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Abstract: In this study, we consider framed curves as regular or singular space curves with an
adapted frame in Euclidean 3-space. We define framed natural mates of a framed curve that are
tangent to the generalized principal normal of the framed curve. Subsequently, we present the
relationships between a framed curve and its framed natural mates. In particular, we establish some
necessary and sufficient conditions for the framed natural mates of specific framed curves, such as
framed spherical curves, framed helices, framed slant helices, and framed rectifying curves. Finally,
we support the concept with some examples.
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1. Introduction

A regular space curve has no singular point in Euclidean space. In this case, the curvature
and torsion functions of a regular space curve are well defined at every point. However, this
situation is not applicable to all space curves, as some may have singular points. Therefore,
the Frenet–Serret frame fails at singular points. Honda and Takahashi [1] introduced a framed
curve, which is a regular curve or singular space curve with a moving frame in Euclidean
space. Similar to curvature functions of a regular curve, they also defined the framed curvature
functions, which are well defined even at singular points. Also, Fukunaga and Takahashi [2]
studied the existence conditions of framed curves. Additionally, Wang et al. [3] proposed an
adapted frame as an alternative to the moving frame of a framed curve in Euclidean space,
with its elements referred to as the generalized tangent vector, generalized principal normal
vector, and generalized binormal vector, respectively.

Naturally, the theory of framed curves, which includes regular curves as well, has cap-
tured the interest of researchers. As a result, concepts traditionally belonging to the category
of regular curves (e.g., helix [4,5], slant helix [6,7], rectifying curve [8], Salkowski curve [9],
etc.) have now been extended to the theory of framed curves. In this regard, recently, the
concepts of framed helix [10], framed slant helix [11], framed clad helix [12], framed rectify-
ing curve [3,13], framed normal curve [14], and framed Bertrand and Mannheim curves [15]
have been introduced. References [16–18] are additional noteworthy studies that contribute
to the theory of framed curves. Furthermore, a group of researchers, known as Li et al. and
referenced in [19–24], conducted theoretical research and development on submanifold
theory, soliton theory, etc. We can find more motivations from some papers [25–51]. Their
work has contributed to the advancement of related research topics.

Moreover, Legendre curves are a special case of framed curves. Therefore, Refer-
ences [52–65] are other notable studies that contribute to the field of framed curves, specifi-
cally in the category of frontal or front curves.

Additionally, in the category of curves associated with the Frenet–Serret elements
of regular curves, the concept of the principal direction (binormal direction) curve was
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introduced. It is defined as the integral curve of the principal normal vector (binormal
vector) of a regular Frenet curve by Choi et al. [66]. Moreover, the natural mate (resp.
conjugate mate) is a regular curve that is tangent to the principal normal (resp. binormal)
vector of the base regular curve. These curves were introduced as partner curves of any
regular curve by Deshmukh et al. [67].

On the other hand, natural and conjugate mates correspond to principal direction
and binormal direction curves from the algebraic viewpoint, respectively. But, since the
integral curve is defined only for vector fields on a region that contains a curve (i.e., not
along a curve), it is more suitable to use the terminology of natural and conjugate mate
from a geometric viewpoint. In this sense, as a generalization of the concept of natural
mates of a regular space curve, we introduce framed natural mates of the framed curve
in Euclidean space by using the adapted frame in [3]. After, we give the necessary and
sufficient conditions for framed natural mates of a framed curve when the frame curve
is a framed helix, framed slant helix, framed rectifying curve, or framed spherical curve.
Finally, the concept of framed natural mate with some examples is enriched.

2. Preliminary

Let R3 denote the Euclidean 3-space, that is, the 3-dimensional real vector space

endowed with the standard inner product 〈x, y〉 =
3
∑

i=1
xiyi, for all x = (x1, x2, x3), y =

(y1, y2, y3) ∈ R3. The norm of a vector x ∈ R3 is defined by ‖x‖ =
√
〈x, x〉. Also, the cross-

product of vectors x and y is given by x ∧ y = (x2y3 − x3y2,−x1y3 + x3y1, x1y2 − x2y1).

Framed Curves in Euclidean 3-Space

Let γ: I → R3 be a space curve. If γ̇(t0) = dγ
dt (t0) = 0 at t0 ∈ I, then t0 is called a

singular point of γ. It is easy to see that the Frenet frame of any space curve is not well
defined at any singular of the curve. Now, let us give the following concept about framed
curves, which is a regular curve with linear independent condition or singular space curve
in R3 (see [1–3,10] for more detail and background).

Let us take the set ∆2 =
{

u =(u1, u2) ∈ S2 × S2|〈u1, u2〉 = 0
}

as a 3-dimensional
manifold.

Definition 1. (γ, µ1, µ2): I→ R3×∆2 ⊂ R3×S2×S2 is called a framed curve, if 〈γ̇(t), µi(t)〉 = 0
for all t ∈ I. γ : I → R3 is also called a framed curve (or framed base curve) if there exists
µ = (µ1, µ2): I → ∆2 such that (γ, µ1, µ2) is a framed curve [1].

Now, unlike the Frenet frame, a well-defined moving frame can be constructed along
the framed curve γ, which may have singular points. Let (γ, µ1, µ2) be a framed curve,
and let ϑ : I → S2 be a regular spherical curve such that ϑ(t) = µ1(t) ∧ µ2(t) for all t ∈ I.
Hence, {µ1, µ2, ϑ} is an orthonormal frame, which is a moving frame along the framed
curve γ in R3. Then, the Frenet–Serret-type formulas are given by:

µ̇1(t) = l(t)µ2(t) +m(t)ϑ(t),

µ̇2(t) = −l(t)µ1(t) + n(t)ϑ(t),

ϑ̇(t) = −m(t)µ1(t)− n(t)µ2(t),

and there exists a smooth function a : I → R such that

γ̇(t) = a(t)ϑ(t). (1)

Here, the quadruple smooth functions (l,m, n, a) = (〈µ̇1, µ2〉, 〈µ̇1, ϑ〉, 〈µ̇2, ϑ〉, 〈γ̇, ϑ〉)
are called the curvature of the framed curve γ.
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Remark 1. It is clear that if t0 ∈ I is a singular point of γ, then a(t0) = 0. Moreover, since we
suppose that ϑ is a regular spherical curve (i.e., that ϑ̇(t) 6= 0), then (m(t), n(t)) 6= (0, 0) for all
t ∈ I.

Similar to Bishop frame [68] of regular curves, Wang et al. [3] give the following
adapted frame, which is an alternative to the moving frame of the framed curve:

Let (η1, η2) ∈ ∆2 and θ : I → R be a smooth function such that(
η1(t)
η2(t)

)
=

(
cos θ(t) − sin θ(t)
sin θ(t) cos θ(t)

)(
µ1(t)
µ2(t)

)
.

It is easy to see that (γ, η1, η2): I → R3 × ∆2 is also a framed curve and ϑ = µ1 ∧ µ2 =
η1 ∧ η2. Now, we assume that m(t) = −p(t) cos θ(t) and n(t) = p(t) sin θ(t) such that
m(t) sin θ(t) + n(t) cos θ(t) = 0, then we have an adapted frame {ϑ, η1, η2} along the
framed curve γ and the following Frenet–Serret-type formulas:

ϑ̇(t) = p(t)η1(t), η̇1(t) = −p(t)ϑ(t) + q(t)η2(t), η̇2(t) = −q(t)η1(t), (2)

where 
p =

〈
ϑ̇, η1

〉
=
∥∥ϑ̇
∥∥ =

√
m2 + n2 > 0

q = 〈η̇1, η2〉 = l− θ̇ = l+

(
m2

m2 + n2

)( n

m

)̇
a = 〈γ̇, ϑ〉

(3)

The triple smooth functions (p, q, a) are called framed curvature with respect to the adapted
frame {ϑ, η1, η2} along the framed curve γ. Moreover, the vectors ϑ(t), η1(t), η2(t) are
called the generalized tangent vector, the generalized principal normal vector, and the
generalized binormal vector of the framed curve, respectively.

Proposition 1. Let (γ, η1, η2): I → R3 × ∆2 be a framed curve with framed curvature (p, q, a).
If the framed curve γ is a regular curve with curvature κ and torsion τ, then we have κ = p

|a| and
τ = q

a [3].

Now, we introduce the framed Darboux vector (framed centrode) and the framed
co-Darboux vector (framed co-centrode) with respect to the adapted frame {ϑ, η1, η2} of
framed curve γ, respectively.

Definition 2. Let (γ, η1, η2) be a framed curve inR3×∆2 with adapted frame apparatus {ϑ, η1, η2,
(p, q, a)}. Then, the framed Darboux vector of the framed curve γ is defined by Ω(t) = q(t)ϑ(t) +
p(t)η2(t), which satisfies the following equations:

ϑ̇(t) = Ω(t) ∧ ϑ(t), η̇1(t) = Ω(t) ∧ η1(t), η̇2(t) = Ω(t) ∧ η2(t).

Moreover, we call that

Ω0(t) =
q(t)ϑ(t) + p(t)η2(t)√

p2(t) + q2(t)
(4)

is the unit framed Darboux vector of γ.

Definition 3. Let (γ, η1, η2) be a framed curve inR3×∆2 with adapted frame apparatus {ϑ, η1, η2,
(p, q, a)}. Then, the framed co-Darboux vector of the framed curve γ is defined by Ω̂(t) =
−p(t)ϑ(t) + q(t)η2(t). Moreover, we call that
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Ω̂0(t) =
−p(t)ϑ(t) + q(t)η2(t)√

p2(t) + q2(t)
(5)

is the unit framed co-Darboux vector of γ. Also, it is easy to see that Ω̂0 =
η̇1
‖η̇1‖

.

Now, we give the following framed versions (i.e., that generalized versions) of well-
known definitions and characterizations for regular space curves.

Definition 4. Let (γ, η1, η2) be a framed curve in R3 × ∆2. Then, γ is called a framed planar
curve if it lies on a plane in R3 [1].

By using Proposition 3.3 in [1] with Equation (3), we give the following characterization
of framed planar curves with respect to the adapted curvature.

Theorem 1. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q, a). Then,
γ is a framed planar curve if and only if q = 0.

Definition 5. Let (γ, η1, η2) be a framed curve in R3 × ∆2. Then, γ is called a framed spherical
curve if it lies on a sphere with a radius r in R3 [3].

We give Theorem 2 and Corollary 1 by using Proposition 2 and Corollary 1 in [3] with
Equation (3).

Theorem 2. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q = 0, a).
Then, γ is a framed spherical curve, which is a circle in R3 if and only if q = 0 and p

|a| is a constant
such that a 6= 0.

Corollary 1. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q = 0, a).
Then, γ is a framed spherical curve, which is a great circle in S2(r) if and only if q = 0 and p

|a| =
1
r

such that a 6= 0.

Theorem 3. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q 6= 0, a).
Then, γ is a framed spherical curve in S2(r) if and only if(

1
q

(
a

p

)̇)2
+

(
a

p

)2
= r2, (6)

or equivalently, (
1
q

(
a

p

)̇)̇
+

a q

p
= 0.

Ref. [14].

Definition 6. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q, a). Then,
the framed harmonic curvature of γ is given by h = q

p [11].

Definition 7. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with adapted frame {ϑ, η1, η2}. Then,
γ is called a framed helix if its generalized tangent vector ν makes a constant angle with a fixed unit
vector ζ [3,10].

Theorem 4. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q, a). Then,
γ is a framed helix if and only if h = cot φ such that φ is a constant angle [3].
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Definition 8. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with adapted frame {ϑ, η1, η2}. Then,
γ is called a framed slant helix if its generalized principal normal vector η1 makes a constant angle
with a fixed unit vector ζ. That is, 〈η1, ζ〉 = cos φ, where φ 6= π/2 is a constant angle [11].

Theorem 5. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q, a). Then,
γ is a framed slant helix if and only if

σ =
p2
(
q
p

)̇
(p2 + q2)

3/2 =
ḣ

p(1 + h2)
3/2

is a constant function [11].

Definition 9. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with adapted frame {ϑ, η1, η2}. Then,
γ is called a framed rectifying curve if its position vector satisfies

γ(t)=λ1(t)ϑ(t) + λ2(t)η2(t)

for some smooth functions λ1(t), λ2(t) [3].

Theorem 6. Let (γ, η1, η2) be a framed curve in R3 × ∆2 with framed curvature (p, q, a). Then,
γ is a framed rectifying curve if and only if its framed harmonic curvature is given by

h(t) = c1

∫
a(t)dt + c2

for some constants c1 6= 0, and c2 [3].

3. Framed Natural Mates

In this section, we give the concept of framed natural mates of a framed curve as a
regular or singular space curve. This concept is more general than the concept of a natural
mate of a Frenet curve in [67].

Definition 10. Let (γ, η1, η2): I → R3×∆2 be a framed curve with an adapted frame {ϑ, η1, η2}.
Then, a framed curve

(
γ?, η1?, η2?

)
: I → R3 × ∆2 with an adapted frame {ϑ?, η1?, η2?} is called

a framed natural mate of (γ, η1, η2), if the generalized tangent vector ϑ? of γ? is tangent to the
generalized principal normal vector η1 of the framed curve γ (i.e., that ϑ?(t) = η1(t) for all t ∈ I).

From now on, we call that the framed curve γ? is a framed natural mate of the framed
curve γ, if (γ, η1, η2) and

(
γ?, η1?, η2?

)
are framed natural mates.

Theorem 7. Let (γ, η1, η2) and
(
γ?, η1?, η2?

)
be framed curves. Then, a framed natural mate γ?

of the framed curve γ is given by

γ?(t) =
∫

a?(t)η1(t)dt (7)

with the following adapted frame apparatus

ϑ? = η1, η1? = Ω̂0, η2? = Ω0, p? =
√

p2 + q2, q? =
ḣ

1 + h2 (8)

where a? : I → R is a smooth function.

Proof. Let (γ, η1, η2) be a framed curve in R3×∆2 with adapted frame apparatus {ϑ, η1, η2,

(p, q, a)}. Then, we see that
{

η1, Ω̂0, Ω0

}
is an orthonormal basis along the framed curve γ
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in R3, where Ω0, Ω̂0 are given by (4) and (5), respectively. Moreover, by using Equation (2),
we have the following equations:

η̇1 = p?Ω̂0, ˙̂
Ω0 = −p?η1 + q?Ω0, Ω̇0 = −q?Ω̂0,

such that

p? =
√

p2 + q2, q? =
ḣ

1 + h2

where h is the framed harmonic curvature of γ. In that case, from the Existence and
Uniqueness Theorems of framed curves in [1], there exists a framed curve

(
γ?, η1?, η2?

)
in R3 × ∆2 with the adapted frame apparatus {ϑ?,η1?, η2?, (p?, q?, a?)} whose elements are
determined by the Equation (8). Also, by using (1), we have γ̇? = a?ϑ?. This equality leads
to the framed curve γ? being given by (7) such that a?: I → R is a smooth function. Finally,
by Definition 10, it is nothing but a framed natural mate of γ.

Remark 2. By Theorem 7, there exists a smooth function a?: I → R such that a framed natural
mate of γ is given by (7). Hence, we see that each smooth function a? generates a different framed
natural mate of γ, and so a framed natural mate of a framed curve is not unique. Moreover, by
Definition 1, it is easy to see that the framed natural mate of (γ, η1, η2) is given by

(
γ?, Ω̂0, Ω0

)
,

which is also a framed curve in R3 × ∆2.

Remark 3. Particularly, when framed curves γ, γ? are regular curves and a(t), a?(t) are their
speed functions, which are equal to 1, then the concept of framed natural mate coincides with the
concept of Frenet natural mate [67] (also, the concept of principal normal direction curve of γ [66]).
So, the concept of framed natural mate is a generalized version of [67].

Now, when γ is a framed helix or slant helix, it is easy to see that the following results
by using Theorems 1, 4, and 5.

Corollary 2. Let γ? be a framed natural mate of the framed curve γ in R3. Then, γ is a framed
helix if and only if γ? is a framed planar curve.

Corollary 3. Let γ? be a framed natural mate of the framed curve γ in R3. Then, γ is a framed
slant helix if and only if γ? is a framed helix.

Now, we give the following relationship between framed curvatures of a framed
rectifying curve and its framed natural mate.

Corollary 4. Let γ and γ? be framed natural mates in R3 with framed curvatures (p, q, a) and
(p?, q?, a?), respectively. Then, γ is a framed rectifying curve if and only if the following equation
holds:

λ a p2 = p2
? q? (9)

where λ is a nonzero constant.

Proof. Assume that γ is a framed rectifying curve in R3 with framed curvature (p, q, a)
and h is its framed harmonic curvature. Then, by using Theorem 6, h(t) = c1

∫
a(t)dt + c2

for some constants c1 6= 0 and c2. Also, let γ? be a framed natural mate of γ with a framed
curvature (p?, q?, a?). Then, by using (8), we have

p2
? = p2(1 + h2), q? =

c1a

1 + h2 .
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Thus, the last equations lead to easily (9). Conversely, let γ and γ? be framed natural mates,
which satisfy the Equation (9). Then, if (8) is taken into account with (9), ḣ(t) = c1a(t),
where c1 is a nonzero constant. Consequently, γ is a framed rectifying curve in R3 with
respect to Theorem 6,

Now, we give a relation with respect to the framed curvatures of a framed spherical
curve and its framed natural mate.

Corollary 5. Let γ and γ? be framed natural mates in R3 with framed curvatures (p, q, a) and
(p?, q?, a?), respectively. Then, γ is a framed spherical curve in S2(r) if and only if the following
equation holds:

ṗ?
p?

= q?h+
ȧ

a
∓ q

a

√
r2p2 − a2. (10)

Proof. Assume that γ is a framed spherical curve in S2(r) with framed curvatures (p, q, a).
Then, by using Theorem 3, we have(

a

p

)̇
= ±q

p

√
r2p2 − a2

and so,

ṗ

p
=

ȧ

a
∓ q

a

√
r2p2 − a2.

Moreover, after using Equation (8) and accordingly, the ratio of ṗ? over p? is

ṗ?
p?

=
ṗ

p
+

hḣ

1 + h2 =
ṗ

p
+ q?h

Thus, it is easy to see that Equation (10) from the last two equations. Conversely, let γ and
γ? be framed natural mates, which satisfy the Equation (10). Then, by taking into account
the Equation (8), we obtain

ṗ

p
=

ṗ?
p?
− q?h =

ȧ

a
∓ q

a

√
r2p2 − a2.

This leads to the following equation

ṗa− pȧ = ∓pq
√

r2p2 − a2,

and after suitable settings, we obtain(
a

p

)̇
= ±q

p

√
r2p2 − a2 (11)

As the first case, if q = 0 in (11), then the proof is clear by Theorem 2. In the other case, if
q 6= 0 in (11), then we reach (

1
q

(
a

p

)̇)2
= r2 −

(
a

p

)2
.

Finally, the desired result is obtained by using Theorem 3.

After that, let us concentrate on the results of some special framed natural mates of γ.

Theorem 8. Let γ and γ? be framed natural mates in R3 with framed curvatures (p, q, a) and
(p?, q?, a?), respectively. If γ is a framed curve with framed curvature (r, q, a) such that r is a
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positive constant, then its framed natural mate γ? is a framed spherical curve in S2(a?r ) such that
a? is a positive constant. The converse is true only when γ? is a framed spherical curve that is not a
circle (i.e., that q? 6= 0) and a? is a positive constant.

Proof. Suppose that the framed curvature of γ is (r, q, a) such that r is a positive constant.
Then, for framed curvature functions of a framed natural mate γ?, we have

p? =
√

r2 + q2, q? =
r q̇

r2 + q2 . (12)

As the first case, if q = 0 in (12), then it is clear that γ? is a framed circle with a radius 1/r
by Theorem 2. In the other case, we suppose that q 6= 0 in (12) and a? = a0 is a positive
constant, then by using (12), we obtain(

1
q?

(
a?
p?

)̇)2
+

(
a?
p?

)2
=

a0
2

r2 .

Thus, by using Theorem 3, γ? is a framed spherical curve in S2(a0
r ).

Conversely, we assume that γ? is a framed spherical curve in S2(a0
r ) such that q? 6= 0,

and a? = a0 is a positive constant. Then, by using Equation (6),

a0
2(ṗ?)

2

q2
? p

4
?

+
a0

2

p2
?

=
a0

2

r2 ,

and after suitable settings and integration, without loss of generality, we obtain

p? = r sec
(∫

q?dt
)

. (13)

Now, if we choose as the framed harmonic curvature h = tan ϕ such that ϕ is a smooth
function, then this choice leads to q? = ϕ̇ by applying Equation (8). Thus, by tak-
ing into account (13), we obtain p? = r sec ϕ. Moreover, by applying Equation (8),
p? = p

√
1 + h2 = p sec ϕ. Hence, we conclude that p = r by the last two equations of

p?.

Let γ be a framed curve with framed curvature (p = λ cos φ, q = λ sin φ, a) such that
λ is a positive constant and φ is a smooth function. Then, by using Equation (8), we see
that its framed natural mate γ? has the framed curvature (p? = λ, q?, a?). Now, let us give
the following theorem for the converse of this statement.

Theorem 9. Let γ? be a framed natural mate of the framed curve γ in R3. If γ? has the framed
curvature (p? = λ, q?, a?) such that λ is a positive constant, then the framed curvature of γ is
given by: (

p = λ cos
(∫

q?dt
)

, q = λ sin
(∫

q?dt
)

, a
)

.

Proof. Assume that the framed curvature of the framed natural mate γ? is (p? = λ, q?, a?)
such that λ is a positive constant. Then, by using (8), we have

p =
√

λ2 − q2.

This leads to h = q/
√

λ2 − q2 and again, by taking into account (8), we obtain

q? =

(
q√

λ2−q2

)̇
1 + q2

λ2−q2

=
q̇√

λ2 − q2
=

( q
λ

)̇√
1−

( q
λ

)2
.
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After integration, we obtain q = λ sin(
∫
q?dt) and so; it leads to the conclusion that

p = λ cos(
∫
q?dt).

By Theorem 9, we obtain the following results, which are answer to the question:
“When does the framed curve γ become a framed spherical curve for its framed natural
mate γ? with a framed curvature (p? = λ, q?, a?).”

Theorem 10. Let γ and γ? be framed natural mates with framed curvatures (p, q, a = a0) and
(p? = λ, q?, a?) such that a0 and λ are some positive constants, respectively. Then, γ is a framed

spherical curve in S2(r) if and only if γ? has the framed curvature
(

λ,± λ2
√

ρ2−λ2 cos(λt)
λ2+(ρ2−λ2)sin2(λt)

, a?

)
for a positive constant ρ ≥ λ.

Proof. Suppose that γ is a framed spherical curve with framed curvature (p, q, a = a0) in
S2(r) such that a0 is a positive constant, and its framed natural mate γ? has framed cur-
vature (p? = λ, q?, a?) such that λ is a positive constant. Then, by using Theorems 3 and 9,
we have

a0
2

λ4 sec2 f
(

λ2 + ḟ 2sec2 f
)
= r2

where f =
∫
q?dt, and so

λ4r2

a02 cos2 f − λ2 = ḟ 2sec2 f .

We see that there exists a positive constant ρ = λ2r
a0

such that ρ ≥ λ by the last equation.
Accordingly, after suitable settings, we have

λ ḟ sec2 f√
ρ2 − λ2sec2 f

= ±λ

and next step, by applying integration, we obtain

arcsin

(
λ tan f√
ρ2 − λ2

)
= ±λt.

This equation leads to the following equation

f = arctan

(
±
√

ρ2 − λ2

λ
sin(λt)

)
(14)

Finally, the desired result is obtained by q? = ḟ .
Conversely, we suppose that γ has framed curvature (p, q, a = a0) such that a0 is a

positive constant, and γ? has framed curvature(
p? = λ, q? = ±

λ2
√

ρ2 − λ2 cos(λt)
λ2 + (ρ2 − λ2)sin2(λt)

, a?

)

such that λ is a positive constant. Now, if we take as f =
∫
q?dt, then by using Theorem 9

and hypothesis, we have

p = λ cos f , q = λ sin f , a = a0. (15)
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Moreover, by using hypothesis, f is given by (14). Now, we must check the Equation (6).
After applying Equations (14) and (15) in Equation (6), we obtain the positive constant
a0

2ρ2

λ4 . Consequently, γ is a framed spherical curve in S2( a0ρ

λ2 ) by Theorem 3.

Corollary 6. Let γ be a framed curve and γ? be its framed natural mate with framed curvature
(p? = λ, q?, a?) such that λ is a positive constant. Then, γ is a framed spherical curve, which is not

a circle in S2(r) if and only if γ? has the framed curvature
(
p? = λ, q? =

−ȧ±q
√

r2p2−a2

ah , a?

)
such that q 6= 0.

Proof. The proof is clear by using Corollary 5 and Theorem 10.

4. Some Examples of Framed Natural Mates

By using the following Frenet-type method (cf. [10]), we can uniquely determine the
adapted frame apparatus of any framed curves as regular or singular space curves in R3.

Let ϑ : I → S2 be a regular spherical curve, and a : I → R be a smooth function. Then,
there exists a framed curve γ : I → R3 with the adapted frame{

ϑ, η1 =
ϑ̇∥∥ϑ̇
∥∥ , η2 = ϑ ∧ η1

}
(16)

such that γ̇ = a ϑ. Thus, the smooth function a corresponds to the speed function of γ.

Example 1. Let ϑ be a small circle in S2 given by:

ϑ(t) =

(
2
√

2
3

cos t,
2
√

2
3

sin t,
1
3

)
.

Then, by integrating (1) for any smooth function a, we obtain a family of framed helices γ with
framed curvature (p(t), q(t), a(t)) =

(
2
√

2
3 , 1

3 , a(t)
)

, which are generated by a and ϑ. Moreover,
by using (7) and (16), framed natural mates γ? of γ are a family of framed planar curves with framed
curvature (p?, q?, a?) = (1, 0, a?) for any smooth function a?. For example, if a(t) = cos(3t),
then the parametrization of framed helix γ is given by

γ(t) =
(

1
12

(
2
√

2 sin(2t) +
√

2 sin(4t)
)

,
1

12

(
2
√

2 cos(2t)−
√

2 cos(4t) + 2
)

,
1
9

sin(3t)
)

(see Figure 1e) and the framed natural mate γ?, which is a framed planar curve, is given by

γ?(t) =
(

1
8
(−2 cos(2t) + cos(4t)− 2),

1
8
(2 sin(2t) + sin(4t)), 0

)
such that a?(t) = cos(3t) (see Figure 2e).

Example 2. Let ϑ be a unit speed spherical helix in S2 given by

ϑ(t) =

(
32t7 − 2352t5 + 51450t3 − 300125t

51450
√

35
,

(
16t4 − 336t2 + 735

)(
35− t2)3/2

25725
√

35
,

t
6

)

and a(t) = t, then the parametrization of framed slant helix γ is given by

γ(t) =

(
t3(32t6 − 3024t4 + 92610t2 − 900375

)
463050

√
35

,

(
35− t2)5/2(−16t4 + 112t2 + 245

)
231525

√
35

,
t3

18

)
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with framed curvature (p(t), q(t), a(t)) =
(

1, t√
35−t2 , t

)
and σ = 1√

35
(see Figure 3a). Thus, for

the choice a?(t) = t, a framed natural mate, which is a framed helix of γ is given by

γ?(t) =

(
t2(t2 − 35

)(
8t4 − 280t2 + 1225

)
14700

√
35

,
t3(2t2 − 35

)(
35− t2)3/2

3675
√

35
,

t2

12

)

with framed curvature (p?, q?, a?) =
( √

35√
35−t2 , 1√

35−t2 , t
)

and h?(t) = 1√
35

(see Figure 3b).

(a) a(t) = 1 (b) a(t) = t (c) a(t) = t2 (d) a(t) = cos t
2

(e) a(t) = cos 3t (f) a(t) = t cos t (g) a(t) = cos t2 (h) a(t) = et/5

Figure 1. Some framed helices with framed curvature
(

2
√

2
3 , 1

3 , a(t)
)

.

(a) a?(t) = 1 (b) a?(t) = t (c) a?(t) = cos t
2 (d) a?(t) = cos 2t

(e) a?(t) = cos 3t (f) a?(t) = t cos t (g) a?(t) = cos t2 (h) a?(t) = et/5

Figure 2. Some framed planar curves with framed curvature (1, 0, a?(t)), which are framed natural
mates of framed helices in Figure 1.

(a) a(t) = t (b) a?(t) = t

Figure 3. (a) Framed slant helix γ; (b) its framed natural mate γ?, which is a framed helix.
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Example 3. Let {ϑ, η1, η2, (p, q, a)} and {ϑ?,η1?, η2?, (p?, q?, a?)} be adapted frame apparatus of
γ and γ?, respectively. According to the Existence and Uniqueness Theorems of framed curves in [1],
if the framed curvature of a framed curve is given, then we can draw a congruent graphic to the
framed curve by applying numerical solution method to Frenet-type differential Equations (1)–(3)
with the initial conditions. Also, the framed curvature of its framed natural mate is determined from
by Theorem 7. Thus, the following graphics of the framed curve and its framed natural mate are
obtained by using the “NDSolve” command in Mathematica [69].

Let γ be a framed curve with framed curvature (p(t), q(t), a(t)) =
(
3, 3t2, 2t

)
. By using

Theorem 6, γ is a framed rectifying curve (see Figure 4a). Thus, we obtain its framed natural mates,
which has the framed curvature (p?(t), q?(t), a?(t)) =

(
3
√

1 + t4, 2t
1+t4 , a?(t)

)
(see Figure 4b–d).

(a) a(t) = t (b) a?(t) = t (c) a?(t) = cos 2t (d) a?(t) = sin t

Figure 4. (a) Framed rectifying curve γ; (b–d) its framed natural mates γ?, which are a spiral-type
framed curve.

Finally, as an application of by Theorem 10, if we choose λ = 2, r = 1, a(t) = 1
5 such that

ρ = 20. Then, γ is a framed spherical curve in S2 with framed curvature (p(t), q(t), a(t)) =(
2√

1+99(sin 2t)2 , 6
√

11 sin 2t√
1+99(sin 2t)2 , 1

5

)
(see Figure 5a). Thus, we obtain its framed natural mates,

which has the framed curvature (p?(t), q?(t), a?(t)) =
(

2, 6
√

11 sin 2t√
1+99(sin 2t)2 , a?(t)

)
(see Figure 5b,c).

(a) a(t) = t (b) a?(t) = cos t
3 (c) a?(t) = cos t

Figure 5. (a) Framed spherical curve γ; (b,c) its framed natural mates γ?.
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42. Tripathi, M.M.; Gülbahar, M.; Kiliç, E.; Keleş, S. Inequalities for scalar curvature of pseudo-Riemannian submanifolds. J. Geom.

Phys. 2017, 112, 74–84. [CrossRef]
43. Gulbahar, M.; Kiliç, E.; Keles, S. A useful orthonormal basis on bi-slant submanifolds of almost Hermitian manifolds. Tamkang J.

Math. 2016, 47, 143–161. [CrossRef]
44. Gulbahar, M. Qualar curvatures of pseudo Riemannian manifolds and pseudo Riemannian submanifolds. AIMS Math. 2021, 6,

1366–1377. [CrossRef]
45. Kiliç, E.; Gulbahar, M.; Kavuk, E. Concurrent Vector Fields on Lightlike Hypersurfaces. Mathematics 2020, 9, 59. [CrossRef]
46. Ali, A.T. Non-lightlike ruled surfaces with constant curvatures in Minkowski 3-space. Int. J. Geom. Methods Mod. Phys. 2018, 15,

1850068. [CrossRef]
47. Ali, A.T. Non-lightlike constant angle ruled surfaces in Minkowski 3-space. J. Geom. Phys. 2020, 157, 103833. [CrossRef]
48. Ali, A.T. A constant angle ruled surfaces. Int. J. Geom. 2018, 7, 69–80.
49. Ali, A.T.; Abdel Aziz, H.S.; Sorour, A.H. On some geometric properties of quadric surfaces in Euclidean space. Honam Math. J.

2016, 38, 593–611. [CrossRef]
50. Ali, A.T.; Abdel Aziz, H.S.; Sorour, A.H. On curvatures and points of the translation surfaces in Euclidean 3-space. J. Egypt. Math.

Soc. 2015, 23, 167–172. [CrossRef]
51. Ali, A.T.; Hamdoon, F.M. Surfaces foliated by ellipses with constant Gaussian curvature in Euclidean 3-space. Korean J. Math.

2017, 25, 537–554.
52. Fukunaga, T.; Takahashi, M. Existence and uniqueness for Legendre curves. J. Geom. 2013, 104, 297–307. [CrossRef]
53. Fukunaga, T.; Takahashi, M. Evolutes of Fronts in the Euclidean Plane. J. Singul. 2014, 10, 92–107. [CrossRef]
54. Fukunaga, T.; Takahashi, M. Involutes of Fronts in the Euclidean Plane. Beitr. Algebra Geom. 2016, 57, 637–653. [CrossRef]
55. Fukunaga, T.; Takahashi, M. Evolutes and Involutes of Frontals in the Euclidean Plane. Demonstr. Math. 2015, 48, 147–166.

[CrossRef]
56. Chen, L.; Takahashi, M. Dualities and evolutes of fronts in hyperbolic and de Sitter space. J. Math. Anal. Appl. 2016, 437, 133–159.

[CrossRef]
57. Honda, S.; Takahashi, M. Evolutes and focal surfaces of framed immersions in the Euclidean space. Proc. Roy. Soc. Edinb. Sect. A

2020, 150, 497–516. [CrossRef]
58. Tuncer, O.O.; Ceyhan, H.; Gök, İ.; Ekmekci, F.N. Notes on pedal and contrapedal curves of fronts in the Euclidean plane. Math.

Meth. Appl. Sci. 2018, 41, 5096–5111. [CrossRef]
59. Zhao, X.; Pei, D. Pedal Curves of the Mixed-Type Curves in the Lorentz-Minkowski Plane. Mathematics 2021, 9, 2852. [CrossRef]
60. Li, M.; Yao, K.; Li, P.; Pei, D. Pedal Curves of Non-Lightlike Curves in Minkowski 3-Space. Symmetry 2022, 14, 59. [CrossRef]
61. Yu, H.; Pei, D.; Cui, X. Evolutes of fronts on Euclidean 2-sphere. J. Nonlinear Sci. Appl. 2015, 8, 678–686. [CrossRef]
62. Takahashi, M. Legendre curves in the unit spherical bundle over the unit sphere and evolutes. Contemp. Math. 2016, 675, 337–355.
63. Li, Y.; Pei, D. Pedal curves of fronts in the sphere. J. Nonlinear Sci. Appl. 2016, 9, 836–844. [CrossRef]
64. Li, E.; Pei, D. Involute-evolute and pedal-contrapedal curve pairs on S2. Math. Meth. Appl. Sci. 2022, 45, 11986–12000.
65. Li, Y.; Tuncer, O.O. On (contra)pedals and (anti)orthotomics of frontals in de Sitter 2-space. Math. Meth. Appl. Sci. 2023, 46,

11157–11171. [CrossRef]
66. Choi, J.H.; Kim, Y.H. Associated curves of a Frenet curve and their applications. Appl. Math. Comput. 2012, 218, 9116–9124.

[CrossRef]
67. Deshmukh, S.; Chen, B.Y.; Alghanemi, A. Natural mates of Frenet curves in Euclidean 3-space. Turk. J. Math. 2018, 42, 2826–2840.

[CrossRef]
68. Bishop, R.L. There is more than one way to frame a curve. Am. Math. Mon. 1975, 82, 246–251. [CrossRef]
69. Gray, A.; Abbena, E.; Salamon, S. Modern Differential Geometry of Curves and Surfaces with Mathematica, 3rd ed.; Chapman and

Hall/CRC: Boca Raton, FL, USA, 2006.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1007/s00025-022-01621-8
http://dx.doi.org/10.1007/s11425-021-1897-0
http://dx.doi.org/10.1016/j.geomphys.2016.07.014
http://dx.doi.org/10.1016/j.geomphys.2016.10.022
http://dx.doi.org/10.5556/j.tkjm.47.2016.1748
http://dx.doi.org/10.3934/math.2021085
http://dx.doi.org/10.3390/math9010059
http://dx.doi.org/10.1142/S0219887818500688
http://dx.doi.org/10.1016/j.geomphys.2020.103833
http://dx.doi.org/10.5831/HMJ.2016.38.3.593
http://dx.doi.org/10.1016/j.joems.2014.02.007
http://dx.doi.org/10.1007/s00022-013-0162-6
http://dx.doi.org/10.5427/jsing.2014.10f
http://dx.doi.org/10.1007/s13366-015-0275-1
http://dx.doi.org/10.1515/dema-2015-0015
http://dx.doi.org/10.1016/j.jmaa.2015.12.029
http://dx.doi.org/10.1017/prm.2018.84
http://dx.doi.org/10.1002/mma.5056
http://dx.doi.org/10.3390/math9222852
http://dx.doi.org/10.3390/sym14010059
http://dx.doi.org/10.22436/jnsa.008.05.20
http://dx.doi.org/10.22436/jnsa.009.03.12
http://dx.doi.org/10.1002/mma.9173
http://dx.doi.org/10.1016/j.amc.2012.02.064
http://dx.doi.org/10.3906/mat-1701-52
http://dx.doi.org/10.1080/00029890.1975.11993807

	Introduction
	Preliminary
	Framed Natural Mates
	Some Examples of Framed Natural Mates
	References

