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variables and small BMO with respect to the others. We obtain Calderén—Zygmund type estimate for
the gradient of the solution in generalized weighted Morrey spaces with Muckenhoupt weight.

Keywords Generalized weighted Morrey spaces, parabolic equations, Cauchy—Dirichlet problem,

measurable coefficients, BMO, gradient estimates

MR(2010) Subject Classification 35K20, 35B65, 35J15, 35K10, 35R05, 42B25, 46E30

1 Introduction

In [19], Morrey studied some integral inequalities in connection with Hélder regularity of so-
lutions of nonlinear elliptic and parabolic operators. The classical Morrey spaces L9, usually
attributed to him, were formulated in terms of function spaces by Campanato, Brudnyi and
Peetre in the 1960s. They introduced notations similar to those used in the definition below

(ct. [27]).
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A real valued function f € LI (R™) is said to belong to the Morrey space L%*(R"™) with

loc

q € (1,00), A € (0,n) provided the following norm is finite

1 1/‘1
T —( ey If(y)qdy) 7
La2 (k™) (z,r)ER™ xR 4 A B (z)

where the supremo is taken over all balls B,.(z) C R™. The main result connected with these
spaces is the following celebrated lemma: Let |Df| € L@"~* even locally, with n — X\ < q.
Then w is Holder continuous of exponent o = 1 — %. In [10], Chiarenza and Frasca showed
boundedness of the Hardy—Littlewood maximal operator M and the Calderén—Zygmund integral
operator in L%*(R™). This allows them to study the regularity of the solutions of the Dirichlet
problem for linear elliptic PDEs with VMO coefficients.

In [18], Mizuhara extended the Morrey concept taking a weight function ¢(x,r) : R" xR —
R, instead of 7* in the definition of the norm while in [21], Nakai extended the results of
Chiarenza and Frasca from L9* to L%? imposing integral and doubling conditions on ¢. These
results allow to study the regularity of the solutions of various linear elliptic and parabolic
boundary value problems in L%¢ (see [24] and the references therein). A further development
of the generalized Morrey spaces can be found in the works of Guliyev at al., where the spaces
M have been introduced under different conditions on ¢ (see [1, 12] and the references
therein). These give the functional analysis tools to obtain regularity type results in M %% for
various linear boundary value problems, see [14, 15].

Recently, Komori and Shirai [17] defined the weighted Morrey spaces and studied the bound-
edness of some classical operators in L%"(w), ¢ > 1 where w satisfies the Muckenhoupt condition
A,. In the present work, we consider generalized weighted Morrey spaces M %% (w) that can be
seen as an extension of both M%¥ and L?"(w), see [13].

We call weight a positive measurable function w defined on R"*!. Suppose that w satisfies
Muckenhoupt condition of parabolic type or parabolic A,-condition. Precisely, w € A, for

€ (1,00) if

1 1 -t
su < / w(z,t) dxdt) ( / w(:r,t)_q+1 dxdt) = [w]y < 00 (1.1)
7 \|Z] Jz 1l Jz
for all parabolic cylinders Z C R"*!. Then w(Z) means the weighted measure of Z, that is,
w(Z) = / w(x,t) dedt .
I

This measure satisfies strong and reverse doubling properties: for each Z and each measurable
subset A C Z, there exist constants ¢; > 0 and 71 € (0, 1) such that

1 Al>q w(A) <A|>Tl
— (=) <—=<al=] - (1.2)
[w]g (IIl w(Z) 7]
where ¢; and 71 depend on n and g but not on Z and A.

The function f € L{. . belongs to the weighted Lebesgue space LY, q > 1 if

”quL?,J :/R . |f(z,t)|w(z, t) dedt < oo .
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The notorious result of Muckenhoupt [20] states that (1.1) is a necessary and sufficient condition

in order that the mazimal inequality in LI to hold

1fllzg, < IMFlizg < eln @)l fllzy, (1.3)

where Mf(z,t) = sup(, ez [7 |f] is the mazimal function of f and the supremum is taken
over all cylinders that contain (z,t).

Consider the Cauchy—Dirichlet problem

uy — Do (a®P(x,t)Du) = Do f*(z,t), in Q,

(1.4)
u(z,t) =0, on 0Q,

where Q@ = Q x (0,7] is a cylinder in R” x RT, 9Q = (9Q x [0,T]) U (2 x {¢t = 0}) stands
for the parabolic boundary of ) and the summation convention over the repeated lower and
upper indexes, running from 1 to n, is adopted. We are going to obtain Calderon—Zygmund
type estimate for Du in the generalized weighted Morrey spaces: denote by a = {aaﬁ}gﬁzl the
coefficient matrix and by F = (fl, cee f") the right-hand side. We are going to prove that

F € M2¥(Q) implies |Du| € ME?(Q), p > 2,

with w € Az and ¢ as in (2.7).

We suppose that the coefficients are only measurable in one spatial variable, i.e., 1 and
possesses small mean oscillation (small BMO) in the remaining variables (2/,t). This partially
BMO assumption on the coefficients is quite general and allows arbitrary discontinuity in one
spatial direction which is often related to problems of linear laminates, while the behavior with
respect to the other directions, including the time, are controlled in terms of small BMO, such
as small multipliers of the Heaviside step function for instance. It is clear that the cases of
continuous, VMO or small BMO principal coefficients with respect to all variables are partic-
ular cases of the situation considered here. Regarding the underlying domain €2, we suppose
that its non-smooth boundary is Reifenberg flat (cf. Reifenberg [23]). It means that 9 is well
approximated by hyperplanes at each point and at each scale. This kind of minimal regularity
of the boundary ensures the validity in € of some natural properties of geometric and func-
tional analysis such as W'9-extension, non tangential accessibility property, measure density
condition, the Poincaré inequality and so on. We refer the reader to the works of Kenig and
Toro [16, 26] and the references therein for further details. In particular, a domain which is
sufficiently flat in the sense of Reifenberg is also Jones flat. Moreover, domains with C''-smooth
or Lipschitz continuous boundaries with small Lipschitz constant belong to that category, but
the class of Reifenberg flat domains extends beyond these common examples and contains frac-
tal boundaries domains, such as the von Koch snowflake with a small angle 3 of the age, for
instance sin 8 < 1/8.

The boundary problems and the corresponding regularity theory developed here are related
to important variational problems arising in modeling of deformations in composite materials
as fiber-reinforced media or, more generally, in the mechanics of membranes and films of simple
non-homogeneous materials which form a linear laminated medium. In particular, a highly
twinned elastic or ferroelectric crystal is a typical situation where a laminate appears. The

equilibrium equations of such a linear laminate usually have only bounded and measurable
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coefficients in the direction of the stratification. The non-smoothness of the underlying Reifen-
berg flat domain, instead, is related to models of real-world systems over media with fractal
geometry such as blood vessels, the internal structure of lungs, bacteria growth, graphs of stock
market data, clouds, semiconductor devices, etc.

The problem considered here was firstly studied in the Lebesgue spaces by Byun and Wang
(see [3, 4, 9]). Later, their results have been extended to higher order operators and in various
weighted spaces in [5-7, 11, 22] by Byun et al. and in generalized Morrey spaces under various
assumptions on the weight function, see [8, 15]. The presented result is a weighted version of
the last two cited papers.

The paper is organized as follows. In Section 2 we define the space M%%¥ and prove the
maximal inequality in it. The Section 3 presents the problem and the main result. In the
following, we obtain a gradient estimate. The technical approach is based on the Vitali-type
covering lemma and estimates of the upper level sets of the maximal function of the gradient,
see [3] for more details. The technique employed for parabolic equations could be extended
without essential difficulties, to elliptic and parabolic systems.

Throughout the paper, the letter ¢ will denote a universal constant that can be explicitly
computed in terms of known quantities such as n, L, v, p, ¢, and [w],. The exact value of ¢

may vary from one occurrence to another.

2 Parabolic Generalized Weighted Morrey Spaces

In the following, we use the domains:

e parabolic cylinders centered in (y,7) € R"™! and of radius r > 0 :
I=ZT.(y,7) = {(x,t) e R" ™' : |z —y| < |t — 7| <r?}
with Lebesgue measure |Z,.| = cr"*2. For each (y,7) € Q, we write
Qr(y,7) =L (y,7)NQ, 2L, =7Ts(y,7), and b(2Z,) =R"*'\2Z,.
e cylinders centered in (y,7) = (y1,v',7) :
C=Cr(y,7)={(z1,2/,t) ER"™ s oy —up| <, |2/ —o/| <r |t —7] <r?}

with |C| = ¢(n)r"t2.

o clliptic cubes centered in y = (y1,y’) € R™:

Cr(y) ={(z1,2') €R™ ¢ |z1 — | <r,f2’ —y/| <r}

with [C).| = ¢(n)r™.

Definition 2.1 Let Q be a cylinder in R""1. A function f € LL(Q), w € Ay, ¢ > 1, belongs
to the generalized weighted Morrey space ME%(Q) if the following norm is finite

1
4 a4, = Ssu
1 1rae ) (y,;)%)Q o(Z, (y, 7)) iw(Z, (y, 7))

/ (D) (e, dadt,  (2.1)
Qr(y,7)

where @ is a measurable non-negative function defined on @ x R..

If w =1, then M3#(Q) = M9(Q) with §(T.(y, 7)) = ¢(T, (y, 7))1r"+2.
If o = rA=7=2/4 and w = 1, then M2?(Q) = L¥(Q), A € (0,1 + 2).
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If o = w9 then M2¥(Q) = LL(Q).

In [15], we proved maximal inequality in M %% under quite general condition on . In fact,
we consider a couple of measurable non-negative weights (1, p2) for which the next result
holds.

Theorem 2.2 Suppose that, for any fized (y,7) € R**! and any r > 0, there exists k > 0
such that

: n+2
essinf o1(Zo(y, 7))o
sup - pES] < K2(Zr(y,7)) - (2.2)
r<s<oo S a

Then for any q > 1, M is bounded from M%%1 to M?%2 and

[Mfllaracez ety < e(n, g, 5) || f |l agaer @nry -
We need analogous result in M%%. Let L>"(0, c0) be the space of all functions g(¢), ¢ >0
with finite norm

91l Loev (0,00) = sUpP () g(C)
¢>0

and L*°(0,00) = L*1(0, 00). Denote by 9(0, 00) the set of all measurable functions on (0, 00),
by 917 (0,00) the subset of all nonnegative functions on (0, 00), by 9(0, 0o;1) the cone of all

non-decreasing functions in M (0, 00), and by A the subset
A= €M (0,00:7): i =0,.
{w (0,00 1) Jim, ©(¢) }

Let v be a continuous and non-negative function on (0,00). We define the sup-operator S,
acting on (0, c0) by

(Svg)(n) = [V gllLee .00y, 1 € (0,00).
This operator turns to be bounded on A, as it is proved in [2].

Theorem 2.3 ([2]) Let vy, va be non-negative measurable functions satisfying 0 <||v1 || £ (n,00)
< oo for anyn > 0 and let v be a continuous non-negative function on (0,00). Then the operator
S, is bounded from L>V1(0,00) to L°*%2(0,00) on the cone A if and only if

oS (1125 o))l 000 < - (2.3)

The following lemma give some estimates of the maximal function.

Lemma 2.4 Let w € A,, ¢ > 1. Then the inequality
1 e
[MfllLy,z,) < C(Hf”LzJ(IQT) +w(Z,)7 - sup s " 2||fHL1(IS)) (2.4)

holds for all f € L | (R"T1).

w,loc

Proof Fix a point (y,7) € R*""! and write Z, = Z,.(y,7) and Z, = Z,(y, 7). Consider the

decomposition
f=h+fa=fxezr, + [xoer,-

Then
IMfllLyz,y < IMfilles 2,y + IMfallLe z,)-
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Because of (1.3), we have

IMfillLs, zy < IMFillpg@neny < cllfill g @nery = el fllLs z,,)-

As in [15, Lemma 3.2], we get that for all (z, t) € Z, holds
Mps(at) < e sup o |17 0
§>2r |I |

where the right-hand side does not depend on (x,t) anymore. Hence

Ml < esup o [ 15 Oldea ([ vty doat)

§>2r

™

Unifying the both estimates, we get

1 1
Ml < (IfIILz,(zm +ulz)t s [ f(z,c>|dzd<;> .

§>2r

Lemma 2.5 Letw € Ay, q > 1. Then the inequality

1
IMfllLs,(z,) < cw(Zy)s - sup w(Zs)™ . IfllLs, (2.

s>27
holds for all f € LY
Proof Denote by

Rn-{-l).

w, loc(

Ay = w(Z,)7 - sup ’%/I |£(2,¢)| dzdC,

s>27
Az = ||fHL:{,(2L) .
Applying Holder’s inequality and (1.1), we get

1

Ar < [w]gw(Zy)

Q=

su

- sup (/ IfZCIqw(zC)dde)
s>2rw q

. s>27‘ u} % (/ |f ‘qw ) dZd<>

> [w]qu(Ir)%( [ 1ot Qaaac) " s

s>2r w(IS)%

On the other hand,

w(Z,)7 - s

:C.AQ.

Hence by Lemma 2.4 we get (2.6) (see [15]).

Theorem 2.6 (Maximal inequality) Letw € Ay,q > 1 and ¢ satisfy

essinf o(Zo(y, 7))w (Zo(y. 7))
sup T < kp(Z-(y,7))
r<s§<00 w(Is(y, 7—)) q

with k independent of r and (y, 7). Then

Ifllarge nry < IMFllarge gy < (o g, )1 fllangegnery,  Vf € MEF(RM.

The proof follows by Lemma 2.5 as in [15, Theorem 3.4].
Impose in addition a kind of monotonicity condition on ¢, precisely

P(Zr(y, )L (y, 7)| < 9(Zs(2,€))|Zs(2,Q)], - for all Zo(y,7) C Zs(2,C) -

(2.5)

(2.6)



Parabolic Equations in Weighted Morrey Spaces 917

This implies that, for a given Q = Q x (0, 7] C R**! there holds

Z.(y,7) N
sup Ly, 7) 0 Q) <, Va>0 (2.9)

woee (Lr(y, ) Le(y, )|~

with 3 = »(n, ¢, K, ¢, Q) (see [8]).

3 Statement of the Problem and Main Result
Consider the Cauchy—Dirichlet problem

Uy — Da(aaﬁ(xat)Dﬁu) :Dafa(xat)a in Qv (3 1)
u(z,t) =0, on 0Q). .

Suppose that the coefficients are uniformly bounded and uniformly elliptic, that is, there exist
positive constants A and v such that
lafle@) < A,

(3.2)
a®P(z,t)€,5 > vIE]2, VEER, for aa. (z,t) € Q.

For each C,.(y,7) and for a fixed z1 € (y1 — 7, y1 + r), we consider the x;-slice of C,.(y,7),
that is,

Coi(y, ) ={(2,t) eER" P xR: |2/ —y/| < |t — 7| <r?}

and the integral average with respect to (z/,t)

- B 1 , ,
ac, (y,r) (1) = C (5, 7)] /C:I(W) a(zy, 2’ t) da'dt.

Definition 3.1 ([8]) The couple (a,9) is (6, R)-vanishing of co-dimension 1, if
e For every point (y,7) € Q and for every number r € (0, 3R] such that

dist(y, 8Q) > v/2r, (3.3)

there exists a coordinate system centered in (y,7) = (0,0), which variables we still denote by
(z,t) and in which
_ 1
1C;-(0,0)] Je, (0,0

e For any point (y,7) € Q and for every number r € (0, L R] such that

la(z,t) — ac, (0,0)(z1)|? dzdt < 6°. (3.4)

dist(y, 0Q) = dist(y, z0) < V2r

for some xg € O, there exists a coordinate system centered in (xo,7) = (0,0), which variables
we still denote by (x,t) such that

QNn{z€C.(0): 21 >3rd} CQANC5.(0) C QAN {x €C;5.(0): 21 > —3rd} (3.5)

and
1

m . (0 0) |a(w,t) — acsr(oﬁo) (.’L’l)‘2 dSUdt S 52. (36)
’ 3r (U,
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Because of the scaling invariance property of the Reifenberg domains (see [7, Lemma 5.2]),
we can take for simplicity R = 1 while 4 > 0 is invariant under such scaling argument. The
condition (3.3) means that away from the boundary the coefficients are small BMO in all
variables except x1. In that variable, they are only measurable and may have arbitrary jumps
in the direction z;. In addition, the domain €2 is (§, R)-Reifenberg flat satisfying (3.5) (see
Reifenberg [23]) and the coefficients have a small oscillation along the flat direction 2’ of the
boundary and are only measurable along the normal direction 2;. The number v/2r in (3.3) is
selected for convenience since we need to take the size of the cylinders in (3.4) such that there
is enough room to have the rotation of C,(y,7) in any spatial direction.

Recall that under a weak solution of (3.1), we mean a function
u e C°(0,T; L*(Q)) N L*(0,T: Hy (2))
that satisfies
/ ugy dadt — / a®P DguD ¢ drdt = / Do ¢ dzdt
Q Q Q

for all ¢ € C§°(Q) with ¢(z,T) = 0. Moreover, the following L?-estimate holds

/ | Du(z,t)|? dedt < c/ |F(z,t)|? dadt, (3.7)
Q Q

where the constant ¢ depends only on n, A, v and T.
We suppose that F € M7#(Q) with w € Az, p € (2,00) and ¢ satisfies (2.7). This implies
F € L? (Q). Precisely, choose (y,7) € @, then

supQ{|y —z|+ /|t = (]} < diam@.

(z.0)€
Hence there exist r* < diam @ and d > 0, such that @ C Z,«(y,7) C Z24(0,0) and

2
P

1Pl @) = NP5 o) < @ (0 ))w(Zoe 3,7))

< cp(T24(0, 0))w (Z24(0, 0))

F?| »
[||F HMEW(Q)

3 [

2
IEP 50 ) -

By the Holder inequality and (1.1), we get

IFl30) = [ B0 we, )7 w(e,t)F deds
Q

< ([ reon)

p—2

p(/@w(x,t)‘p% dxdt) ’

IS

w(z,t) dxdt)

P P
2

: . x 2 w(x €T
= ] Cremowey /IT*<y,T> (G, 0) (o, 1) ot

Because of the doubling property (1.2) of w, we get

()’ <1

T .l
Q]

[MISASAIN]
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Hence, applying first (1.2) to w and then (2.8) to ¢, we get

P22 0) <c(Taa(0,0)) w(T2a(0,0) 7 [F[2] (3.8)

Mz (@)
The last estimate ensures the existence of unique weak solution u of (3.1) according to [3, 9].
Then our goal is to show that the gradient of this solution possesses the same regularity as the
right-hand side of the equation (3.1).

Theorem 3.2 Letp € (2,00), w € Ar and ¢ satisfy (2.7). Then there exists a small positive
constant § = §(n, L,v,p, K, p, [w], Q) such that if the couple (a,) is (d, R)-vanishing of co-
dimension 1 and F € MP%(Q), then Du € M2%?(Q) and the following estimate holds:

[ Dullasze @) < cllFlarze (@)

with a constant ¢ depending on known quantities.

4 Gradient Estimate in M2%(Q)

In what follows, we establish a suitable version of the Vitali covering lemma. We use it to derive
a power decay estimate of the upper level sets for the Hardy—Littlewood maximal function of
the spatial gradient of the weak solution. The regularity estimate in the main result then follows
by the standard procedure of summation over the level sets.

Fix a point (yo,70) € Q, take Z,.(yo,70) and consider @, = Z,.(yo,70) N Q. Let u be a weak
solution of (3.1). Then we define the sets

¢ ={(z,t) € Q,: M(|Dul?) > \?},
D = {(z,t) € Qr: M(|Dul?) > 1} U{M(|F?) > §°}
with Ay > 1 and § > 0. It is easy to see that € C D C Q,. For each (y,7) € € consider C,(y, )

and define the following auxiliary function
o) - MENC,(5.7)
w(Cy(y, 7))
Because of (1.2) ©(0) = lim,_o, ©(p) = 1 and lim, ., O(p) = 0. We start with some
preliminary lemma taking R = 1 because of the invariance property of the Reifenberg domain
[9] (see also [3-8]).
Lemma 4.1 Let (a,Q) be (6, 1)-vanishing of codimension 1 and €, ® and O(p) be as above.
Suppose that, for any (y,7) € €, there exists € € (0,1) such that ©(1) < e. Then ©(p) > ¢
implies Q, NCp(y,7) C D and

(4.1)

p>0,we A, qe (1,00).

(n+2)q
10v/3
e[w]? %f w(D). (4.2)
1-9¢
Proof The implication follows by (1.2) and [7, Lemma 5.3]. Since ©(1) < e, there exists
Pry,7) € (0,1) such that ©(p, ) = € and O(p) < ¢ for all p > p(, - and (y,7) € €. Consider
the family of cylinders {C,, _ (¥, T)}(y,r)ce Which is an open covering of €. By the Vitali lemma
(cf. [25, Lemma 1.3.1]), there exists a disjoint sub-collection {C,, (yi, 7i) }i>1 With p; = py, r,) €
(0,1), (yi, 7)) € € such that O(p;) = ¢,
D 1Co (i) = €] and € | Csp,(yi i)

i>1 i>1
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with a positive constant ¢ = ¢(n). Since O(5p;) < ¢, by (1.2), we have
w(€N Csp, (i, 7)) < ew(Csp, (yi,73)) < lw]g5 DU (Cy, (yi, 7)) -
Furthermore, making use of the bound (see [5, 7])

Coly. 1l _ (2\/5)

sup

(y,7)EQr ‘Qr N Cp(yaT)| “\1-94
0<p<l

we get by (1.2) )
2\/§ qg(n+
W) < luly(1Y5) 7 0@ Gl
Now we have

w(€) = w( U ((’: N Csp, (i, TZ))) < Zw((’: N Csp, (Y, Ti))

i>1 i>1

< €Zw(cspi (yi, 7)) < 5[w]35q(n+2) Zw(cm (Yi> 7))

i>1 i>1

B a(n+2)
< efw]? (M> Zw(Qrﬂcm(yz‘,Ti))-

1-9

Having in mind that {C,, (y;, 7;) }i>1 are mutually disjoint, ©(p;) = € and (4.2), we get

w(@) <ew]? (io—y(?)qmmw( UJe-nc,. . n))

i>1
10\/5 q(n+2)
Lemma 4.2 Let ©(1) < e. Then for each k € N holds

w ({(z,1) € Qr: M(IDul?) > M¥}) < efw ({(2,1) € Qr: M(|Dul?) > 1})

k
+ 3 Sw{(@.t) € Qs M(IFPP) > 8227479}, (4.3)

=1

2(M)q(n+2)_

where €1 = € [w]} (1%

Proof By Lemma 4.1, we have
w ({(z,t) € Q: M(|Dul?) > /\%}) < aw ({(z,t) € Q,: M(|Dul?) > 1})
+eaw ({(x,t) €Q,: M(|FJ?) > (52}) ,

where e; = ¢ [w}g(%)q(nﬁ).

The last inequality is exactly (4.3) with & = 1. Furthermore, we proceed with the proof by
induction, as it is done in [4, Corollary 4.15]. Suppose that (4.3) holds true for some k& > 1.
Define the functions u; = )\il and F; = /\El It is easy to see that u; is a weak solution to (3.1)
with a right-hand side F;. Hence Lemma 4.1 holds with sets € and ® corresponding to u; as
defined in (4.1). According to (4.3), the inductive assumption holds true for u; with the same
k > 1. The definition of u; ensures the inductive passage from k to k + 1 for u. Namely,

w({(z,t) € Qr: M(IDuf?) > A*™}) = w({(2,t) € Q: M(IDus|?) > A1)
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< Fw({(x.t) € Qr: M(IDuaf?) > 1})
k
+3 w({(z,t) € Qr: M(F1?) > A7}
=1
= cfw({(z,1) € Qs M(IDuf?) > 23})

k
+3 et w({(z,t) € Qr: M(IF?) > 6227722}
< i w({(z,1) € Qr: M(IDuf?) > 1})
k+1
+> chw{(@,1) € @ M(IFP) > 82Xy,
=1

Noting that because of the arbitrary choice of the point (yo,70) € @, the above estimates
hold locally for any Q. = Z,(y,7) N Q with (y,7) € Q.

Lemma 4.3 Let h € L'(Q) be a nonnegative function, w € Ay, q € (1,00), ¢ satisfy (2.7),
and 0 > 0,\ > 1 be constants. Then h € ML?(Q) if and only if

S sup S ANTH@D) € Qi h(@t) > OXY)

(y;;)gQ E>1 @(Ir(y,’r))qw(zr(ya’r))

Moreover,
78 < 7l gge ) < c(1+8),
where ¢ = C(ea A q, K, 1) [’LUL Q)

Proof Consider @, as above, then

Y2} 7 ; T ! n Yw(x xX

( T(y7 ))qw(zr(yﬂ-)) /7- ({E,t) ( ,t)d dt
: 1 7 /

75( (y> ))q (zr(ya )) {(zvt)GQr:hgé‘)\}

h(z, t)w(z,t) dedt

: Qw(x 7
+’€Z>:1 )T w(Zr(y,7)) ‘/{(xvt)eQr!W\k<hS9/\k+l} h(z, t)w(z, t) dzdt
q (Qr)
=0 (I (y, 7)) 1w (Z,(y, 7))
(9)\k+1)q x ch(x k
+,€Z>:190 aw (Z(y, ) w({(z,t) € Qy : h(z,t) > OA*})

q CI|QT| |Qr‘ not
< (63 [@(I( AR (m(y,r))

MNoaw ({(z,t) € Qr : h(z,t) > ONF})
+k§>:1 ( (y7 )) (Ir(yﬂ—)) :|

Taking the supremum over Z,.(y, 7) and making use of (1.2) and (2.9), we get

1A% e ) < c(14S) .
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On the other hand

1 9w (x T
o(Zp(y, 7)) 1w (L (y, 7)) /Th(f”’t) (x,t) dadt

_ q h(z,t) - . )
Ty, 7)) 1w(Z (y, 7)) / ( /0 ¢ df) (2, t) dadt
) S”(Iv"(y’T>>‘§1w(17~(y,7)) /0 w({(z,t) € Qr: ha,t) > )& dg

ON*

(z, s h(x k a—1
e Z VG int >0 [ €k
=071 —\79) Zxkqw {(2,t) € Q : h(z,t) > OAF}).

o(Z. (v, >> ) &

Taking again the supremum over I,,(y, T), we get ||h||?%,¢(Q) >1s.

We are in a position now to prove Theorem 3.2.
Proof Recall that F € M§#(Q), w € Az, p € (2,00) and ¢ satisfies (2.7). Because of the
scaling invariance property of (3.1) under a normalization, we can assume that the norm of F

is small enough. In fact, taking

du(z,t OF (z,t
u(z,t) = u2(x, ) and F(z,t) = 2(90 )
(1L (1L |
M3 (Q) M3 (Q)
instead of v and F in (3.1), we get |HF|2||M%,¢(Q) = 62, Then we need to prove boundedness

of the norm of Du. Hence, it is enough to get |\M(\Dﬂ|2)|\M§‘¢(Q) < ¢. For this goal, we apply
Lemma 4.3 with h = M(|Di|?), A=)}, 0=1and ¢g= &
Take € corresponding to the solution a. We note that, for each (y,7) € €,
w(€NCi(y,7))

w7 = cw(€) = cw({(z,t) € Q,: M(|Duf*) > M1})

IN

c | M(|Du*)(z,t)w(z,t)dedt < c/ |Da(x, t)|*w(z, t) dedt
Q'f‘ e

IN

c/ | Dz, t)|Pw(x, t) dedt < c/ |F(z,t)|?w(z, t) dedt
Q Q

IN

IR 50, < 0

according to (3.8). Taking ¢ small enough, we get
’LU(Q N Cl (y7 T))
w(Ci(y, 7))

o(1) = <cd?<e.

Therefore, Lemma 4.2 gives

Z)\lkp w {(z,t) € Q,: M(|Du|?) > )\%k})

= o(Z,(y, 7)) 2 rm+2
g 0({(2.0) € Q3 MDA > 1)
D TSI LETEATES)
k 02 2)\ —1)
)\pr le( a:t)EQT (\F|)>(5 })
DD Dl e A PR G sl
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P w(QT)
)\ p
<kZ>1 i) Z,(y, 7)) w(Z (y, 7))
by oo W 1) € @ M(FP) > A7)
ﬂzzl(“ ! ,fZA 05 (T (y, 7)) w(Z (y,7))

< Ky Z (A’fq)k + Z ()\Zl’sl)iS’,

k>1 i>1

where we have used (3.8) for the last inequality. Note that

waw({(w,t) € Qr: M(IF]?) > 6222001

= el PZ () Fw(Z (v 7))
N D M(EE 2(k—1)
_ k%: (at-oy el (p) € Qr M( Es ) > A; )
S ST (w [, M () yaea)
= w(L(y,T))gp (w Q (|§2|2>%(x’t)w(x’t) dgﬁdt)'

Taking again the supremum over Z,. (y, 7) and making use of (3.8), we get

F|?
oo

)<c(1+—|| 28, )Sc.
M%@(Q) M2 Q)

Taking e, and the corresponding d, small enough such that 0 < Me; < 1, we get

Yo {(z,t) € @r: M(IDul?) > AT} <ed (W)

k>1 ! o(Z(y, 7)) % w(Z,(y, 7)) 2 <ec.

Taking again the supremum over (y,7) € @Q,r > 0 in the estimates above and making use of
Lemma 4.3, we find that ”M(|Dﬁ|2)”1\/1g’“’(¢g) < ¢. This way, (2.7) and the definition of @ imply

Dul? < ¢|||F|?
Dl po o < AEPN 50 o

with constant depending on known quantities. O

References

[1]
[2]
3]
[4]
[5]
[6]

Akbulut, A., Guliyev, V. S., Mustafayev, R.: On the boundedness of the maximal operator and singular
integral operators in generalized Morrey spaces. Math. Bohem., 137(1), 27-43 (2012)

Burenkov, V., Gogatishvili, A., Guliyev, V. S., et al.: Boundedness of the fractional maximal operator in
local Morrey-type spaces. Complex Var. Elliptic Equ., 55(8-10), 739-758 (2010)

Byun, S.-S.: Optimal WP regularity theory for parabolic equations in divergence form. J. Evol. Equ.,
7(3), 415-428 (2007)

Byun, S.-S.: Parabolic equations with BMO coefficients in Lipschitz domains. J. Differential Equations,
209(2), 229-265 (2005)

Byun, S.-S., Palagachev, D. K., Softova, L. G.: Global gradient estimate in weighted Lebesgue spaces for
parabolic operators. Ann. Acad. Sci. Fenn., Math., 41(1), 67-83 (2016)

Byun, S.-S., Ok, J., Palagachev, D. K., et al.: Parabolic systems with measurable coefficients in weighted
Orlicz spaces. Comm. Contemp. Math., 18(2), 1550018 (2015)



924

7]

9]
[10]
[11]
12
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22
23]
[24]
[25]

[26]
27]

Guliyev V., et al.

Byun, S.-S., Palagachev, D. K., Wang, L.: Parabolic systems with measurable coefficients in Reifenberg
domains. Int. Math. Res. Not., 13, 3053-3086 (2013)

Byun, S.-S., Softova, L. G.: Gradient estimates in generalized Morrey spaces for parabolic operators. Math.
Nachr., 288(14-15), 1602-1614 (2015)

Byun, S.-S., Wang, L.: Parabolic equations in Reifenberg domains. Arch. Ration. Mech. Anal., 176(2),
271-301 (2005)

Chiarenza, F., Frasca, M.: Morrey spaces and Hardy—Littlewood maximal function. Rend. Mat., 7, 273-279
(1987)

Dong, H., Kim, D.: Higher order elliptic and parabolic systems with variably partially BMO coefficients in
regular and irregular domains. J. Funct. Anal., 261(11), 3279-3327 (2011)

Guliyev, V. S.: Boundedness of the maximal, potential and singular operators in the generalized Morrey
spaces. J. Inequal. Appl., Art. ID 503948 (2009)

Guliyev, V. S.: Generalized weighted Morrey spaces and higher order commutators of sublinear operators.
Eurasian Math. J., 3(3), 33-61 (2012)

Guliyev, V. S., Softova, L. G.: Generalized Morrey regularity for parabolic equations with discontinuity
data. Proc. Edinb. Math. Soc., 58(1), 199-218 (2015)

Guliyev, V. S., Softova, L. G.: Generalized Morrey estimates for the gradient of divergence form parabolic
operators with discontinuous coefficients. J. Differential Equations, 259(6), 2368—2387 (2015)

Kenig, C., Toro, T.: Poisson kernel characterization of Reifenberg flat chord arc domains. Ann. Sci. Ecole
Norm. Sup., 36(3), 323-401 (2003)

Komori, Y., Shirai, S.: Weighted Morrey spaces and a singular integral operator. Math. Nachr., 282(2),
219-231 (2009)

Mizuhara, T.: Boundedness of some classical operators on generalized Morrey spaces. Harmonic Analysis
(S. Igari, Editor), ICM 90 Satellite Proceedings, Springer-Verlag, Tokyo, 1991, 183-189

Morrey, C. B.: On the solutions of quasi-linear elliptic partial differential equations. Trans. Amer. Math.
Soc., 43, 126-166 (1938)

Muckenhoupt, B.: Weighted norm inequalities for the Hardy maximal function. Trans. Amer. Math. Soc.,
165, 207-226 (1972)

Nakai, E.: Hardy—-Littlewood maximal operator, singular integral operators and Riesz potentials on gener-
alized Morrey spaces. Math. Nachr., 166, 95-103 (1994)

Palagachev, D., Softova, L. G.: The Calderén—Zygmund property for quasilinear divergence form equations
over Reifenberg flat Domains. Nonlinear Anal. Theory Methods Appl., Ser. A, 74(5), 1721-1730 (2011)
Reifenberg, E. R.: Solution of the Plateau problem for m-dimensional surfaces of varying topological type.
Acta Math. 104, 1-92 (1960)

Softova, L. G.: Morrey-type regularity of solutions to parabolic problems with discontinuous data.
Manuscripta Math., 136(3-4), 365-382 (2011)

Stein, E.: Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Integrals, Princeton
Univ. Press, Princeton, 1993

Toro, T.: Doubling and flatness: geometry of measures. Notices Amer. Math. Soc., 44(9), 1087-1094 (1997)
Triebel, H.: Hybrid Function Spaces, Heat and Navier—Stokes Equations. EMS Tracts in Mathematics, 24,
2015



