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Abstract r

In this paper, we introduce three types of generalized special functions: beta, Gauss hypergeometric, and con-
fluent hypergeometric, all involving two generalized M-series at their kernels. We then give several properties of
these functions, such as integral representations, functional relations, summation relations, derivative formulas,
transformation formulas, and double Laplace transforms. Furthermore, we obtain solutions of fractional partial
differential equations involving these new generalized special functions and then we present graphs of the ap-
proximate behavior of the solutions. Also, we introduce a new generalized beta distribution and incomplete beta
function. Finally, we establish relationships between the new generalized special functions and other generalized
special functions found in the literature.
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1. INTRODUCTION

Special functions have an important role in many scientific fields such as physics, chemistry, mathematics, and
engineering, see [4, 9, 18, 27] for examples. Below are some examples of these special functions. The beta function [2]
for R(o) > 0 and RN(7) > 0 is defined by

1
B(o,7) = / w1 — W) N dw. (1.1)
0
The Gauss and confluent hypergeometric functions [16] respectively are given by

o (91)k(V2)k 2*

2 F1(V1,02:03:2) = kZ:O Wy)r B (l[ <1) (1.2)
and
Bliziiain) =3 (G 13)

where (+); is known as the Pochhammer symbol [2] and defined as follows:
N =90 +1)...(0+k—1) and (J)=1.
Note that the following formula for £(d3) > R(J2) > 0 holds true:
(V2)
(V3)k
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B9 + k, 05 — ¥9) = B(99,93 — ¥3). (1.4)
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Scientists have defined various generalizations of the beta function using special functions with appropriate kernels
such as exponential, confluent, Mittag-Leffler, Wright and Fox-Wright functions in the integral representation of Eq.
(1.1), see [1, 5-8, 10, 12, 17, 2022, 25] for examples. Some of these generalized beta functions are given below.
Sahin et al. [29] defined the generalized beta function as follows:

1
(m,n) — o—1¢1 _ T—1 _L _L
By ™ (o,7) /0 w1 —w) exp ( wm) exp ( = w)") dw,

where R(p) > 0, R(q) > 0, R(m) > 0, R(n) > 0. Mubeen et al. [19] defined the generalized beta function as follows:

1
&m _ o—1¢1 _ , y7—1 N e 4
By = [ et —wy T un (em-2) o (g,n, (1_@)‘*’“’
Wherep,QERa—,SGC,HGC\Za,§R(O’)>0,§R(T)>O.

Rahman et al. [23] defined the generalized beta function as follows:

BY (0,7) = /Olwff—l(l —w) B, (-5) E. (— i qw)) dw,

where p,q¢ > 0, R(o) > 0, R(7) > 0, R(a) > 0. If we replace the beta function on the left side of Eq. (1.4) with
generalized beta functions that have the appropriate kernel and then use them in Egs. (1.2) and (1.3), we obtain various
generalized Gauss and confluent hypergeometric functions. For more information, see [11, 13, 15, 24, 28]. Motivated
by these studies, this paper describes new generalized beta, Gauss hypergeometric, and confluent hypergeometric
functions. We accomplish this by using two generalized M-series [26], which are defined by

anfB(s) — N8 : IR N (5 S ()
oM (2) =My (G i o 2) §<n1)k...<nv>kr<ak+5>’

where &1,..., &, n1, ..., M0 Z0,—1,—2,... and R(a) > 0.
We aimed to use the generalized M-series as it has a more general form than most appropriate kernel functions

mentioned above. Since the generalized M-series contains more parameters, the application areas of special functions
are thought to expand with the results obtained here.

2. PRELIMINARIES

In this section, we give below the partial fractional Caputo derivative, double Laplace and inverse Laplace trans-
forms that we will need throughout this paper.

The partial fractional Caputo derivative [3] is given by

1 ! T e ey 1 O f ()
¢ D2 € el — _ m—e;—1 _ o, \n—e2—17  J\" )
q~ 0+ p~o+ f(p7 q) F(m — 81) F(n — 52) /0 /0 (p 1’) (q y) 8y”a$m dﬂ?dy,

where m — 1 < R(e1) <m, n —1 < R(e2) <n, m,n €N.

The double Laplace and inverse Laplace transforms [3, 14] respectively are defined by

L8, [f(p,@)] (51, 82) = /OOO /Ooo exp(—s1p) exp(—s2q) f(p, ¢)dpdy, (2.1)

(=)=
E)NE
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and

ele [22 [f(p, )](81782)}(p7q)=f(p,q)

1 c+ioco d+i00
= i) / . /d  exp(s1p) exp(s29) L4 Lp [f (P, 9)] (51, 52)ds1ds2,
(2.2)
where R(s1) 2 ¢, R(s2) = d.
Theorem 2.1 ([3]). Application of the double Laplace transform to partial fractional Caputo derivative gives

€48, [$DE2 SDSL f(p,q)] (51, 52)

= s (sqsp 0.0 (s1.52) — 3 s, m;q)} (2)

1=0

1 8f, ml"l,z_jaﬂf(om
_221 2{ p ] +ZZS1 1 5255 ), (2.3)

=0 7=0

where %(61),%(52) >0, m—1<R(e1) <m,n—1<R(e2) <n, myn €N.

3. NEw GENERALIZED SPECIAL FUNCTIONS AND THEIR FUNDAMENTAL PROPERTIES

Throughout the study, we assume that R(p) > 0, R(¢g) > 0, (o) > 0, () > 0, R(«) > 0, R(m) > 0, R(n) >0
R(W3) > R(Y2) > 0, R(s1) > 0, and R(s2) > 0. For the sake of shortness, we did not wrote these conditions for the
rest of the article, unless otherwise stated.

In this section, we define new generalized special functions and present their fundamental properties.

Definition 3.1. The new generalized beta function is defined by

O',T:|

o— -1 p
w 1(1*&}) 1quUB(517"'3571;7713"'777’0;7“)7)

Mﬁéaq,ﬁ;m,n)(o_ 7_) MB(a,ﬁmn) |: 51; oo 7£u;n17 sy T
’ Kiyeooy Ruy U1y ooy By

O\H

q
M (Kbt st —— ) deo, 3.1
wt o (Klla y Ry U1 H (1&})") w ( )

Definition 3.2. The new generalized Gauss hypergeometric function is defined by

M7 (a,B;m,n e 9 _ Mp(a,B;m,n flv--wfu;nlw-wnv
Fp’q )(191’192719?)’/2)_ Fp’q ){K17...’Klu;u1,.._’uv 191,192,193, :|
o MBE)%B%"%") |: 617' .. 7§u;'7717~ ey 192 + k,193 B 192:| .
:Z('ﬂl)k Riyeees Rus U1y ooy Hoy i (32)
o B(2,03 — ¥3) k!

Definition 3.3. The new generalized confluent hypergeometric function is defined by

M(I)(aﬁmn) (192 e Z) M(I)(aﬁmn)|:I§11,---,I§u;.2117...77£; V: U3 :|
MBp,Of,an)|:flw-wfu;nla-"anv 192+k7193_192:| X

oo
_ Rlyee s Rys 1y ooy Uy i
-2 B0z, 05— 02) z3 33
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Theorem 3.4. We have the following integral representations:

™

MBS (0,7) = 2 / " sin®1(6) cos?™ 1 (6) x (M (—.p) oMy (—q> o),

0 sin?™ () cos?™(0)
=B < ot p(1+1)™
Mp(a,fsm,n) — aprrB [ aprB( _ n
Bl (0,7) 7/0 el < o qu( g(1+1) )dt,
and
b m n
M7 (a,B;m,n) _ l—o—7 o—1 T—1  aprsB p(b - CL) o rB q<b - a’)
B =(b— t— b—t MP | ———— | M | —————— ] dt.
o) =0 - [ ario- o (< g (<20
Proof. Taking w = sin?(0), w = %th and w = z:—‘; in Eq. (3.1) respectively completes the proof. O

Theorem 3.5. We have the following functional relation:
Mp(a,Bim,n Mp(a,B;m,n _ (o, fim,n
BZ(MZ )(U7T+1)+ Bz(nq )(‘7'1'1’7') = Bé,q )(‘777')~

Proof. Using Eq. (3.1), we have

1
Mp(e,Bim, Mp(e,Bim, — o—1 T p q
B o 1+ VB e = [ g (=) o (-
1
71 — T—laMﬁ(_i)aMB _ q d
+/0(,U( LU) u o wm ) wY (17“})“ w
1
_ o—1 1— T 71 — 7—1 aMﬂ(_i)aMﬁ _L d
|ty vyt g (-2 ) o (- ) e

1
_ o—1 1— T—1 OcM,B _ p Cu]\4ﬁe _ q d
/0 w1l -w) v( r}m)u \ Tz w

_Mp(a,pimn
= Bj(g,q ) (0, 7). O

Theorem 3.6. We have the following summation relation:

MB(efimm) (g1 —7) =Y % Mplepimn) (g 4 k1),  (R(1—17) > 0).
k=0
Proof. From Eq. (3.1), we have
MB(efimn) (5 1 — 1) = /1 W1 = w) T oM (-2 ) oM <q ) dw (3.4)
P,q ) 0 uTv wm uv (1 _ w)n ° :
The binomial series [2] is defined by
o0 "
(-0 =3 (el <1). (35)
k=0
Using Eq. (3.5) in Eq. (3.4), the proof is complete. |

Theorem 3.7. We have the following integral representations:

~ 1 1
MF(aﬁ;m,n) 9. 90 V- — / ¥a—1 1— P3—92—1 1— -1
P,q ( 1,V2,V3, Z) B(ﬂz,ﬁs — 192) 0 w ( W) ( ZUJ)
e} ﬁ o p a B _ q )
X ul 41} ( wm) ulmv ( (1 — w)n dw? (3 6)
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~ 2 Bl _s
Mpi(a,B5m,n) B / ;2051 293—292—1 1 — »gin2 1
g (91, 92;93; 2) B2 05— 03) Jo sin (0) cos (0) (1 — zsin*(9))
MP (——L ) enf ( 1 )de 3.7
e ( sinzm(ﬁ)) U cos?(0) ’ (3.7)
PO 1 o0 9
MF(Ot,ﬁ,m,n) 19 19 19 . — / t’l92—l 1 t V1 —1U3 1 t 1 _ 1
Dyq ( 1, V2, 3a2) B('ﬂ27193 — 192) 0 ( + ) ( + ( Z))
1 m
oty (PR anag (a0 (38)

and

~ . b— 1—93 b ‘ —9
MF;E,C;’B’m’n) (01, 09;03; 2) = —( @) ) / (t— a)ﬂz*l(b - t)ﬁ‘”'*ﬁzfl <1 — 2( a))

B(¥2,73 — ¥ b—a
x LB _pb—a™ opgB _alb—a)" dt. (3.9)
(t—am b—10)r
Proof. Rewriting Eq. (3.2), we have
N o0 Mé(awﬂ;mvn)(,ﬁ + kg — 0 )Zk
MEi(a,B5m.n) (9 9, 9a: 2) = 9 P,q 2 y U3 2 = 1
p.q (01, 925935 2) Z( 1)k B(0s, 03 — U3) Tl (3.10)
k=0
Using Egs. (3.1) and (3.5) in Eq. (3.10), we have
~ 1 1
M (e, B3m,m) 1. 05 et 2) = / Vo—1(1 _ y)¥s—P2—1(1 _ -1
P,q ( 1,Y2, 3,Z) B(192,193*192) 0 w ( W) ( ZUJ)
apgB (P Nopps (4
X WMy ( wm) oM, < a _w>n> dw, (3.11)
which is Eq. (3.6). Also, taking w = sin®(f), w = 1%4 and w = g:—‘; in Eq. (3.11), we get Egs. (3.7), (3.8) and (3.9)
respectively. O
Theorem 3.8. We have the following integral representations:
~ 1 1
M@(@,B?m,n) ,19 ’l9 . — / Va—1 1— V3—1a—1
p,q ( 2 3’2) B(’ng,’ﬂg—ﬂg) 0 w ( OJ) eXp(ZW)
aprh __Pr aprB q 192
it (-5 (o) oo 6
MF (B ) 1 ! Y3 —092—1 ¥o—1
By (925033 2) = T (1 — 1) 1t
e (ai0012) = g | (1= 1) exp (=(1 ~ 1)
(P Noys(_ 4
it (=2 ) e (<) @19
~ 2 Fl
Mg (e.Bimn) (9.9, ») = / in2%2-1(p 2032021 ¢ in2(p
Prd (V25935 2) B(0a, 03— 03) J sin (0) cos (6) exp (zsin”(9))
x AMP (—p) Ve (— d ) a8, (3.14)
T sin?™(@) )Y\ cos?(0)
an



36 E. ATA AND 1. O. KIYMAZ

> 1 > zt
M (aBimn) (9,95 2) = —/ t2 (14 ¢)"
p,q ( 2 3’2) B(192,193_192) 0 ( + ) €xXp 1+t
X AP (W) oM (- g1+ 1) dt, (3.15)
and
17’[93 b
Mgapimm) (9. 9. ) = L= T T a1y pyda—va—1 gy ((ZEZ @)
q)th (192, 193’ Z) B(192a 193 - 192) a (t a) (b t) P b—a
o p(b—a)™\ , q(b—a)"
x GM (-M) MP <_((b—t)zl> dt. (3.16)

Proof. Rewriting Eq. (3.3), we have

L MBI (0 + k, 05 — ) 2

M & (a,B3m,n) e ) —
P Vo3 ¥ = . 3.17
P,q (23735 2) kz:% B(192,193—192) A ( )
Using Egs. (3.1) and (3.5) in Eq. (3.17), we have
M G (a,B;m,m) 1 Lot 93—93—1
G P (49 9a — 2741 — 3—V2—
{7 (as0si2) = g [ =) exp(a)
x VP (—i) Vi (N S— (3.18)
u o wm ) wt (1 _ w)n )
which is Eq. (3.12). Also, taking w = 1 —t, w = sin?(0), w = %th and w = £=¢ in Eq. (3.18), we get Eqs. (3.13),
(3.14), (3.15), and (3.16) respectively. O
Note 3.9. The following formulas for %(¢3) > £(J2) > 0 holds true:
U3
3(027193 — 192) = ﬂfB(ﬁg + 1,935 — 192),
2
(V1)ny1 = V1(91 + 1),.
These formulas are used in the proof of the theorem given below.
Theorem 3.10. We have the following differentiation formulas:
A" (maa.s: (91)r(92)r M7(aus:
o { Flgz’ﬁ’m’”) (91, 925 V3; z)} = W Fé%’ﬂ’m’") (W +r 02 +rm93+71;2), (3.19)
L[5 (y505:2) ) = LR MG s (9, 1y i), (3.20)
dzr p.a U3 (93)r P.q , ’

Proof. Differentiating Eq. (3.2), we have

d fMp(apimn) ol 4SS MBEGH™™ (9 + k, 03 — ) 2*
ﬂ{ Fra (19“92”93’2)} T dz kzzowl)’“ B(92,93 — U2) Iz

_ i(ﬁl)kMﬁé?‘q’" T (g + ks — 0a) H

£ B(U3, 93 — U3) k-1l
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Writing £ — k + 1, we get

~ <><> Mpa.fim,n) 1 _ k
i{MF(O"ﬂ’m’”)(?917192;193;2')}:7(191)(192)2(1914-1% U RS LR e

dz b (?93) P B(ﬁg +1, 7.93 — 192) k!
(1) (92) mrz(a,Bimn)
= ==L MR (9 41,09 + 1,093 + 15 2) .
(193) P,q (1+ ;U + 11U + 72)

Using the method of induction, we obtain the more general form as follows:

d’ M%(a,B;m,n (191)7’(192)7’ M7 (a,B;m,n

= { Flosm.m) (191,192;193;;:)} = Flefmm) (9, 41,05 + 1395 + 75 2),
which is Eq. (3.19). Also, we perform similar calculations for Eq. (3.3) and we obtain Eq. (3.20). |

Theorem 3.11. We have the following transformation formulas:

- H — H(a,B;m,m z
MERGTmm) (91,02;05; 2) = (1= 2) 77 MEggomm) (1917193 — V2303 1) : (3.21)
MRS (99 03; 2) = exp(z) MBELI (93 — V23935 —2). (3.22)

Proof. Using equation

(1-s1-w) " == (14 ) ,

1—=2

and writing w — 1 —w in Eq. (3.6), we obtain

ME(enfimon) (9, 950 03; 2) = (1_2)_191/1&)1931921(1 N Be
p,q 1,V2,VU3, — B(1927’L93—’L92) o Z_l

o () ()

= (1 — Z)_ﬂl Mﬁq(;,ﬁ;n,m) (?91,193 — o;U3; i ) ,

z—1
which is Eq. (3.21). Also, we obtain Eq. (3.22) from Eq. (3.13). O

Theorem 3.12. We have the following double Laplace transforms:

(VA (e B 11 ; R SR £ 1 TR

o, T} : (3.23)

[ o(a,Bm,m 11 «,B;m,n gy u,l, seees Ty
L4Lp _MF;S,q’B’ ' )(191’192;193;2)} (51,82) = —— Mp( i ’ )[51 Su 1371 g

1917192;?93;2] ) (324)

S1 52 ETRET Hla"'uﬁual;ulwuvﬂv
and
e 11 4y asmm [ €1se s €asLints e
eQ M(I)(a,,ﬁ,m,n) 9o Va: :| - - = M(I)( ,B;m,n) 1, s Qus 4y 11, P9 9 ) 3.95
P e (V2033 2)] (51, 52) 51 89 SRy Klyeeos By Ly ooyl |2 37 (3.25)

Proof. Using Eq. (2.1), we get

2.8, [P o) ) = [ [ exa(esip) expl(—saa) VBT (0, dpdn
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Then making the necessary calculations, we have

P I R _ m
£.L, [MBzgfgﬁ,mm(a’T) (s1,80) = —— [ w' 'l —w) "t oMP <gl,...,gu,1;m,...,nv;— S;ﬂ)
5182 Jo w
1
x oM} <K:1a'~-a"€ua1;ula-~-a,uv;_(]__82w)n> dw.
Hence, we obtain
£,L [MB("’ﬁvm’”) 0,7)| (s1,89) = —— MBLHFmm) | StoeoSus 5l sl g ) 0
a*p D.q (0,7) | (51,52) 51 89 R Boly vy by Ly 1, ey o

which is Eq. (3.23). Also, we apply Eq. (2.1) to Egs. (1.2) and (1.3) then we obtain Egs. (3.24) and (3.25).

4. TLLUSTRATIVE EXAMPLES

In this section, we present the solution of fractional partial differential equations involving new generalized special
functions using the double Laplace transform. We also give the beta distribution of the generalized beta function and
the new generalized incomplete beta function.

Example 4.1. Let 1 < R(e1),R(e2) < 2. We consider the fractional partial differential equation

¢D2 ¢DLy(p, q) = MBYm (0,7),

with the initial conditions
dy(0,0)  dy(0,0)  9%y(0,0)

y(p,0)
,0) = =0,
y(p,0) 4
_ 9y(0,9)

0 =0.
y(0,q) o
Considering Egs. (2.3) and (3.23) and application of Eq. (2.1) to the fractional partial differential equation gives

2,8 [5D52 D5y, )] (s1,52) = £48, VB (0,7)| (s1,5),

€1pP,€29

then

<£qu (P q)] (51.52) — 57" L4 [y(0,0)] (s2) — 5728, [ayg; q)} (e2)

_ _ y(p,0 1 _ _5 _109(0,0
— 3 S 0 1) = 5728, | 22D (51) 4577900, + o777 200

-1 -2 8y(070) -2 —2 82y(070)> — il MB(O‘:BW’%”) |: {15 cee 7§ua 17 m,---yMNv

81 Sg o — + 5175 )y
3(] aqap S1 82 ETREPY Hla“'a”ﬂ?hﬂla"wﬂv
O',T:| )

o, T] . (4.1)

0,7’} .

Using the initial conditions, we get

11 . €1 Eu Limte.
2 2 , 81,8 — MB(EQ,BEgm»n) ) y Quy 1y ) s o
? p[y(p q)]( ! 2) S}+El S%JFEZ o le"”iu?l;ﬂla"w.uv

Application of Eq. (2.2) gives

y(p q) _ pEl q€2 MB(aﬁ;m:n) |: 617 A 7&“ 1;771, . 7’1’]1),1 +ée1

F(l14+e)T(Q4ep) P4 Kl By L1, ooy flyy T4 €2
[c[m]
(0] €]
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Example 4.2. Let 1 < R(e1), R(e2) < 2. We consider the fractional partial differential equation

eD5: eD5Ly(p,q) = MELSmm 9y, 02;93: 2),

0+ p €1p,€29q
with the initial conditions

9y(0,0) _ 0y(0,0) _ 9°y(0,0)

_ 0y(p,0) _
(

9y(0,q)
y(0,9) = =0.
0.0 = 2
Considering Eqgs. (2.3) and (3.24) and application of Eq. (2.1) to the fractional partial differential equation gives
£,8, [6D52 5D y(p,q)] (s1,52) = €48 slp’ﬁs:; ")(191,192;193;2)} (s1,52),

then

<2q2p w(p.0)] (s1.52) — 5724 [w(0.0)] (52) — 5728, [ayg; q)} 2

_ dy(p, 0 4 _5 _109(0,0
_Szlsp [y(p,0)] (51 )_322£ [ y(;; )} (51)+511521y(0»0)+312521 y(é,p )

_1.20y(0,0) | 5 _58y(0,0) 11 &, .. & Lim, ...
l 2 2 2 ) M (aﬂmn) 1 s SQusy 1371, s T
——— | = —— MFg e U1, ¥9;93; 2| -
+ 5 q + 8175 Dqdp S1 59 %2 1y ooy Ky 1 J0s - s flo 1,V2;V3
Using the initial conditions, we get
o 1 1 M (a,8;m,n) 517"'751“1;7717"'7,’71) A .
zqu [y(p7 q)] (81’52) N S%TQS%+€2 Fi’iz Ry '7K/u71;/’('17' sy My 191,192’193,2 ’
Application of Eq. (2.2) gives
P! 9 MpaBimn) | S5 Su 1'771--~T]u1+€1‘
, — FloBm,n ’ ’ by ’ ’ ) 19,19,,19’ . 4.9
y(p q) F(1+€1) F<1+€2) P K/lr"a’{ual;/’élv"wuvvl—i_e B ( )

Example 4.3. Let 1 < R(e1),R(e2) < 2. We consider the fractional partial differential equation

cDaz cDO+y(p7 ) M (ozBmn)(,l92;193;2)7

ot p €1P,€2¢
with the initial conditions

dy(0,0)  dy(0,0)  9%y(0,0)

y(0,0) = ap  9q  0qdp 0
_ 0y(p,0)

dy(0,q)
0,q) = = 0.
y(0,q) o

Considering Egs. (2.3) and (3.25) and application of Eq. (2.1) to the fractional partial differential equation gives

€1P;€29

2,8 5051 D5y, )] (s1,82) = L4, MBS (023 03:.2) | (s1,5).
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then
<£q£p (. @) (51, 52) — 572, [y(0. )] (s2) — 5772, [ay(a?o q)} >2)
B s;lsp [y(p7 0)] (81) _ 8522p |:ay(8};70):| (31) -+ 31*132*1?/(0, 0) + SI2851 3yg; O)

1 20y(0.0) | _26@(0,0)) 11 Mq)(a,ﬂ;m,n){51,...,@,1;771,...,%

+ 8 Sy +5,78, P
dq 0q0p 81 S 5105 Klyeoosbouy L 1y n ey oy

192;193;2'] .

Using the initial conditions, we get

o 1 1 M 5 (a,B;m,n) é-lw"aé-uv]-;nl»"'unv . .
Caloly(p, @)} (51, 52) = s?‘sl s%""‘” (I)%% Klyeoos By L1y ooy fhy V25 2] -
Application of Eq. (2.2) gives
P! g M g (a,B;m,n) 51;"'7£u71;771a"'7771)71+61 ’
= PlrPim, Y93 03; 2] . 4.3
y(p.9) L(1+e1) T(1+e2) P Kooy Ry L, oy L+ |02 087 (4.3)

The newly defined generalized special functions are expected to have many applications. One area where the
new generalized beta function is expected to be useful is statistics. The beta distribution is a continuous probability
distribution that is widely used in Bayesian statistics and in the modeling of rates and proportions. The new generalized
beta function, on the other hand, is a generalization of the beta function that has found applications in various fields
such as physics, engineering, and finance. We now give an illustrative example below.

Example 4.4. We describe the beta distribution of new generalized beta function by
W (A—w)™t OMY (= g ) oMY (- =y )
Flw) = {

Alé;,‘ijﬁ;'m’n)(o‘,‘r) 70 <w< 17
0 ,otherwise.
If A € R, then for —co < 0 < 00, —00 < T < 00,
MB o 4 1)
B (a,Bsm,n)
MByg™ ™

E(X*Y) = )

The variance of the distribution is
MBS (0, m) MBS o +2,1) — (VB 0+ 1,7)
(B o))

The moment generation function of the distribution is

E(X?) —{E(X)}* =

o k 0 Mp(a.fim,n) k
w (c+k,m)w
Mw)=Y E(x") > =) —*r4 L
| a,Bim,n |
k=0 o k=0 MBZ(’-,QIB )(07 7) !
The cummulative distribution of F'(w) can be written as
MR Bimn)
p(x) = D (1),
MBpg"™" (0, 7)

where
5 X P q
M ; -1 -1
VB8 (o, 7) = / W (1 —w) o (— ) e (— ) o,
is new generalized incomplete beta function.
oG
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(A) The graphs of (4.1) for the valuesu =v=§ =n=
k=p=a=F=m=n=10c=7=2,0<p,qg<1,
generalized M-series indexs ¢,j = 0,1 and g1 = g2 = 1.2
(yellow), e1 = g2 = 1.4 (blue), e1 = €2 = 1.6 (green),
€1 =¢e2 = 1.8 (red).

y(p.q)

(B) The graphs of (4.2) for the valuesu=v=&=n= (¢) The graphs of (4.3) for the values u = v = £ =
k=p=a=F=m=n=1,2=05,9 =3, 9, =2, n=k=p=a=F=m=n=1,2z=0.5 0 =2,
¥3 = 4, 0 < p,q < 1, Gauss hypergeometric series ¥3 =4, 0 < p,q < 1, confluent hypergeometric series
index k = 0,1, generalized M-series indexs i,j7 = 0,1 index k = 0,1, generalized M-series indexs i,7 = 0,1
and g1 = e2 = 1.2 (yellow), &1 = g2 = 1.4 (blue), and €1 = g2 = 1.2 (yellow), &1 = e2 = 1.4 (blue),
€1 =¢e2 = 1.6 (green), 1 = €2 = 1.8 (red). €1 =e2 = 1.6 (green), 1 = €2 = 1.8 (red).

FIGURE 1. Approximate behaviors of the solutions of Examples (4.1), (4.2) and (4.3).

Note 4.5. In our forthcoming studies about the beta distribution of this new generalized beta function, we hope to
gain a deeper understanding of its properties and potential applications as well as its relationship to other well-known

distributions such as the gamma distribution and the beta prime distribution.
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5. CONCLUSION

In this paper, we defined generalized beta, Gauss hypergeometric, and confluent hypergeometric functions includ-
ing two generalized M-series at their kernels and gave their basic properties. As examples, we obtained the solutions
of fractional partial differential equations involving these new generalized special functions by means of the double
Laplace transform and then presented the graphs of their approximate behavior in Figure 1. We also introduced the
beta distribution of the generalized beta function and the generalized incomplete beta function.

Since the generalized M-series has a more general form than most special functions, it becomes a special case of
many generalized special functions in the literature. Therefore, we conclude this paper by presenting the relationship
between the special functions defined in this paper and other special functions found in the literature below.

Mubeen et al. [19]:

1,1 [ 657
MB(LLLY) [5;77 o,7| = B5(o,7).

Rahman et al. [23]:
Mp(a,1:1,1) [5 39
nn

q

o, T| = ng(g, T)a

p,
Mpaan [ &€y o] = po (91, 92; U35 2)
P.q nn 1,V2;V3; = Ip,q\V1, V2, V3,2,

M (e-1:1.1) {f}:i ‘192; Vgiz| = Py (Va3 035 2).
Sahin et al. [29]:
MB (1,1;m,n) |:§ 5

Pq

o.7| = BYn(o,7),

7

Mp(LLmn) [ j;g 91,2 D 2| = EGm (9,9 05 2),

My (1. 15m.m) [gzi ‘192;193;2 = 000" (92; 033 2).

p,q

Classic functions [2]:

MB(()oal;m,n)[517~~~7§u§7717-~~»77v o, T :B(O',T)7
’ Kilyeoos Bus f1s -+ Ho ]
Mp(a,l;m,n) gla"'agu;nla"wnv ]

F, 19,19,19, = F(¥1,799;93; 2),
0,0 |:’<517'-~ Ry 1y« oy Mo R (1 278 )
M Oélm’n/ 517"'7£u;7717""771)

D! Vo 19, = O(vs; V3; 2).
0,0 [Kla"'anu;ﬂla"'aﬂv 3 ( 278 )
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