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TWO-WEIGHTED INEQUALITIES FOR THE RIESZ POTENTIAL IN p-CONVEX
WEIGHTED MODULAR BANACH FUNCTION SPACES

R. A. Bandaliyev,' V. S. Guliyev,” and S. G. Hasanov’ UDC 517.5

We prove the property of two-weight boundedness for the Riesz potential from one weighted Banach
function space to another weighted Banach function space. In particular, we establish the two-weight
boundedness for the Riesz potential and determine sufficient conditions on weights for the boundedness
of the Riesz potential in weighted Musielak—Orlicz spaces.

1. Introduction

The investigations of the Riesz operator in weighted Banach function spaces (BFS) have recent history.
The aim of these investigations is closely connected with founding a criterion for the geometry and weights in BFS
guaranteeing the validity of boundedness of the Riesz operator in BFS. The mapping properties, such as bound-
edness and compactness, were characterized in [9, 10, 14, 33], etc. More precisely, the boundedness of certain
integral operators in ideal Banach spaces was considered in [9, 10]. In [14], the boundedness of the Hardy operator
was proved in Orlicz spaces. Moreover, the compactness and measure of noncompactness of Hardy-type operators
in BFS was established in [33]. At the same time, in this paper, we used the property of boundedness of the Hardy
operator in p-convex BFS. Note that the notion of BFS was introduced in [35]. Thus, in particular, the weighted
Lebesgue spaces, weighted Lorentz spaces, weighted variable Lebesgue spaces, variable Lebesgue spaces with
mixed norm, Musielak—Orlicz spaces, etc. are BFS.

In the present paper, we establish an integral-type sufficient condition on weights guaranteeing the bounded-
ness of the Riesz operator from one weighted BFS to another weighted BFS.

2. Preliminaries

Let (2, ) be a complete o-finite measure space. By Ly = Lo(2, 1) we denote the collection of all real-
valued p-measurable functions on 2.

Definition 2.1 [20]. Let L be a real vector space. A function p: L — [0, 00] is called semimodular on L
if the following properties hold:

(a) p(0) =0,
(b) p(Ax) = p(z) forall x € L and X € R with |A\| = 1,

(c) p is convex,
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(d) p is left-continuous,

(e) p(Ax) =0 forall X > 0 implies that x = 0.
A semimodular p is called modular if

(f) p(z) =0 implies that x = 0.
A semimodular p is called continuous if

(g) the mapping \ — p(Az) is continuous on [0,00) for every x € L.

If p is semimodular or modular on L, then

L, := L: li Ax) =0
p {fv €L: lim p(Az) }
is called a semimodular space or a modular space, respectively. The limit as A — 0 exists in R.

Theorem 2.1 [20]. Let p be semimodular on L. Then L, is a normed real vector space. The norm in this
space is called the Luxemburg norm and defined by the formula

1
|z, := inf{)\ >0:p <>\x> < 1}.

Definition 2.2 [8, 32, 35]. We say that a real normed space X is a Banach function space (BFS) provided
that:

(P;) thenorm ||f| x is defined for any p-measurable function f and, moreover, f € X ifand only if || f||x < oo
and ||fllx =0 ifand only if f =0 a.e.;

(P2) |Ifllx = [llflllx forall f€ X;
(P3) if0< fut f<gae, then ||ful x 1T ||fllx (Fatou property);

(Py4) if E is a measurable subset of Q) such that (E) < oo, then || xg||x < oo, where x g is the characteristic
function of the set F;

(Ps) for any measurable set E C Q with u(E) < oo, there is a constant Cg > 0 such that

/ f(z)dz < Cr | fllx.

E

Recall that the condition (P3) immediately yields the following property:

if 0<f<g, then |flx<lglx.

Given a BFS X, we can always consider its associate space X’ formed by g € Lo such that f - g € Ly for
any f € X with usual order and the norm

lgllxr = sup {1l - gl llgllx <1}

Note that X’ is a BFS in (€2, ) and a closed normed subspace.
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Let X be a BFS and let w be a weight, i.e., a positive Lebesgue measurable and a.e. finite function on ).
Alsolet X, = {f € Lo: fw € X}. This space is a weighted BFS equipped with the norm

1fllx. = 1 wllx-

(For more details and proofs of the results obtained for the BFS, we refer the reader to [8, 32].)
We now recall the notion of p-convexity and p-concavity of BES.

Definition 2.3 [42]. Let X be a BFS. Then X is called p-convex for 1 < p < oo if there exists a constant
M > 0 such that, forall fi,..., fn € X,

n 1/p n l/p
(Z’fk!?) §M<Z’ka§(> if 1<p< oo,
k=1 N P
or
< M . _ .
BTN BTN TR TS

Similarly, X is called p-concave for 1 < p < oo if there exists a constant M > 0 such that, for all
f].""?fn GX’

n 1/p n 1/p
(ZHM’S{) <M (Z\n\p) if 1<p<oo
k=1 k=1 ¥
or
< | |, 7=
I%%XankHX_ 1;%2n|fk‘ v if p=oo

Remark 2.1. Note that the notion of p-convexity (resp., p-concavity) is closely related to the notion of
upper p-estimate (strong f£,-composition property) [or, respectively, to the notion of lower p-estimate (strong
¢,-decomposition property)] as can be found in [32].

We now present some examples of p-convex and, respectively, p-concave BFS.
Let R™ be an n-dimensional Euclidean space of the points = = (:cl, ceey mn), let €2 be a Lebesgue measurable

subset of R™, and let
n 1/2
o= ()
i=1

The Lebesgue measure of a set €2 is denoted by |Q2]. It is well known that
7.{.n/2
n )

r(3 1)
5 +

where B(0,1) = {z: z € R™ |z| < 1}. Suppose that 6 : 2 — [1,00). Throughout the present paper, we assume

[B(0,1)] =
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that

d = essinf,cq d(z) and 0 = esssupd(x)
z€QN

and that

is the conjugate exponent of p > 1.

Example 2.1. Let 1 < q < oo and let X = L,. Then the space L, is a p-convex (p-concave) modular BFS
ifandonlyif 1 <p<g< o0 (1<g<p<o0)

The proof follows from the Minkowski inequality in Lebesgue spaces.

Example 2.2. The following lemma shows that the variable Lebesgue space L,.y(€2) is a p-convex modu-
lar BFS:

Lemma 2.1 [1]. Let 1 <p < gq(x) <G < oo forall x € Qy C R™. Then the inequality

Izt < o 120,

is true, where

1 1
Cra = (I loe + Ixaall + (¢ = 2 ) (s oo + el )

A= {(z,y) € 2 xQ: q(y) =p}, Ag =y x Qo \ Ay
and f: Q1 x Q9 — R is an arbitrary measurable function such that
. £ Gl oy \ )
H||f||Lp(Ql)HLq(A)(QZ) =inf ¢ pu>0: / <M"> dy <13 < o0
Qo

and
1/p

LGl = /If:vylpdﬂ:

Similarly, if 1 < g(x) < p < oo, then Ly(;)(£2) is a p-concave BFS.

Definition 2.4 [20, 40]. Let 2 C R™ be a Lebesgue measurable set. A real function ¢ : Qx [0, 00) +— [0, 00)
is called a generalized p-function if it satisfies the conditions:

(a) ¢(z, -) is a e-function for all = € ), i.e., p(x, -): [0,00) — [0, 00) is convex and such that

= 1' = N
pla, 0)=0,  lim oz, {) =0;

(b) : x— @(x,t) is measurable for all t > 0.
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If © is a generalized o-function on €, then we briefly write ¢ € ®.
Definition 2.5 [20, 40]. Let ¢ € ® and let p, be defined by the expression

pold) = [ela f@N)de forall € Lo(@),

Q

We set

Ly ={f € Lo(Q): py(Xof) < oo for some \g > 0}

1z, :inf{)\>0: oo (J;) < 1}.

The space L, is called the Musielak—Orlicz space.

and

Let w be a weight function on {2, i.e., let w be a nonnegative almost everywhere positive function on 2.
We denote

Lew={f€Lo(Q): fwe Ly}

It is clear that the norm in this space is given by the formula

HfHL(p,w - waHLap

Remark 2.2. Let o(x,t) = t9®) in Definition 2.4, where 1 < ¢(z) < oo and z € Q. Thus, we get the
definition of weighted Lebesgue spaces with variable exponent L, (€2). For detailed information about Lebesgue
spaces with variable exponent, we refer the reader to [18].

Example 2.3. The following lemma shows that the Musielak—Orlicz space L, is a p-convex modular BFS.

Lemma 2.2 [6]. Let Q1 C R™ and Qo C R™. Also let (x,t) € Q1 x [0,00) and ¢ (ZC,tl/p) € ® for
some 1 < p < oco. Suppose that f: €1 X Qo — R. Then the inequality

7 G My, < 272 G2z 0

is true.

Note that the Lebesgue spaces with mixed norm, weighted Lorentz spaces, etc. are p-convex (p-concave)
modular BFS. We now reduce a more general result connected with Minkowski’s integral inequality.

Let X and Y be BFS on (€21, 1) and (Q9,v), respectively. By X[Y] and Y[X] we denote the spaces with
mixed norm and formed by all functions g € Lo (21 x Q2, o X v) such that ||g(, )HY € X and ||g(-, y)HX evy.
The norms in these spaces are defined as follows:

l9llxyy = gz, livlixs  Ngllvix = Mgl w)lixlly -

It is known that X[Y] and Y[X] are BFS on ©; x Q2 (see [32]).
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Definition 2.6 [40]. We say that a modular BFS X satisfies the Ao-condition if there exists K > 2 such that

p(2f) < K p(f)

forall f € X and all t > 0. The smallest K of this kind is called the Ao-constant of p.

Lemma 2.3. Let X be a modular BFS and let v > 1 and 1 < q(z) < g < co. Further, let
i Y < < q(z) .
min {s, 57} p(f) < p(sf) < max{s, s }p(f) @2.1)

foralmost all x € Q) and all f € X,. Then

() =1

o {11, 1115} < o) < mf{ufup, 15}

and

forany x € Q.

Proof. Let

0<|fl,<o0 and p(H]{Hp> <1

We choose a positive number A < || f||,, such that

()=

A= 1/Q< / >
1Fllop i

Then A < || f||, and, by virtue of condition (2.1) with s > 1, we get

f>: f —q(m)/q< f ) < f >
”<A N i < Na ) <0 ANTE
()

=f <||f||p NI

Indeed, we set

1£1l,

Lemma 2.3 is proved.
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We consider a multidimensional Hardy-type operator and its dual operator

Hi(x) = / f)dy  and  H'f(z) = / f(v) dy,

lyl<l|z| ly[>|z|

where f > 0 and z € R".
We now reduce a two-weight criterion for a multidimensional Hardy-type operator acting from a p-concave
weighted BFS to a weighted Lebesgue space. Suppose that M > 0 is a constant from Definition 2.3.

Theorem 2.2 [7]. Let v(x) and w(x) be weights on R™. Suppose that X,, is a p-convex weighted BF'S with
1 < p < oo on R™. Then the inequality

IH fllx., < Clflz,,. 2.2)
holds for every f > 0 if and only if there is an o € (0, 1) such that

a/p’ (1-a)/p

/

Afe) = sup / o) dy | s () /v<y>—p dy < .

y|<t y|<|-
|yl lyl<|] X

Moreover, if C' > 0 is the best possible constant in (2.2), then

' Ae) : A(a)

<
N AU R
“Y\1-a a(p—1)

For the dual operator, the theorem formulated below is proved similarly:

7.

0<g<1 (1-— a)l/P

Theorem 2.3 [7]. Let v(x) and w(x) be weights on R™. Suppose that X,, is a p-convex weighted BF'S with
1 < p < oo on R™. Then the inequality

I1H* fllx, < Clflz,.. (2.3)
holds for any f > 0 if and only if there isa ~v € (0,1) such that

v/’ (1=v)/p’

B(y) = sup /v(y)"’/dy X{Jz<t (") /v(y)""dy < o0.
it > «

Moreover, if C > 0 is the best possible constant in (2.3), then

<C<M inf B()

Sub 0<y<1 (1 —)1/P"”

() )
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Corollary 2.1. Note that, in the case
Xw = Ly, w, go(x,tl/p) c® forsome 1<p<oo, zeR"

Theorems 2.2 and 2.3 were proved in [6]. In the case

1
Xow=Lgw, 1<p<g<oo, for xze€(0,00), a= T and s € (1, p),

Theorems 2.2 and 2.3 were proved in [44]. For x € R", in the case

Xy = Lyg),w and 1<p<q(x) <esssupq(r) < oo,
zeR?

Theorems 2.2 and 2.3 were proved in [3] (see also [2]).

Remark 2.3. 1n the case
n=1 Xy,=Lgu 1<p<g<oo, for ze€(0,00)

and the classical Lebesgue spaces, various versions of Theorems 2.2 and 2.3 were proved in [12, 23, 25-28, 30,
31, 34, 38, 39, 43], etc. In particular, in the Lebesgue spaces with variable exponent, the property of boundedness
of the Hardy-type operator was proved in [15-17, 19, 21, 24, 29, 36, 37], etc. For

X = Lyz),w, 1<p<gqx)< exs;?)lﬁ) qg(z) < oo, and =z €][0,1],

the two-weighted criterion was proved for a one-dimensional Hardy operator in [29]. Moreover, a two-weighted
criterion of a different type was proved in [36] for a multidimensional Hardy-type operator in the case where

Xuw=1L 1 <p<gq(zr) <esssupg(r) <oo, and z€R"

q(z), w>
TeR™

(see also [37] and [17]). For

Lq(z),w with 0 <g<g<l,

the property of boundedness of the classical Hardy operator was proved in [5]. The inequalities of modular type
were proved for more general operators in [11] and [41]. In addition, the Hardy-type inequalities with special
power-type weights in Orlicz spaces were proved in [13].

3. Main Result

We now consider the Riesz potential
f(y)
R? = d
fa) = [ = a,
R

where 0 < s < n.
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The sufficient conditions for the general weights guaranteeing the validity of two-weight strong-type inequal-
ities for the Riesz potential in the BFS are established by the following theorem:

Theorem 3.1. Suppose that v(x) and w(x) are weight functions on R™. Let Y,, be a modular p-convex

weighted BFS for 1 < p < oo and x € R". Let 0 < s < n, let R® be bounded from X into Y, and let
Ly, ,(R™) — X,,. Assume that there exists

r(z): 1<p<r(xr) <F<oo

such that
p(Cf) < Ci(r) p(f)

forall C > 0, where Cy(r) = max {C”,C"} .
Moreover, suppose that v(x) and w(x) satisfy the following three conditions:

(1)
o/v (1=a)/p/
A= sup /v(y)—p’ dy X{|$‘it} / U(y)_p/ dy < oo: (31)
t>0 |x|n s
‘y|<t |y|<|x‘ v
(2)
BlF (1-8)/p'
B =sup / (@)lyl"™) " dy X{Jzl<t} / (@)|y"*) " dy < o0,
ly|>t ly|>|z| v
3.2)
where 0 < o, B < 1;
(3) there exists M > 0 such that
sup  w(y) <M inf o (y). (3.3)
|lz[/2<]y|<4 |z| z]/2<|y|<4 |z]

Then there exists a positive constant C' independent of [ and such that for all f € X,
IR flly. < Clifllx,-
Proof. Let Z ={0,£1,+2,...}. For k € Z, we define
B ={z e R": 2 < [z < 2F*1}

Ek71 = {ZL’ e R"™: ’JZ" < 2k_1},
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Epo={z e R": 2671 < |g| < 2MF2),
Ers={zeR": |z| > Qk_l}.

Then Ej 2 = Ej_1 U E U Ej4q and the multiplicity of the covering { £y 2}rcz is equal to three.
Given f € L, ,(R"™), we can write

IR ()] =D IR f ()| x5 (@)

keZ

< IR fra(@)] xa, (2)

keZ

+ D[R fra(@)| xm (2) + Y IR frs(@)| X, (@)

ke keZ
= R; f(z) + Ry f(x) + Ry f(x),

where x g, is the characteristic function of the set E, fr; = fxg,,, 1 =1,2,3.
First, we estimate ||R{ f||y. . Note that, for = € E, y € Ej1 we get

ly| <21 < z)/2.
Moreover,
Eynsupp fr1 =2  and |z —y| > |z] - |y| > |z| - |2|/2 = |z]/2.

Hence, we conclude that

Rif@)]| <Y /|’f’“ e,

i yPe
o LI,
B |z —y["

lyl<lz|/2
e !f(y)nl_s ay

|z =yl
lyl<|z|
" 1
<2"C P |f(y)| dy
|yl <]
for any x € Ej. Thus, we get
1
IRifly, < W fWldy)| = [f(y)l dy

lyl<|z| Y lyl<|z| Y, /zjn—s
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By virtue of condition (3.1) and Theorem 2.2, we obtain

RSy, < Cllflle,. @y < Collfllx, (3.4)

where C > 0 is independent of f and x € R".
Further, we estimate [R5 f|ly, . Itis clear that, for € Ey, y € Ej 3, we find

ly[>2]z|  and |z —y| =yl = [z = |y| - [y]/2 = |yl/2.

Since Ej, Nsupp fr3 = @ for x € Ej, we can write

IRSF(x |<0/ dy_Q”C/

ly[>2]z| ly[>2|z|

Therefore, we get

R3fly, <2c| [ L

lyl>2]e| v,

n 1f(y)]
=2 / o

ly|> x| Vi
By condition (3.2) and Theorem 2.3, we obtain
IR flly, < CollfllL,.@n) < Csllflx., (3.5)
where C2 > 0 is independent of f and x € R".
Finally, we estimate ||R° fx 2|y, , where
IR frally, = 1D IR fral xay
keZ Yo,

By virtue of Lemma 2.3, it suffices to prove that the inequality || f||x, < 1 implies that
p<w > IR fra XEk> <G,
keZ

where C' > 0 is independent of k € Z.
By virtue of the boundedness of R* from X to Y and condition (3.3), we conclude that

p<w(y) > IR fra(w)| X, (y ) > p( ) D IR fra(y)] XEk(y)>

keZ meZ keZ
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= Zp(w(y) IR? fi2(y)])

keZ
_ LI PN
2% (vt Weals st
<3 (el ) o )
keZ I X

r(y) R?
< C’2 Z sup (UJ(Z/)Hf“X(Ekz)) ' p<m>

ez YEPk

<0 Y sup ) f 1)@ = Y sup (I wls, )"

keZ yeL keZ yeE
r(y)
<! sup ( f 1nf v >
3,; veBs | (y )HX(EM)
7(y) ylenEf 7(y)
kez YEEK kez
<Gy (Il <Y (i )
=3 Xo(Eg2) 3 P XEk 9
keZ keZ
=C3 ) [p Y) (XBer + xE A+ XB))]
keZ
v/
<Cj [ (‘f T/V <ZXEk 1+ZXEk+ZXEk+1>
keZ kez kez
=C5 Bp(If W) < 3770y < Cu
Thus,
1IR3 fly, < Cs, (3.6)

where C > 0 is independent of f and x € R".
Combining inequalities (3.4), (3.5), and (3.6), we obtain the proof of Theorem 3.1.

Theorem 3.2 [40]. Let ) € ® and 6 > 1. Then Ly(R"™) — Ls(R™) if and only if there exists C > 0 and
h € Li(R™) with ||h||p,@®n) < 1 such that

<é)5 < p(a,t) + h(x) 37

for almost all x € R™ and all t > 0.
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Lemma3.1. Let ¢ € &, v > 1 and 1 < q(x) <G < co. Further, let

1685

ISIl>i(I)1 {s, T} (x,t) < ¢Y(z,st) < max {5, s1@ (. t) (3.8)

for almost all x € Q) and all t > 0. Then

and

f > B
”¢<||f||Lw !

min {17 s 117, } < o) < o {1y 11 -

Ly £z

Theorem 3.1 has the following corollary:

Corollary 3.1. Assume that, for some 1 < p < o0, ga(x,tl/p) € ® and a function ¢ € @ satisfy

con-

ditions (3.7) and (3.8), where x € R™. Suppose that v(z) and w(x) are weight functions on R"™. Let R*® be
bounded from L, (R™) into L,(R™). Assume that there exists r(x): 1 < 0 < r(x) <T < oo such that

p(z,Ct) < C"@ p(z, 1)

forall C > 0.

Moreover, suppose that v(x) and w(x) satisfy the following three conditions:

(1) , ,
/ a/p ) / (I-a)/p
sup / o(y)™" dy wl) / o(y) ™" dy < oo;
150 \ Jy|<t - lyl <l

Lo (1>t

B/v' -8/
su v =)y w(- v n—s) Py 00,
t;g(/w((y)\m ) y) <>(/|y|>.|(<y>ry\ ) y> -

Lo (I[<t)

(2)

where 0 < o, 8 < 1;

(3) there exists M > 0 such that

sup w(y) <M inf v(y
2] /2<|y|<4 |z| ) |z]/2<]y|<4 |z| )

Then there exists a positive constant C' independent of f such that, for all f € Ly, ,(R"™),

IR fllLy.w@ry < ClflL,., @)

Further, we assume that the exponent p(x) satisfies the standard conditions

Ip(x) - p(y)] < ——1

1
—_— O<|z—y << eR"
_—ln|1,‘—y|7 ‘x y‘—27 x?:y b

3.9
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together with the following conditions imposed at infinity:

M.
: | > lyl, z,y€R", (3.10)

Ip(z) — p(y)| < (e + [2])

where the positive constants M; and My are independent of = and y. Note that it follows from condition (3.10)
that there is a number po, such that p(z) — poo as |z| — oo and this limit is uniform in all directions. It is known

that if p(x) satisfies (3.10),

1
Poo = Ds and -
s r(z)  p  pla)

1
then —— satisfies (3.10),

r(z)
| l|im r(x) = oo, and L) (R") = Ly(R™).
T|—00 =

In particular, for X, = L) ,(R") and Yy, = Ly(s),,(R"), Theorem 3.1 yields the following corollary:

Corollary 3.2. Let

—_ = —,

1 1 S _ _
p>1, p<n/s, ¢=>D,

p(z)  qlx)
and let p(x) satisfy conditions (3.9) and (3.10) with ps, = p. Moreover, let v(z) and w(x) be weight functions

on R™ satisfying the following three conditions:

=7

N -
sup ( / o(y)” dy> ( / o(y)? dy> < oo;
lyl<t - lwl<|
Lq<.>(\'|>t)

t>0

(1)

=/

? o\ \a-a
su v [ I w(- v =8P g 00,
p< [ el y) 0 ( | @) y> <

>0
Loy (|-1<t)
where 0 < o, 8 < 1;

(3) there exists a constant M > 0 such that

w(y) <M  inf v(y)  forae x€R".

sup
|z|/4<|y|<4 |z|

|| /4<]y|<4 |z|
Then there exists a positive constant C' independent of f such that, for all f € L) .,(R"),
HRS']“HL(I(,)’w(R”) S CHfHLp(%U(R”)'

Remark 3.1. In the case where X, = Ly, ,,, Yy = Ly w, 1 < p < g < 00, various versions of Theorem 3.1

were proved for the classical Lebesgue spaces in [4, 22, 45], etc.
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