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ABSTRACT ARTICLE HISTORY
In this paper, we study the anisotropic maximal commutator Mg Received 15 June 2025

and the commutator of the anisotropic maximal operator [b, M9] Accepted 4 August 2025
in the Lorentz spaces LP"(R"). We obtain necessary and sufficient KEYWORDS
conditions for the boundedness of the operators Mg and [b,M%] on Lorentz spaces; anisotropic
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1. Introduction

Note to CE: Enunciations and equations followed as per section-wise. Please check.

The aim of this paper is to study anisotropic maximal commutator MZ and commutator
of anisotropic maximal operator [b, M?] in the Lorentz spaces LP" (R") when b belongs to
the anisotropic Lipschitz spaces A 5,d(R™). We give necessary and sufficient conditions for
the boundedness of the anisotropic maximal commutator operator MZ and commutator
of anisotropic maximal operator [b, M?] on the Lorentz spaces LP" (R"). We obtain some
new characterizations for certain subclasses of the anisotropic Lipschitz spaces A p,d(R™).

Let R" be the n-dimension Euclidean space with the norm |x| for each x € R” and
§"~1 denote the unit sphere on R". For x € R" and r > 0, let £(x, r) denote the open

ball centered at x of radius r and E&' (x, r) denote the set R"\E(x, 7). Let d = (dy,. .., dy),
di>1Li=1,...,n]|d = Z?:l d;and tyx = (tdlxl, RN td"xn).ByRefs [1,2], the function
F(x,p) = > x? p~ 24 considered for any fixed x € R”, is a decreasing one with respect
to p > 0 and the equation F(x, p) = 1 is uniquely solvable. This unique solution will be
denoted by p(x). It is a simple matter to check that p(x — y) defines a distance between
any two points x, y € R”. Thus R", endowed with the metric p, defines a homogeneous
metric space (see Refs [1-3]). The balls with respect to p, centered at x of radius r, are just
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the ellipsoids

—x)* | G’

. <1 s
T’Zdl + + 7’2d”

Eix,r) ={yeR":
with the Lebesgue measure |E4(x, )| = vurldl where v, is the volume of the unit ball in
R”. Let also I7;(x,7) = {y € R" : maxi<j<, |x; — yi|'/% < r} denote the parallelopiped,
Bé'd(x, r) = R"\ &€;(x, r) be the complement of £4(0,7). Ifd =1 = (1,.. ., 1), then clearly
p(x) = |x]and & (x, r) = B(x, r). Note that in the standard parabolic cased = (1, ..., 1,2)
we have

/12 /14 2
px) = \/lxl + 2|x| —I—xn) x = (¥, xp).
The study of maximal operators is one of the most important topics in harmonic anal-
ysis. These significant non-linear operators, whose behaviour are very informative, in
particular, in differentiation theory, provided the understanding and the inspiration for
the development of the general class of singular and potential operators (see, for instance,
Ref. [4]). For f € L} (R™), the anisotropic fractional maximal operator Mg is defined by

loc

ijf(x) = sup |E(x, r)|_1+|§|/ fldy, 0<a <|d,
E(x,r)

r>0

where £(x,r) is the ball of radius r centred at x € R", EE (x,7) is its complement and
|€ (x, )| denotes the Lebesgue measure of £ (x, r). If . = 0, then M = M is the well-known
Hardy-Littlewood maximal operator.

The commutator estimates play an important role in studying the regularity of solutions
of elliptic, parabolic and ultraparabolic partial differential equations of second order, and
their boundedness can be used to characterize certain function spaces (see, for instance,
Refs [4,5]).

The maximal commutator generated by b Lll0 (R™) and the operator M 4 s defined by

M) = sup £t [ 1b0) = bean IO
r>0 £ (X,T)
The commutator generated by a suitable function b and the operator M is defined by

[6, M) () (x) = b)M () (x) — M (bf) (x).

In 1978, Janson [6] gave some characterizations of the Lipschitz spaces Aﬁ(R”) =
Ap1(R™) via commutator [b, T] and the author proved that b € Ag4(IR") if and only if
[b, T] is bounded from LF(R") to L1(R"), where 1 <p <n/B,1/p—1/q= p/nand T
is the classical singular integral operator (see also Ref. [7]). In 2017, Zhang [8] consid-
ered some new characterizations of the Lipschitz spaces Aﬁ (R™) via the boundedness of
maximal commutator M} and the (non-linear) commutator [b, M] in Lebesgue spaces and
Morrey spaces on Euclidean spaces.

In Refs [9-11] was obtain necessary and sufficient conditions for the boundedness of
the maximal commutator operator My and commutators of maximal operator [b, M] on
the Lorentz spaces L7, see also Ref. [12].
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Our main aim is to characterize the commutator functions b in anisotropic Lipschitz
spaces A 5,d(R™), involved in the boundedness on Lorentz spaces of the anisotropic maxi-
mal commutator Ml‘f (Theorem 3.1) and the commutator of the maximal operator [b, M ]
(Theorem 4.1).

The structure of the paper is as follows. In Section 2 we give some definitions and auxil-
iary results. In Section 3, we find necessary and sufficient conditions for the boundedness of
the anisotropic maximal commutator MZ on LP"(R™) spaces when b belongs to anisotropic
Lipschitz spaces Ag 4(R"). In Section 4 we find necessary and sufficient conditions for
the boundedness of the commutator of anisotropic maximal operator [b, M 4] on LP"(R™)
spaces when b belongs to anisotropic Lipschitz spaces A 5d(R™).

By A < B we mean that A < CB with some positive constant C independent of appro-
priate quantities. If A < Band B < A, we write A & B and say that A and £ are equivalent.

2. Definition and some basic properties

We start with the definition of Lorentz spaces. Lorentz spaces are introduced by Lorentz
in the 1950. These spaces are Banach spaces and generalizations of the more familiar L?
spaces, also they appear to be useful in the general interpolation theory.

Suppose that f is a measurable function on R”, then we define

fH() =inf{s > 0:dg(s) < t},

where

dr(s) =[x e R" : [f(x)| > s}|, Vs> 0.

Definition 2.1 ([13]): The Lorentz space LP" = LP"(R"), 0 < p,r < oo is the collection
of all measurable functions f on R" such the quantity

1.1
fller == lIt7 7 f* (Ol 0,00) 2.1)

is finite. Clearly LP? = [P and [P*° = WIP. The functional || - ||z»r is a norm if and only
ifeither1 <r <porp=r=ooc.

Lemma 2.1 ([13]): Let 1 < p,p/, 1,7 < o0, % +I% =land 1 + % = 1. Suppose that f €
LP"(R") and f € LP"" (R"). Then

8l @ny < 20f llzer @ lIgll o (geny-
The following result completely characterizes the boundedness of M? on Lorentz spaces.
Lemma 2.2 ([13]): Let1 < p,r < oo.

(i) If1 < p < 0o, then the operator M is bounded on the Lorentz spaces LP" (R™).
(ii) Ifp=1,1<r < oo, then M is bounded on from L“(R”) to WLI(R”).

The following result completely characterizes the boundedness of M¢ on Lorentz spaces.
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Lemma 2.3 ([14]): LetO <a <n 1 <p < ';ﬂ andp < q < 0.
(i) Ifl <p< l(;ﬂ, 1<r<s<oothen thecondition% —
ficient for the boundedness of the operator M from the Lorentz spaces LP" (R™) to
LT (R™).

(ii) Ifp=1,1<r < oo, then the condition 1 — % = ﬁ is necessary and sufficient for

the boundedness of the operator M2 from the Lorentz spaces L (R™) to WLI(R") =
L2 (R™).

1 _ a 2
g = 1d] is necessary and suf-

3. Anisotropic maximal commutator operator in Lorentz spaces

In this section, as an application of the theorems of the previous section, we consider the
boundedness of an anisotropic maximal commutator MZ on the Lorentz spaces LP"(R")
when b belongs to an anisotropic Lipschitz space. We give some new characterizations of
the anisotropic Lipschitz spaces are given. Such a characterization was given in Refs [8,15]
for the boundedness of Mg on Lebesgue and Morrey spaces.

Definition 3.1: (1) Let 0 < §# < 1, we say a function b belongs to the anisotropic
Lipschitz space A g 4(IR") if there exists a constant C such that for all x, y € R”,

1b() = b()] < Cp(x = y)/".
The smallest such constant C is called the A 4,d(R"™) norm of b and is denoted by
”b”/\ﬂ,d(R")’
(2) Let0 < f <land1 < p < oo. Alocally integrable function b is said to belong to
the space Lip ,(R") if there exists a constant C such that

1 1 » P
7 \ g 1b(y) = bel"dy) <G,
Eax | £ €

where the supremum is taken over every anisotropic ball £ C R” containing x and
be = ﬁ J& b(y) dy. The least constant C satisfying the conditions above shall be
denoted by ||b]|Lip 5p (BY)-

(3) In(2), when p = 1, we have

1 1
I1bllLip, , (") = sup —5 (—/ [b(y) — beld)/) = [1bllLip, ,(R")-
pﬁ,l( ) Sox |8|% |(C/’| < pﬁ,d( )

To prove the theorems, we need auxiliary results. It is known that the Lipschitz space
A 4 (R™) coincides with some Morrey-Campanato space (see Ref. [16] for example) and can
be characterized by mean oscillation as follows, which is due to DeVore and Sharpley [17]
and Janson et al. [16] (see also Ref. Paluszynski [18]).

Lemma 3.1 (see [16-18]): Let0 < f < 1,1 < p < oo and b the locally integrable function
on R", then

10114, yrry = NBllLip, 47y = 11BlILip, ,(R)-
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Lemma 3.2 ([15]): Let0 < f < landb € /'\/;,d(R”), then the following pointwise estimate
holds

M) S 1Bl 4 ey Mif (0)-

Theorem 3.1: Let 0 < 8 < 1, beLlloc(R”), 1 <p<|%, 1 Srgsgooand%—%:
%. The following assertions are equivalent
(i) be Aga®RM.
(ii) The operator MZ is bounded from LP" (R") to L9*(R").
(iii) There exists a constant C > 0 such that
110G = be) xe || gs g
] e _ .
£ gl | x e llLas®m)
(iv) There exist a constant C > 0 such that
1 [ ®C) —be) x .
sup — ” £||L1(R) <C. (3.2)
& |g|m |5|

Proof: (i) = (ii). Suppose that b € A 4,d(R™). Combining Lemmas 2.2 and 3.2, we get

IMEF lasuny S 1Bl A oy 1M a5 o)
S NN A gy I llzer ey,

which implies that the operator Mg is bounded from from L”"(R") to L% (R").
(ii) = (iii). Assume that the operator MZ is bounded from LP"(R") to L?*(R"). Let
E = E(x, 1) be a fixed ball. We consider f = y¢. It is easy to compute that

1dl
| xellpr@gey = e (3.3)

On the other hand, for all x € £, we have
1
160 — bel = o= [ 16 = b1 ¢y
1€l Je

< M (ze)®) S 1Bl oy Mf (r8) (). (3.4)

Since My, 4 is bounded from LP"(R") to L?*(R"), then by (3.3) and (3.4) we obtain

LI —be) el _ 1 M5 Gre) llas e
|g|% ||X8||Lq’S(R") - |g||%| ”XS”Lq’S(Rn)

U lxellerny _ e lleraen
gt lxelliasny  lxeller @

=1, (3.5)

which implies that (3.1) holds since the ball £ C R” is arbitrary.
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(iif) = (iv). Assume that (3.1) holds, we will prove (3.2). For any fixed anisotropic ball
&, by Lemma 2.1, (3.1) and (3.3), it is easy to see that

1 1
o [180) = baldy S — 1l (b= be) el 2y
jE|* i Je €|
L | (b—be) xellLaswm
~ |g|%| | xe llzas@wn)
<1

(iv) = (i). For any fixed anisotropic ball £, we have

1 10O =be) xe i an
e —beldy = — =
& T JE ||
(b() —be) x "
< sup 1ﬂ H £”L1(R)
& |g|m |5|
<L

which implies that b € Aﬁ)d(R”).
Thus the proof of Theorem 3.1 is finished. |

4, Commutator of anisotropic maximal operator in Lorentz spaces

In this section, we find necessary and sufficient conditions for the boundedness of the com-
mutator of anisotropic maximal operator [b, M?] from L?" (R") to L% (R") when b belongs
to anisotropic Lipschitz spaces A 5,d(R™) spaces.

For a function b defined on R”, we denote

T io, if b(x) > 0,
|b(x)|, if b(x) <0,

and b™ (x) := |b(x)| — b~ (x). Obviously, b™ (x) — b~ (x) = b(x).

The following relations between MZI and [b, M9] are valid.

Let b be any non-negative locally integrable function. Then for all f LllO (R")yandx €
R", the following inequality is valid

16 M) = [bM () - M )|
= [ M GNHE - MEH W)
< M*(1b(x) — blf) (x) = Mif (). (4.1)
If b is any locally integrable function on R”, then
|16, MAf ()] < MJf(x) + 267 (x) MYf(x), xeR" (4.2)
holds for all f € L (R™) (see, for example, Refs [19,20]).
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Obviously, the operators MZI and [b, M?] are essentially different from each other
because Mg is positive and sublinear and [b, M 4] is neither positive nor sublinear.

Let £ =E(x,7) be a fixed anisotropic ball. Denote by ij the local fractional
anisotropic maximal function of f

1
Mif(x):= sup
b.
grox.ece 1€

Lyory, xer

Applying Theorem 3.1, we obtain the following result.

Theorem 4.1: Let 0 < S < 1, beLlloc(R"), 1 <p<|%, 1 §r§s§ooandll)—%_
%. The following assertions are equivalent.
(i) be AgaR")andb > 0.
(ii) The operator [b, M*] is bounded from LP"(R™) to L9 (R").
(iii) There exists a constant C > 0 such that
1 (0O = ME®YO) Xe || pas o
0 =MEO0) e _ -
£ |g|i | e lLas
(iv) There exists a constant C > 0 such that
1 (G = MI®O) x ]
sup —— H( b ) £ ”LI(R ) <cC (4.4)
& |5|W |5|

Proof: (i) = (ii). Suppose that b e /'\/;,d(R") and b > 0. Combining Lemma 2.2 and
Theorem 3.1, and inequality (4.1), we get

116, M llzasny < IMaf lnasqrny S 1614,y ey 1M 1205y
5 || b”/\ﬁ’d(w) ||f||LP”(]R”)-

Thus, we obtain that [b, Md] is bounded from L (R") to L% (R").
(ii) = (iii). Assume that [b, M?] is bounded from L' (R") to L9*(R™).
For any fixed anisotropic ball £ and x € £, we have

b(x) — MI(b)(x) = b)M (1) (x) — M (by,) (x) = [b,M] (1) (x).

Assume that [b, M?] is bounded from LP" (R") to LP*(R"), then we get

1 (b—MZ(b))Xslqu'S(R")_ 116 M () llLaswn) < b lxelwr@n

|g||'%| Il xe llLas @rmy B |5|% | x& llLas wmy ~ |g|% [l xellLas@rm

< lxellzormy _
| xellor wm)

which implies that (4.3) holds since the anisotropic ball £ C R" is arbitrary.
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(iii) = (iv). Assume that (4.3) holds, then for any fixed anisotropic ball &£, by
Lemma 2.1, we conclude that

10O =M{®O) xel @

sup

£ |g||ﬂ7| |5|
oo 1 O = MI®O) xe | 122 s
~ Sup
£ |g||{}T\ |5|
1| (b — MI®)) xelliasn)
~ |g|% llxellzas Ry
<1

(iv) = (i). Assume that (4.4) holds, we will prove b /\ﬁ,d(R”) and b > 0.
Denote by

E:={xe&:bx) <bg}, F:={xe&: blx)> bg}.
Since

/wm—wwz/ww—%mL
E F

in view of the inequality b(x) < bg < Ml‘fb(x), x € &, we get

1 2
SLH;Ajmg—badfz gkﬂgﬁhun—badt
e £
2
< [ o - miwolar
| e
2 d
< [ 1o - M) S 1.
€| /€

Consequently, b € Aﬂ,d(R”).
In order to show that b > 0, note that Mg(b) > |&|. Hence

0<b™ == b" < MI(b) —bT + b =M (b) —b.

Thus

1

E/gb-(x)dxg %/g‘Mﬂ(b)(x)—b(x)‘ dx

_ H (b() - Mg(b)(')) Xe HLl(R")
B I€]

B
< €],
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and by the Lebesgue Differentiation theorem, we get that

0<b (x)= |5|/b (y)dy =0 forae xeR".
Thus the proof of Theorem 4.1 is completed. |
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