification:  (2010) 53C43, 53C15.
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1.  Introduction

The geometry of the Riemannian submersions were firstly examined 
by O’Neill [17] and Gray [10]. Then in [26], Watson defined Riemannian 
submersions between almost Hermitian manifolds and given some 
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characterizations. As a generalization of Hermitian submersions and 
anti-invariant submersions Sahin[23] defined slant submersions from 
almost Hermitian manifolds and investigated the geometry of such maps. 
Furthermore, Park study semi-slant submersions from almost Hermitian 
manifold onto Riemannian manifold. He deal with the integrability of 
distributions the geometry of fibers the harmonicity of these map. Later 
the geometric properties of submersions have been studied extensively 
between manifolds with different differentiable structures (see [11, 2, 4, 5, 
12, 13, 14, 18, 19, 21, 24, 25]).

On the other hand, in [8], Etayo defined pointwise slant submanifolds 
as a generalization of slant submanifolds of an almost Hermitian manifold 
under the name of quasi-slant submanifolds. Then, Chen and Gray 
investigate pointwise slant submanifolds and obtained several results [7].

Moreover, J. W. Lee and B. Sahin [15] as a generalization of slant 
submersion defined pointwise slant submersions from almost Hermitian 
manifolds. They also given a method for obtaining examples of such map. 
In addition, some functions on the riemannian manifolds are described and 
investigated in [20]. In this study, we define pointwise slant submersions 
from almost product Riemannian manifolds onto Riemannian manifolds. 
We obtain an example and some characterizations for such submersions.

2. � Basic Properties of Riemannian submersions and almost product 
Riemannian manifolds

Let (M– , g) and (N– , g¢) are Riemannian manifolds with m and 
n-dimensional. A Riemannian submersion p : M–  Æ N– is a surjective map 
that provides 

1.	 p has the maximal rank, 
2.	 p* preserves the lengths of horizontal vectors. 

Given a q Œ N–, p –1(q) is an (m – n)-dimensional submanifold of M–  and 
is called fiber. If X Œ G(TM–) is always tangent (resp. orthogonal) to fibers, 
then it is said to be vertical (resp. horizontal) [22]. If a vector field X–  on 
M–  is horizontal and p-related to a vector field X–* on N– , i.e., * * ( )p pX X ππ =  
for all p Œ M–, it is called basic. We will show the projection maps on the 
distributions kerp* and (kerp*)

^ by V and H, respectively.
The theory of Riemannian submersions is given by O’Neill’s tensors 

T and A defined by 



POINTWISE SLANT SUBMERSIONS� 641

, (2.1)E E EF F F= ∇ + ∇V VT H V V H

, (2.2)E E EF F F= ∇ + ∇H HA V H H V

where , ( )E F TM∈Γ  and — the Levi-Civita connection of (M– , g) [17].
Now we remember the following lemma from [17]. 

Lemma 1 : Let p be a Riemannian submersion between Riemannian manifolds 
(M– , g) and (N– , g¢). If X–  and Y–  are basic vector fields of M– , then 

(i)	 * *( , ) ( , ) ,g X Y g X Y π′=   
(ii)	� the horizontal part [X–, Y–]H of [X–, Y–] is a basic vector field and p*([X

–, Y–]H) 
= [X–*, Y

–
*], 

(iii)	[V, X–] Œ G (ker p*) for V Œ ker p*, 
(iv)	( )M

X Y∇
H

 is the basic vector p-related to **
,N

X Y∇  

where —M and —N the Levi-Civita connections on M–  and N– , respectively. 
Furthermore, from (2.4) and (2.5), we have 

ˆ (2.3)V V VW W W∇ = +∇T

(2.4)V V VX X X∇ = ∇ +H T

(2.5)X X XV V V∇ = + ∇A V

(2.6)X X XY Y Y∇ = ∇ +H A

for *, ((ker ) )X Y π ⊥∈Γ  and *, (ker ),V W π∈Γ  where ˆ .V VW W∇ = ∇V  
Besides, if X–  is a basic vector field, then .V XX V∇ =H A  Furthermore, for 
any E Œ G(TM), it is said that T is vertical, i.e., TE = TVE and A is horizontal, 
i.e., AE = AHE. the tensor fields T and A that are skew-symmetric on tangent 
bundle of M satisfy the following equations 

, (2.7)U WW U=T T

1 [ , ] (2.8)
2X YY X X Y= − =A A V

for *, (ker )U W π∈Γ  and *, ((ker ) ).X Y π ⊥∈Γ  On the other hand, it is said 
that a Riemannian submersion p : M Æ N has totally geodesic fibers if and 
only if T identically vanishes.



642� S. A. SEPET AND M. ERGUT

Suppose that (M– , g) and (N– , g¢) be Riemannian manifolds and 
: M Nψ → is a smooth mapping between them. Then the second 

fundamental form of y is defined as 

* * *( , ) ( ) ( ) (2.9)X XX Y Y Yψψ ψ ψ∇ = ∇ − ∇

for , ( ),X Y TM∈Γ  where —y is the pullback connection and — the 
Riemannian connections of the metrics g and g¢. If y is a Riemannian 
submersion, then we can write 

*( )( , ) 0 (2.10)X Yψ∇ =

for *, ((ker ) ).X Y ψ ⊥∈Γ
On the other hand a smooth map p : (M– , g) Æ (N– , g¢) is called harmonic 

if 

* 0 (2.11)trace π∇ =

Also, from [6], p is said to be totally geodesic map if 

*( )( , ) 0. (2.12)X Yπ∇ =

for , ( ).X Y TM∈Γ
We give the following curvature relations for a Riemannian 

submersion.

Theorem 1 : Let (M– , g) and (N– , g) be two Riemannian manifolds with the 
corresponding curvature tensors R and R¢, respectively. Let p : (M– , g) Æ (N– , g¢) 
be a Riemannian submersion and R  the curvature tensor of fibers of p. If X, Y, Z, 
H are horizontal and U, V, W, F vertical vectors, then 

ˆ( , , , ) ( , , , ) ( , ) ( , ) (2.13)U U U VU V W F U V W F g F W g F W= + −R R T T T T

* * * *( , , , ) ( , , , ) 2 ( , )
( , ) ( , ) (2.14)

X Z

Y X X Y

X Y Z H X Y Z H g Y H
g Z H g Z H

π π π π= ′ +

− +

R R A A
A A A A

( , , , ) (( ) , ) (( ) , )
( , ) ( , ) (2.15)

X V V X

V W X Y

X V Y W g W Y g Y W
g X Y g V W

= − ∇ + ∇

− +

R T A
T T A A

(see [9]). 
An m-dimensional manifold M–  is called an almost product manifold 

with almost product structure if a tensor F of type (1, 1) is given in M–  and 
satisfies 
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2 , (2.16)F I=

where I denotes the identity map. Then it can be written 

1 1( ), ( ).
2 2

P I F Q I F= + = −

Furthermore the following equations are given 
2 2, , , 0, .P Q I P P Q Q PQ QP F P Q+ = = = = = = −

Thus, we say that the eigenvalues of F are +1 or –1.
Given a Riemannian metric g in almost product manifold M–  defined 

as follows 
( , ) ( , ) (2.17)g FX FY g X Y=

for , ( ),X Y TM∈Γ  then (M– , F, g) is called an almost product Riemannian 
manifold [11]. We denote the Levi-Civita connection on M–  with respect to 
g by —. If F is parallel with respect to —, i.e. 

0, ( ) (2.18)X F X TM∇ = ∈Γ

we say that M–  is a locally product Riemannian manifold [3, 27].

3.  Pointwise slant submersions

Definition 1 : Let (M– , g, F) be an almost product Riemannian manifold 
and (N– , g¢) a Riemannian manifold. A Riemannian submersion p : (M– , g, F) 
Æ (N– , g¢) is called a pointwise slant submersion if for any point p Œ M–, the 
angle q(X) between FX and the space (ker p*)p is independent of the choice 
of the nonzero vector X Œ G(ker p*). The angle q is called the slant function 
of the pointwise slant submersion. 

Now, we consider an example for pointwise slant submersions. 

Example 1 : Let R4 denote the standard Euclidean space with the standard 
metric g. Suppose that F1 and F2 are almost product Riemannian structure 
on R4 such that 

1 1 2 3 4 3 4 1 2 2 1 2 3 4 2 1 4 3( , , , ) ( , , , ), ( , , , ) ( , , , ).F x x x x x x x x F x x x x x x x x= − − =

Then we can define new almost product Riemannian structure Fq on 
R4 by 

1 2(cos ) (sin ) ,F F Fθ θ θ= +
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where q : R4 Æ R is a real-valued function. Thus, 4 4( , , )R R F gθ θ=  is an 
almost product Riemannian manifold. Let p : R4 Æ R2 be also a map 
defined by 

1 3 2 4
1 2 3 4( , , , ) , .

2 2
x x x x

x x x xπ
 − −

=   
 

Then we obtain 

*
1 3 2 4

*
1 3 2 4

ker ,

(ker ) , .

Span U V
x x x x

Span X Y
x x x x

π

π ⊥

 ∂ ∂ ∂ ∂ = = + = + 
∂ ∂ ∂ ∂  

 ∂ ∂ ∂ ∂ = = − = − 
∂ ∂ ∂ ∂  

p is a Riemannian submersion. Moreover, p is a pointwise slant 
submersion with slant function q such that ( , ) 2cos .g F U Vθ θ=  

Let p be a pointwise slant submersion from an almost product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢). Then 
for U, V Œ G(ker p*), we have 

, (3.1)FU U Uϕ ω= +

where jU and wU are vertical and horizontal components of FU, 
respectively. Also, for V Œ G((ker p*)

^), we have 
, (3.2)FX X X= +B C

where BX and CX are vertical and horizontal parts of FX, respectively. 
Also, using (2.6), (2.7), (3.1) and (3.2), we can write the following equations 

( ) , (3.3)U U UV V Vω ϕ∇ = −CT T

( ) , (3.4)U U UV V Vϕ ω∇ = −BT T

where 
ˆ( ) , (3.5)U U UV V Vω ω ω∇ = ∇ − ∇H

ˆ ˆ( ) (3.6)U U UV V Vϕ ϕ ϕ∇ = ∇ − ∇

for U, V Œ G(ker p*), where —is the Levi-Civita connection on M– . We say 
that w is parallel if 

( ) 0U Vω∇ =
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for U, V Œ G(ker p*).
Let (M– , g) and (N– , g¢) are two Riemannian manifolds and p : (M– , g) Æ 

(N– , g¢) is a map between them, then the adjoint map *p* of p* is defined by 
*

* *( , ) ( , ) (3.7)p pg x y g x yπ π′=

for ( ),p px T M y T Nπ∈ ∈  and p Œ M– . Suppose that p*
h  is a linear transformation 

* * * ( )( )((ker ) ( )) **
: (ker ) ( ), ( ( ), )h

p q range qp p
p g range q g ππ

π π π⊥
⊥

  → 
 

for each p Œ M– . Denote the adjoint of p*
h by 

*
* * *( ) : ( ) (ker ) ( )h

p range q pπ π π ⊥→

defined by 
* *

* *( ) , (3.8)h
p py yπ π=

where *( ), ( ).py range q pπ π∈Γ = . Then this map is an isomorphism and 
1 * *

* * *( ) ( ) ( ) (3.9)h h h
p p pπ π π− = =

[15].

Theorem 2 : Let (M– , g, F) be an almost product Riemannian manifold and (N– , 
g¢) a Riemannian manifold. A Riemannian submersion p : (M– , g, F) Æ (N– , g¢) is 
a pointwise slant submersion if and only if there exist a slant function q such that 

2 2(cos )Uϕ θ=

for U Œ G(ker p*). 

Proof : Suppose that p is pointwise slant submersion. Then for any nonzero 
U Œ G(ker p*), we get 

cos , (3.10)U
FU
ϕθ =
 

 

where q is the slant angle. By using (2.2) and (3.10), we obtain 
2

2

( , ) ( , )
(cos ) ( , ) (3.11)

g U U g U U
g U U

ϕ ϕ ϕ
θ

=

=

for all U Œ G(ker p*). From (3.11), we have 
2 2

*(cos ) , (ker ).U U Uϕ θ π= ∈Γ

Thus, the proof is completed. 	 
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Lemma 2 : Let p be a pointwise slant submersion from locally product Riemannian 
manifold (M– , g, F) onto a Riemannian manifold (N– , g¢). Then 

2

2

( , ) cos ( , )
( , ) sin ( , )

g X Y g X Y
g X Y g X Y
ϕ ϕ θ
ω ω θ

=

=

for any X, Y Œ(ker p*) 

Proof : From the equations (2.2) and Theorem 2, we arrive the proof.       

Theorem 3 : Let p be a pointwise slant submersion from locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢). Then p is 
harmonic if and only if 

*
* *

*
* *

(( )(( ), ( ))) ( )
( )(( ), ( )) 0.

Utrace U U trace U
trace U U

π π ωϕ ω ω

π π ω

∇ −

+ ∇ =

T

C

for U Œ G(ker p*). 

Proof : From the equations (2.2), (2.3), (2.6) and (3.1) we get 

( , ) ( , ) ( , )U U Ug U X g U FX g U FXϕ ω= ∇ + ∇T

for U Œ G(ker p*) and X Œ G((ker p*)
^). Then we have 

( , ) ( , ) ( , ).U U Ug U X g F U X g U FXϕ ω= ∇ + ∇T

Using (2.3), (3.2) and Theorem 2 we deduce 
2sin ( , ) ( , ) ( , ) ( , ).U U U Ug U X g U X g U X g U Xθ ωϕ ω ω= ∇ + + ∇T T B C

Using (2.12) we obtain 
2

* *

* *

sin ( , ) (( )( , ), ( )) ( , )
(( )( , ), ( ))

U Ug U X g U U X g U X
g U U X

θ π ωϕ π ω
π ω π

′= − ∇ +
′− ∇

T T
C

From the last equation, we derive 
2 *

* *
*

* *

sin ( , ) ( (( )( , )), ) ( , )
( (( )( , )), ).

U Ug U X g U U X g U X
g U U X

θ π π ωϕ ω ω

π π ω

= − ∇ +

− ∇

T T

C

Thus we get the desired equality.
Conversely, a direct computation gives the proof. 	 
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Theorem 4 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢). Then the 
fibers are totally geodesic submanifolds in M–  if and only if 

2
* **

( ( ), ( )) ([ , ], ) sin 2 [ ] ( , )sin
( , ) ( , ),

N
X

X X

g U V g U X V X g U V

g U V g U V

π ω π ω θ θ θ

ωϕ ω ϕ

′ ∇ = − +

− −A A

for U, V Œ G(ker p*) and X Œ G((ker p*)
^), where X and X* are p-related vector 

fields and —N is the Levi-Civita connection on N– . 

Proof : Using (2.2), (2.3), (2.6) and (3.1), we have 
2( , ) ([ , ], ) ( , ) ( , )

( , )
U X X

X

g V X g U X V g U V g U V
g U FV

ϕ ωϕ
ω

= − − ∇ − ∇

− ∇

T

for U, V Œ G(ker p*) and X Œ G((ker p*)
^). Then, it follows from (2.9), (2.12), 

(3.7) and Theorem (3.7) that 
2

* **

( , ) ([ , ], ) sin 2 [ ] ( , ) ( , )cos
( , ) ( , )
( ( ), ( )).

U X

X X
N
X

g V X g U X V X g U V g U V
g U V g U V
g U V

θ θ θ
ωϕ ω ϕ

π ω π ω

= − + − ∇

− −

′− ∇

T
A A

Since T is skew symmetric, we get 
2 2

* **

( , ) ([ , ], ) sin 2 [ ] ( , )sin sin
( , ) ( , )
( ( ), ( )).

U

X X
N
X

g V X g U X V X g U V
g U V g U V
g U V

θ θ θ θ
ωϕ ω ϕ

π ω π ω

= − +

− −

′− ∇

T
A A

Considering the fibers are totally geodesic, we get the equality in 
hypothesis with simple calculations.

Conversely it is proved by direct calculation. 		  

Theorem 5 : Let p be a pointwise slant submersion from locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢). Then p is a 
totally geodesic map if and only if 

2
* *( ( ), ( )) ([ , ], ) sin 2 [ ] ( , )sin

( , ) ( , )
X

X X

g U V g U X V X g U V
g U V g U V

π ω π ω θ θ θ
ωϕ ω ϕ

′′ ∇ = +

− −A A

and 

* * * *( , ) ( ( ), ( )) ( ( ), ( ))X X Xg U Y g U Y g U Yπ πω π ωϕ π π ω π′′ ′= − ∇ − ∇A B C
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for U, V Œ G(ker p*), where X and X¢ are p-related vector fields and —p is the pull-
back connection along p. 

Proof : We know that p is totally geodesic if and only if 

*( )( , ) 0 (3.12)X Yπ∇ =

for any X, Y Œ G(TM– ). Using Theorem 4 and (2.13), we have the first 
equation. Furthermore, by using (2.3), (2.9), (3.1), (3.2) and Theorem 2, we 
get 

2
* *(( )( , ), ( )) sin 2 [ ] ( , ) ( , )cos

( , ) ( , )
( , ).

X

X X

X

g X U Y X g U Y g U Y
g U Y g U Y
g U Y

π π θ θ θ
ωϕ ω
ω

′ ∇ = − − ∇

− ∇ −

− ∇

A B
C

Considering (2.12) we obtain 
2

* * * *(( )( , ), ( )) ( ( , ), ( )) ( , )cos
( , ).

X

X

g X U Y g X U Y g U Y
g U FU

π π θ π π ωϕ
ω

′ ′∇ = ∇ − ∇

− ∇

Then we have 
2

* * * *

* *

sin (( )( , ), ( )) ( ( ), ( ))
( ( ), ( ))
( , ).

X

X

X

g X U Y g U Y
g U Y
g U Y

π

π

θ π π π ωϕ π

π ω π
ω

′ ′∇ = − ∇

′− ∇

−

C
A B

Therefore, we arrive the result. Conversely, it can be directly verified. 


4.  Curvature Relations

Let p be a pointwise slant submersion from an almost product 
Riemannian manifold (M– , g, F) to a Riemannian manifold (N– , g¢). We know 
that the sectional curvature K is defined 

2 2

( , , , )( , ) (4.1)X Y Y XX Y
X Y

=
   

R
K

for nonzero orthogonal vectors X and Y in M–  [9]. Now, we examine 
curvature relations between the total space, the base space and the fibers 
of a pointwise slant submersion. 

Theorem 6 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto Riemannian manifold (N– , g¢). Suppose that 
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K, K and K¢ be the sectional curvatures of the total space M– , fibers and the base 

space N– , respectively. If X, Y are horizontal and U, V vertical vectors, then 

* *
4

2

2

ˆ( , ) '( , ) ( , ) ( [ , ], [ , ])
( [ , ], ) ( , )cos
( [ , ], ) 3

{ ( , [ , ] )cos
( , [ , ] )}

( ,

V V U V

U U U

U V V

V U U

U

U V U V U V g U U V V
g U U V V g U V

g V V U U V

g U V V V V
g V U U U U

g U

ϕ

ϕ ω

ϕ

ϕ

π ω π ω ϕ ϕ ω ϕ ω ϕ

ω ϕ ωϕ ω θ

ω ϕ ωϕ ω ω

θ ω ϕ ωϕ ω

ω ϕ ωϕ ω

ωϕ

= + −

− ∇ − ∇ −

− ∇ − ∇ −

− + ∇ − ∇

+ + ∇ − ∇

− ∇

 

K K K

H H T T

H H A

T H H

T H H

H
2

2 2

2 2

2

)
( , )

[ , ] cos
(( ) , ) (( ) , )

ˆ ˆ[ , ] sin 2 [ ] cos

(( ) , ) (( ) , )

V V V

U V V

V V U

U V V U

U U V

U V U U V

V V U
g U V V

U V U U V
g V U g U V

V U U V V V U

V g U V g V U

ϕ ω

ϕ ϕ

ϕ

ω ϕ ϕ ω

ϕ

ω ω ϕ ϕ ω

ωϕ ω ϕ

ω ωϕ ω

ω ϕ θ ωϕ ω

ϕ ω ω ϕ

ϕ ϕ θ θ θ ωϕ ϕ

ϕ ϕ ω ω ϕ

∇ − ∇ +

+ ∇ ∇ − ∇

+ + + ∇ − ∇

− ∇ + ∇

− − + ∇ + −∇

+ − ∇ + ∇

−

 

 

H H A

H H H

T H H

T A

T

A T A
2 2ˆ ˆ[ , ] sin 2 [ ] ,cos V V UU V V U U U Vϕϕ ϕ θ θ θ ωϕ ϕ− + ∇ + −∇ T

* *

2 2 2

2 2 2

ˆ( , ) '( , ) ( , ) ( , )
(( ) , ) (( ) , )

(( ) , ) (( ) , )
3

BX BY

CY BX BX CY

BX CY BX

CX BY BY CX

BY CX CX

X Y CX CY BX BY g BX BY
g BX CY g CY BX

CY BX BY
g BY CX g CX BY

CX BY CY

π π= + −

− ∇ + ∇

− + +

− ∇ + ∇

− + −

     

     

K K K T T
T A

T A T
T A

T A A

and 

2
* *

2 2

2 2

2

ˆ( , ) '( , ) ( , ) 3
( , [ , ] )

[ , ] cos
(( ) , ) (( ) , )

(( ) , )

(( ) , )

CX

BX U U

X X U

U BX BX U

BX U CX U

U CX CX

X U CX U BX U U
g BX U U U U

U X U U CX
g BX U g U BX

U BX g U CX

g CX U U

ϕ

ϕ

ω ω

ω ϕ

ω

π π ω ϕ ω
ω ϕ ωϕ ω

ω ϕ θ ωϕ

ω ω

ω ϕ

ϕ ϕ

= + −

− + ∇ − ∇

+ + + ∇ − ∇

− ∇ + ∇

− + − ∇

+ ∇ +

 

 

   

 

K K K A
T H H

A H H

T A

T A T

A A
2

2 2

[ , ] sin 2 [ ] cos
ˆ ( , ).cos

X X

U BX U

U X U X U U
BX g BX Uϕ

ϕ ϕ ωϕ θ θ θ

θ

− + − + ∇

−∇ −





A V

T T
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Proof : Since (M– , g, F) is a locally product Riemannian manifold , we have 

( , ) ( , ) ( , ) ( , ) ( , ) ( , )U V FU FV U V U V U V U Vϕ ϕ ϕ ω ω ϕ ω ω= = + + +K K K K K K

for U, V Œ G(ker p*). Then using the equations (2.16), (2.17), (2.18) and (4.1), 
we get 

4

2

ˆ( , ) ( , ) ( [ , ], [ , ])
cos ( , ) ( [ , ], )
( [ , ], )

{ ( , [ , ] )cos
( , [ , ] )}
( , )
(

U V V V

U U

U V V

V U U

U V V

U

U V U V g U U V V
g U V g U U V V

g V V U U

g U V V V V
g V U U U U
g U V V
g

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ ϕ ϕ ϕ ω ϕ ω ϕ
θ ω ϕ ωϕ ω

ω ϕ ωϕ ω

θ ω ϕ ωϕ ω

ω ϕ ωϕ ω

ωϕ ωϕ ω

ω

= −

− − ∇ − ∇

− ∇ − ∇

− + ∇ − ∇

+ + ∇ − ∇

− ∇ ∇ − ∇

+ ∇

K K

T T H H

H H

T H H

T H H

H H H

H
2 2

, )

[ , ] ,cos
V V

V V U

U V V

U V U U V
ϕ

ϕ

ωϕ ω

ω ϕ θ ωϕ ω

∇ − ∇

+ + + ∇ − ∇ 

H H

T H H

2

22

( , ) (( ) , ) (( ) , )
ˆ[ , ] sin 2 [ ] cos

ˆ ,

U V V U

U U

V U

U V g V U g U V

V U U V V V

U V

ω ϕ ϕ ω

ϕ ω

ω ϕ ϕ ω ω ϕ

ϕ ϕ θ θ θ ωϕ

ϕ ϕ

= − ∇ + ∇

− − + ∇ +

−∇ +





K T A

T

A

2

22

( , ) (( ) , ) (( ) , )
ˆ[ , ] sin 2 [ ] cos

ˆ

V U U V

V V

U V

U V g U V g V U

U V V U U U

V U

ω ϕ ϕ ω

ϕ ω

ϕ ω ϕ ω ω ϕ

ϕ ϕ θ θ θ ωϕ

ϕ ϕ

= − ∇ + ∇

− − + ∇ +

−∇ +





K T A

T

A

and 

2
* *( , ) '( , ) 3 .UU V U V Vωω ω π ω π ω ω= −  K K A

Similarly we can write 

( , ) ( , ) ( , ) ( , ) ( , )FX FY BX BY BX CY CX BY CX CY= + + +K K K K K

for X, Y Œ G((ker p*)
^). Then we obtain 

2ˆ( , ) ( , ) ( , ) ,BX BY BXBX BY BX BY g BX BY BY= − +  K K T T T

2 2

( , ) (( ) , ) (( ) , )
,

CY BX BX CY

BX CY

BX CY BX CY g CY BX
CY BX

= − ∇ + ∇

− +   

K T A

T A
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2 2

( , ) (( ) , ) (( ) , )CX BY BY CX

CX CX

CX BY BY CX g CX BY
BY BY

= − ∇ + ∇

− +   

K T A

T A

and 
2

* *( , ) '( , ) 3 .CXCX CY CX CY CYπ π= −  K K A

Furthermore we have 
( , ) ( , ) ( , ) ( , ) ( , )FX FU BX U BX U CX U CX Uϕ ω ϕ ω= + + +K K K K K

for unit vectors X Œ G((ker p*)
^) and U Œ G(ker p*). Therefore we arrive 

2 2

2

ˆ( , ) ( , ) ( , [ , ] )

[ , ] cos
cos ( , ),

BX U U

X X U

BX U

BX U BX U g BX U U U U

U X U U CX

g BX U

ϕ

ϕ

ϕ ϕ ω ϕ ωϕ ω

ω ϕ θ ωϕ

θ

= − + ∇ − ∇

+ + + ∇ − ∇

−

 

K K T H H

A H H

T T

2 2

( , ) (( ) , ) (( ) , )
,

U BX BX U

BX U

BX U g BX U g U BX
U BX

ω ω

ω

ω ω ω

ω

= − ∇ + ∇

− +   

K T A

T A

2 2

2

( , ) (( ) , ) (( ) , )

[ , ] sin 2 [ ] cos
ˆ

CX U U CX

CX X

X U

CX U g U CX g CX U

U U X X U U
U BX

ϕ ϕ

ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ θ θ θ

ωϕ

= − ∇ + ∇

+ − − + ∇

+ −∇

  



K T A

A V

A

and 
2

*( , ) '( * , ) 3 CXCX U CX U Uω π π ω ω= −  K K A

We obtain the equations given in the theorem with direct calculations. 


By using Theorem 6 we get the following results. 

Corollary 1 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢) and 

[ , ] .U VU V V Uϕω ϕ ω ωϕ= ∇ − ∇H H  Then we find following inequality 

* *
24 2

2

ˆ( , ) '( , ) ( , ) ( [ , ], [ , ])

cos ( , ) 3

{ ( , [ , ] )cos
( , [ , ] )}

U V U V

U V V

V U U

U V U V K U V g U U V V

g U V V U

g U V V V V
g V U U U U

ω ω

ϕ

ϕ

π ω π ω ϕ ϕ ω ϕ ω ϕ

θ ω ϕ

θ ω ϕ ωϕ ω

ω ϕ ωϕ ω

≥ + −

− − +

− + ∇ − ∇

+ + ∇ − ∇

 

K K

T T A A

T H H

T H H
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2

2 2

2 2

( , )

( , )
(( ) , ) (( ) , )

ˆ ˆ[ , ] sin 2 [ ] cos
ˆ ˆ[ , ] sin 2 [ ] cos

(( ) , ) ((

U V V

U V V U

U V V U

U U V

V V U

V U

g U V V

g U V V V
g V U g U V

V U U V V V U

U V V U U U V
g U V g

ϕ

ϕ ϕ ω

ω ϕ ϕ ω

ϕ

ϕ

ω ϕ

ωϕ ωϕ ω

ω ωϕ ω ϕ

ϕ ω ω ϕ

ϕ ϕ θ θ θ ωϕ ϕ

ϕ ϕ θ θ θ ωϕ ϕ

ϕ ω

− ∇ ∇ − ∇

+ ∇ ∇ − ∇ +

− ∇ + ∇

− − + ∇ + −∇

− − + ∇ + −∇

− ∇ +

 

 

H H H

H H H A

T A

T

T

T ) , )U V V Uϕ ω ω ϕ∇ A

The equality case is satisfied if and only if the fibers are totally geodesic or p 
is an anti-invariant submersion. 

Corollary 2 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢) and 

2 ˆcos .V U VU U Uϕθ ϕ ωϕ∇ = ∇ −V T  Then we we obtain 

* *
24 2

2

2

ˆ( , ) '( , ) ( , ) ( [ , ], [ , ])

cos ( , ) 3

cos { ( , [ , ] )
( , [ , ] )}

( , ) [ , ]

( ,

M

U V U V

U V V

V U U

U V V

U V

U V U V U V g U U V V

g U V V U

g U V V V V
g V U U U U

g U V V U V

g U V

ω ω

ϕ

ϕ

ϕ

ϕ

π ω π ω ϕ ϕ ω ϕ ω ϕ

θ ω ϕ

θ ω ϕ ωϕ ω

ω ϕ ωϕ ω

ωϕ ωϕ ω ϕ ϕ

ω ωϕ

≤ + −

− − +

− + ∇ − ∇

+ + ∇ − ∇

− ∇ ∇ − ∇ −

+ ∇ ∇ −

 

 

K K K

T T A A

T H H

T H H

H H H

H H
2

2 2

2 2

)
(( ) , ) (( ) , )

ˆ ˆ[ , ] sin 2 [ ] cos
(( ) , ) (( ) , )

[ , ] cos
2sin 2 [ ] ( [ , ], ).

V U

U V V U

U U V

V U U V

V V U

V V
g V U g U V

V U U V V V U
g U V g V U

U V U U V
V g U V U

ϕ ω

ω ϕ ϕ ω

ϕ

ω ϕ ϕ ω

ϕ

ω ϕ

ϕ ω ω ϕ

ϕ ϕ θ θ θ ωϕ ϕ

ϕ ω ω ϕ

ω ϕ θ ωϕ ω

θ θ ϕ ϕ

∇ +

− ∇ + ∇

− − + ∇ + −∇

− ∇ + ∇

− + + ∇ − ∇

+

 

 

H A

T A

T

T A

T H H

The equality case is satisfied if and only if p is a slant submersion. 

Corollary 3 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢) and 

[ , ] .U XU X CX Uϕω ϕ ωϕ= ∇ − ∇H H  Then we we find the inequality 
2

* *
ˆ( , ) '( , ) ( , ) 3

( , [ , ] )
(( ) , ) (( ) , )

CX

BX U U

U BX BX U

X U CX U BX U U
g BX U U U U
g BX U g U BX

ϕ

ω ω

π π ω ϕ ω
ω ϕ ωϕ ω

ω ω

≥ + −

− + ∇ − ∇

− ∇ + ∇

 K K K A
T H H

T A
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2

2 2 2

2 2

[ , ] sin 2 [ ] cos
ˆ ( , )cos

(( ) , )
(( ) , )

X X

U BX U CX

BX U CX U

U CX

U X U X U U
BX g BX U U

U BX g U CX
g CX U

ψ

ω ϕ

ω

ψ ψ ωψ θ θ θ

θ ϕ

ω ϕ

ϕ

+ + − + ∇

−∇ − +

− + − ∇

+ ∇



  

   

A V

T T A

T A T

A

The equality case is satisfied if and only if p is an anti-invariant submersion 
or G((ker p*)

^) is integrable. 

Corollary 4 : Let p be a pointwise slant submersion from a locally product 
Riemannian manifold (M– , g, F) onto a Riemannian manifold (N– , g¢) and 

2 ˆcos .X U XU BX Uψθ ωψ∇ = ∇ −V A  Then we have 
2

* *

2 2

2 2

ˆ( , ) '( , ) ( , ) 3
( , [ , ] )
(( ) , ) (( ) , )

(( ) , )

(( ) , ) ( , )cos
[ , ]

CX

BX U U

U BX BX U

BX U CX U

U CX X BX U

X

X U CX U BX U U
g BX U U U U
g BX U g U BX

U BX g U CX

g CX U U g BX U
U X U

ϕ

ω ω

ω ϕ

ω

π π ω ϕ ω
ω ϕ ωϕ ω

ω ω

ω ϕ

ϕ ϕ θ

ω ϕ ωϕ

≤ + −

+ + ∇ − ∇

− ∇ + ∇

− + − ∇

+ ∇ + +

+ + ∇ +

 

   

 



K K K A
T H H

T A

T A T

A A T T

H 2 2

2

cos
[ , ] 2sin 2 [ ] ( [ , ], )

X UU CX

U X X g U X U
ϕθ

ϕ ϕ θ θ ϕ ϕ

− ∇

− +



 

A H

The equality case is satisfied if and only if p is a slant submersion. 
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