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space WM. Also we show that for the limiting case p = g/, 0 < AMS SUBJECT

q < oo, the modified Hilbert transform H is bounded from the space CLASSIFICATION
M;;’fM to the bounded mean oscillation space. 42B20; 42B35; 47G10

1. Introduction

The local Morrey-Lorentz spaces denoted by Mg’; > (R™) are new class of functions which
were introduced by Aykol et al.[1] These spaces are a very natural generalization of the
Lorentz spaces such that M}fg;o (R") = Lp 4(R™).

Recall that the local Morrey-type space LMpg,y

If Loty = IW S IIL, (B0, Lo (0,00)

is introduced by V.S. Guliyev in his doctoral thesis in 1994 (see [2]). In [2] the sufficient
conditions for the boundedness of fractional integral operators and singular integral oper-
ators defined on homogeneous Lie groups in local Morrey-type space LMy ,, are given. In
a series of papers by V. Burenkov, H.V. Guliyev, V.S. Guliyev, etc. (see, for example [3]) some
necessary and sufficient conditions for the boundedness of fractional maximal operators,
fractional integral operators and singular integral operators in local Morrey-type spaces
LMpg,y, are obtained.

Let 0 < p,g < oo and 0 < A < 1. We define the local Morrey-Lorentz spaces as the
spaces of all measurable functions with finite quasinorm

11y, += sup r M PV 6|0

r>0
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Aykol et al. [1] proved thatin the case A < 0 or A > 1 the space M};’; , (R™) is trivial, and in
the limiting case A = 1 the space Mll,‘f;; 1 (R™) is the classical Lorentz space A, j1/p-1/4(R").
For 0 < g <p <ooand 0 < A < ¢q/p, the local Morrey-Lorentz spaces M}ch;k (R™) are
equal to weak Lebesgue spaces WL1/p—5/4(R"). In [1] the basic properties of M;;l)(,);;x (R™)
were given and the boundedness of the maximal operator was proved.

Let f be a locally integrable function on R. The Hilbert transform Hf of f is defined by
the principal-value integral

f(y)
- —y

Hf (x) =

provided it exists almost everywhere. The modified Hilbert transform H is defined as

Af(0) = lim [ ! X(y)]f()d
lx—y|>¢

=071 X—Yy

where x (y) is the characteristic function of |y| > 1. The boundedness of the modified
Hilbert transform H from the space Ly, to the bounded mean oscillation (BMO) space
was proved by Muckenhoupt and Wheeden.[4]

The aim of this paper is to prove the boundedness of the Hilbert transform H in the
local Morrey-Lorentz spaces M}f; 5 = M};’; , (R). We prove that the operator H is bounded
in M}li’;;x under the condition q/(q + 1) < p < q/A, 1 < g < oc. In the limiting case p =
q/(g+ 1), 1 < q < 0o, we prove that the operator H is bounded from the space M};’q“ 2
to the weak local Morrey-Lorentz space WMIOC . Also we show that for the limiting case

=g/}, 0 < q < 00, the modified Hilbert transform H is bounded from the space Ml"qC
to the BMO space. As a result of these we give the boundedness of the maximal Hilbert
operator H in the local Morrey-Lorentz space Mll;’;

Throughout the paper we use the letter C for a positive constant, independent of appro-
priate parameters and not necessarily the same at each occurrence. If p € [1,00], the
conjugate number p’ is defined by pp’ = p + p’. By ASB we mean that A < CB with some
positive constant C independent of appropriate quantities.

2. Preliminaries

We shall use the following notation. For a finite interval E C R and 0 < p < oo, Ly(E) is
the standard Lebesgue space of all functions f Lebesgue measurable on E for which

1/p
1l == ( /E FOIP dy) < oo,

if0 < p < ooand

IflLsoE) :=supla : [{y € E: [f(»)| = a}| > 0},

if p = oo. Also, for a finite interval E C R, L},"C (E) is the set of all functions f such that
f € Ly(K) for any compact K C E. If E = R, then, for brevity, we write L, for L,(IR) and
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L},OC for L},"C (R). The same convention refers to the case of weak Lebesgue spaces WL, (E),
the space of all functions f Lebesgue measurable on E for which

Ifllwe, = sup tY2f*(®), 1<p <oo.
0<t<|E|

Here |E| is the Lebesgue measure of E, and f* denotes the right continuous non-increasing
rearrangement of f

fr@®) =inf{A > 0:ur(r) <t}, Vte (0,00),

where

) =y e R:|[f(n| > A}l

is the distribution function of the function f.

Now we recall definitions of Morrey spaces, Lorentz spaces and local Morrey-Lorentz
spaces.

Morrey spaces were introduced by Morrey [5] in 1938 in connection with certain prob-
lems in elliptic partial differential equations and calculus of variations. Later, Morrey spaces
found important applications to Navier-Stokes and Schrodinger equations, elliptic prob-
lems with discontinuous coeflicients, and potential theory. Morrey spaces were widely
studied during last decades, including the study of classical operators of harmonic analysis
maximal, singular and potential operators (see [3, 6-8]).

Definition 2.1 ([5]): We denote by Ly, = Ly (R) Morrey space for 0 <A <1,0<p <
00, f € Ly iff € Ly and

—A
Fllzys == sup 7 *PlfllL,ge,, < 00
xeR,r>0

wherel = I(x,r) ={y:x—r <y <x+4r}.

If A =0, then Lpo = Ly, if A =1, then Lp1 = Loo, if A < 0 0or A > 1, then Ly, = O,
where © is the set of all functions equivalent to 0 on R.

Also by WLy, = WLy, (R) we denote the weak Morrey space of all functions f € WL},Oc
for which

-2
Ifllwe,, == sup r /p”f”WLp(I(x,r)) < 0
xeR,r>0

where WL,(I(x, r)) denotes the weak Ly, space of measurable functions f for which

e, e = I Xaem lwe,@ = suptl{y € 16 1) « [f ()] > T2,

>0

Lorentz spaces are introduced by Lorentz in 1950. Lorentz spaces, which are Banach
spaces and generalizations of the more familiar L, spaces, appear to be useful in the general
interpolation theory.
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Definition 2.2: The Lorentz space Lpq = Lyq(R), 0 < p,q < 00 is the collection of all
measurable functions f on R such that the quantity

IfllL,, = 12Dl 0,00 (2.1)

is finite. The functional || - ||, is a norm if and only if either 1 < q < porp =q = 00
More information about Lorentz spaces can be found in [9].

Definition 2.3 ([1]): Let 0 < p,q < 00 and 0 < A < 1. We denote by M, MIOCA(R)
the local Morrey-Lorentz spaces, the spaces of all measurable functions w1thp jgmte quasinorm

fllygoc = sup r 4P VAF*(5) |11, 0.
P r>0

IfA <0ori > 1,then Mloc = O where © is the set of all functions equivalent to 0 on
R. A?so Mo = Lpgq and Mppx = MP?)f. In the limiting case A = 1 the space M., is the
classical Lorentz space A o, j1/p-1/q.

We denote by WM10C . = WM M (R) the weak local Morrey-Lorentz spaces of all

g2
measurable functions wzth finite quasinorm

Pl = sup r M sYPY (5) i o.n-
r>

Lemma2.4 ([1]): Let0 <g<p <o0o,1/s=1/p—Ar/qand0 < A < q/p. Then

—1/q
1 —1/q
(p) Ifllwz, < |Lf||1\,111;)>;;A < A7 Mfllwi-

In particular, = .
P I = Wlago

Definition 2.5 ([10]): Let f € Llloc(R). The space of functions with BMO, BMO =
BMO(R), consists of those functions f for which

I lBMO —Supm/lf fil dx

is finite, where the supremum is taken over open intervals I C R and

1
= e

We need the following two definitions about Hardy operators which are used in the
proof of Theorem 3.1. These operators are very important in analysis and have been widely
studied.

Definition 2.6 ([11]): Let f be a measurable function on (0,00) and B be a real number.
The weighted Hardy operators Ag and Ag with power weights acting on f are defined by

(1 f()d f()

/3+1

Agf(t) = Agf(t) = 1P (2.2)
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Definition 2.7 ([12]): Let f be a measurable function on (0, 00) and n be a real number. The
Hardy operators P, and Py, are defined by

t 00
P f(t) = t”/ f(ods, Pyf(t) = t"/ f(s)ds. (2.3)
0 t
The following theorem was proved in [12] by Andersen and Muckenhoupt.

Theorem A ([12]): Suppose 1 < p < q < 00, u and v are nonnegative weight functions.
Then the following (p, q) weak type inequalities are valid.

(i) Forn > 0if

0 19 , & 1/p’
B(n,a) = sup ( / (é/x)“(u(x)/x"‘f)dx) ( / v(x)l/@’“dx) (2.4)
3 0

£E>0

is finite for some a > 0, then (u,v) is a (p, q) weak type weight pair for P,

1/q 00 1/p
</ u(t) dt) <cr! </ If () [Pv(r) dt) ) (2.5)
{t€(0,00):Pyf (D> 7} 0

(ii) Forn=>0if

£ 1/q 00 1/p'
B() =sup&~" (/ u(x) dx) (/ v(x)~/ @D dx) (2.6)
£>0 0 &

is finite, then (u,v) is a (p, q) weak type weight pair for P,

l/q 00 l/p
< / u(t) dt) <cr! ( / If (O Pv(t) dt) : (2.7)
{te(0,00):|P,f(t)|>7} 0

Note that, taking u(t) = v(t) = x(o, (t) in the inequalities (2.5) and (2.7) we get the
following inequalities:

1/q r 1/p
( / dt) <Cr! ( / If ()P dt) , (2.8)
{te(0,):|P,f () |>7} 0
1/q r 1/p
( f dt) <Cr! ( / If ()P dt) . (2.9)
{te(0,n):|Pyf (H)|>1} 0

We will use the following two lemmas to obtain the boundedness of the Hilbert trans-
form H and maximal Hilbert transform H in the local Morrey-Lorentz spaces M},‘?;;A R).
In this lemma the boundedness of the operators Ag and .Ag in Morrey spaces are given.

Lemma2.8: (i) Let1<q<00,0<Ai<1landp <A/q+1/q. Then the operator Ag
is bounded in the Morrey space Lyg,).(0, 00).
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(i) Letl <q < 00,0 <X < landp =xr/q+ 1/q. Thentheoperator Ag is bounded from
the Morrey space Lg 5 (0, 00) to the weak Morrey space WL (0, 00).

Proof: (i) The proof of the first part of the lemma was given by Samko.[11]
(i) Letp=1r/q+1/q

IABf Wiy 0,00 = supr /U x0.n Agf (Dl w000
r>0

1/q
=supr Misupt / dt
r>0 >0 {te(0,):|Agf(H)|>7}

1/q
=supr Misupt / dt .
r>0 >0 {tE(O,r):|tf5—1 fot% ds|>r}

In(2.4),ifwetakep = g,n =1— B > 0, u(t) = x,n (1), v(t) = X(o,,)(t)tﬂq,then we
get the constant B(, a) as follows:

00 1/q
B(n,a) = sup /4 (/ X ($)s4s7I0P ds)
£

E>0

£ 1/q
( / (X, ()sP) /@D ds)
0
r 1/q 3 1/q
— sup £/ ( f J—t— ds) ( / Lo (5)s~P/a=D) ds)
0<é<r & 0

< Csup gV g=/atp=1+1/a=p+1-1/4 _ o
E>0

for all a > 0. Therefore we get

1/q
supr M9supt / dt
r>0 >0 {te(O,r):|t/3_1 fot % ds|>r}

< Csupr /4 (/ X, (1) (%) tha dt)
0

r>0

r 1/q
= Csupr */1 </ f(1)1 dt)
r>0 0

= Cllf Ly 0,00)>

which completes the proof.

Lemma2.9: (i) Letl <q < 00,0 <A < landp > A/q— 1/q. Then the operator Ag is
bounded in the Morrey space Lg,; (0, 00).

(i) Letl <q < 00,0 <A < landp = L/q— 1/q. Then the operator Ag is bounded from
the Morrey space Lg 3 (0, 00) to the weak Morrey space WL (0, 00).
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Proof: (i) The proof of the first part of the lemma was given by Samko.[11]
(ii) Let B = X/q — 1/g9. We will make the proof by using the similar methods as in the
proof of the boundedness of Ag

IABf WLy, 0,000 = Sug r M xo.nAsf @) | WL (0,00)
r>

1/q
=supr Misupt / dt
r>0 >0 {te(0,):| Agf(D)|>T}

1/q
=supr Misupt / dt .
r>0 >0 {te(O,r):|t5 I SO ds|>r}

PFI

In (2.6), if we take p =g, n = —B > 0, u(t) = x(0,n(t) and v(t) = X(O,r)(t)tq(ﬁ“),
then we get the constant B(n) as the following:

£ 1/q 00 1/q4
B(n) = sup &P ( f X0, (5) ds) ( / (X0 (s)s1FT) 71/ (@D ds)
0 &

£>0

1 g 141-1
§Csup$ﬁ+qﬂ1+1q<oo.
0<é<r

Therefore we get

1/q
supr Msupt / dt
r>0 >0 {te(O.n):[tP [ f(s)/sPH1 ds|>T)

00 f(t) q 1/q
< Csupr 14 </ X0, (1) <_t/3+1> a(B+1) dt>
0

r>0

r 1/q
= Csup r*a (/ f) dt)
r>0 0

= Cllf llL,.0,00)>

which completes the proof.

3. Boundedness of the Hilbert transform on the spaces M::fm

In this section, we prove the boundedness of the Hilbert transform H and maximal Hilbert
transform H in the local Morre-Lorentz spaces M}fc;k (R).

It is well known that Hf exist almost everywhere whenever f is a step function. The
almost everywhere existence of the limit (of certain integral averages) was known for dense
subset of L; and the result was extended to all of L; by establishing control over the corre-
sponding maximal operator. For the Hilbert transform, the dense subset of L; consists of
the step functions, and in order to extend to all of L; the almost everywhere existence of
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the limit of

Hgf(x>=1/{ IO 4 xer
Y

T JiyeR:|x—y|>e) X — )

as ¢ — 0, we need to consider the maximal Hilbert transform Hf of f

Hf(x) = sup |[Hef (x)|, xeR.

e>0

For each measurable function f on (0, c0) and each ¢ > 0, let
o0 s ds
SHE = / min(1, ;)f(s)?
0

t o0
= %f f(s)ds+/ f(s)é. (3.1)
0 t s

It is clear that S is linear. For the aim, its importance based on the fact that it dominates the
maximal Hilbert transform.

Theorem B ([9]): Letf € L%OC(R) and suppose

1 00 d
(SF)(1) :/0 £(s) ds+/1 f*(s)?s < o0, (3.2)

Then
(H)*(t) < CS(F*)(1), 0 <t < oo, (3.3)

where C is a constant independent of f and t.

Theorem C ([9]): Let f € Lll"C (R) and f satisfies (3.2). Then the Hilbert transform Hf (x),
x € R exists almost everywhere. Furthermore

(H)*(t) < CS(f*)(1), 0<t < o0, (3.4)
where C is a constant independent of f and t.

Remark 1: Note that, the weak-type inequality (3.3) is due to Bennett and Rudnick,[13]
the integrated form (3.4) was known previously to O’Neil and Weiss [14] and Calderon.[15]

The following is a well-known theorem about Hilbert transform.

Theorem D ([4,16,17]): Let0 < g <oocandl <p < oo.

(i) If1 <p < ool < q =< oo, then the operator H is bounded in the Lorentz space Ly 4.
(ii) Ifp=1and0 < q < 1, then the operator H is bounded from L, 4 to the space WL,.
(iii) Ifp = oo, then the modified Hilbert operator H is bounded from Ly, to BMO.

The following theorem is the main result of our paper, in which we get the analogue
of Theorem D for the boundedness of the Hilbert transform in the local Morrey-Lorentz
spaces M})o; \-
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Theorem 3.1: Suppose that f € MIO; (R) satisfies Equation (3.2), 0 < g <00, 0 < i <
1 and q/(q+ A) < p < q/Ar. Then the Hilbert transform Hf exists almost everywhere.
Furthermore,

(i) Ifq/(@+X1) <p<gq/r, 1 <q < o0, then the operator H is bounded in the local

Morrey-Lorentz space M PO; e
(ii) Ifp=4q/(q@+ 1), 1 < q < oo, then the operator H is bounded from M;f”;;k to the weak
space WMIOC

(i) Ifp = q/A, 0 < q < o0, then the modified Hilbert operator H is bounded from M})?;;x
to BMO.

Proof: Since f satisfies (3.2), from Theorem C the Hilbert transform Hf (x), x € R exists
almost everywhere.
(i) Supposethatl < g < 00,0 <A <1,9/(@q+A) <p<gq/randf € M;f;;x.

From the definition of norm in local Morrey-Lorentz spaces and by using the inequal-
ity (3.4) we get

IEf [l ypoc = sup r™ /4[| t/P=YAHE (1) 00
P r>0

t 00 £k
(1/p=1/q <l/f*(s)ds+/ MO, ds)
t 0 t N

t
0 Lg(0,1)

[/p-1/q / REAONY
t S Ly(0,1)

< Csup M4
r>0

Lq(0,r)

<C (sup M

r>0

+ supr /4

r>0

=1+ L.

Let us estimate I;

t
I = Csupr_}‘/thl/P_l/q_l/ f*(S) dSHLq(O,r)
0

r>0

= CllAa/p-1/98&llLy;.0.00)>

where g(t) = t1/P1/af*(¢). Since 1/p — »/q < 1, for B = 1/p — 1/q the inequality 8 <
*/q+ 1/4 holds. From Lemma 2.8 (i) the operator Ag is bounded in the Morrey spaces
Lg,3.(0,00). Then,

I S AG/p-1/98 Ly, 0000 S 18llLy; 0,00)
— supr A/q”tl/p l/qf Ol 00 = ”f”MlOC . (3.5)

r>0
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Now we consider I,

I, = Csupr /4

r>0

A/p=1/q /Oof*(s) ds
¢ s

= ClAa/p-1/98 1Ly 0,00

Lg(0,r)

where, again, g(t) = t'/P~1/4f*(t). Since 1/p — »/q > 0, for B = 1/p — 1/q the inequality
B > A/q —1/q holds. From Lemma 2.9 (i) the operator Ag is bounded in the Morrey
spaces L, (0, 00). Then,

L S A /p-1/98lLy,. 0,000 S l1glLy; 0,00)
= Sup r_)\/q”tl/P—l/Qf*(t)“Lq(o’r) = ||-f||1\/[11)021:)L (36)

r>0

From the inequalities (3.5) and (3.6) we obtain the boundedness of the operator H in M})"; -

(ii) For the limiting case p = ¢q/(q+ 1), 1 < g < 00, suppose f € M;’;ﬂ. From the
definition of norm in weak local Morrey-Lorentz spaces and by using the inequality (3.4)
and Minkowski’s inequality we get

LHf lyypoc = supr A TRA=VAHE)* () ||, 0.

(a/q+n),g: >0

= sup r M4 YAH)* Ol w00

r>0
1 t o0 f£*
1A -1/4 (—/ f*(s)ds+ / O ds) H
t Jo t S WLg(0,r)

t
< Csupr 4|71/ / £5() dsllwr, o
0

r>0

< Csup rMa
r>0

+ Csupr */4

r>0

o0 k s
1A —1/q / e dsH = N; + N,.
t S WLy(0,7)
Let us estimate N;

t
N; = Csup r_)‘/thO”_l)/q/ () dS||WLq(0,r)
0

r>0

= CllAghllwi,; 0,00)>
where 8 = 14+ (A — 1)/gand h(t) = t"+*=D/4f*(¢). Therefore we get from Lemma 2.8 (ii)

N1 S I1Aghliwe,, 0000 S IhliL, 0,00
= supr M| HODDEE |

r>0

= /1l (3.7)

/(g
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Now we consider N,

Ny = Csupr /4

r>0

[HG=1)/g) / A dsH
t N

WL, (0,r)

= Cll Aghllwt,; ©0,00)>

where, again, 8 = 1 + A — 1/qand h(t) = tlﬂ_l/qf* (t). From Lemma 2.9 (ii) the opera-
tor Ag is bounded from the Morrey spaces Ly (0, 00) to WL 5 (0, 00). Then,

Ny < I Aghllwiy; 0,000 S 1Rl 0,00
= sup r MA@ L 0 = If 00 (3.8)

>0 q/(q+1),q A

From the inequalities (3.7) and (3.8) we obtain the boundedness of the operator H from

loc loc
My jig+n.agn 1© WMgicin) g

(iii) For the limiting case p = g/, 0 < q < 00, it will be convenient to use the modified
Hilbert transform H instead of H. The reason for using Hf is that it may exist while Hf
may not exist (see [18], p. 210).

Since H is bounded from L, to BMO, the inequality

IAfllemo < Clif L = Ifllwie

holds (see [4,18]).
From Lemma 2.4 we get

H < Cllfllyfoc >
| Hf llsmo < |Lf||]\41q/m;A
which proves that the modified Hilbert transform H is bounded from Mlo/ g 0 BMO. |

In the following theorem we give the boundedness of the maximal Hilbert operator H
in the local Morrey-Lorentz space Mé"; \-

Theorem 3.2: Let f € M;f;;/\ satisfies (3.2),1 <g<o00,0 <A <landq/(q+A) <p <
q/r

(i) If q/(@q+r) <p <q/r 1 <q < oo, then the operator H is bounded in the local
Morrey-Lorentz space M;)"’;;A.

(i) Ifp=q/(q+ A),1 < q < 00, then the operator H is bounded from M};’;A to the weak
local Morrey-Lorentz space WMloc

Proof: By using the same method of Theorem 3.1, the proof of the statements (i) and (ii)
of this theorem can be easily obtained from the inequality (3.3). |

In the case A = 0 from Theorem 3.1 we get Theorem D and in the case g < p from
Lemma 2.4 proved in [1] we get the following corollary.
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Corollary 3.3: Let 0 <gq<p <oo, 1/r=1/p—X/q and 0 <X < gq/p. Let also f
M};ng satisfies (3.2). Then the Hilbert transform Hf (x), x € R exists almost everywhere.
Furthermore, the operator H is bounded in WL,.

Remark 2: Note that for the limiting case 1 = 1, the space MII)O;I is the classical Lorentz
space A 1/p-1/4 (see [1]). The proof of the boundedness of the Hilbert transform H in
A oo 11/p-1/q 18 given in [9].
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