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Abstract

We shall give a characterization for the strong and weak type Adams type boundedness
of the fractional maximal operator M, on total Morrey spaces L”**(R"), respec-
tively. Also we give necessary and sufficient conditions for the boundedness of the
fractional maximal commutator operator M} and commutator of fractional maximal
operator [b, My ] on LP**(R") when b belongs to BM O (R") spaces, whereby some
new characterizations for certain subclasses of BM O (R") spaces are obtained.
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1 Introduction

The study of fractional maximal operators is one of the most important topics in
harmonic analysis. These significant non-linear operators, whose behavior are very
informative in particular in differentiation theory, provided the understanding and the
inspiration for the development of the general class of singular and potential operators
(see, for instance [7]). ForO0 < a <n, f € LllOC (R™), the fractional maximal operator
M, is defined by

Mo f(x) = sup | BGx, r)[ 15 f L )Idy,
r>0 B(x,r)
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where B(x, r) is the ball of radius r centered at x € R”, l:B (x, r) is its complement
and |B(x, r)| denotes the Lebesgue measure of B(x,r). When o = 0, we simply
denote by M = M.
The fractional maximal commutator generated by the operator M, and b €
loc (R") is defined by

Mp.o f(x) = Mo ((b(x) — D) f)(x).

The commutator generated by the operator M,, and a suitable function b is defined
by

(b, Mol f (x) = b(x)Mq f(x) — Mo (bf)(x).

When o = 0, we simply denote by M, = M}, o and [b, M] = [b, Mp]. Obviously, the
operators My o and [b, M, ] essentially differ from each other since M} , is positive
and sublinear and [b, M, ] is neither positive nor sublinear. The operators My, [b, M, ]
and M}, , play an important role in real and harmonic analysis and applications (see,
for instance [2—4, 6, 11-15, 24]).

The boundedness of the Hardy-Littlewood maximal operator M on L”(R") is
one of the most fundamental results in harmonic analysis. It has been extended to
a range of other function spaces, and to many variations of the standard maximal
operator. In particular, one can study commutators of M with BM O functions b.
These turn out to be L? bounded for 1 < p < oo if and only if b € BM O and
b~ = —min{b, 0} € L°(R") [4]. This is useful, for instance, when studying the
product of an H ! function with a BM O function [5]. Note that, the boundedness of
the operator My, on L? spaces was proved by Garcia-Cuerva et al. [6].

The commutator estimates play an important role in studying the regularity of
solutions of elliptic partial differential equations, and their boundedness can be used
to characterize certain function spaces (see, for instance [2-4, 7, 11-15, 20-24]).

The classical Morrey spaces were introduced by Morrey [16] for the study of solu-
tions of some quasi-linear elliptic partial differential equations. For more applications
of Morrey spaces on partial differential equation, the reader is referred to [18-21]. In
[13] introduced a variant of Morrey spaces called total Morrey spaces LP-**(R"),
0 < p <oo, 2 € Rand u € R. Total Morrey spaces generalize the classical
Morrey spaces LP*(R") so that LP"**(R") = LP*(R") and the modified Morrey
spaces LP*(R") so that LP*O(R") = Lp *(IR™), respectively. We given necessary
and sufficient conditions for the boundedness of the maximal commutator operator
M), and the commutator of maximal operator [b, M] on L? A1 (R™) when b belongs
to BMOR").

The aim of this paper is to give necessary and sufficient conditions for the bound-
edness of the fractional maximal commutator operator Mj , and the commutator of
fractional maximal operator [b, M,] on LP-**(R") when b belongs to BM O (R")
spaces. We obtain some new characterizations for certain subclasses of BM O (R").

The structure of the paper is as follows. In Sect.2 we introduce the total Morrey
spaces LP**(R"). We give some definitions, auxiliary results and some embeddings
into the total Morrey space L?***(IR™). In Sect.3 we give a characterization for the
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strong and weak type Adams type boundedness of the fractional maximal operator M,
on LP*H(R™), respectively. In Sect. 4 we find necessary and sufficient conditions for
the boundedness of the fractional maximal commutator Mj , on L? (R spaces.
In Sect.5 we find necessary and sufficient conditions for the boundedness of the
commutator of fractional maximal operator [b, My] on L? Al (R spaces.

By A < B we mean that A < C B with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A & B and say that A and B
are equivalent.

2 Definition and basic properties of total Morrey spaces

In this section we define the total Morrey spaces L”*+#(R"), and give auxiliary results
and some embeddings into the total Morrey space LP**(R").

Definition2.1 Let0 < p < 00, A € R, u € R, [t]; = min{l, ¢}, t > 0. We denote
by L?**(R") the classical Morrey space , by L?-*(R") the modified Morrey space [9],
and by LP**(R") the total Morrey space the set of all classes of locally integrable
functions f with the finite norms

_a
I fllpp = sup & 2| fllLrB@x.0)

xeR?, >0
A

I fllzpr = sup  [t]y " I fllLrcBecn)
xeR”?, >0

1 u
I fllgpow = sup  [t], " [1/21] 1 fll e (B

xeR?, >0

respectively.

Definition2.2 Let 0 < p < 00, A € R and u € R. We define the weak Morrey
space WLP*(R"), the weak modified Morrey space WLP* (R™) [9] and the weak
total Morrey space W L?-**(IR") as the set of all locally integrable functions f with
finite norms

i
Il fllwepr = sup & 7 | fllweeBe,n)
xeR?, >0
2
I fllwier = sup  [t]y " I fllwerBeen)s
xeR?, >0
1 u
I fllwppow = sup  [t], " [1/2]] | fllwer B
xeR?, >0

respectively, where W LP (B(x, t)) denotes the weak L?-space of measurable functions
f for which

1
I fllweer By =supr {y € B(x, 1) : | f(¥)]| > r}|7.
r>0
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Lemma2.1 If0 < p <00,0<u <A <n, then
LPAH@RYy = LPH(R") N LPH(R™)
and
I oo ey = max (I fll o I f Lo}

Proof Let f € LP**(R")and 0 < < A < n. Then

1£zps = 1 pos
—i — B
—max| swp Tl swp 10T I ]
xeR?,0<t<1 xeR" 1>1

< WSl ppon qmy

and

Il fllLpn = 1l fllLpwn

Azp A iy
=max{ sup  t 2t PlfllLrBx,y), Ssup f P ||f||L”(B(x,t))}
xeR?,0<t<1 xeR*t>1

=< ||f||Lp.?»,u(Rn)-

Therefore, f € LP*(R")N LP-*(R") and max [||f||Lp,~A, ||f||Lp,u} < Wf Lo gy
Now let f € LP*(R") N LP*(R"). Then
A ©

I fllppowe = sup [e], " (/2] 1 f e B0y
xeR? >0

_a n
=max{ sup ¢t 7| fllLrBruy), Sup t 7 ||f||LP(B(x,t))}
xeR?,0<r<l1 xeR”t>1

< max {1 oo 1 ).
Therefore, £ € LP*H(R") and | £l pi gy < max {|| Fllpres 1£1 LM}. 0

Remark 2.1 In [13], Lemma 2 omitted the condition i < A, so we proved this lemma
again in correct form.

Analogously proved

Lemma22 If0 < p <o00,0<u <A <n, then

WLPHIR") = WLPHR") N WLPH(R")
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and

||f||WLp.k,u(Rn) = maX{”f”Wme ||f||WLPvM}-

Lemma23 [13, Lemma 6] If0 <X <n 0 <u <n0<a <n—Aand

O§ﬁ<n—u,thenf0r"a;k§p§"73“

Lp,)»,u(Rn) s Ll,nfa,nfﬂ(Rn)
and for f € LP*H*R") the following inequality

1 !’
1l ptnmans < 0a/ P 1 F Il Lo

is valid.

3 Fractional maximal operator in total Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness of the
fractional maximal operator M,, in the LP-**(R") spaces.
The following local estimate is valid (see also [8, 10]).

Lemma3.4 [10,Lemma 4.1]Let0 <a <n, 1 <p < g, and% — % = % Then, for
p > 1 the inequality
Mo fllLaBery ST supt 4l fllLeBe.n) (3.1
t>2r
holds for all B(x,r) and forall f € Lﬁ)c(R”).
Moreover if p = 1, then the inequality
Mo fllwra oy ST supt <l fllLise.n) (3.2)

t>2r

holds for all B(x,r) and for all f € LIIOC(R”).

The following is Spanne’s type result for fractional maximal operators in total
Morrey spaces (see, for example, [8]).

Theorem 3.1 (Spanne’s type result) Let 1 < p <00, 0 <A, u<n 0<a < % and
1 1«

p g _n
A
LIfp>1, feLP HRY, then My f € LY 77 (R?) and

”Motf”Lq ra g = Cpop | fllLrin,

P

where Cp, 5 . depends only on p, A, u and n.
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2.Ifp=1, f € LV R"), then Mf € WL9*4-*4(R") and

||Mozf||WLqJ»q,uq =< Cl,k,u ||f||LM,u,

where Cy ., is independent of f.

Proof Let 1 < p < oo. From the inequality (3.1) we get

i ©
| My f|| = sup [r]; " [1/r]] Mo fllLaBex,r)

J H1q
prp xeR™, r>0

< osup [r] p[l/r ri sup "||f||LP<B(xz))
xeR”, r>0 t>2r

A

_ " n n A) _K
SN lpprw suplrl, ? [1/r10 7~ % sup e~ v (117 [1/2], 7
r>0

t>r

n—»i _nh—p +

—a+ 7 o 7 o—
= [lflLp.rn suplrly [1/rl, sup[7], [l/t]l
r>0 t>r
=1 fllpprn,

which implies that the operator M,, f is bounded from L?7-**(R") to L4 (R™).
Let p = 1. From the inequality (3.2) we get

My fllwrasang = sup  [F17* (/71 1Mo fllwra o)

xeR" r>0

< osup [r]) [l/r]ﬂr" sup ¢ ‘1||f||L1(B(xt))

xR, r>0 1o2r
S P e L i e G LT
r>0 t>r
= Il£ll gt suplr 17T (171§~ "7 suple)§” Y (170t
r>0 t>r
= [1f g,

which implies that the operator M,, f is bounded from L2 I(R") to W L2914 (RM).
O

From Theorem 3.1 in the case @ = 0 we get the following corollaries.

Corollary 3.1 [13, Theorem 1]Letl < p <00,0 <A <nand0 < pu <n.
1.Ifp> 1, f € LP**R"), then Mf € LP**[R") and

IMfllppoan < Cpaullfllppin,

where Cp 5, depends only on p, A, w and n.
2.Ifp=1, f e LWH®R"Y), then Mf € WLL*R") and

IMfllweriw < Crop L fIltnm,
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where Cy 5., depends only on p, A, i and n.
From Theorem 3.1 in the case A = p or © = 0 we get the following corollaries.

Corollary 3.2 [17, Theorem 5.4]Let1 < p < 00,0 <A <n, 0 <a < % and

1_1_«a

P q n’
A
LIfp> 1, f € PR, then My f € L7 (R") and

1Mo U 20 = CpallfllLes,

where C, ;, depends only on p, A and n.
2.Ifp=1, f € LV*R"), then My, f € WL4*R") and

Mo fllwrara < Cipllfllpin,

where C\  is independent of f.

IR

Corollary 3.3 Letlfp<oo,0§k<n,0§a<%and%—%

LIfp > 1, f € LP*(R"), then My f € L% 7 (R") and

IIMafIIZq,%q = Cpalfllgpas

where C, 5 depends only on p, A and n.
2.Ifp=1, f € L'"*(R"), then My f € WLY*(R") and

Mo fllwgara < Crallfllgns

where C| j, is independent of f.

The following is Adams type result for fractional maximal operators in total Morrey
spaces (see, for example, [8]).

Theorem 3.2 (Adams type result) Let 1 < p <00, 0 < u<i<n0<a< ”;)‘.

11
(1) If 1 < p < "=, then condition % =i looe

for the boundedness of the operator My, from LP**(R") to L9 H(R™).

Q) Ifp=1< ”;A, then condition ﬁ <1- % < % is necessary and sufficient
for the boundedness of the operator My from L'**(R") to L% H*(R").

3) I "O{;’\ < p < "ZE, thenthe operator My, is bounded from LPAIRM) to L2 (RM).

is necessary and sufficient

=

n—i o -
p 9 n_l'l/ —

Proof Sufficiency. Letl < p <o00,0<pu<i<n0=<a< <

——and f € LPHH(RM).

My f(x) ~ Supra—n ||f||L1(B(x,r))

r>0
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< supmin{r® Mfx), r*" 7 | fllLeBer}

r>0
n A _K
. a—n
< supmin{r® Mf(x),r" 7 [r1{ [1/r]; " | fllLpsn}
r>0
. w a—% —a+";“
< supmin{r® Mf(x), [r], [1/rl Il F I p}
r>0
)
<max { sup min{r® Mf(x),r*" 7 | fllpprnl,
O<r<i
. _n—i
sup min{r® Mf (x), r*" 7 || fllppiau}}.

r>1

Minimizing with respect to r, at

_ (%)m and 7 — (”L”fL&A),M)H
we have

Mo £ < max [ (M7 )™ 7175
(M) I (3.3)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Corollary 3.1 and inequality (3.3), we get

1-2 r
Mo fllpgin S ||f||Lp§,,L ||(Mf)q | g2n

P

I IMELE e S 1 e

ifl < p<gq <ooand

_1
Mo Flly o S WA AN 1 <l

ifp=1<gqg <oo.

Necessity. Let 1 < p < "a;x, nfu < % - % <:%5.fe€ LP-*E(R") and assume
that M, is bounded from LP**(R") to L9 (R™).

Define f;(x) =: f(tx), [t]1,+ = max{1, ¢t}. Then

_a L
£l fprse = sup [r]y P 01/P10 W fill ey
R r>0

xXe

n -2 2
=t v sup [r], " [1/r)] I flleecBeery
xeR™, r>0
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_ Sup([tr]l)

(1/rli \5
r=0 N [rli <[1/(tr) )

_®
,ﬂ &
=77 [0 [/e) 20l

sup [tr]; -5 [U(”’)]f | fllLr(Bx,ir))

r>0 xeR", r>0

and

My fi(x) = = My f(tx),

HM S Lo = = I;Bp O[V]]_;[l/r]]; | Mo f(t)lLaBx,r)
_ o=t @ r/q [1/r]1 \n/a
= f‘i‘é( ) e (o)

sup [tr], p[l/(tr)] | Mo fllLaBax,iry)
xeR? r>0

— e,y | Ma s

q)»»u.

By the boundedness of M, from LP**(R") to L?**(R") we have

. A L
=""a 1], i (/11 4 [ Mo fi]l fgn

s

LA

<t 1t [t]1+ [1/t]1+HftHme
A kR

n = . +
e G T Vo PR A e
_n=k_ n=h nop _n—p
e o 2 T Vs R AP
f € LPHH@RY.
As well as if % > é + n“‘j, then at t — oo we obtain ||My f |l 14... = 0 for all

f e LPAMH(RMY).
Therefore n% <1

p

|—

< o
A — n—u’
Let p =1 < a", LP*H(R") and assume that M, is bounded from

LVA1(R™) to W LY*H(R™). Then

n

\Q
m

| fill e = 7" 10 4 TL/20 2 L
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and
_i u
HM ﬁHWqu = xd;:{ﬁ;w[r]] PIL/rY] M f (2 ) llwLaBx,ry)
= t_a_g sup (@)A/q ( [1/rh )M/q
r>0 [ r>0 [1/(1‘7‘)]]

A

_ A ®
sup [tr], " [1/ )] 1Mo fllwLaBax,ir))
xeR?, r>0

= [t]1+[]/t]1+

WLakn

By the boundedness of M, from L'*#(R") to WL?**(R") we have

. A i
| Mar| = 10T [ My e

W L3 H

+2 -7 7
SO, l/r]hHﬁHuw

=t [t]l+ 1/r]1+ . ||f||mﬂ

—nat 1=t —p—"=E
=10t [l/t]L+ K Il gt

Ifl < - —|— ﬂ, then by letting + — 0 we have ||My f|lyrere = 0 for all

feLlr “(R").
Aswellasif 1 > ¢

f e LM HRY).
Therefore -=5 < 1 — ql
3) Let us show that, if

Lr* /‘(R”) to LO(R").

< o
— n— .
_“ <p=< ”;)‘, then the operator M, is bounded from

% and f € LP**(R"). Then

My f(x) = supr® " || fll L1 gy < supr p 1 f e By

r>0
_® _n—=Xx _ n—pup
<supr®? [V]l [/l P W fllpprn < Sup[r]l S V7S PR (i P
r>0 >0
_n=2 _n=p
<max{ sup 777 [ fllppsinsup 70 Flppon} S 0F v
O<r<l1 r>1
N g TR
P P
which implies that the operator M, is bounded from L?**(R") to L (R"). O

From Theorem 3.2 in the case A = u or u = 0 we get the following corollaries.
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Corollary 3.4 [1, Theorem 3.1] (Adams result) Let 1 < p < 00,0 < A < n,

0<a< %

DIfl <p< ”;)‘, then condition % - é = %5 is necessary and sufficient for the
boundedness of the operator My, from LP*(R") to L9*(R™).

Dilfp=1< % then condition 1 — ql = 25 is necessary and sufficient for the

boundedness of the operator My, from LY*(R") to L4*(R").
NIfp= ”a;A then the operator My, is bounded from LP*(R") to L (R™).

A

Corollary 3.5 [9, Corollary 1]Let1 < p <00, 0<A<n0<a< ”;

DIfl <p< n;ky then condition % < % - % < nﬁA iinecessary and sufficient
for the boundedness of the operator My, from LP*(R") to L9*(R™).
Difp=1< ";)‘, then condition % < 1 — % < % is necessary and sufficient

for the boundedness of the operator My from L LA (R™) to Z‘f')‘N(]R”).
3) If”a;)‘ < p < L, then the operator My is bounded from LP-*(R") to L*(R").

4 Fractional maximal commutator operator in total Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness of the
fractional maximal commutator Mp, ,, in the L? 4 I(R") spaces.

Definition 4.3 We define the space BM O(R") as the set of all locally integrable
functions f with finite norm

Ifl= sup |B<x,t>|—1/ fO) = fagnldy < 0o,
B(x,t)

xeR™ >0

where fp(.n = B, D|7" [, FO)dy.

The following property of the space BM O (R") is valid:
If b e BMO(R") and A > 0, then the function b, is defined by b, (x) = b(Ax), is
also in BM O(R") and

163 llx = 11D]l- 4.4)

See, for example, [7, Proposition 7.1.2 (6)].
The following local estimate is valid (see also [8, 10]).

Lemma4.5 [10, Lemma 3.2] Let 0 < o < n, 1 < p < o

b € BMO(R"). Then the inequality

n r\ _n
1My fll oo < Ibller® sup log (e+ =)t 01 flrman — @45)

t>2r

holds for all B(x, r) and for all f € LT (R").

loc
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The following is Spanne’s type result for fractional maximal commutator operators
in total Morrey spaces.

Theorem 4.3 (Spanne’s type result) Let 1 < p < 00,0 <A, u <n 0 <o« < %

11
;_E:%andbGBMO(Rn)~

A q
If f € LPHE(RY), then Mo f € LT 77 (R") and

IIMh,aflqu rg ng = Cpap 10N N fll Lo, (4.6)

A
where Cp, ). ;. depends only on p,A,u and n.

Proof Let 1 < p < oo. From the inequality (4.5) we get

_A ®
”Mb’af”]‘q‘%‘% = Ssup [r]l i [1/”]1]) ||Mb,af||L‘1(B(x,r))

xeR™, r>0

_ A - t T
Sl sup 1717 [1/r)] ri suplog (e + =) 7% | fllurmn)
xeR?, r>0 t>2r r
i

_A . n t o A}
S I ppr suplrly 7 [1/r)] 7 @ty sup log (e+ —) t“7p [e17 [1/e], "
r>0 t>r r

n—»xr n—pu n—pu

—qt = a—"H t o— 1= —a
= 1f | ppo suplr], 7 [1/r]) 7 suplog(e+—) NV
r>0 t>r r

= Il Lps

A
which implies that the operator M,, is bounded from L”"**(R") to L 2 R™). O
From Theorem 4.3 in the case @ = 0 we get the following corollaries.

Corollary 4.6 [13, Theorem 1] Let1 < p < 00,0 < A <n, 0 < u < n and
be BMO®RM). If f € LP*HR"), then My, f € LP*»*R") and

IMp fllLpin = Cpou 1615 | f L

where C, ;. ,, depends only on p, A, |1 and n.

Lemma4.6 [11,Lemma 5.3]Let0 <o <nandb € BMO(R"). Then there exists
a positive constant C such that

Mpo f(x) < CIIbII*(M(Maf)(x) + Ma(Mf)(X)> 4.7

for almost every x € R" and forall f € LIIOC(R”).

The following is a result of Adams type for the fractional maximal commutators
(see, for example, [8]).
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Theorem 4.4 (Adams typeresult) Let 1 < p <00, 0 <pu<i<n0<ua<

and b € BMO(R").
1

Then condition %~ < - —~ g
-w = p q — n—i

of the operator M;, o from LPMI(R™) to LM (R™).
<% and f € LPHH(RM).

n

n—»\i
14

—_

is necessary and sufficient for the boundedness

n—A _«a < 1
o ’n—pn p

Proof Sufficiency. Let1 < p <

1
q

Mp,o f(x) = supr®" [[(b(x) = D) fll L1 (B(x.r))

r>0

< supmin{r® My f(x),r* 7 | flLr By}

r>0

n A .y
< supmin{r® My, f (x), 7" 7 [r1{ [1/r]; " | f 1l ppi}
r>0
n—p

q =k _
< supmin{r® M, f(x),[r], " [1/r], PN o)

r>0

n—
<max { sup min{r® My f(x),r*" 7 || fll o),

O<r<l

. _n—p
sup min{r® My f(x), 7" 7 || fllpprn}}.

r>1

Minimizing with respect to r, at

||f|| Pt n% ||f|| Pk nlfu
=Cgo ) = r=Cfir)

we have

Mo f ) < max [ (M) 75 £,
(M @) TSI (48)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Corollary 4.6 and inequality (4.8), we get

-2 »
IMp.o fllparn S D] IIfIILpiﬂ II(be)‘f (R
_P

= [1bll« IIfIIL,M,L IbeIIL,,W S ol N fllppa,

. A 1 1
Necessity. Let 1 < p < ”a s n“ﬂ < 17_5 <z wb € BMOMR"), [ €

LP-*E(R") and assume that My, o is bounded from L7 Al (R to L9MH(RM).
Note that

Mo fi(¥) = 17 My, o f (1),
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_i 0
o=t7% sup  [r]y " [1/r]] IMpy o f (¢ )llLaB(x.r))
La:#1 xeR™, r>0 t
t_a_s ([tr]l)l/q ( [1/r] )M/fl
= sup (—— sup ( ———

e AP \TVITSTT

_A ©

sup [tr], " [1/(r)]] ||Mb1 afllLaBex )

xeR" r>0

_t_a [ % [1/l Z
- 1,+ 1+

HMb,aft

Mb] C{f

L4 1 :

By the boundedness of M, from L?"**(R") to L9-**(R") and from the equality
(4.4) we get

_A

= [tli 1/t]1+||MblOlff”qu

HMhaf‘

L‘Ml‘

>a

< e HﬁHW

et L4
=14 ﬂ[t]{’f[/ i q”f”LnM»
n—=»A , n—A M _n—p

AR TV A T

|Mbof g = O for all

If% < [17
f e LPMH(RMY).

Aswellasif% > 14 - )\,thenatt — 00 we obtain ||Mbaf“qu = 0 for all

q
f e LPMH(RMY).
Therefore n"‘j <

o
<% O

==
Q=

Theorem4.5Letl<p<oo,0§u§k<n,0§a<”;)‘ nfﬂg%

-5 The following assertions are equivalent:
(i) be BMO(R").
(ii) The operator My, , is bounded from LPHA I (RY) to LI-MH(RM).

1 -
7 =

Proof (i) = (ii). Suppose that b € BM O (R"). Combining Corollary 3.1, Theorems
3.2 and 4.6, we get

IMpafllparn S IDIIM (Mg f) + Mo (M) g0
VB M (Mo )l s+ | Mo
S DNl Mo fll o + IMF N oo
S DI fll e

(ii) = (i). Assume that M, 4 is bounded from LP-**(R") to L9-**(R"). Let
B = B(x, r) be a fixed ball. We consider f = xp. It is easy to compute that
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1
ollros > swp (107 0 [ adz)”

yeR", >0 .0

1
= sw (IBOONBIT /1)

yeR" >0

A i

1 Y "
= sp (IBO.OIAT (/) =rB 01 7 1yr)] . @9)
B(y,n<B

On the one hand, since

1

Mp.o(XB)@) 2 ———
B!

[ |b(z) — bpldz forall x € B,
B

we have

1
MGl > swp (W70 [ MhaG@1dz)°
B(y,)SB B(y.1)

a2 L1
2t ] — i [ b~ baldz
1B Jb
atl =g g 1
=r""q [r], * [l/r]l"—/ |b(z) — bpldz. (4.10)
|B| Jp
On the other hand, by assumption

1Mb,o(XBI N pare S N xBN Lo,

by (4.9) and (4.10), we get that

_K
q

1 —a-n %
18] |b(z) —bpldz Sr = @ [r]{ [1/r]; * IMp,a(xB)ll La2n
B

. A n
ST 1 1)y xsll Lo

S W e ) )

n—i _ n—»A _n—j, n—p

—a+
o L TN V175 N
<1.

i

O
From Theorem 4.5 in the case A = p or © = 0 we get the following corollaries.
Corollary4.7 Let1l < p <00, 0 <« < ”;)‘, 0<ic< n—aand%— % = nﬁx. The

following assertions are equivalent:
(i) be BMO@R").
(ii) The operator My, , is bounded from LP*(R") to L9*(R").
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Corollary4.8 Letl < p <00, 0 <a <
assertions are equivalent:

(i) be BMO(R").

(ii) The operator My, , is bounded from Z"’}‘(R") to Zq'}‘(R”).

o
= <
andn_

< %, The following

n—x @
p n—»\’

1_1
P4

From Corollaries 4.7 and 4.8 in the case « = 0 we get the following corollaries,
respectively.

Corollary 4.9 [2, Theorem 14] Let 1 < p < coand 0 < A
assertions are equivalent:

(i) be BMOR").

(ii) The operator My, is bounded on LP*(R™).

IA

n. The following

A
>
A

Corollary 4.10 [3, Theorem 4] Let 1 < p < oo and 0 <
assertions are equivalent:

(i) be BMO@R"). _

(ii) The operator My, is bounded on LP*(R™).

< n. The following

Remark 4.2 Note that Corollary 4.8 is new.

5 Commutator of fractional maximal operator in total Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness of the
commutator of fractional maximal operator [b, M, ] in the L? A (R spaces.
For a function b defined on R”, we denote

() m 0, if b(x) > 0
b)), ifb(x) <0

and b™ (x) := |b(x)| — b~ (x). Obviously, b (x) — b~ (x) = b(x).

The following relations between [b, M, ] and M}, ,, are valid:

Let b be any non-negative locally integrable function. Then for all f € LlloC ®R")
and x € R" the following inequality is valid

|[b, My 1f ()| = |b(x)Mqy f (x) — Mo (bf)(x)|
= Mo (b(x) f)(x) — Mo (bf)(x)| < Mo (1b(x) — bl f)(x) = Mp o f (x).

If b is any locally integrable function on R”, then
b, Ma1f ()] < Mpo f(x) +2b7 () Mo f(x), x €R” (5.11)

holds for all f € L} (R") (see, for example [12, 24]).

loc

Applying Theorem 4.5, we obtain the following result.

Theorem 5.6 Letl<p<oo,0§u§k<n,0§a<";“andnfu5

—%=. Then the following assertions are equivalent:
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(i) b€ BMO(R") such that b~ € L*R").
(ii) The operator [b, My] is bounded from LP**(R") to L9 (R™).
(iii) There exists a constant C > 0 such that

(b — |BI™" My, (b)) x5l 00n
B x5l Lgrn

<C. (5.12)

Proof (i) = (ii). Suppose that b € BM O (R"). Combining Theorems 3.2 and 4.5, and
inequality (5.11), we get

b, Mo fllLarn < [IMpof +2b" Mo fllpgn
< IMpo fllpain + 167 Lo (| Mo fll pan
S (I8l + 167 Nzee ) 1L Nl ot

(ii) = (iii). Assume that [b, M, ] is bounded from L?**(R") to L9**(R™"). For

a given ball B and 0 < o < n, we define the following local fractional maximal
function:

a

Mopf@i= s (B [ 1rolay,

BDB’>x
where the supremum is taken over all balls B” such that x € B’ C B. Moreover, we

denote by Mp = Mo g when o = 0.
Since

My(bxp)xp = My g(b) xp and My(xB)XB = My, BXxB = |B|" xB,

we have

(b—|BI™" My,g(b)) x5 = |BI™" (IBI" b — My, (b)) x5
= |B| ™" (bMo(xB) — Ma(bxp)) X5
= |B|™ " [b, My1(xB).

By this and [b, M, ] : LP»*(R") — L9-*#*(R"), we obtain

(b — |BI™n Mo, g (b)) xBllasn < |BI™n b, MolxBll Lo n

SIBIT 7 I xBll Lon ey

Thus from (4.9) we get

_a llxB ||Lp.kvu(Rn)
n —m—

I(b — |BI™" Ma,5(B)) x5l a0 < 18]
X8l Larn Bl Lakr gy
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==

Cgqn_n kR "
SR Ua R SV T

7a+n7)»7n7)» a?”*ll+’l*l/-
~ [r], ’ ! [l/r]l ’ !

(iii) = (i). Assume that (5.12) is valid.

Now, let us prove b € BM O (R") and b~ € L°°(R"). For any ball B,let E = {y €
B :b(y) <bg}and F = {y € B : b(y) > bp}. The following equality is true (see
[4, page 3331]):

/ 1b(y) — bgldy = / 1b(y) — bldy.
E F

Since b(y) < bp < |bp| < IBI_%MQ,B(b)(y) for any y € E, we obtain

b(y) — bp| < [b(y) — |B|™" M, (D) ()

, yeE.

Then from Holder’s inequality and (5.12) we have

1 2
| by —bpldy = — | 1b(y) — bgld
|B|/B|<y> sldy |B|/E|(y> sldy
2 o
5—/ () — 1B M5 (5)(»)|dy
|B| Jg

2 a
< —/ |b(y) = |BI™" Mo, 3(b)(y)|dy
|Bl JB
1

[bC) = BI7F Mo s B)O)|

Lk Lo
_1 2 -&
< 1BI7 1] 11/7), 7 16X = Mo )] o e

n A -z
Sroa [r]i] [l/r]1 ! lxBlLgrn

< A, L
O
From Theorem 5.6 in the case A = p or = 0 we get the following corollaries.
Corollary5.11 Let 1 < p < 00, 0 < o < "=% and 1_ % = 5. Suppose that b

is a real valued locally integrable function in R". Then the following assertions are
equivalent:

(i) b e BMO(R") such that b= € L°°(R").

(ii) The operator [b, My] is bounded from LP*(R") to L9*(R™).

(iii) There exists a constant C > 0 such that
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I(b — |BI™% Mo, 5(®)) x5l 1o
sup

<C.
B I xBl Lq.x

Corollary5.12 Let1 < p < 00,0 < a < % and% < % ql < ﬁ Suppose that
b is a real valued locally integrable function in R". Then the following assertions are
equivalent:

(i) b € BMO@®R") such that b~ € L (R").

(ii) The operator [b, My is bounded from ZP’A(R”) to Zq’A(R”).

(iii) There exists a constant C > 0 such that

<C.

1(b — |BI™" Mo (B)) x5l 70
sup
B lxBll7qx

From Corollaries 5.11 and 5.12 in the case @ = 0 we get the following corollaries,
respectively.

Corollary 5.13 [2, Theorem 1.2] Let 1 < p < 00, 0 < A < n. Suppose that b is a real
valued locally integrable function in R". Then the following assertions are equivalent:
(i) b € BMO@®") such that b~ € L*°(R").
(ii) The operator [b, M] is bounded on LP*(R").

Corollary 5.14 [3, Theorem 6] Let 1 < p < 0o, 0 < A < n. Suppose that b is a real
valued locally integrable function in R". Then the following assertions are equivalent:
(i) b e BMOR") suchthat b~ € L= (R").
(ii) The operator [b, M| is bounded on LP*(R").

Remark 5.3 Note that Corollaries 5.11 and 5.12 are new.
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