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ABSTRACT
In this paper, we study the anisotropic maximal commutator Md

b
and the commutator of the anisotropic maximal operator [b,Md]
in the Lorentz spaces Lp,r(Rn). We obtain necessary and sufficient
conditions for the boundedness of the operators Md

b and [b,Md] on
the Lorentz spaces Lp,r(Rn) when b belongs to anisotropic Lipschitz
spaces �̇β ,d(R

n). We obtain some new characterizations for certain
subclasses of �̇β ,d(R

n).
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1. Introduction

Note to CE: Enunciations and equations followed as per section-wise. Please check.
The aim of this paper is to study anisotropic maximal commutatorMd

b and commutator
of anisotropic maximal operator [b,Md] in the Lorentz spaces Lp,r(Rn) when b belongs to
the anisotropic Lipschitz spaces �̇β ,d(R

n). We give necessary and sufficient conditions for
the boundedness of the anisotropic maximal commutator operator Md

b and commutator
of anisotropic maximal operator [b,Md] on the Lorentz spaces Lp,r(Rn). We obtain some
new characterizations for certain subclasses of the anisotropic Lipschitz spaces �̇β ,d(R

n).
Let R

n be the n-dimension Euclidean space with the norm |x| for each x ∈ R
n and

Sn−1 denote the unit sphere on R
n. For x ∈ R

n and r > 0, let E(x, r) denote the open
ball centered at x of radius r and �E(x, r) denote the set R

n\E(x, r). Let d = (d1, . . . , dn),
di ≥ 1, i = 1, . . . , n, |d| = ∑n

i=1 di and t
dx ≡ (td1x1, . . . , tdnxn). By Refs [1,2], the function

F(x, ρ) = ∑n
i=1 x

2
i ρ

−2di , considered for any fixed x ∈ R
n, is a decreasing one with respect

to ρ > 0 and the equation F(x, ρ) = 1 is uniquely solvable. This unique solution will be
denoted by ρ(x). It is a simple matter to check that ρ(x − y) defines a distance between
any two points x, y ∈ R

n. Thus R
n, endowed with the metric ρ, defines a homogeneous

metric space (see Refs [1–3]). The balls with respect to ρ, centered at x of radius r, are just
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2 A. AKBULUT ET AL.

the ellipsoids

Ed(x, r) =
{
y ∈ R

n :
(y1 − x1)2

r2d1
+ · · · + (yn − xn)2

r2dn
< 1

}
,

with the Lebesgue measure |Ed(x, r)| = vnr|d|, where vn is the volume of the unit ball in
R
n. Let also Πd(x, r) = {y ∈ R

n : max1≤i≤n |xi − yi|1/di < r} denote the parallelopiped,
�Ed(x, r) = R

n \ Ed(x, r) be the complement of Ed(0, r). If d = 1 ≡ (1, . . . , 1), then clearly
ρ(x) = |x| and E1(x, r) = B(x, r). Note that in the standard parabolic case d = (1, . . . , 1, 2)
we have

ρ(x) =
√

|x′|2 + √|x′|4 + x2n
2

, x = (x′, xn).

The study of maximal operators is one of the most important topics in harmonic anal-
ysis. These significant non-linear operators, whose behaviour are very informative, in
particular, in differentiation theory, provided the understanding and the inspiration for
the development of the general class of singular and potential operators (see, for instance,
Ref. [4]). For f ∈ L1loc(R

n), the anisotropic fractional maximal operatorMd
α is defined by

Md
αf (x) = sup

r>0
|E(x, r)|−1+ α

|d|
∫
E(x,r)

|f (y)| dy, 0 ≤ α < |d|,

where E(x, r) is the ball of radius r centred at x ∈ R
n,

�E(x, r) is its complement and
|E(x, r)|denotes the Lebesguemeasure ofE(x, r). Ifα = 0, thenM = M0 is thewell-known
Hardy-Littlewood maximal operator.

The commutator estimates play an important role in studying the regularity of solutions
of elliptic, parabolic and ultraparabolic partial differential equations of second order, and
their boundedness can be used to characterize certain function spaces (see, for instance,
Refs [4,5]).

The maximal commutator generated by b ∈ L1loc(R
n) and the operatorMd is defined by

Md
b(f )(x) = sup

r>0
|E(x, r)|−1

∫
E(x,r)

|b(y) − bE(x,r)||f (y)| dy.

The commutator generated by a suitable function b and the operatorM is defined by

[b,Md](f )(x) = b(x)Md(f )(x) − Md(bf )(x).

In 1978, Janson [6] gave some characterizations of the Lipschitz spaces �̇β(Rn) ≡
�̇β ,1(R

n) via commutator [b,T] and the author proved that b ∈ �̇β ,d(R
n) if and only if

[b,T] is bounded from Lp(Rn) to Lq(Rn), where 1 < p < n/β , 1/p − 1/q = β/n and T
is the classical singular integral operator (see also Ref. [7]). In 2017, Zhang [8] consid-
ered some new characterizations of the Lipschitz spaces �̇β(Rn) via the boundedness of
maximal commutatorMb and the (non-linear) commutator [b,M] in Lebesgue spaces and
Morrey spaces on Euclidean spaces.

In Refs [9–11] was obtain necessary and sufficient conditions for the boundedness of
the maximal commutator operator Mb and commutators of maximal operator [b,M] on
the Lorentz spaces Lp,q, see also Ref. [12].
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Our main aim is to characterize the commutator functions b in anisotropic Lipschitz
spaces �̇β ,d(R

n), involved in the boundedness on Lorentz spaces of the anisotropic maxi-
mal commutatorMd

b (Theorem 3.1) and the commutator of the maximal operator [b,Md]
(Theorem 4.1).

The structure of the paper is as follows. In Section 2 we give some definitions and auxil-
iary results. In Section 3, we findnecessary and sufficient conditions for the boundedness of
the anisotropicmaximal commutatorMd

b on L
p,r(Rn) spaces when b belongs to anisotropic

Lipschitz spaces �̇β ,d(R
n). In Section 4 we find necessary and sufficient conditions for

the boundedness of the commutator of anisotropic maximal operator [b,Md] on Lp,r(Rn)

spaces when b belongs to anisotropic Lipschitz spaces �̇β ,d(R
n).

By A � B we mean that A ≤ CB with some positive constant C independent of appro-
priate quantities. IfA � B and B � A, we write A ≈ B and say that A and E are equivalent.

2. Definition and some basic properties

We start with the definition of Lorentz spaces. Lorentz spaces are introduced by Lorentz
in the 1950. These spaces are Banach spaces and generalizations of the more familiar Lp
spaces, also they appear to be useful in the general interpolation theory.

Suppose that f is a measurable function on R
n, then we define

f ∗(t) = inf{s > 0 : df (s) ≤ t},
where

df (s) := |{x ∈ R
n : |f (x)| > s}|, ∀ s > 0.

Definition 2.1 ([13]): The Lorentz space Lp,r ≡ Lp,r(Rn), 0 < p, r ≤ ∞ is the collection
of all measurable functions f on R

n such the quantity

‖f ‖Lp,r := ‖t 1p− 1
r f ∗(t)‖Lr(0,∞) (2.1)

is finite. Clearly Lp,p ≡ Lp and Lp,∞ ≡ WLp. The functional ‖ · ‖Lp,r is a norm if and only
if either 1 ≤ r ≤ p or p = r = ∞.

Lemma 2.1 ([13]): Let 1 < p, p′, r, r′ < ∞, 1
p + 1

p′ = 1 and 1
r + 1

r′ = 1. Suppose that f ∈
Lp,r(Rn) and f ∈ Lp′,r′(Rn). Then

‖fg‖L1(Rn) ≤ 2‖f ‖Lp,r(Rn)‖g‖Lp′ ,r′ (Rn).

The following result completely characterizes the boundedness ofMd on Lorentz spaces.

Lemma 2.2 ([13]): Let 1 ≤ p, r ≤ ∞.

(i) If 1 < p ≤ ∞, then the operator Md is bounded on the Lorentz spaces Lp,r(Rn).
(ii) If p = 1, 1 ≤ r ≤ ∞, then Md is bounded on from L1,r(Rn) to WL1(Rn).

The following result completely characterizes the boundedness ofMd
α onLorentz spaces.
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Lemma 2.3 ([14]): Let 0 ≤ α < n, 1 ≤ p < |d|
α and p ≤ q < ∞.

(i) If 1 < p < |d|
α , 1 ≤ r ≤ s ≤ ∞, then the condition 1

p − 1
q = α

|d| is necessary and suf-
ficient for the boundedness of the operator Md

α from the Lorentz spaces Lp,r(Rn) to
Lq,s(Rn).

(ii) If p = 1, 1 ≤ r ≤ ∞, then the condition 1 − 1
q = α

|d| is necessary and sufficient for
the boundedness of the operator Md

α from the Lorentz spaces L1,r(Rn) to WLq(Rn) ≡
Lq,∞(Rn).

3. Anisotropic maximal commutator operator in Lorentz spaces

In this section, as an application of the theorems of the previous section, we consider the
boundedness of an anisotropic maximal commutator Md

b on the Lorentz spaces Lp,r(Rn)

when b belongs to an anisotropic Lipschitz space. We give some new characterizations of
the anisotropic Lipschitz spaces are given. Such a characterization was given in Refs [8,15]
for the boundedness ofMd

b on Lebesgue and Morrey spaces.

Definition 3.1: (1) Let 0 < β < 1, we say a function b belongs to the anisotropic
Lipschitz space �̇β ,d(R

n) if there exists a constant C such that for all x, y ∈ R
n,

|b(x) − b(y)| ≤ Cρ(x − y)β .

The smallest such constant C is called the �̇β ,d(R
n) norm of b and is denoted by

‖b‖�̇β ,d(Rn).
(2) Let 0 < β < 1 and 1 ≤ p < ∞. A locally integrable function b is said to belong to

the space Lipβ ,p(R
n) if there exists a constant C such that

sup
E�x

1

|E | β
|d|

(
1

|E |
∫
E

|b(y) − bE |p dy
) 1

p ≤ C,

where the supremum is taken over every anisotropic ball E ⊂ R
n containing x and

bE = 1
|E |

∫
E b(y) dy. The least constant C satisfying the conditions above shall be

denoted by ‖b‖Lipβ ,p(R
n).

(3) In (2), when p = 1, we have

‖b‖Lipβ ,1(R
n) = sup

E�x
1

|E | β
|d|

(
1

|E |
∫
E

|b(y) − bE | dy
)
:= ‖b‖Lipβ ,d(R

n).

To prove the theorems, we need auxiliary results. It is known that the Lipschitz space
�̇β(Rn) coincides with someMorrey-Campanato space (see Ref. [16] for example) and can
be characterized by mean oscillation as follows, which is due to DeVore and Sharpley [17]
and Janson et al. [16] (see also Ref. Paluszyński [18]).

Lemma 3.1 (see [16–18]): Let 0 < β < 1, 1 ≤ p < ∞ and b the locally integrable function
on R

n, then

‖b‖�̇β ,d(Rn) = ‖b‖Lipβ ,d(R
n) ≈ ‖b‖Lipβ ,p(R

n).
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Lemma 3.2 ([15]): Let 0 < β < 1 and b ∈ �̇β ,d(R
n), then the following pointwise estimate

holds

Md
b f (x) � ‖b‖�̇β ,d(Rn)M

d
β f (x).

Theorem 3.1: Let 0 < β < 1, b ∈ L1loc(R
n), 1 < p < |d|

β , 1 ≤ r ≤ s ≤ ∞ and 1
p − 1

q =
β
|d| . The following assertions are equivalent

(i) b ∈ �̇β ,d(R
n).

(ii) The operator Md
b is bounded from Lp,r(Rn) to Lq,s(Rn).

(iii) There exists a constant C>0 such that

sup
E

1

|E | β
|d|

∥∥(b(·) − bE ) χE
∥∥
Lq,s(Rn)

‖χE‖Lq,s(Rn)
≤ C. (3.1)

(iv) There exist a constant C>0 such that

sup
E

1

|E | β
|d|

∥∥(b(·) − bE ) χE
∥∥
L1(Rn)

|E | ≤ C. (3.2)

Proof: (i) ⇒ (ii). Suppose that b ∈ �̇β ,d(R
n). Combining Lemmas 2.2 and 3.2, we get

‖Md
bf ‖Lq,s(Rn) � ‖b‖�̇β ,d(Rn) ‖Md

β‖Lq,s(Rn)

� ‖b‖�̇β ,d(Rn) ‖f ‖Lp,r(Rn),

which implies that the operatorMd
b is bounded from from Lp,r(Rn) to Lq,s(Rn).

(ii) ⇒ (iii). Assume that the operator Md
b is bounded from Lp,r(Rn) to Lq,s(Rn). Let

E = E(x, r) be a fixed ball. We consider f = χE . It is easy to compute that

‖χE‖Lp,r(Rn) ≈ r
|d|
p . (3.3)

On the other hand, for all x ∈ E , we have

|b(x) − bE | ≤ 1
|E |

∫
E

|b(x) − b(y)| dy

≤ Md
b(χE )(x) � ‖b‖�̇β ,d(Rn)M

d
β(χB)(x). (3.4)

SinceMb,β is bounded from Lp,r(Rn) to Lq,s(Rn), then by (3.3) and (3.4) we obtain

1

|E | β
|d|

‖ (b − bE ) χE‖Lq,s(Rn)

‖χE‖Lq,s(Rn)
≤ 1

|E | β
|d|

‖Md
β(χE )‖Lq,s(Rn)

‖χE‖Lq,s(Rn)

� 1

|E | β
|d|

‖χE‖Lp,r(Rn)

‖χE‖Lq,s(Rn)
= ‖χE‖Lp,r(Rn)

‖χE‖Lp,r(Rn)
= 1, (3.5)

which implies that (3.1) holds since the ball E ⊂ R
n is arbitrary.
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(iii) ⇒ (iv). Assume that (3.1) holds, we will prove (3.2). For any fixed anisotropic ball
E , by Lemma 2.1, (3.1) and (3.3), it is easy to see that

1

|E |1+ β
|d|

∫
E

|E(y) − bB| dy � 1

|E |1+ β
|d|

‖ (b − bE ) χE‖Lq,s(Rn)‖χE‖Lq′ ,s′

� 1

|E | β
|d|

‖ (b − bE ) χE‖Lq,s(Rn)

‖χE‖Lq,s(Rn)

� 1.

(iv) ⇒ (i). For any fixed anisotropic ball E , we have
1

|E |1+ β
|d|

∫
E

|E(y) − bE | dy = 1

|E | β
|d|

∥∥(b(·) − bE ) χE
∥∥
L1(Rn)

|E |

≤ sup
E

1

|E | β
|d|

∥∥(b(·) − bE ) χE
∥∥
L1(Rn)

|E |
� 1,

which implies that b ∈ �̇β ,d(R
n).

Thus the proof of Theorem 3.1 is finished. �

4. Commutator of anisotropic maximal operator in Lorentz spaces

In this section, we find necessary and sufficient conditions for the boundedness of the com-
mutator of anisotropicmaximal operator [b,Md] from Lp,r(Rn) to Lq,s(Rn)when b belongs
to anisotropic Lipschitz spaces �̇β ,d(R

n) spaces.
For a function b defined on R

n, we denote

b−(x) :=
{
0, if b(x) ≥ 0,
|b(x)|, if b(x) < 0,

and b+(x) := |b(x)| − b−(x). Obviously, b+(x) − b−(x) = b(x).
The following relations betweenMd

b and [b,Md] are valid.
Let b be any non-negative locally integrable function. Then for all f ∈ L1loc(R

n) and x ∈
R
n, the following inequality is valid∣∣∣[b,Md]f (x)

∣∣∣ =
∣∣∣b(x)Mdf (x) − Md(bf )(x)

∣∣∣
=

∣∣∣Md(b(x)f )(x) − Md(bf )(x)
∣∣∣

≤ Md(|b(x) − b|f )(x) = Md
bf (x). (4.1)

If b is any locally integrable function on R
n, then

|[b,Md]f (x)| ≤ Md
bf (x) + 2b−(x)Mdf (x), x ∈ R

n (4.2)

holds for all f ∈ L1loc(R
n) (see, for example, Refs [19,20]).
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Obviously, the operators Md
b and [b,Md] are essentially different from each other

becauseMd
b is positive and sublinear and [b,Md] is neither positive nor sublinear.

Let E = E(x, r) be a fixed anisotropic ball. Denote by Md
bf the local fractional

anisotropic maximal function of f

Md
b f (x) := sup

E ′�x:E ′⊂E

1
|E ′|

∫
E ′

|f (y)| dy, x ∈ R
n.

Applying Theorem 3.1, we obtain the following result.

Theorem 4.1: Let 0 < β < 1, b ∈ L1loc(R
n), 1 < p < |d|

β , 1 ≤ r ≤ s ≤ ∞ and 1
p − 1

q =
β
|d| . The following assertions are equivalent.

(i) b ∈ �̇β ,d(R
n) and b ≥ 0.

(ii) The operator [b,Md] is bounded from Lp,r(Rn) to Lq,s(Rn).
(iii) There exists a constant C>0 such that

sup
E

1

|E | β
|d|

∥∥(
b(·) − Md

b(b)(·)
)
χE

∥∥
Lq,s(Rn)

‖χE‖Lq,s(Rn)
≤ C. (4.3)

(iv) There exists a constant C>0 such that

sup
E

1

|E | β
|d|

∥∥(
b(·) − Md

b(b)(·)
)
χE

∥∥
L1(Rn)

|E | ≤ C. (4.4)

Proof: (i) ⇒ (ii). Suppose that b ∈ �̇β ,d(R
n) and b ≥ 0. Combining Lemma 2.2 and

Theorem 3.1, and inequality (4.1), we get

‖[b,Md]f ‖Lq,s(Rn) ≤ ‖Md
bf ‖Lq,s(Rn) � ‖b‖�̇β ,d(Rn)‖Md

β f ‖Lq,s(Rn)

� ‖b‖�̇β ,d(Rn) ‖f ‖Lp,r(Rn).

Thus, we obtain that [b,Md] is bounded from Lp,r(Rn) to Lq,s(Rn).
(ii) ⇒ (iii). Assume that [b,Md] is bounded from Lp,r(Rn) to Lq,s(Rn).
For any fixed anisotropic ball E and x ∈ E , we have

b(x) − Md
b(b)(x) = b(x)M

(
χE

)
(x) − M

(
bχE

)
(x) = [b,Md]

(
χE

)
(x).

Assume that [b,Md] is bounded from Lp,r(Rn) to Lp,s(Rn), then we get

1

|E | β
|d|

‖ (
b − Md

b(b)
)
χE‖Lq,s(Rn)

‖χE‖Lq,s(Rn)
= 1

|E | β
|d|

‖[b,Md](χE )‖Lq,s(Rn)

‖χE‖Lq,s(Rn)
� 1

|E | β
|d|

‖χE‖Lp,r(Rn)

‖χE‖Lq,s(Rn)

� ‖χE‖Lp,r(Rn)

‖χE‖Lp,r(Rn)
= 1,

which implies that (4.3) holds since the anisotropic ball E ⊂ R
n is arbitrary.
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(iii) ⇒ (iv). Assume that (4.3) holds, then for any fixed anisotropic ball E , by
Lemma 2.1, we conclude that

sup
E

1

|E | β
|d|

∥∥(
b(·) − Md

b(b)(·)
)
χE

∥∥
L1(Rn)

|E |

� sup
E

1

|E | β
|d|

∥∥(
b(·) − Md

b(b)(·)
)
χE

∥∥
Lq,s(Rn)

‖χE‖Lq′ ,s′
|E |

� 1

|E | β
|d|

‖ (
b − Md

b(b)
)
χE‖Lq,s(Rn)

‖χE‖Lq,s(Rn)

� 1.

(iv) ⇒ (i). Assume that (4.4) holds, we will prove b ∈ �̇β ,d(R
n) and b ≥ 0.

Denote by

E := {x ∈ E : b(x) ≤ bE }, F := {x ∈ E : b(x) > bE }.
Since ∫

E
|b(t) − bE | dt =

∫
F
|E(t) − bE | dt,

in view of the inequality b(x) ≤ bE ≤ Md
bb(x), x ∈ E , we get

1

|E |1+ β
|d|

∫
E

|b(t) − bE | dt = 2

|E |1+ β
|d|

∫
E
|b(t) − bE | dt

≤ 2

|E |1+ β
|d|

∫
E
|b(t) − Md

b(b)(t)| dt

≤ 2

|E |1+ β
|d|

∫
E

|b(t) − Md
b(b)(t)| dt � 1.

Consequently, b ∈ �̇β ,d(R
n).

In order to show that b ≥ 0, note thatMd
b(b) ≥ |E |. Hence

0 ≤ b− = |E | − b+ ≤ Md
b(b) − b+ + b− = Md

b(b) − b.

Thus

1
|E |

∫
E
b−(x) dx ≤ 1

|E |
∫
E

∣∣∣Md
b(b)(x) − b(x)

∣∣∣ dx
=

∥∥(
b(·) − Md

b(b)(·)
)
χE

∥∥
L1(Rn)

|E |
� |E | β

|d| ,
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and by the Lebesgue Differentiation theorem, we get that

0 ≤ b−(x) = lim|E |→0

1
|E |

∫
E
b−(y) dy = 0 for a.e. x ∈ R

n.

Thus the proof of Theorem 4.1 is completed. �

Acknowledgments

The authors thank the referee(s) for careful reading of the paper and useful comments.

Disclosure statement

No potential conflict of interest was reported by the author(s).

ORCID

A. Akbulut http://orcid.org/0000-0002-1435-071X
M. N. Omarova http://orcid.org/0009-0008-2301-3273

References

[1] BesovOV, Il’in VP, Lizorkin PI. The Lp-estimates of a certain class of non-isotropically singular
integrals. Dokl Akad Nauk SSSR (Russian). 1966;169:1250–1253.

[2] Fabes EB, Rivère N. Singular integrals with mixed homogeneity. Stud Math. 1966;27:19–38.
doi: 10.4064/sm-27-1-19-38

[3] Bramanti M, Cerutti MC. Commutators of singular integrals on homogeneous spaces. Boll Un
Mat Ital. 1996;10-B(7):843–883.

[4] Grafakos L. Modern Fourier analysis. 2nd ed. New York: Springer; 2009. (Graduate Texts in
Mathematics; vol. 250).

[5] Coifman RR, Rochberg R, Weiss G. Factorization theorems for Hardy spaces in several
variables. Ann Math. 1976;103(3):611–635. doi: 10.2307/1970954

[6] Janson S. Mean oscillation and commutators of singular integral operators. Ark Mat.
1978;16:263–270. doi: 10.1007/BF02386000

[7] Zhang P,Wu J. Commutators of the fractionalmaximal functions. ActaMath Sinica (Chin Ser).
2009;52:1235–1238. doi: 10.12386/A2009sxxb0154

[8] Zhang P. Characterization of Lipschitz spaces via commutators of the Hardy-Littlewood maxi-
mal function. C RMath Acad Sci Paris. 2017;355(3):336–344. doi: 10.1016/j.crma.2017.01.022

[9] Akbulut A, Isayev FA, Serbetci A. Anisotropic maximal commutator and commutator of
anisotropic maximal operator on Lorentz spaces. Trans Natl Acad Sci Azerb Ser Phys Tech
Math Sci Math. 2024;44(4):5–12. doi: 10.30546/2617-7900.44.4.2024.05

[10] Guliyev VS. Maximal commutator and commutator of maximal function on Lorentz
spaces. Trans Natl Acad Sci Azerb Ser Phys Tech Math Sci Math. 2024;44(4):43–49. doi:
10.30546/2617-7900.44.4.2024.043

[11] Guliyev VS. Lorentz boundedness characterization of commutators of maximal opera-
tors on spaces of homogeneous type. J Contemp Appl Math. 2025;15(2):64–76. doi:
10.62476/jcam.151.16 .

[12] Guliyev VS. Commutator of fractional maximal function on Lorentz spaces. Socar Proc.
2024;3:113–117doi: 10.5510/OGP20240301000

[13] Bennett C, Sharpley R. Interpolation of operators. Boston (MA): Academic Press; 1988.
[14] Guliyev VS, Aykol C, Kucukaslan A, et al. Fractional maximal operator in the local Morrey-

Lorentz spaces and some applications. Afr Mat. 2024;35(4):1–11. doi: 10.1007/s13370-023-
01145-6

http://orcid.org/0000-0002-1435-071X
http://orcid.org/0009-0008-2301-3273
https://doi.org/10.4064/sm-27-1-19-38
https://doi.org/10.2307/1970954
https://doi.org/10.1007/BF02386000
https://doi.org/10.12386/A2009sxxb0154
https://doi.org/10.1016/j.crma.2017.01.022
https://doi.org/10.30546/2617-7900.44.4.2024.05
https://doi.org/10.30546/2617-7900.44.4.2024.043
https://doi.org/10.62476/jcam.151.16
https://doi.org/10.5510/OGP20240301000
https://doi.org/10.1007/s13370-023-01145-6


10 A. AKBULUT ET AL.

[15] Guliyev VS. Characterizations of Lipschitz functions via the commutators ofmaximal function
in total Morrey spaces. MathMeth Appl Sci. 2024;47(11):8669–8682. doi: 10.1002/mma.10038

[16] Janson S, Taibleson M, Weiss G. Elementary characterization of the Morrey–Campanato
spaces. Lect Notes Math. 1983;992:101–114. doi: 10.1007/BFb0069148

[17] DeVore RA, Sharpley RC. Maximal functions measuring smoothness. Mem Amer Math Soc.
1984;47(293):1–115.

[18] Paluszyński M. Characterization of the Besov spaces via the commutator operator of Coifman,
Rochberg and Weiss. Indiana Univ Math J. 1995;44:1–17.

[19] Guliyev VS. Some characterizations of BMO spaces via commutators in Orlicz spaces on
stratified Lie groups. Res Math. 2022;77:42. doi: 10.1007/s00025-021-01578-0

[20] Zhang P, Wu J, Sun J. Commutators of some maximal functions with Lipschitz function on
Orlicz spaces. Mediterr J Math. 2018;15(6):1–13. doi: 10.1007/s00009-018-1263-0

https://doi.org/10.1002/mma.10038
https://doi.org/10.1007/BFb0069148
https://doi.org/10.1007/s00025-021-01578-0
https://doi.org/10.1007/s00009-018-1263-0

	1. Introduction
	2. Definition and some basic properties
	3. Anisotropic maximal commutator operator in Lorentz spaces
	4. Commutator of anisotropic maximal operator in Lorentz spaces
	Acknowledgments
	Disclosure statement
	ORCID
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


