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Abstract

The generalized Morrey space was defined independetly by T. Mizuhara 1991
and E. Nakai in 1994. Generalized Morrey space M, 4(R™) is equipped with a
parameter 0 < p < oo and a function ¢ : R™ x (0,00) — (0,00). Our experience
shows that M, »(R™) is easy to handle when 1 < p < co. However, when0 < p < 1,
the function space M, ,(R") is difficult to handle as many examples show.

The aim of this paper is twofold. One of them is to propose a way to deal
with My, »(R™) for 0 < p < 1. One of them is to propose here a way to consider
the decomposition method of generalized Hardy-Morrey spaces. We shall obtain
some estimates for these spaces about the Hardy-Littlewood maximal operator.
Especially, the vector-valued estimates obtained in the earlier papers are refined.
The key tool is the weighted Hardy operator. Much is known about the weighted
Hardy operator. Another aim is to propose here a way to consider the decom-
position method of generalized Hardy-Morrey spaces. Generalized Hardy-Morrey
spaces emerged from generalized Morrey spaces. By means of the grand maximal
operator and the norm of generalized Morrey spaces, we can define generalized
Hardy-Morrey spaces. With this culmination, we can easily refine the existing
results. In particular, our results complement the one the 2014 paper by lida,
the third author and Tanaka; there was a mistake there. As an application, we
consider bilinear estimates, which is the “so-called” Olsen inequality.
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1 Introduction

In this paper, we are concerned with generalized Hardy-Morrey spaces. The gen-
eralized Morrey space M,, 4(R") is equipped with a function ¢ and a positive param-
eter 0 < p < oo. The generalized Morrey space M, 4(R") was defined independetly
by T. Mizuhara in 1991 [19] and E. Nakai in 1994 [20]. Although we can disprove
C(R™) is dense in M, 4(R™), we are still able to develop a theory of the function
space HM,, 4(R"™) called generalized Hardy-Morrey spaces.

Denote by G, the set of all the functions ¢ : R™ x (0,00) — (0,00) decreasing in

the second variable such that t € (0,00) — t%QS(:L‘,t) € (0,00) is almost increasing
uniformly over the first variable x, so that there exists a constant C' > 0 such that

o(z,r) < plx,5), Cola,r)r"/P > ¢(x,s)s"/P

for all x € R" and 0 < s < r < 0o. All “cubes” in R™ are assumed to have their sides
parallel to the coordinate axes. Denote by Q the set of all cubes. For a cube @ € Q,
the symbol ¢(Q) stands for the side-length of the cube Q; £(Q) = |Q|% We denote by
Q(R™) the set of all cubes. When we are given a cube @, we use the following abuse
of notations ¢(Q) = ¢(c(Q),4(Q)), where ¢(Q) denotes the center of Q.

The generalized Morrey space M, 4(R") is defined as the set of all measurable
functions f for which the norm

1 1 b \7
= sup —— [ — d
Wi = 328 377 (7 [, 10 )

is finite.

Observe that, if ¢(z,r) = rv, then M, 4(R") = LP(R™). In the special case when
o(x,r) = rMP7/P | we write M, \(R") instead of M, 4»(R™). An important observation
made by Nakai is that we can assume that ¢ itself is decreasing and that ¢(¢)t"/? <
H(T)T™? for all 0 < t < T < oo when ¢ is independent of x; see [21, p. 446].
Indeed, in the case when 1 < p < oo, Nakai established that there exists a function
p such that p itself is decreasing, that p(t)t"/? < p(T)T™? for all 0 < t < T < o0
and that M 4(R") = M, ,(R"). See [32, (1.2)] for the case when 0 < p < 1. The
class G, is defined to be the set of all ¢ such that ¢ itself is decreasing and that
()P < H(T)T™P for all 0 < t < T < oo. This assumption will turn out to be
natural even when ¢ depends on z; see Section 2.

One of the primary aims of this paper is to prove the following decomposition result
about the functions in generalized Morrey spaces M 4(R"™):

Theorem 1.1. Assume that ¢ € G1 and n € Gy satisfy

o (Z)(l'78> ¢(IZ?,T’)
/r n(x,s)s ds < Cn(m,r)' (1)




Assume that {Q;}52, C Q(R"), {a;}52) C M1, (R") and {A;}52, C [0,00) fulfill

1 o0
lajllm,, < W, supp(a;) C Qj. ;/\jXQj < o0. (2)

My

[e.¢]
Then f = Z Ajaj converges absolutely in Li (R™) and satisfies
j=1

0o
1£llamy, < CUD - Nixe, : (3)
j=1 M1,¢

The proof of this theorem is not so difficult and it is given in an early stage of the
present paper; see Section 2.2, where we do not use the Hardy-Littlewood maximal
operator as in [17]. Unlike the case when p > 1, when 0 < p < 1, M,, 4(R") is a nasty
space as the following example shows.

Example 1.2. Denote by M the Hardy-Littlewood maximal operator.

1. Let n : (0,00) — (0,00) be a function which is independent of the position x.
One defined M 1641, by the following norm in [34];

_ L. [ 1f(@)] |f(z)]
||f||MLlOng:Cs?1€1% 1nf{)\>0./Q )\ log(e+ 3 >d$§|Q|}

n(4(Q))

In [347 Lemma 3'5]7 we proved C_1||f||MLlogL,n < HMf”/\/h,n < C”f”MLlogL,n for
all f e MLlOng(R").

2. In [34, Lemma 3.4], we proved C| fllpm,, < [IMfllam,, < Clflm,, for all
fe MLn(R").

From these examples we see that M, 4,(R™) with p € (0,1] is difficult to handle.
Probably, Theorem 1.1 paves the way to deal with such a nasty space.

Another method to handle these nasty spaces to use the grand maximal operator
and define generalized Hardy-Morrey spaces. Let ¢ > 0 and f € L'(R"). Then define
the heat semigroup by:

|z —yf?

A _ 1 n
e f(x) = Rn\/WGXP<— 1 )f(y)dy (z € R").

In a well-known method using the duality, we naturally extend e'® f to the case when

f e SR"). Let 0 < p <1and¢ € G, The generalized Hardy-Morrey space

HM,4(R™) is the set of all f € S'(R") satisfying sup|e’® f(-)| € M, »(R"). We equip
>0

HM,, 4(R™) with the following norm:

| fllm, , =

sup |et® f|H (f € HM,, 4(R™)). (4)
t>0 My
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We define d, = n/p —n for 0 < p < 1. In addition to Theorem 1.1, we shall prove
the following two theorems in this paper.

Theorem 1.3. Let 0 <p <1 and d > d,. Let q satisfy

€ [1,00] N (p, o0]. (5)
Assume that ¢,m € G1 satisfy
P, s) o9@7)
/ - n(x r) ©

for r > 0. Assume in addition that {Qj 521 C QRY), {a;}52; C Mgy(R™) and
{Aj}721 € [0, 00) fulfill

00 P
Z<>\jXQa> < 0
j=1
MP‘,cﬁ
and
lajlia,, < supp(a;) € Q;, / a(x)z® dz = 0 (7)
(QJ) Qj

for all |o| < d. Then f = Z)\jaj converges in S'(R™), belongs to HM,, 4(R") and
j=1
satisfies

B =

[ee]

£ llia, s < C D (Nixe,) : (8)
=
Mp»a#

Example 1.4. If there exist  and v with v > u such that n(z,s) = s~/ and that
b(x,8)s™% < @(x,7)r™" for all s and r with s > r, then (48) is satisfied.

Theorem 1.3 will refine [18, p. 100 Theorem]| in that we can postulate a weaker
integrability condition on a; in Theorem 1.3. We shall take its advantage in Section 4.

Theorem 1.5. Let L€ NU{0}. Let 0 < p <1 and f € HM, 4(R™). Then under
/ Pz, )P %@’
(z,8) Ps 77(:8,7“)1’
o d
/ qﬁ(&s)—s < Co(z,r).
s
T

and ¢ € Gi, there exists a triplet {\;}52, C [0,00), {Q;}52; C Q(R") and {a;}52, C
L(R") such that f = 3272, Aja; in S'(R") and that, for all v >0

and

1/v
- /

wl=xe. [ su@dar=o || X0 <Gilflam,,  ©
j=1
Mo

for all multi-indices o with |«| < L. Here the constant C,, > 0 is independent of f.



It is not known that HM, 4(R™") N LL (R") is dense in HM, 4(R™). It seems
that HM,, »(R™) N LL (R™) is not dense in HM,, 4»(R") as the fact that M, ,»(R™) N

loc

Lomp(R™) is not dense in M, 2,(R") implies. Recall that in [40], we resorted to density
of HP(R") N L{. (R") to obtain the atomic decomposition of HP(R"). The difficulty
willl cause a disability; we can prove Theorem 1.5 only when f € HM, ,(R"). By
using a diagonal argument, we circumbent this problem; see (70) and (71).

Before we go further, let us recall some special cases related to generalized Morrey
spaces.

Example 1.6.

1. Generalized Morrey spaces can cover L (R™) spaces by letting ¢ = 1.

2. [35, Theorem 5.1] Let 1 < p < oo and 0 < A < n. Then there exists a positive
constant C), y such that

/B |F(@)|da < Cpal BI(1+ |B])"7 log (6 + ﬁ) 1= A2 f o (10)

holds for all f € LPAR") with (1 — A)M?Pf € LPA(R™) and for all balls B. See
6, Section 5] for more details. In view of the integral kernel of (1 — A)~%/2 (see
[39]) and the Adams theorem, we have

(1—A)"/2: [PAR™) — LIA(R™) (11)

is bounded as long as the parameters p, ¢, A and « satisfy

1
1<pg<oo,0<A<n, —=

<
SRR
>~ e

However, if & = 2, the number ¢ not being finite, the boundedness assertion (11)
is no longer true. Hence (10) can be considered as a substitute of (11).

A passage to the Hardy type space from a given function space is not a mere quest
to generality. Many people have shown that Hardy spaces HP(R™) (0 < p < o0) can
be more informative than Lebesgue spaces LP(R™) when we discuss the boundedness of
some operators. For example, the Riesz transform is bounded from H!(R") to L'(R"),
although they are not bounded on L!'(R"). One of the earliest real variable definitions
of Hardy spaces were based on the grand maximal operator, which is discussed in [40]
and references therein. One can also give an equivalent definition for Hardy spaces
by using the atomic decomposition. This definition states that any elements of Hardy
spaces can be represented as the series of atoms. An atom is a compactly supported
function which enjoys the size condition and the cancellation moment condition. One
of the advantages of the atomic decompositions in Hardy spaces is that we can prove
the boundedness of some operators can be verified only for the collection of atoms.
The concept of the atomic decomposition in Hardy spaces can be developed to other
function spaces. Some of these works are the decomposition of Hardy—Morrey spaces



[18], the decomposition of Hardy spaces with variable exponent [28], and the atomic
decomposition of Morrey spaces [17]. Motivated by these advantages that Hardy spaces
enjoy, in our current research, we investigate the atomic decomposition for generalized
Hardy-Morrey spaces, where we are based on the definition by means of the grand
maximal operator.

There are many attempts of obtaining non-smooth atomic decompositions by using
the grand maximal operator [8, 17, 22, 23], where the authors handled Morrey spaces,
Orlicz spaces and variable exponent Lebesgue spaces. Unlike Orlicz spaces, variable
exponent Lebesgue spaces, in general we can take a sequence { f; }‘;‘;1 of functions such
that

hzfoz2>2f2>2fir1=2-—=0, JilelngjHMM > 0.

For example, when 0 < p < a, the sequence f;(x) = X(jjoo)(|x|)|$|_”/a does the job.
This makes it more difficult to look for a good dense space of M, ,_4(R™). This
difficulty prevents us from using (65) directly.

We adopt the following notations:

1. No={0,1,...}.

2. Let A;B > 0. Then A < B means that there exists a constant C' > 0 such
that A < CB and A = B stands for A < B < A, where C depends only on the
parameters of importance.

3. By “cube” we mean a compact cube whose edges are parallel to the coordinate
azes. The metric ball defined by £ is called a cube. If a cube has center x
and radius r, we denote it by Q(x,r). From the definition of Q(x,r), its volume
is (2r)". We write Q(r) instead of Q(o,r), where o denotes the origin. Given
a cube @, we denote by ¢(Q) the center of Q and by £(Q) the sidelength of Q:
0(Q) = |Q|"™, where |Q| denotes the volume of the cube Q.

4. Given a cube @ and k > 0, k@ means the cube concentric to Q) with sidelength
k(Q).

5. By a dyadic cube, we mean a set of the form 2~7m + [0,277]" for some m € Z"
and j € Z. The set of all dyadic cubes will be denoted by D.

6. Let Q,(R™) be a collection of all cubes that contain « € R™.

7. In the whole paper, we adopt the following definition of the Hardy-Littlewood
maximal operator to estimate some integrals. The Hardy-Littlewood maximal
operator M is defined by

1
M = — d 12
sw= s | (12)

for a locally integrable function f.



8. Let 0 < o < n. We define the fractional integral operator I, by

Iof(z) = / _IW g,

e [z —y["
for all suitable functions f on R".

9. Let 0 < g < oo. If FF = {f;}2 is a sequence of complex-valued Lebesgue

j=—00
measurable functions on R™ such that

Il My 10) = I (g Ny, 6 < 00,
write I € My 4(lg, R™).

10. Let 0 < p, ¢ < co. If {f;};en, is a sequence of complex-valued Lebesgue measur-
able functions on €2 C R", then define;

H{fj}jeNO

1,(LP(9)) = H{Hfj”Lp(m}jeNo o

and

H{fj}jeNo = H{fj}jeNo
)

Lr(Q)(lq

lallLr (o)

The space My, 4(l4,R™) stands for the set of all sequences {f;};en, of complex-
valued Lebesgue measurable functions on R” for which

< 00.
Mp,qi

15 ietoll g, 0 = || semoll,
Similarly denote by WM, 4(ly,R™) the set of all sequences { f;};en, for which

< 0.
W/\/lp,(p

15 serollw g, 0 = || semall,

The spaces l; (M, 4(R™)) and I, (WM, 4(R™)) can be also defined similarly by

the norms;
IXf5 semolly, () = H{”fj”MM}jeNo Iy =
and
||{fj}j€N0 ||lq(WMp,¢) = H{HfJHWMp¢ }jGNo I < 00,
q
respectively.

Finally, to conclude this section, we briefly describe how we organize the remaining
part of this paper. Sections 2 collects preliminary facts. We collect some elementary
facts on function spaces and investigate the Hardy-Littlewood maximal operator in
Section 2. We prove the main theorems in Section 3 and apply these main theorems in
Section 4.



2 Fundamental structure of function spaces

2.1 Structure of generalized Morrey spaces

Lemma 2.1. Let ¢ : R™ x (0,00) — (0,00) be a function and let 0 < p < co. Then
there exists a function ¢ : R"™ x (0,00) — (0,00) satisfying

Wy, s)s™P < ap(a, r)r/P (13)

for all z,y € R™ and r,s > 0 with ||z — y||cc < 7 — s such that My, 4(R") = M,, ,(R™)
with norm coincidence.

Proof. Let us set

b(z,7) = inf ( inf é(y,v) (3)"/1’) (z €R™, 7> 0). (14)

YyER™ \ v>r+||z—yl|oo r

Then we have ¢(x,r) > 9 (z,r) trivially and hence || f[|sm, , < [|fllm, - Meanwhile,

1 1 v
sty = 300 s (@ /Q )P dy)

1 1 Y
= sup sup sup — [ [f(y)[P dy
QeQyeR™ \v>(Q)+|e—ylle PY,0) \ V" Jo

1

1 (1 ’
< sup sup — —n/ |f(y)[F dy
yeRn \ v20Q)+ eyl 24 0) \ V" Jouw)

= [ Fll My -

Thus, we have M,, 4(R") = M, ,(R™) with norm coincidence.
From the definition of 1), it is easy to check that we have (13). O

Lemma 2.2. Let 0 < p < oo and let ¢ : R™ x (0,00) — (0,00) be a function satisfying
(13). Then there exists a function 1 : R™ x (0,00) — (0,00) satisfying

U(x,r) <(z,s) (15)

for all x € R™ and 0 < s < r < oo such that My 4(R") = M, ,(R™) with norm
equivalence.

Proof. Let us set

Y(x,r) = inf ( sup qﬁ(y,s)).

0<s=r \ yeQ(ar)

It is easy to see that (15) is satisfied. Then

P(z,r) < sup @(y,r) <3"P sup H(y.3r)
yeQ(z,r) yeQ(z,r)



from (13) and hence || f|la1, , < 3"/7|| fllm,.,- Meanwhile, for all @ € Q and 0 < s <
£(Q), we can find a cube R = Rg(s) contained in @ such that ¢/(R) = s and that

(g fy )" =0 (i IR "

Therefore, it follows that

T (IQI / 7y 'pdy>

[flla,., = SUP s
= sup sup | in / | £ ()|P di >
QeQo<s<r (yGQ oy, s <|Q|

1
1 1 ' P
< 2"P gqup su inf Pd
n Qegksgr veQ o(y, s) <|RQ( )| | @)l y)

1
1 1 : g
< 2P sup sup |f(y) P dy
coo<s<r \ ?(Rq(s)) (lRQ(S)l JRo(s)

< 2" £l a6

as was to be shown. O
Lemma 2.3. Let 0 < p < oo and let ¢ : R" x (0,00) — (0,00) be a function satisfying

o(x,r) < ¢(x,5) (16)

for all0 < s <r < oo and x € R". Then there exists a function ¢ : R™ x (0,00) —
(0,00) satisfying (13) and (15) such that M, 4(R™) = My, (R™) with norm coincidence.

Proof. Let us define 9 by (14). Then as we have seen, 1) : R" x (0, 00) — (0, 00) satisfies
(13) and My, 4(R™) = M, ,(R™) with norm coincidence. It remains to check (15). Let
R < R'. Then, from (16), we obtain

P(x, R') = inf< inf 6y, ) (_/)n/P)
(

yER™ \v>R'+||z—y| o

< inf inf o(y,v)

yER™ \v>R'+R/||[x—y|loc /R

< inf
yeRn

v\ N/
— inf f (. R'v/R) (2
ylenR" (v>R—0—lﬁlz —Ylloo oy, Fo/R) <R) )

U
U>R+IIZ Ylloo 3 >(R
This proves (15). O

The following compatibility condition:
ola,r) ~ oy, r) (lz—yl<7) (17)

can be naturally postulated.



Proposition 2.4. Let 0 < p < oo and let ¢ : R" x (0,00) — (0,00) be a function
satisfying (13) and (15). Then ¢ satisfies (17).

Proof. By (15), we have ¢(z,r) 2 ¢(x,3r) and by (13) ¢(z,3r) 2 é(y, 7). O

With Lemma 2.3 in mind, we always assume that ¢ € G, satisfies (13).
The main structure of this generalized Morrey space M,, 4(R") is as follows:
Proposition 2.5. Let 0 < p < 0o and ¢ € G,. Assume (13). Then
o < Ixellig, < O (15)
Q) meT Q)

Proof. By the definition,

1 (|QNR\"”
Ixqllm,., = sup .
Re

o ¢(R) \ |[R|
Thus, the left inequality is clear. From (13), we have
el ap <o (90
XQIIM, o = up > 0y .
QIMp.o Re0,Q\3rR20  P(R) |R|

Let R be a cube such that 3R does not engulf @) and that R intersects Q). We let S be
a cube concentric to R having sidelength 3Q). Then

L (lenrpT_ 1 ¢
¢><R>< 7] > S50 S WQ)

Thus, we obtain the right inequality. O

Remark 2.6. See [8, Proposition 2.1] for the case when p > 1. The same proof works
for this case but for the sake of convenience for readers we supply the whole proof.

Corollary 2.7. Let 0 < p < 1 and ¢ € G,. There exists N > 1 such that (1+|-|)™" €
M, »(R™). In particular, My 4(R™) is continously embedded into S'(R™).

Proof. Just observe that each term in (18) grows polynomially. O

Prior to the proof of Theorems 1.1 and 1.5, observe that we have the following
equivalent expression:

. L (1 [ e )7
~ — (= NP dy) .
I £1M, Slé%gb(cg) <|Q|/Q|f(y)l y)
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2.2 Proof of Theorem 1.1

By replacing a; with |a;| if necessary, we may assume that a; is non-negative.

Let @ be a fixed dyadic cube. We need to show

1 oo
m/@ﬁ@/”dyg ;/\jXQj . (19)

Mg

By considering dyadic cubes of equivalent length, we may assume that (); is dyadic.
Let us set

JlE{j:QjCQ}, JQE{j:QjDQ}.

In terms of the sets J; and J, we shall show

1 o0
R Aias dy < A 20
¢<@>|@|/Q;1 1) W S ; ey 20
1,¢
and
1 o0
—_— i dy < i ) . 21
¢<@>|Q|/Q];2 ) = ; ad é 2

Once we prove (20) and (21), then we will have proved (19).

To prove (20), we observe

|Qj| / Cl]<£C d:r = 77(6‘2])||a]||/\/1177 <1

and that

1 ) .
Q)|Q| /Q]; Ajas(y) dy = m/g)]; Aj <|Q—]| /Qj aj(y) dy) X, (2)dz

1
< — g Aj z)d
- ¢(Q)|Q|/Qj6,1 e, (2) 42

IN

o0
Z AjXQ;
=1

Mag

To prove (21), we note that there exists an increasing (possibly finite) sequence
of dyadic cubes Ry, Ro,... such that {Q; : j € Jo} = {R1,Ra,...}. By using this
sequence and (1), we have

L3 S = S . S S|

Jo 1
Je Jj= My g

as was to be shown.

11



Remark 2.8. It may be interesting to compare Theorem 1.1 with [17, Theorem 1.1].
We state in words of My, \(R"™): Suppose that the parameters q,, A, p satisfy

t

q < .

n—A n—p

l<g<oo, 1<t<oo, g<t,

Assume that {Q;}32, C Q(R"), {a;}52; C My ,(R") and {);}32, C [0, 00) fulfill

o0
n—p
lajllae, <1Q;1 7, supp(a;) € Qs |1 Aixa, < o0.
j:l Mq)\

(R™) and satisfies

loc

Then f =372, Aja; converges in S'(R") N L

1F g S 11D Xixe - (22)
Jj=1 Mq,)\

An example in [32, Section 4] shows that we can not let ¢ = r. Meanwhile, when ¢ = 1,
Theorem 1.1 shows that we can take r = 1.

2.3 Boundedness of the maximal operator

Below we write WM \(R") to denote the weak Morrey space; a measurable function
f belongs to WM »(R") if and only if

I fllwat, s = sup Tlixq 51y My, < oo
T>0

The following result is standard and we aim to extend it to generalized Morrey spaces.

Theorem 2.9. [4] Let 0 < A < n. Then;

(1) M is bounded on My, z\(R™) if 1 < p < oo;

(2) M is bounded from M;j x\(R") to WMy x(R").

We denote by La 4(0,00) the space of all functions g(t), ¢ > 0 such that
1911 Loc 0 (0,00) = supo(t)g(t)
t>0

is finite and Lo (0,00) = Lo 1(0,00). The space M(0,00) is defined to be the set of
all Lebesgue-measurable functions on (0, 00) and 9 (0, c0) its subset consisting of all

nonnegative functions on (0,00). We denote by 9(0, 0o;1) the cone of all functions in
9T (0, 00) which are non-decreasing on (0, 00) and

A= {(]5 € MT(0,00;1) : tl_i>%1+¢(t) = O} .

12



Let u be a continuous and non-negative function on (0,00). We define the supremal
operator S, on g € M(0,0) by

(Sug)(t) = llugllz t.o0): t € (0,00).
We invoke the following theorem.

Theorem 2.10. [3] Let vy, vy be non-negative measurable functions satisfying 0 <
1] Lo (t,00) < 00 for any t > 0 and let u be a continuous non-negative function on
(0, 00)

Then the operator S, is bounded from Lo v, (0,00) to Lo, (0,00) on the cone A if
and only if

1S, (||U1||;jo(,m)) Hme,oo) < . (23)

We will use the following statement on the boundedness of the weighted Hardy
operator

o0
Hyg(t) = / g(s)w(s)ds, 0<t< oo,
t
where w is a weight.
The following theorem in the case w = 1 was proved in [3, Theorem 5.1].

Theorem 2.11. [15, Theorem 3.1] Let v1, vy and w be weights on (0,00) and assume
that vy is bounded outside a neighborhood of the origin. The inequality

sup vz (t)H,,g(t) < C'supvi(t)g(?t) (24)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only

if
B= supvg(t)/t _wl)ds < 00. (25)

t>0 SUPgcr<o0 V1 <T>

Moreover, the value C = B is the best constant for (24).
Remark 2.12. In (24) and (25) it will be understood that = =0 and 0- 0o = 0. See
[16, Theroem 1] as well for some application.

The following statement, extending the results in T. Mizuhara and E. Nakai [19, 20],
was proved in V.S. Guliyev [12]; see also [13, 14].

Proposition 2.13. Let 1 < p < oo. Moreover, let ¢1, ¢o be positive measurable
functions satisfying

| e S oatot) (26)

for allt > 0. Then, for p > 1, M is bounded from M, 4 (R") to M, 4,(R") and, for
p =1, M is bounded from M 4 (R™) to WM, 4,(R™).
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The following statements, containing Proposition 2.13, was proved by A. Akbulut,
V.S. Guliyev and R. Mustafayev [1]; note that (26) is stronger than (27).

Proposition 2.14. Let 1 < p < oco and suppose the couple (¢p1,¢p2) satisfies the fol-
lowing condition;

sup( inf ¢ (x, 8)8%7_%) < do(x,t), (27)

>t \T<8<0

where the impicit constant does not depend on x and t. Then, for p > 1, M is bounded
from M, 4 (R™) to My 4,(R") and, for p = 1, M is bounded from My g4, (R™) to
WMy 4, (R™). Namely, forp>1,

IM fll My sy S IFlM,
2 1

for all f € My, 4 (R") and for 1 < p < oo,

IM fllwnm,,o, S 1Fl1rMy.0

for all f € M, 4 (R").

From this proposition, when ¢; = ¢2 = ¢, we have the following boundedness. We
know that there is no requirement when we consider the boundedness of the maximal
operator [27, Theorem 2.3] when ¢ is independent of z. Proposition 2.14 naturally
extends the assertion above.

Corollary 2.15. [20, Theorem 1], [27, Theorem 2.3] Let 1 < p < 0o and ¢ € Gp.

1. Let 1 <p <oo. Then [[Mf|am,, < Ifllm,, for all £ e My s(R™).

2. Let 1 <p<oo. Then |Mfllwm,, < [Ifllm,, for all f e My s(R).

By using the Planchrel-Pélya Nilokiski’i inequality [25], we have the following esti-
mate of the Peetre maximal operator.

Theorem 2.16. Let 0 < p < o0, 0 < r < p and suppose that the couple (¢p1,P2)
satisfies the condition

sup (_inf_o1(x,8)s% ) 777 | < ala,), (28)
>t T80

where the implicit constant does not depend on x and t. Let  be a compact set, d be
the diameter of §2.

(1) Ifr <p < oo, f belongs to M, 4, (R™) and supp F f C Q, then

S =9l

sup ——————

S
et L+ iy |

D, b2

14



(2) If p=r, [ belongs to My, 4, (R") and supp F f C €2, then

S -y
sup LWL < 1 fllat gy
yERn 1+ d|y| WMy
T,¢9
Proof. We have
g\r -y r r
02 =01 < (a1 (] (20)

AN

for all z, y € R™ and g € S'(R"™) such that Fg is supported on Q; see [43, p. 22|. By
(29) and Proposition 2.14, we conclude Theorem 2.16. O

Remark 2.17. Theorem 2.16 is proved in [29, 42] in the case of classical Morrey spaces.

For p € [1,00), we have a counterpart to Corollary 2.7:

Lemma 2.18. Let 1 <p < oo and ¢ € G, Then for all k € S(R"),

/n (@) f @) dv S [1Fllaty,o sup (1+ )2 |1 () (30)

Proof. We decompose the left-hand side as follows:

[ r@) s ar

<[ @@l a+ Y. [ n(@) £ ()] do
[-1,1]" j=1 /=G 1), G+ =51
= ()| |£(2)
<( s ) W+ @ 1@,
z€[—1,1]" =1 _ N i
[—(G+1),G+1)]M\[—5.4]™
< (seuﬂgl(1+ |x|)2"+1lﬁ($)|) FPrERSEDS / 2251—31' dx

I=N (1), GA DI\ 4.1
By the definition of the maximal operator, for all j € N, we have
1
T Al \f(y)|dy < Mf(z), =e[-1,1]"
(=7, 41" [—4,5]™
Thus,

1
¢(0,2)2n/P

1
=3, 31" Ji=j g

[f(y)l dy

SNMFlay s S NF M g0
Lp([-1,1]")

15



This means | |7l dy S 7" lag . Thos,
[—j.4]" ’

[ @) @lde £ 1l sup (1+ o) )] 1430
T j=1

~ Ny g sup (14 [2])*" k()]
RSN

as was to be shown. O

2.4 Vector-valued boundedness of the maximal operator

Our aim here is to extend the Fefferman-Stein vector-valued inequality to our function
spaces for M in addition to Corollary 2.21;

> My S 1A : (31)
j=1 j=1
Lr Lp
where 1 < p < 0o and 1 < u < oo; see [7] for the proof of (31). When ¢ = oo, it is
understood that (31) reads;

<

~

Lr

sup M f;
JEN

sup | f;]
jEN Ip
Our main result here is as follows:

Theorem 2.19. Let 1 < ¢ < oo and suppose that the couple (¢1,¢2) satisfies the
condition;

| (vt _on(e0)s?) <57 S o), (32)

TL8<00

where the implicit constant does not depend on x and t.

(1) For1 <p< oo, M is bounded from My 4, (14, R™) to My, 4,(l4,R™), i.e.,
IMF( p,, 4,000 S IE M, 0, 1)
holds for all F € M, 4 (I4.R™).
(2) For1<p<oo, M is bounded from M, 4 (I5,R™) to WM, 4,(l5,R"), i.e.,
IMFElwaty g, 000 S NEF Moy, 10)

holds for all F € M ¢, (I4.R™).

As a corollary, we can recover the vector-valued inequality obtained in [8, Theorem
5.3].

16



Corollary 2.20. [8, Theorem 5.3] Let 1 < p < 0o and 1 < u < co. Assume in addition
that ¢ € G, satisfies (49). Then

o0 o0
> oM S
j=1 j=1
Mp#} Mp»d)

for any sequence of measurable functions {fj}?‘il,

The proof of Theorem 2.19 is postponed till the latter half of this section. We
start with a direct corollary of Proposition 2.14, which can be readily extended to the
following vector-valued case. Write M F = {M f; 5= o) When we are given a sequence

F={f}2 .

Corollary 2.21. Let 1 < g < oo and suppose that the couple (¢1,p2) satisfies the
condition (27).

(1) Let 1 < p < oo. Then M is bounded from l, (My g, ,R™) to Iy (M, 4,, R™). That
18,

||MF||lq(Mp’¢) ,§ ”Fqu(Mp,(,))

for all sequences of measurable functions I’ = {fj}?il'

(2) Let 1 < p < oo. Then M is bounded from ly (M4, ,R"™) to Iy (WM 4, R™).
That is,

IMF, (wan, ) S IF

”lq(Ml»ﬂ#)

for all sequences of measurable functions F = {fj};";l

W./V[l’q'))

Now we are oriented to the proof of Theorem 2.19. We first prove the following
auxiliary estimate:

Lemma 2.22. Let 1 <p < oo and 1 < g < o00.

1. Then the inequality

o 1% L IE o
1My i) S 1Pl etoany + 5 [ e (33)

holds for all F' = {f;j}32, C LY (R™) and for any ball B = B(x,r) in R™.

loc

2. Moreover, the inequality

n [Ny (B
T L e = )

loc

holds for all F = {[f;}32, C Li (R™) and for any ball B = B(z,r) in R™.

17



Proof. Let 1 <p < oo and 1 < ¢ < oo. We split F' = {fj};?';_oo with
F=mn+Fh, FRh={fj1}j2« F={fj2}j2 « (35)
fiiw) = FiWxB@s @), fi2W) = fi(y)xem\B@srn(y), 7 >0.

It is obvious that

[ IMFE3, 2o By < I IMEU e + 1| M E2]l, | Lo (B
for any ball B = B(x,r).

At first, we shall estimate || [|MF1||i,[lzr(B(r)) for 1 < p < co. Thanks to the
well-known Fefferman-Stein maximal inequality, we have

I 1M Fylli, e B,y < M EL i e e
S e (36)
= | 1F s, e (B(,2r))» (37)

where the implicit constant is independent of the vector-valued function F'. Thus, the
estimate for M [ is valid.

Now we handle M Fs. Freeze a point y in B(x,r).

We begin with two geometric observations. First if B(y,t) N (R™\B(z,3r)) # 0,
then ¢ > r. Indeed, if z € B(y.t) N (R™\B(x,3r)), then

t>ly—z| >z —z|—|lx—y|>2r—r=r.

Next, B(y,t) N (R"\B(z,3r)) C B(xz,2t). Indeed, for z € B(y,t) N (R™"\B(z,3r)), then
we get [z —z| <|y—z|+ |z —y| <t+r <2t

Hence for all j € Ny

IMFs(y)i, = | SIS

v,
sup ————
>0 |B(Y, D] JB(y,0)n@me\B,2r)

(oo} 1
- () d
;?1 Q) /sz | fi(y)|dy

oo
N
k=

S

lq

1
G o FO

1

As a result, we obtain

o0

1M E5 ()]l 5/ s I Ny | s ds (38)

2r

for all y € B(x,s). Thus, the estimate for M F» is valid.

Then obtain (33) from (36) and (38).

18



Let p = 1. It is obvious that for any ball B = B(z, )

[ IME i lwryB@ry) < IIMElwi, Be)) + I ME2yllwe, (B -

By the weak-type Fefferman-Stein maximal inequality (see [7]) we have

I 1M Fulli, lwry By < I ITMElw e, @
S Ny ey = 1T i s (B G20y (39)

where the implicit constant is independent of the vector-valued function F'.

Then by (39) and (38), we obtain the inequality (34). O

We transform Lemma 2.22 to an inequality we use to prove Theorem 2.19.

Lemma 2.23. Let 1 <p < oo and 1 < q < oco. Then, for any ball B = B(x,r) in R",
the inequality

n

[ 1M E1, )l e (B, S 7’5/ 7 I F g, o (Bosy dt (40)

2r

holds for all F' = {f;}32 c Lt (R™).

j=—00 loc

Moreover, for any ball B = B(x,r) in R", the inequality

I 1Mo, [lw iy By ST" /: N |y (5300 dE (41)
holds for all F = {f;}52_., C Ll (R™).
Proof. Note that, for all 1 < p < oo

H1E N o (Bw,2ry) < 77 /2 jot‘%‘ln 1F o (5 ) - (42)

Applying Holder’s inequality, we get
1 > 1
| 1M Fy (W) llig 112, (B < 2"05 Ul Lo (B, /2 T F N o (B, dt

r

< 2%, |11 L (B2 /2 T F e (e dE. - (43)
T

1,
Since [|1{|Lr(B(w,r)) = va 77, we then obtain (40) from (42) and (43).

Let p = 1. The inequality (41) directly follows from (42). O

With these estimates in mind, let us prove Theorem 2.19.
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Proof of Theorem 2.19. By Lemma 2.23 and Theorem 2.11 with vy (r) = ¢1(z, r)’lr_%,

va(r) = (7)Y, g(r) = | | Fllu, | o (Bary) and w(r) =1~ 5", we have
M F Nty i S swp éawr)™ [ ET I s oin
zeR™, r>0 J2r
< osup o i) e e I E N e
zeR”, r>0
= 1Fllm, 0, 1)

if 1 <p<ooand

IMFlwa, 400 S SUP ¢2(3377“)_1/ TN F gl e () dt
zeR™ r>0 2r

< osup o (@) T T E e ()
zeR™ r>0

= 1Fll a4, 1)

if p=1. O

As a corollary, we can recover the result in [27].

Corollary 2.24. [27, Theorem 2.5] Let 1 < p < 00, 1 < ¢ < o0 and ¢ € G,. Assume
in addition

/’¢ L < o).

Then

IMFE\ 400 S WMy o0 & 2> 1, (44)

and
IME([wa, 10 S N My 10)-

We can prove the following estimate, which is a counterpart to Theorem 2.16.

Theorem 2.25. Let 0 < p < 00, 0 < ¢ < 00, 0 < 7 < min{p,q} and suppose that
the couple (¢1, ¢2) satisfies the condition (28). Let {Q;}jen, be a sequence of compact
sets, and let d; be the diameter of Q. Then exists a positive constant C such that

<¢|{1u,a}

if we are given a collection of measurable functions { f;}jen, such that supp(F f;) C §;.

£ —y)l
sup o diumi
yeR” 1+ J|y| M

Ollig

D,$2 j€ENp l

Proof. We begin with a reduction. Let {f;}jen, € lg (Mps,), 0 < g < 0o, n/ € Q and
hj(z) = c_””]f (z). We have Fh;(&) = Ff;(&+ 7). Therefore, supp Fh; C Q; — /.
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If {fitieny € lg(Mpe ), 77 € Q satisfies (1) of Theorem 2.25, then so does
{hj}jen, also, where Q is replaced by {Q; — 7/ }jen,, and the converse also holds.
Thus, we may suppose 0 € ;. It suffices to consider the case Q; = D; = B(0,d;).

Second, we have to prove (45), when Q; = D; = B(0,d;) and d; > 0. If {f;}jen, €
lg(Mpg,0), 7 € Q, then fj € Lyq,. If gj = f;(d™'-), then Fg; = di(F f;)(d;-) and
hence supp Fg; C B(0,1).

From (29), we obtain

e =2 _

1 —|— |d2|n/r ~ [M (|fl|r>]1/7‘7 fOI‘ all ;1,’7 z € Rn, (46)
J

where the implicit constant is independent of z, z and j.

<[{wrasrn)

If 0 < g < o0, then by (46) we have
J€Ny
1/r

lg/r (]\'lp/m’)z ) .

Since 0 < r < min{p, ¢}, we have p/r > 1 and ¢/r > 1. By Corollary 2.21, we have

fA —
‘{Sup 1| ](d n>/|
xERN +| ’jz| jE€Ng

|fi(- = 2)|
ein 1+ [dy2|T
z€RP 32 §ENg l(Myg,) lg(Mpg,)

o [S7a(F/Tip 3

1/r

< o,
~ jeNO l , M .,
lq (Mpytbg) a/ ( p/ »¢2)

S I ibiemolliy (a0, ) -

If ¢ = o0, by (46), we have

| fi(- = 2)] . 1r
sup sup ——————— < sup [M (|f;]") (z)]".
jeNo zern 1+ |djz["/m ™ jeny ’
Thus,
1fi( = 2)| 1
sup || sup W < sup M ([ £517) ¢ o M
j€Np ||zeR g Mp,¢>2 7€Np D,d2
= M5OI
sup M 5I,,.,
Using Corollary 2.21, we obtain
1f5( = 2)|
sup || sup < sup || f5l -
j€Ny || z€eRn 1+ |d]z|n/’f My, jeNo IMMyp 6,
The theorem is therefore proved. O

Finally, to conclude this section, we obtain an estimate which is used later.
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Lemma 2.26. Let {Ej}ren be a countable collection of measurable sets in R™. Let
0 <60 < 1. Suppose in addition that p and x are positive numbers such that px > 1 and
that p < 1. Then

K

SN =
> (Mxg,)" S (27 Do e
her L=\ keN  llpr(-2t20m)

Proof. By the scaling, we have

Z(AIXEk)K

keN

. <Z<Mmﬁ*‘> K

keN

LP([=1,1]") Lpr([=1,1]7)

Recall that (M X[_Ll]n)P% is an Aj-weight of Muckenhoupt and Wheeden. By the
weighted vector-valued inequality obtained by Andersen and John [2], we obtain

1
" 0
> (Mxg,)" < (Z(MXEk>“> (MX[-1,1) 7
keN Lr([=1,1]7) keN LPs(R7)
1 K
" 0
N <ZXEk> (MX[-1,1)n) P
keN Lon (&m)
1
oo 1 K
S(EE (D)
=1 2 vk keN Lpﬂ([_21,72l]n)
1\ K
o) e K
=(2_(2 " | xa :
=1 keN Lr([—21 21n)
as was to be shown. O

2.5 Structure of generalized Hardy-Morrey spaces

The grand maximal operator characterizes Hardy-Morrey spaces defined by the norm
(4). To formulate the result, we recall the following two fundamental notions.

1. Topologize S(R™) by norms {pn} nen given by

pn(p) = Y sup (14 |2))V|0%p ()]
|Q|SN1‘€R"

for each N € N. Define Fny = {p € S(R") : pn(p) < 1}.
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2. Let f € §'(R™). The grand maximal operator M f is given by
Mf(z) = sup{|[t ™"t ) * f(z)| : t >0, 9 € Fy} (z€RM), (47)

where we choose and fix a large integer N.

In analogy to [22, Section 3], we can prove the following proposition.

Proposition 2.27. Let 0 <p <1 and ¢ € G,. Then

[z, ~ IMFllMm,.,
for all f € S'(R™).

From this proposition, we can use the norm ||Mf| a4, , for the space M, 5(R™).
Lemma 2.28. Let 0 < p <1 and ¢ € G,. Then HM,, 4(R") is continuously embedded
into S'(R™).

Proof. Let N > 1 be fixed. Then there exists a constant C' > 0 such that if |y| < 1
and ¢ € Fy, then C~lp(- —y) € Fy. Thus,

VXIS Iinf M (y)

y|<1

for all ¢ € F. This implies
(s o S Wl Eay, 00

as was to be shown. O
Going through the same argument as [22, Theorem 3.4], we obtain the following

theorem, whose proof will be omitted.

Theorem 2.29. Let N > 1. Then f € HM, (R") if and only if M f € M, 4(R").

Remark 2.30. When 1 < p < oo and ¢ € G, M is bounded on M, 4(R") as Propo-
sition 2.13 implies. Also, similarly to [8], we can show that M, 4(R") is realized as a
dual space of a Banach space. By combining these facts, we can show the following
fact for f € S'(R™). The distribution f is represented by a function in M, 4(R") if and
only if M f € M, 4(R™).

3 Atomic decomposition

We return to the case where ¢ is independent of x and we prove the remaining theorems.
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3.1 Proof of Theorem 1.3

Prior to the proof, we remark that (6) implies

(z, s)P o%@ )P
/ (z,5) P9 77(.77,7“)1’ (48)
and -
[ o= < cotwr), (19)

For the proof of (48), we refer to [20].
We start with collecting auxiliary estimates.
Lemma 3.1. Let p,n,a;,Q; be the same as Theorem 1.5. Then
1Ml S 5 (50)
n(Q;)

Proof. When p < 1. we use the boundedness of the Hardy-Littlewood maximal operator
M : My, (R") = M, (R™); [34] for more details. When p = 1, this can be replaced by
the Mg, (R")-boundedness of M. Using this boundedness and (5) and (7), we obtain
(50). O

Note that (50) readily yields

1
\P — . r <
[(Ma;)P sy e = (IMajliag, )" S I (51)
We invoke an estimate from [22];
200 n+d+1
Maj(z) S x30; () Maj(z) + Q) (52)

Q)T + [z — (@) [P Ha+T

For the time being, we assume that there exists NV € N such that \; = 0 whenever
i>N.

Observe first that

A

[e.@] [ee]
< 2 IviMos(o) < | 3P Maa) |
: j:l
since M is sublinear and 0 < p < 1. Set
d+1
pntatl € (1, 00).
n
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Consequently from (52), we obtain

1
oo p
Mf(@) S | DIV Pxsq, (@) Maj (@)
j=1
1
° \iPeQ p(n+d+1) ?
+ Z 000 p(n—i|-d+|1) ( ) N [p(n+d+1)
2 1(@y) o — (@)
P 00 P
ZlA "Xxsq, (2)Maj(@)" |+ | 3 [Aj["Mxsq, ()7
7j=1
Thus, by the quasi-triangle inequality,
[Mflim,,
1 1
o] p 0o
S Do (lxse, May)? 1 D2 NP xsg,)P”
j=1 j=1
Mps Mp.s
1
» 1
e oo pT
= Z (1N Ixaq, May)P | D2 P xsq, )T
= Mugr = Mpr g7

Note that (49) and (48) allows us to use Theorem 1.1 and Corollary 2.20, respectively.
Thus, we obtain

D=

[ee])

IMFllam,o S D (NiIxe,)?
j=1
Mo,

Thus, we obtain the desired result.

3.2 Proof of Theorem 1.5

We define the topology on S(R™) with the norm {px}nen which is given by the fol-
lowing formula:

pn(e) = Y sup (1+ [z))N[0% ().

|a|§Nz6Rn

We define
Fn =f{p € S(R™) : pn(e) < 1}, (53)

Definition 3.2. The grand maximal operator M f is defined by
Mf(z) = sup{|t "ot 1) x f(z)| : t > 0,0 € Fn}
for all f € 8'(R™) and = € R™.
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The following proposition can be proved similar to [22, Section 3].

We invoke the following lemma. By C5 (R™) we denote the set of all compactly

comp

supported smooth functions in R". We refer to [40] for the proof.

Lemma 3.3. Let f € S'(R™), d € {0,1,2,---} and j € Z. Then there exist collections
of cubes {Qj x}tker; and functions {n;jx}trer; C Coomp(R™), which are all indezed by a
set K for every j, and a decomposition

f=gj+bj. bj=> b
kEKj

such that:

(0) g]*b]7bj,k S S/(Rn)
(i) Define O; = {y € R" : Mf(y) > 2/} and consider its Whitney decomposition.

Then the cubes {Qj,k}keKj have the bounded intersection property, and

0;=|J Qi (54)

kEKj

(ii) Consider the partition of unity {n;r}rek, with respect to {Q; }kex,- Then each
unction n; . 1s supported in Q; . and
13, 7,

Z Mk = X{yeRn: Mf(y)>2i}, 0=k < 1.
kEK;
(iii) The distribution g; satisfies the inequality:
e+l

jk+ |$_$ k|)n+d+1

Myj(2) S MI@)xo,e(@) +2' 3 &
keK;

(55)

for all x € R™.

(iv) Each distribution bj, is given by bj = (f — cjr)njk with a certain polynomial
cik € Pa(R™) satisfying

(f = ¢jg>mik - q) =0 for all g € P4(R™),

and
ntd+1

mewsMﬂmmM@waj—Jiﬁﬁﬁﬂwwmw (56)

|t —x

for all x € R".

In the above, xj and {; ) denote the center and the side-length of Q;y, respectively,
and the implicit constants are dependent only on n. If we assume [ € LIOC(R") mn
addition, then we have

llgjllz= <277 (57)

26



Lemma 3.4. Let o € S(R™) and § € (0,1). Keep to the same notation as Lemma 3.3.
Then we have

|< p)| < Cgo@ (2( |Mf XO; ||Lp([ 2l 2ln ))E> (58)

and

-

0o a9 ' 1 2
|<g]1(v0>| < Cg&,@ Z (2 P ||2]X(9‘7||Lp([_2l,2l]n)) +Cw,9||Mf'XO§||LP([—1,1]n), (59)
=1
where the constants Cy g in (58) and (59) depend on ¢ and 6 but not on j or k.

Proof. For some large constant M = M,, we have 1, = M~to(x — ) € Fy for all
€ [-1,1]", so that

[(bj, o) = 1bj * Ya(2)|s:= <M _inf  Mbj(a).

ze[—1,1]"

Thus, we have

b; < inf bj(x f b
i)l S _inf| Mb(a) S _inf g};mk

Observe also that

Myow s 195 1@l
@+ |z —agl” = o — agl"

Xem@(z) (z € R"),

if @ is a cube centered at zq. It follows from (56) that

s
> Mbjg(z) S Y (Mf(l’)XQ]k(ff) +27. _—WXRn\Q]L( ))

|
keK; keK;
. n+d+1
S M (x)xo, () +21 Y Mxg,, (@) . (60)
kEK;
d+1
We abbreviate k = u From (60), we deduce
n
|Mb; | 2o (—1.117) S [ MF - xo, + 27 Z (Mxq, )"
heKs Lr((-1.1]m)

S HMf’XOaHLp([—Lun) + (2 Z (Mxq, )"
heK; Lo~ 1))

By using (2.26), we obtain
M| Lo (j=1,117)

%S 1\ "
S ||Mf'X<9jHLp([—1,1]n) (Z( |2 XOJHLP([ 21 9ln ))h> :

=1
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So, the estimate for the first term is valid.

In the same way we can prove (59). Indeed, by using the Fefferman-Stein inequality
for Aj-weighted Lebesgue spaces [2], we obtain

IMg;ll Lo ((=1,19m)

97 . g L
S ||Mf'X01‘ Le(-11m) T Z (s + |$_$ |)tdt1
kEK' J7k J7k
J Le([-1,1]")
: ntd+1
< [MS - xo, Le(—1my T+ Z 2 (Mxq;u) ™
Rk Lr([-1,1)7)
s né . 1 "
S x0rle + (5 0 A0 luna) )
=1
Thus, (59) is proved. g

The key observation is the following.

Lemma 3.5. Assume (49). In the notation of Lemma 3.3, in the topology of S’'(R™),
we have g; — 0 as j — —o0 and bj — 0 as j — oo. In particular,

F=> (g11—9))
j=oo
in the topology of S'(R™).

Proof. Let us show that b; — 0 as j — oo in §’(R™). Once this is proved, then we have
f=1limj_, g; in S'(R™). Let us choose a test function ¢ € S(R™). Then we have

[{bjs )| S _inf  Mbj(x) S [|Mbjl Lo -1,

ze[—1,1]"
where the implicit constant does depend on ¢.

Assume (49) and choose 6 > 0 so that 7 < # < 1. Note that
||f||HMp,¢ 2 ||Mf ’ XOJ' HLT’([—2l721]”) —0 (] — OO)

and that

e 1 " e n(1-0) A\
(Z (2 r ”Mf " XO; ||Lp([_217gl]n)) > < (Z <90(2l)2 P ||f||HMp,¢) )
=1

=1

= Coll fllams, -
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Hence it follows from (58) that (b;,¢) — 0 as j — oo. Likewise by using (59), we

obtain
l K
Lp([—zl,zl]n)) ) '

Hence, g; — 0 as j — —oo by the Lebesgue convergence theorem. Consequently, it
follows that

‘Qj'Xoj +Mf'X(oj)c’

g5 0] < (Z (2‘%

=1

J
 lm oo — 1 B
J = lim g, j,kl—>moo [X_:k<9l+1 a1)

j—o0
in S'(R"). O

We prove Theorem 1.5 when f € Li (R").

loc

Proof of Theorem 1.5 when f € Li (R™). For each j € Z, consider the level set

loc
O ={z e R": Mf(z) > 27} (61)
Then it follows immediately from the definition that
Oj+1 C Oj. (62)

If we invoke Lemma 3.3, then f can be decomposed;

F=gj+bi, bi=Y bir bix=(f—cip)m
k

where each b; . is supported in a cube Q; . as is described in Lemma 3.3.

We know that

o0

F=Y (g1—9)) (63)

j=—00
with the sum converging in the sense of distributions from Lemma 3.5. Here, going
through the same argument as the one in [40, pp. 108-109], we have an expression;

F=Y Ajk gi1—9i=> Ajx (J€Z) (64)
ik P

in the sense of distributions, where each A; ;, supported in Q; . satisfies the pointwise

estimate [A;x(r)| < Cp2’ for some universal constant Cp and the moment condition

/Rn Ajp(x)q(x) de = 0 for every g € Pg(R™). With these observations in mind, let us

set

ai . = _A']k
TR Co2i”

Then we automatically obtain that each a;j satisfies

Kjk = C()2j.

laj k| < XQ4 / z%a;p(x)de =0 (Jof <L)
Rn
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and that f = ijykajyk in the topology of HM, 4(R"), once we prove the estimate
7k
of coefficients. Rearrange {a;} and so on to obtain {a;} and so on.

To establish (9) we need to estimate

1/v
o0
o= Z |)‘ijQj |v
Jj=—00
Mp.s
Since {(kjk: Qjk)} ik = {(Nj;Qj)}; as a set, we have
- 1/v
a=[1 > D Imjwxa,.l
j=—00 kEKj
Mp,g
If we insert the definition of x;, then we have
o 1/v - 1/v
a=Coll| X D xaul” =Goll| 22 2" D xau
Jj=—oc keK; j=—oc  kekK;
MP@ MP»(#

Observe that (54) together with the bounded overlapping property yields
X0, (®) < > xq;. (@) S xo;(2) (v €R).
keK;

Thus, we have

Mp,e

Recall that O; D O;41 for each j € Z. Consequently we have

v v
[ee]

> @xo @)~ Y Pro,@ | ~| 3 Projon@]  @er.

j=—o00 j=—o0 j=—oc

Thus, we obtain
o0
J
as Z 2'X0,\0;41
= Mp,g

It follows from the definition of O; that we have 2/ < M f(z) for all z € O;. Hence,
we have

o0
as || xopo, Mf = [Mflm,, = Il a4
j==e0 Mp,a>

This is the desired result. O
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Proof of Theorem 1.5 for general cases. According to (55), g; is a locally integrable
function and it satisfies ||g;llmm, , S IIf]lrm, - Therefore, applying the above para-

Dy
graph, we see that each g; has a decomposition; there exist a collection {Q;;};°; of

cubes, {a;;}7°, € L>®(R"), and {\;;}72, C [0,00) such that

g =Y _ Mo (65)
=1
unconditionally in S'(R"), that |a; ;| < xq,,, that

/ ag,j(x)r® dxr =0

for all || < L and that

0o 1/v
<Z(/\j,lXQj,l>v> < Coll fllra, - (66)

=1
My,

We may assume that each Q;; is realized as 3Q for some dyadic cube Q. Since v < 1, by
using a’ +b” > (a+b)" for a,b > 0 and taking into account the case when Q;; = Q;
for some (j.1) # (j',1"), we have a decomposition there exist a collection {Qq ;}gep of
cubes, {ag,j}gep C L*(R"), and {A\g ;}gep C [0,00) such that

9= Xqjaq; (67)
QeD
in &'(R™), that
lag,j| < x3q (68)

that
/ ag,j(x)x®dx =0
for all || < L and that
1/v

Z (Agixq)" < Cullfllam, ., (69)

QeD
Mp,o

Fix @ € D. Since {aq,};2; is a bounded sequence in L*(R") from (68), and
{Aq.j}321 C [0,00) is a bounded sequence in R from (69), we can choose subsequences
{aq,j. iz, and {Aq; 172y C [0,00) so that {aqg;,}7Z; and {Aq;,}72, C [0,00) are
convergent to ag and g respectively, where the convergence of {ag ;, }7°, takes place
in the weak-* topology of L>°(R").

Let us set

9= Aqug. (70)

QeD
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Then according to Theorem 1.3, we have g € HM,, 4(R™). By the Fatou lemma, we
can conclude the proof once we show that

f=g (71)

To this end, we take a test function ¢ € S(R™). If we insert (65) to g; and use (58),
we obtain

(f.9) = lim (gy,0) = Tm > Ag s{ag.s, ).

QeD
If we can change the order of lim and Z in the most right-hand side of the above
J—00 Hep
formula, we have
{f,¢) = lim > Noulag.s.e) = Z lim Ag,s(aq.s, % = Aolag,¢) = (g, 9),
QeD QE'D QeD

showing f = g. Thus, we are left with the task of justifying the change of the order

of lim and Z . Let ¢f € C®(R") satisfy XB(1) < of < XB(2)- Since ¢ € S(R"), by
J—o00 Hep

decomposing ¢ = @l (R71) + (1 — ¢T(R™1)), and using the fact that HM,, ,(R")

(defined via the grand maximal operator) is continuously embedded in &'(R") as well

as Theorem 1.3, we see that the contribution of the function ¢(1 — ¢f(R™!-)) can be

made as small as we wish. In fact,

> Paulagr, (1 = (R71))| = OR™,
QeD

where the implicit constant do not depend on J. This implies that we can and do
assume that ¢ is supported in a compact set K. Suppose that K is contained in Q(2N)
for some N > 0. Let us set

I=sup 2 |/\Q,J<GQ,J7 o)
7 QeD,onK£0,6(Q)<2-4
I = sup > A\q.rlaq.r — ag. )]
T Qep.gnk#02-A<u(@)<24
111 = sup > 1Aq.s{aq., ¢,
J QED,QNK #0,24<4(Q)

where A > N. Then we have

sup Y [Aq.s{aq.s. )| < 21+ 1+ 2111 (72)
QeD

For [ € Z, denote by D; the set of all dyadic cubes @ such that |Q| = 27!, As for I,
we use |(ag.s, )| S Q)" TLH and if 1 > N,

|AQ, 7] 2ln/p n
> (o 3(21\’ = 500.QN) > Aaaxe S 27 flmy,  (73)
QED, " el LP(Q(2N))
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and hence
s 2 60, 1(Q))EQ)" ! = 02 Al =/,
QED,QNK£0,6(Q)<2—4

As for III, we use

$(0,21) =0 (A — ) (74)
and 0 < p <1 to have
nrs > Aol < 82N 1D Naulxe S oY fllam, -
QED.QNK#DL(Q)>24 QeD Mp.s

In view of (73) and (74), we see that I and III contribute little to the sum (72). With
this in mind we use the weak-* convergence to II to see (71). O

Finally, we state a corollary to conclude this section.

Corollary 3.6. If ¢ € G, satisfies (49), then HM; 4»(R"™) is embedded into My 4(R™).

Proof. Under the notation of Theorem 1.5, we have

> Nlagl <7 Aixag,-

j=1 j=1
(9) with v = 1 guarantees that the right-hand side belongs to M 4(R™). Hence f(x) =
[e.e]

Z Aja;(x) converges for almost all z € R". Observe also

L@ [ S x| da

< sup (1 + 227 (a |/ (1+ |22 Z)\|a,(a: do
TER™

< sup (1 + |a]) /P k(2 |Z (14 5)72"~ 1/ Z)\ laj(x)| d
T€R™ x|<jj 1

S sup (14 )P ()] D e () (1 +5) 2D Nixa,
reRn - P
My
< sup (1+ |z))2/PH k(x) Zw@]

zeR?
My

Thus, f is represented by an Li (R")-functions and satisfies f(z) = Z Ajaj;(x) for

loc

almost all x € R". O
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3.3 Applications to the boundedness of the singular integral operators

Going through the same argument as [22, Theorem 5.5] and [23, Theorem 5.5], we can
prove the following theorem;

Theorem 3.7. Let ¢ satisfy (49). Let k € S(R™). Write

Ay = sup |2V k(z)|  (m e NU{0}).
zeR”

Define a convolution operator T by
Tf(z)=k=f(z) (f€SR).

Then, T', restricted to HM, 4(R™), is an HMy 4(R")-bounded operator and the norm
depends only on ||Fk| L~ and a finite number of collections Ay, Aa, ..., Axy with N
depending only on ¢.

Once Theorem 3.7 is proved, we can obtain the Littlewood-Paley decomposition in
the same way as [22, Theorem 5.7] and [23, Theorem 5.10].

Theorem 3.8. Let 0 < p < 1. Let ¢ € G, satisfy (49). Let ¢ € S(R™) be a function
which is supported on B(0,4)\ B(0,1/4) and satisfies

Y lei@P >0

j=—00
for € € R\ {0}. Then the following norm is an equivalent norm of HMy 4(R™):
- 1/2
. — . 2 !/ (oM
17y, = I\ 22 les(D)] . JeS®RY. (75)
= My,

Once we obtain Theorem 3.8, we can prove the wavelet decomposition and the
atomic decomposition as in [26, 30].

Finally, we point out a mistake in our earlier paper [17].

Remark 3.9. The function A, in [17, p. 162] is not in L>(R") unless f € L. (R™).
Thus, the proof of [17, Theorem 1.3] is valid only of f € HME(R™) N LY(R"), where
HMY(R"™) = HM, »(R") with ¢(t) = t~™/P. The gap will be closed by the technique

described above.

4 Applications to the Olsen inequality

This is a bilinear estimate of I,, which is nowadays called the Olsen inequality [24].
Recall that we define the fractional integral operator I, with 0 < o < n by;

- fy)
I f(2) = /R e
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for all suitable functions f on R”. Olsen’s inequality is the inequality of the form

lg - Lafllz S Ifxlglly

where XY, Z are suitable quasi-Banash spaces. There is a vast amount of literatures
on Olsen inequalities; see [5, 34, 32, 33, 36, 37, 38, 41, 44] for theoretical aspects and
[9, 10, 11] for applications to PDEs.

Here we will prove the following theorem.

Theorem 4.1. Let 0 <p <1 and 0 < o < n and define q by:
1 1 a

p q n—X\

Then
o fllam, s S WFlHM,

for all f € HM, x. In particular, if ¢ > 1, then
[HaflImgn S NI,

for all f € HM, .

Proof. Argue as we did in [31] by using Theorem 3.8. O

Theorem 4.2. Let 0 <p <1 and 0 < o < n and define q by:
1 1 o

P g n—-X\

Assume that ¢ > 1. Let g € My pn—o(R"™). Then then there exists a constant C > 0
such that

g - Lo fll vy s S Mgl - (1 F A
for all f € HM, .

Proof. We argue as we did in [17, Theorem 1.7]. O

5 Acknowledgement

The research of V. Guliyev was partially supported by the grant of Science Development
Foundation under the President of the Republic of Azerbaijan, Grant EIF-2013-9(15)-
46/10/1 and by the grant of Presidium Azerbaijan National Academy of Science 2015.
A. Akbulut was partially supported by the grant of Ahi Evran University Scientific Re-
search Projects (PYO.FEN.4003.13.004) and (PYO.FEN.4003/2.13.006). This paper
is written during the stay of Y. Sawano in Ahi Evran University and Beijing Normal
University. Y. Sawano is thankful to Ahi Evran University and Beijing Normal Univer-
sity for this support of the stay there. The authors are indepted to Mr. S. Nakamura
for his hint to improve (48).

35



References

1]

[10]

[11]

[12]

[13]

[14]

A. Akbulut, V.S. Guliyev and R. Mustafayev, ”On the Boundedness of the maxi-
mal operator and singular integral operators in generalized Morrey spaces,” Math.
Bohem. 137 (1) (2012), 27-43.

K. F. Andersen and R. T. John, ”Weighted inequalities for vecter-valued maximal
functions and singular integrals,” Studia Math. 69 (1980), 19-31.

V. Burenkov, A. Gogatishvili, V.S. Guliyev and R. Mustafayev, ”"Boundedness
of the fractional maximal operator in local Morrey-type spaces,” Complex Var.
FElliptic Equ. 55 (8-10) (2010), 739-758.

F. Chiarenza and M. Frasca, ”Morrey spaces and Hardy-Littlewood maximal func-
tion,” Rend. Mat. 7 (1987), 273-279.

Eridani, H. Gunawan and M.I. Utoyo, “A characterization for fractional integral
operators on generalized Morrey spaces”, Anal. Theory Appl. 28 (2012), No. 3,
263-267.

Eridani, H. Gunawan, E. Nakai and Y. Sawano, Characterizations for the gener-
alized fractional integral operators on Morrey spaces, Math. Ineq. and Appl. 17,
No. 2 (2014), 761-777.

C. Fefferman and E. Stein, ”Some maximal inequalities”, Amer J. Math. 93 (1971),
105-115.

H. Gunawan, D. Hakim and Y. Sawano, "Nonsmooth atomic decompositions for
generalized Orlicz-Morrey spaces,” to appear in M ath. Nachr..

S. Gala, A.M. Ragusa, Y. Sawano, and H. Tanaka, Uniqueness criterion of weak
solutions for the dissipative quasi-geostrophic equations in Orlicz-Morrey spaces,
Appl. Anal. 93 (2014), no. 2, 356-368.

S. Gala, Y. Sawano, and H. Tanaka, A new Beale-Kato-Majda criteria for the 3D
magneto-micropolar fluid equations in the Orlicz-Morrey space, Math. Methods
Appl. Sci. 35 (2012), no. 11, 1321-1334.

S. Gala, Y. Sawano and H. Tanaka, On the uniqueness of weak solutions of the 3D
MHD equations in the Orlicz-Morrey space, Appl. Anal. 92 (2013), no. 4, 776-783.

V.S. Guliyev, ”Integral operators on function spaces on the homogeneous groups
and on domains in R™”. Doctor’s degree dissertation, Mat. Inst. Steklov, Moscow,
1994, 329 pp. (in Russian)

V.S. Guliyev, ”Function spaces, Integral Operators and Two Weighted Inequalities
on Homogeneous Groups. Some Applications,” Cashioglu, Baku, 1999, 332 pp. (in
Russian)

V.S. Guliyev, "Boundedness of the maximal, potential and singular operators in
the generalized Morrey spaces,” J. Inequal. Appl. 2009, Art. ID 503948, 20 pp.

36



[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[29]

[30]

V.S. Guliyev, ”Generalized local Morrey spaces and fractional integral operators
with rough kernel,” J. Math. Sci. (N. Y.) 193 No. 2, (2013) 211-227.

V.S. Guliyev, ”"Local generalized Morrey spaces and singular integrals with rough
kernel,” Azerbaijan Journal of Mathematics, 3 (2) (2013), 79-94.

T. Iida, Y. Sawano, and H. Tanaka, ” Atomic decomposition for Morrey spaces,”
Z. Anal. Anwendungen 33 (2014) 2, 149-170.

H. Jia and H. Wang, ”Decomposition of Hardy-Morrey spaces,” J. Math. Anal.
Appl. 354 (2009), no. 1, 99-110.

T. Mizuhara, Boundedness of some classical operators on generalized Morrey
spaces, Harmonic Anal., Proc. Conf., Sendai/Jap. 1990, ICM-90 Satell. Conf.
Proc., 183-189, 1991.

E. Nakai, ”Hardy—Littlewood maximal operator, singular integral operators, and
the Riesz potential on generalized Morrey spaces,” Math. Nachr. 166, 1994, 95—
103.

E. Nakai, ” A characterization of pointwise multipliers on the Morrey spaces,” Sci.
Math. 3 (2000), 445-454.

E. Nakai and Y. Sawano, "Hardy spaces with variable exponents and generalized
Campanato spaces,” J. Funct. Anal., (2012) 262, 3665-3748.

E. Nakai and Y. Sawano, ” Orlicz-Hardy spaces and their duals,” Sci. China Math.
57 (2014), no. 5, 903-962.

P. Olsen, Fractional integration, Morrey spaces and Schrodinger equation, Comm.
Partial Differential Equations, 20 (1995), 2005-2055.

M. Plancherel and M.G. Pélya, Fonctions entieres et intégrales de fourier multiples,
(French) Comment. Math. Helv. 10 (1937), no. 1, 110-163.

Y. Sawano, ”Wavelet characterization of Besov-Morrey and Triebel-Lizorkin-
Morrey spaces,” Funct. Approx. Comment. Math. 38 (2008), part 1, 93-107.

Y. Sawano, ”Generalized Morrey Spaces for non-doubling measures,” Nonlinear
Differ. Equ. Appl., 15 (2008), 413-425.

Y. Sawano, ” Atomic decompositions of Hardy spaces with variable exponents and
its application to bounded linear operators,” Integral Equations Operator Theory
77 (2013), no. 1, 123-148.

Y. Sawano and H. Tanaka, ”Morrey spaces for non-doubling measures,” Acta Math.
Sinica, 21 (2005), no. 6, 1535-1544.

Y. Sawano and H. Tanaka, ”Decompositions of Besov-Morrey spaces and Triebel-
Lizorkin-Morrey spaces,” Math. Z. 257 (2007), no. 4, 871-905.

37



[31]

32]

33]

[37]

[38]

[46]

Y. Sawano, S. Sugano and H. Tanaka, ”Identification of the image of Morrey
spaces by the fractional integral operators,” Proc. A. Razmadze Math. Institute,
149, (2009), 87-93.

Y. Sawano, S. Sugano and H. Tanaka, ” Generalized fractional integral operators
and fractional maximal operators in the framework of Morrey spaces,” Trans.
Amer. Math. Soc., 363 (2011), no. 12, 6481-6503.

Y. Sawano, S. Sugano and H. Tanaka, ”Olsen’s inequality and its applications to
Schrodinger equations,” Suurikaiseki Kokyuroku Bessatsu B26, (2011) 51-80.

Y. Sawano, S. Sugano and H. Tanaka, ” Orlicz-Morrey spaces and fractional oper-
ators,” Potential Anal., 36, No. 4 (2012), 517-556.

Y. Sawano and H. Wadade, ”On the Gagliardo-Nirenberg type inequality in the
critical Sobolev-Morrey space,” J. Fourier Anal. Appl., 19 (2013), no. 1, 20-47.

I. Sihwaningrum, H.P. Suryawan and H. Gunawan, ”Fractional integral operators
and Olsen inequalities on non-homogeneous spaces,” Aust. J. Math. Anal. Appl.
7 (2010), no. 1, Art. 14, 6 pp.

S. Sugano, ”Some inequalities for generalized fractional integral operators on gen-
eralized Morrey spaces,” Math. Inequal. Appl., 14 (2011), no.4, 849-865.

S. Sugano and H. Tanaka, ”Boundedness of fractional integral operators on gen-
eralized Morrey spaces,” Sci. Math. Jpn., 58 (2003), no. 3, 531-540 (Sci. Math.
Jpn. Online 8 (2003), 233-242).

E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Prince-
ton Univ. Press, 1970.

E.M. Stein, ”Harmonic Analysis, real-variable methods, orthogonality, and oscil-
latory integrals,” Princeton University Press, Princeton, NJ, 1993.

H. Tanaka, "Morrey spaces and fractional operators,” J. Aust. Math. Soc. 88
(2010), no. 2, 247-259.

L. Tang and J. Xu, ”Some properties of Morrey type Besov-Triebel spaces,” Math.
Nachr 278 (2005), no 7-8, 904-917.

H. Triebel, ”Theory of Function Spaces,” Birkhauser, Basel, 1983.

M.I. Utoyo, T. Nusantara and B.S. Widodo, ”Fractional integral operator and
Olsen inequality in the non-homogeneous classic Morrey space,” Int. J. Math.
Anal. (Ruse) 6 (2012), no. 29-32, 1501-1511.

W. Yuan, W. Sickel and D. Yang, "Morrey and Campanato Meet Besov, Lizorkin
and Triebel,” Lecture Notes in Mathematics, 2005, Springer-Verlag, Berlin, 2010,
xi+281 pp.

C. Zorko, "Morrey space,” Proc. Amer. Math. Soc. 98 (1986), no. 4, 586-592.

38



