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Abstract

We developed an algorithm in Kıymaz and Mirasyedioğlu [O. Kıymaz and S�. Mirasyedioğlu, An algorithmic approach
to exact power series solutions of second order linear homogeneous differential equations with polynomial coefficients,
Appl. Math. Comp. 139 (1) (2003) 165–178] for computing exact power series solutions of second order linear homoge-
neous differential equations with polynomial coefficients, near a point x = x0. In this paper we present a symbolic algo-
rithm to compute the exact power series solutions of nth order linear homogeneous differential equations with
polynomial coefficients, near an ordinary point.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In 1992, Koepf [2] used generalized hypergeometric series and the definition of a recurrence equation (RE)
of hypergeometric type for calculating the power series of a given function. Koepf showed that each formal
Laurent series (FLS) of hypergeometric type satisfies linear differential equations (DE) with polynomial coef-
ficients [2]. In [1], we developed a new algorithm to find the exact power series solutions of the second order
linear DE with polynomial coefficients by using some transformations and the coefficient formula in [2].

The main purpose of this paper is to give a symbolic algorithm that computes the exact power series solu-
tions of nth order linear homogeneous DE with polynomial coefficients near an ordinary point.

Without loss of generality we assume that, all solutions will be computed at the point x0 = 0.

2. Preliminaries

This section introduces some basic definitions and notations which will be used through the paper.
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Definition 2.1. A (generalized) hypergeometric function has a series representation
P1

n¼0cn with cn+1/cn a
rational function of n. The ratio cn+1/cn can be factored and it’s usually written as
cnþ1

cn
¼ ðnþ a1Þðnþ a2Þ � � � ðnþ apÞx
ðnþ b1Þðnþ b2Þ � � � ðnþ bqÞðnþ 1Þ : ð2:1Þ
Then if c0 = 1, the equation can be solved for cn as
cn ¼
ða1Þnða2Þn � � � ðapÞnxn

ðb1Þnðb2Þn � � � ðbpÞnn!
;

where (a)n denotes the Pochammer symbol (or shifted factorial)
ðaÞn ¼
1 n ¼ 0;

aðaþ 1Þ � � � ðaþ n� 1Þ n 2 IN ;

�

and
pFq
a1 a2 � � � ap

b1 b2 � � � bq
; x

� �
¼
X1
n¼0

ða1Þnða2Þn � � � ðapÞn
ðb1Þnðb2Þn � � � ðbqÞnn!

xn ð2:2Þ
is the usual notation [3].

Definition 2.2. Let F ¼
P1

n¼n0
anxnðan0

6¼ 0Þ be a formal Laurent series (FLS) for some n0 2 Z. Then F is called
to be hypergeometric type if it has a positive radius of convergence, and if its coefficients satisfy a RE of the
form
anþm ¼ RðnÞan; n P n0;

an ¼ An; n ¼ n0; n0 þ 1; . . . ; n0 þ m� 1
ð2:3Þ
for some m 2 IN, An 2 C(n = n0 + 1, . . . ,n0 + m � 1), An0
2 C n f0g, and some rational function R. The num-

ber m is then called the symmetry number of F. A RE of type (2.3) is also called to be of hypergeometric type
[2]. Note that a function of the form f(xm) and so as the formal power series (FPS) of the form F(xm) is called
m-fold symmetric. It is clear that, each FLS with symmetry number m can be represented as the sum of m

shifted m-fold symmetric functions [2].

Lemma 2.3. Let x0 = 0 be an ordinary point of a nth order linear DE with polynomial coefficients. The RE of the

DE, can be computed applying the transformation
xmyðkÞ ! ðnþ 1� mÞkanþk�m ð2:4Þ

to the all terms in DE. Here (n + 1 � m)k denotes the Pochammer of n + 1 � m [1].

To get the exact power series solutions of a given DE, we use the fact that; the coefficients cn of the

hypergeometric series
P1

n¼0cnxn are the unique solution of the special RE (2.1) with the initial condition c0 = 1

[2].

Theorem 2.4. If the corresponding RE of a nth order linear DE with polynomial coefficient is hypergeometric

type, then the exact power series solutions of DE can be computed.

Proof. If the RE is hypergeometric type then it is of the form (2.3). So the symmetry number is equal to m.
Applying the transformation n! mn to RE we get
amðnþ1Þ ¼ RðmnÞamn:
Applying a second transformation amn! cn, we get the following equality:
cnþ1 ¼ RðmnÞcn:
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The last equality is of the form (2.1) with multiplying the variable x. Making similar calculations, with the
transformations n! mn + 1, . . . ,mn + (m � 1), we get m equations of the form (2.1). For each equation, we
can find the coefficients of corresponding power series. So, we can represent the solutions as the sum of m

shifted m-fold symmetric functions. h
3. The algorithm

Here we present an algorithm that compute the exact power series solutions of a given nth order linear DE
with polynomial coefficients at the ordinary point x0 = 0.

Algorithm 3.1

(1) Apply the transformation (2.4) to the all terms at the lhs of the input. Write the results in the equation.
Then construct the RE.

(2) In the rhs of the RE, apply a substitution which makes the index of coefficient c, n. Determine the sym-
metry number m. Represent the solutions as the sum of m shifted m-fold symmetric functions.

(3) From these, choose the series, which are of the form (2.1). Find the explicit formula for the coefficients
using some calculations and the hypergeometric coefficient formula (2.2). Then construct the results.
Theorem 3.2. Let x = x0 be the ordinary point of the nth order linear homogeneous DE with polynomial coeffi-

cients. Then Algorithm 3.1 computes the exact power series solutions correctly if the RE of the DE is hypergeo-

metric type.

Proof. The proof of the step (1) is given by Koepf in [2]. In step (2), we transformed the RE to the form (2.3)
by a substitution that makes the index of coefficient c, n. Then applying the transformations described in proof
of Theorem 2.4 we get m shifted m-fold symmetric functions. After choosing the series which are of the form
(2.1) in step (3), the proof of the calculations for finding the explicit formula is also given by Koepf in [2]. h

Example 3.3. Assume that y000 + xy 0 + 2y = 0 is given. Then x = 0 is an ordinary point. So we can apply the
Algorithm 3.1. With transformation (2.4) we get the RE as
anþ3 ¼ �
ðnþ 2Þan

ðnþ 1Þðnþ 2Þðnþ 3Þ :
The RE is hypergeometric type and the symmetry number is 3. So,

(i) Applying the transformations n! 3k and a3k! ck to RE we get
ckþ1 ¼ �
ck

32 k þ 1
3

� �
ðk þ 1Þ

:

This is of the form (2.1) and it is the first solution of the DE. So with setting the coefficient c0 = 1 we
obtain the result as
y1ðxÞ ¼
X1
n¼0

ð�1Þnx3n

3nn!½1 � 4 � � � ð3n� 2Þ� :
(ii) Applying the transformations n! 3k + 1 and a3k+1! ck to RE we get
ckþ1 ¼ �
ðk þ 1Þck

32 k þ 2
3

� �
k þ 4

3

� �
ðk þ 1Þ

:

This is of the form (2.1) and it is the second linearly independent solution of the DE. So with setting the
coefficient c0 = 1 we obtain the result as
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y2ðxÞ ¼
X1
n¼0

ð�1Þnx3nþ1

½2 � 5 � � � ð3n� 1Þ�½4 � 7 � � � ð3nþ 1Þ� :
(iii) Applying the transformations n! 3k + 2 and a3k+2! ck to RE we get
ckþ1 ¼ �
ck

32 k þ 5
3

� �
ðk þ 1Þ

:

This is of the form (2.1) and it is the third linearly independent solution of the DE. So with setting the
coefficient c0 = 1 we obtain the result as
y3ðxÞ ¼
X1
n¼0

ð�1Þnx3nþ2

3nn!½5 � 8 � � � ð3nþ 2Þ� :
Finally the general solution of the given DE can be found as
yðxÞ ¼ C1y1ðxÞ þ C2y2ðxÞ þ C3y3ðxÞ;
where C1, C2 and C3 are arbitrary constants.

Example 3.4. Consider the equation y000 + x2y00 + xy 0 � y = 0. x = 0 is an ordinary point. If we apply the
transformation (2.4) we get the RE as
anþ3 ¼ �
ðn� 1Þðnþ 1Þan

ðnþ 1Þðnþ 2Þðnþ 3Þ :
The RE is hypergeometric type and the symmetry number is 3. Applying the transformations n! 3k and
a3k! ck , n! 3k + 1 and a3k+1! ck, n! 3k + 2 and a3k+2! ck to RE respectively we get
ckþ1 ¼ �
k � 1

3

� �
ck

3 k þ 2
3

� �
ðk þ 1Þ

; ð3:1Þ

ckþ1 ¼ �
kck

3 k þ 4
3

� �
ðk þ 1Þ
and
ckþ1 ¼ �
k � 1

3

� �
ck

3 k þ 4
3

� �
k þ 5

3

� � :

From Eq. (3.1) we get the first solution as
y1ðxÞ ¼
X1
n¼0

ð�1Þnþ1x3n

3nn!ð3n� 1Þ :
With similar calculations and setting the constant c0 = 1, we get the second and third solutions as
y2ðxÞ ¼ x
and
y3ðxÞ ¼
X1
n¼0

ð�1Þnx3nþ2

½5 � 8 � � � ð3nþ 2Þ�ð3nþ 1Þ :
So the general solution of the given differential equation is
yðxÞ ¼ C1y1ðxÞ þ C2y2ðxÞ þ C3y3ðxÞ:
The Maple code of Algorithm 3.1 is similar with the code in [1]. The reader can be constructed the code of
Algorithm 3.1 with basic adaptations.
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