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1. Introduction

Let 0 < p,q < oo andlet 0 < 1 < 1. We define the local Morrey-Lorentz spaces as the
spaces of all measurable functions with finite quasinorm

_Z 1_1
Ifllppoc == supt™ 71?7 f*()llz, 00
prsh t>0

The purpose of this paper is to give necessary and sufficient conditions for the bounded-
ness of the fractional maximal commutators My, and the commutators of the fractional
maximal operator [b, M, ] on the local Morrey-Lorentz spaces M;;’f, ,(R™) when b belongs

to Lipschitz spaces A (R"). We obtain some new characterizations for certain subclasses

of A s(R™). Local Morrey-Lorentz spaces M};’f , (R™), which are natural generalizations of

the Lorentz spaces LP1(R") = M‘}:();o (R™) and the classical Lorentz spaces A 11 R" =
P 00,t

Mg’;, 1 (R™), were introduced and their main properties were obtained in [1], see also [2-4].
q

For0 < g<p <oocand0 < 4 < I—),the local Morrey-Lorentz spaces M};’; 5 (R™) are equal

to weak Lebesgue spaces WL1 _; (R™). In [1] the basic properties of Mloc
P

s (R) were given
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and the boundedness of the maximal operator was proved. Generally speaking, local Mor-
rey spaces were also introduced separately by Guliyev [5] and Garcia-Cuerva and Herrero
[6] (see also [7]).

Forf e L, (R")and 0 < a < n, the fractional maximal operator M, is defined by

Maf (x) = sup B~ / FO)1dy,
Bax B

where the supremum is taken over all balls B C R” containing x, and |B] is the Lebesgue
measure of the ball B.

The fractional maximal commutator generated by the operator M, and b € Lll0 (R is
defined by

Miaf ) = sup B [ 1600 = OO .
Bax B
The commutators generated by the operator M,, and a suitable function b is defined by

[0, M, If (x) = b(x)Myf (x) — Mg (bf)(x).

Obviously, the operators My, and [b, M, ] essentially differ from each other since My, is
positive and sublinear and [b, M, ] is neither positive nor sublinear.

The commutator estimates have many important applications, for example, in studying
the regularity and boundedness of solutions of elliptic, parabolic and ultraparabolic partial
differential equations of second order, and in characterizing certain function spaces (see,
for instance [8,9]). The nonlinear commutator of maximal function [b, M] can be used in
studying the product of a function in H' and a function in BMO (see [10] for instance).
Note that, the boundedness of the operator M, on LP(R") spaces was proved by Garcia-
Cuerva et al. [11]. In [12] by Bastero et al. studied the necessary and sufficient condition
for the boundedness of [b, M] on LP (R") spaces.

The mapping properties of My, and [b, M,] have been studied extensively by many
authors (see, for instance, [11-19]). The operators My, [b, M,] and My, play an impor-
tant role in real and harmonic analysis and applications (see, for instance, [19-25]). In
[18] Zhang and Wu studied the necessary and sufficient condition for the boundedness of
[b, My ] on LP(R™) spaces, see also [19]. In [26] Janson gave some characterizations of the
Lipschitz space A #(R™) via commutator [b, T] and the author proved that b € Az (R") if
and only if [b, T] is bounded from L,(R") to Ly(IR"), where 1 <p <n/B,1/p—1/9=
p/nand T is the classical singular integral operator. In [15] the author recently gave nec-
essary and sufficient conditions for the boundedness of the commutator of a fractional
maximal operator in Orlicz spaces on any stratified Lie group when the commutator func-
tion belongs to Lipschitz spaces, and obtained some new characteristics for some subclasses
of Lipschitz spaces (see also [27]).

In the works [21,22], necessary and sufficient conditions for the boundedness of the
maximal commutator operator M and the commutators of the maximal operator [b, M]
on the Lorentz spaces Ly q were obtained, see also [23,28].

The structure of the paper is as follows. In Sec. 2 we give some definitions and auxiliary
results. In Sec. 3 we obtain necessary and sufficient conditions for the boundedness of the

fractional maximal commutator M, on M;)Orc ;(R™) spaces. In Sec. 4 we give necessary
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and sufficient conditions for the boundedness of the commutator of fractional maximal
operator [b, M] on M};’f ;, (R™) spaces.
By A < B we mean that A < CB with some positive constant C independent of appro-

priate quantities. If A < Band B S A, we write A &~ B and say that A and B are equivalent.

2. Definition and some basic properties

Let us start with the definition of Lorentz spaces, see, for example, [29]. Lorentz spaces are
introduced by Lorentz in the 1950. These spaces are Banach spaces and generalizations of
the more familiar L, spaces, also they are appeared to be useful in the general interpolation
theory.

Suppose that f is a measurable function on R”, then we define

fH() =inf{s > 0:dg(s) < t},

where
dr(s) == [{x e R": [f(x)| > s}|, s> 0.

The Lorentz space Ly 4 = Ly 4(R"), 0 < p,q < 00 is the collection of all measurable
functions f on R” such that the quantity

fllzy, = 1677 Oy 000 2.1)

is finite. Clearly L, = Ly and Ly o = WL,. The functional | - || L, 18 @ norm if and only
ifeither1 < g <porp=g=o0.

Definition 2.1 ([1]): Let0 < p,r < coand 0 < A < 1. We denote bYM};(,)rC;A = M;O?A(R”)

S5
the local Morrey-Lorentz space, the space of all measurable functions with finite quasi-

norm
_i 1_1 .
|[f||Mloc% =supt ()7 Ol
pors t>0

In the cases 4 < 0or 4 > 1, we have M};’f , = O, where O is the set of all functions equiva-
lent to 0 on R”. Also M;,OC.O = Ly r. In thelimiting case A = 1 the space M}f’f

>Ts
r

Lorentz space A 11 ForO0<r<p<ooand0 <1 < » the local Morrey-Lorentz
oo,tP T

| is the classical

spaces Mll)of , are equal to weak Lebesgue spaces WL _ ;. Note that, in the case r = co we
T3 b5
loc _ _ : _ loc _—_
have M5 = Aoo’t% = WL, and in the case p = r we have Mys, = WL%.
We denote by WM;;’: )= WM;)"rC ;(R™) the weak local Morrey-Lorentz space of all

measurable functions with finite quasinorm

_A 1_1
If lypgoc s=supt™ 7 12 "f* ()l wr,0.0)-
prst t>0
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Lemma 2.1 ([1]): Let0 <7 < p < 00, % = %ando <A< }1). Then

1_
»
_1
r r _1
» Ifllwe, < ”f”M}ff;a < A7 |Ifllwi,-
In particular, ||fllwis, = IIfll e ) and |fllwr,_, = ILfIIMLo;A-
T P P

Lemma 2.2 ([24, Lemma 2.4]): Let 0 < p,p1,p2, 1,711,712 <00, 0 < A < 1, % = Pil +
1 1 1
and { = - + .. Suppose that f € My¥,  (R") and f € My, ., (R"). Then

1
D2

1.1
<2p 7 .
”fg”M;’fj;l,/ Ry = |lf||M11701C,r1;),(Rn) ||g||M11;;c’r2;2 (R")

Corollary 2.1 ([24, Corollary 2.2]): Let0 < A < 1,1 <p,p/,r,7" < 00, 117 + 1% = Land
1+ L = 1. Suppose that f € M}frc;l(Rn)- Then
A

1
gty
oc n 4 "
Iflm < ”f”M},,M(R ) 1B

The following theorem is the boundedness of the maximal operator in local Mor-

rey-Lorentz spaces M};’f i

Theorem 2.1 ([3, Theorem 1.1]): Let1 <r < 00,0 <. <1land 7 <p < oo.

r

() If 77 <p < %, then the operator M is bounded in the local Morrey-Lorentz space

1
Mp(,)rc;).'
(i) Ifp = ;17 then the operator M is bounded from Mllfrc , to the weak space WMil;’rC i

The following theorem is the boundedness of the fractional maximal operator in local

Morrey-Lorentz spaces M},"f i

Theorem 2.2 ([4, Theorem 3.1]): Let 0 < A <1, 0<a <n 1 <r<s<oo,1<g<

i -1
00, ;7 <P < (% + “—) andf e M},?ZA(R”).

n

: -1
@) If 7 <p < (ﬁ + “—) , then the operator M, is bounded from the space M'S, to

r n D1t
M ifand onlyif L — L = (L - 1) 4 ¢
@A 24 p q r s n'

(ii) Ifp = ;7 then the operator M, is bounded from the space M};’f ; to WMlq"’SC; ; ifand

. 1 A
onlyzfl—az%——.

N

-1
(iii) Ifp = (’% + %) , then the operator M, is bounded from the space M};’f/1 to Mlqosc)
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3. M;,°f,x-boundedness of the fractional maximal commutator operator M,

In this section we obtain a new characterization for the Lipschitz space A s(R™).

Definition 3.2: Let0 < § < 1, we say a function b belongs to the Lipschitz space A s(R™)
if there exists a constant C such that for all x, y € R”,

1b(x) — b(y)| < Clx — y|P.

The smallest such constant C is called the A #(R™) norm of b and is denoted by ||b]| ; SR
To prove the following theorems, we need auxiliary results. The first one is the following
characterizations of Lipschitz space, which is due to DeVore and Sharply [30] and Janson,

Taibleson and Weiss [31] (see also Paluszynski [32]).

Lemma 3.3: Let0 < S < 1, we have
. ~ 1 ( d
Il A prey = SL;P BITHA If () — /sl dx,

where fg = Il%l Jzf ) dy.

Denote by Mpf the local maximal function of f:

1
Mgf(x) := sup —,/ FOldy, xeR™
pax:BcE Bl /B

From the proof of Theorem 1.4 in [33], we have the following characterization of non-
negative Lipschitz functions.

Lemma 3.4: Let 0 < f < 1 and b be a locally integrable function. Then b € Aﬂ (R™) and
b > 0 a.e. in R" if and only if there exists a constant C> 0 such that

1
Sl;P \B|I P/ /B |b(x) — Mp(b)(x)|dx < C.

The following lemma is valid.

Lemma 3.5: Let 0 <a <n 0<pf <land be Aﬁ(R"), then the following pointwise
estimate holds:

Mpof (x) S ||b||Aﬂ(Rn) Mo pf (x).

Proof: Ifb e Aﬁ (R™), then
M (F)(x) ~ sup [B]"+6 / 1bG) — bO)IF ()] dy
Bax B

1y etB
S 1Bl & ey Sup |BI 75 / ()l dy
Bax B
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~ ||b||A/,(Rn) Mo+ pf (%)

In the following theorem we find necessary and sufficient conditions for the bounded-
ness of the fractional maximal commutator My, from the space Ml};’f 1 (R™) to M};’SC S (R,
which is one of the main theorems of this paper.

Theorem 3.3: Let0 <a <n0<i1<1,0<pf <1,1§r§5§oo,1§q§oo,h+/1 <
-1

p < (% + #) and 1% - é = /1(% - é) + # The following assertions are equiva-

lent:

(i) be AgRM.
(ii) The operator My, , is bounded from the space M1°¢ (R™) to Mloc (R™).
P > P P 4S; A
(iii) There exists a constant C > 0 such that

L (e = b5) 1, ||M1q‘,’5°;,1(R")

sup — < (3.1)
B |B|n ”XB”M};;:A(RW)
(iv) There exists a constant C > 0 such that
1 [(6C) —bs)x "
R (RN -
B |B|n |B|

Proof: (i) = (ii). Suppose that b € Aﬁ (R™). Combining Theorem 2.2 and Lemma 3.5,
we get

1My g, < 100 ey WMot g o

S NP1 A,y W lygoc, -

(i) = (i). Assume that M, 4 is bounded from the space M}J"f ,(R™) to M};’SC ,(R™). Let B =
B(x, 1) be a fixed ball. We consider f = yp. It is easy to compute that

1_1

I8l g, ~ 1BI57. (3.3)

On the other hand, for all x € B we have

B |b(x) — bp| < |Bl}_z/Blb(x)—b(y)ldy
1
= e |10 =00 150 &

< My, (xB)(x).
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Since My 4 is bounded from the space ;)Of ,(R™) to M}]‘)SC ;, (R™), then by (3.3) we obtain

b_b oc M oc
L B)XBIIMI%S; ) ;| b,a(XB)IIle

3 ot p
|B| ||){B||M;<,>5c;)v |B| IIJCBIIM};?;/1

NPT
atp

_atfi1 i1
~|Bl~ " tpTrTaT

@l

Il
—_

(3.4)

=B ||XB||M10c

which implies that (3.1) holds since the ball B C R” is arbitrary.

(#if) = (iv). Assume that (3.1) holds, we will prove (3.2). For any fixed ball B, by
Corollary 2.1, inequalities (3.1) and (3.3), it is easy to see

A

L
7 11(b — bB)XBIIMloc IB|7 "

1 / 1
|b(x) — bpldy S
|B|1+§ B |B|1+

n

1 ||(b - bB)XB”MIq?:c;a
£
|B| IIXBIIM;?;A

~

1 | Mp,o (XB)”M};OsCA

o |B|a:ﬂ ||XB||M1;,’SC;/1
1 lxsllppec _atp 1 1,4
atp P BT TR et =1,
|B| u ”XB”M};,’SC;A

(iv) = (i). For any fixed ball B, we have

b—b
1 Ib(x) — b| dy = — I1(b — ba) x5l _ )
[B|'+% /B B 3]

which implies that b € Ag(R") by using Lemma 3.3. Thus the proof of the theorem is
completed. |

In the case r = p, s = q from Theorem 3.3 we get the following new corollary.

Corollary32ﬁLet0<a<n,0</1<l 0<p<l, 1<p<"(1+ﬁ“ 1 <g<ooand
1 1 _ at

>~ 3= ni=n The following assertions are equivalent:

(i) be Ag@®M.
(ii) The operator My, is bounded from the space WL1-, (R") to WL1-, (R").
? q
(iii) There exists a constant C > 0 such that

” (b(') - bB)XB || WL1—; (R")

sup — 1 < C.
B |B|n lxsllwe,_; ®my
q
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(iv) There exists a constant C > 0 such that

1 ” (b() — bs) x4 ||L1(R")
B |B|€ |B|

<C.

In the case A = 0 from Theorem 3.3 we get the following corollary.

Corollary33([23 Theorem 4.1]): Let0 <a <n 0<f <1, 1<r<s<o0o,1<gc<

00,1 <p< a+,8 and L _ é = a+ﬂ . The following assertions are equivalent:

(i) be AgRM.
(i) The operator My, is bounded from Ly, ,(R") to Ly s(R™).
(iii) There exists a constant C > 0 such that

1 H (b(') - bB)XB ||Lq,S(JR")
sup — <C
B |B|n 125 Nl Ly o)

(iv) There exists a constant C > 0 such that

1 || (b(') - bB)XB ”Ll(R”)
B |B|% |B|

<C.

M'°c ,-boundedness of the commutator of fractional maximal operator
[b M ]

In this section, we obtain a new characterization for some subclasses of the Lipschitz space
Ap(R™).
For a function b defined on R", we denote

by = io, if b(x) > 0
[b(x)|, ifb(x) <0

and b™ (x) := |b(x)| — b~ (x). Obviously, b™ (x) — b~ (x) = b(x).

The following relations between [b, M, ] and My, are valid:

Let b be any non-negative locally integrable function. Then for all f LllOc (R"yand x €
R" the following inequality is valid

| (b, Mo 1f (x)| = [b(x)Mof (x) — Mo (bf) (%)
= | Mo (b(0)f) (x) — Mo (bf) ()| < Mo (1b(x) = bIf) (x) = Mo f (x).

Denote by M, gf the local fractional maximal function of f:

Mosf(x) = sup / FO)ldy, xeR".

B'ax:BcB |B ’Il_f

When o = 0, we simply denote by Mp = My p.
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Lemma4.6: Let0 <a <nbe LIIOC(R”) and B be a ball in R". Then for any x € B,
Mo, p(b)(x) = My (byB)(x) (4.1)
and
Ma,5(18)(®) = Ma (15) (x) = |B| . (4.2)
Proof: Let us prove (4.1) first. For any x € B, obviously we have
M, B(b)(x) < Mq (byp)(x).

On the other hand, for any x € B, it follows from the definition of M, that

Ma (o)) = sup 1745 [ 1) 2 dy

B'sx

_ sup [B|" 5 /B YO
/N

B'sx

Then, to finish the proof, there remains to check that, for any x € B

sup [B|~1* / FO) dy < Mas(B)(x).
B'NB

B'ax

This needs to verify that for any x € B and any ball B’ 5 x,

B [0 < Mus®)), (43)
BNB
If |[B' N B| = 0, then (4.3) obviously holds.
If |B'N B| # 0 and B’ N B is a ball, then, then there are three possible cases: B = B’ or

Bc B orB CB.
In the case of B = B’ we get

B[ N = 187 [ o)l < Mat)e.

In the case of B’ C B we get

B[ o =517 [ o < Mus®o

B'NB

In the case of B C B’ we get
B oy =11 [ ol
BNB B

< B /B FO) dy < Mus(8)(0).
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If |[B' N B| # 0and B’ N Bis anot a ball, then we can construct a ball B; such that B N B D
By 3 xand |B;| < |B| and |B;| < |B/|. Then

B [ pona < [ o
smrHﬁ/vwmﬁmhﬂwn
B

We have proved (4.3) for any x € B and any ball B’ 5 x. Then (4.1) follows.
Finally, (4.2) is obvious. Indeed, for any x € B, by the definition of M, g we have

MasO ) = s~ | ey

B'ax:B'cB |B|
|B' N B| a
= Sup ﬁ = |B| n,
Bax:BcB |B| "n
and the first equality in (4.2) follows from (4.1) readily.
Now, we finish the proof of Lemma 4.6. | |

Applying Theorem 3.3, we obtain the following main result. We give necessary and suf-
ficient conditions for the boundedness of the commutator of fractional maximal operator
[b, M,,] from the space Mlljof S(R™) to M};’f , (R™), which is one of the main theorems of this
paper.

Theorem4.4: Let0 <a <n,0<1<1,0<f <], 1<r<s<ool Sqfoo»rﬁ <
-1

p < (% + #) and % — é = /1(% — %) + # The following assertions are equiva-

lent:

(i) be AgR") andb > 0 a.e. in R
(ii) The operator [b, My ] is bounded from the space M‘})Of 1 (R™) to M};’SC 5 (R™).
(iii) There exists a constant C > 0 such that

O (e0 = 1B Ms0)0) 1

ML, )
<

sup — (4.4)
B |B|% ”XB”M}ZSC;A(RVI)
(iv) There exists a constant C > 0 such that
b() = 1BI™% Mp(B)()) 1
Al oy
sup — L1 R™) < C. (4.5)
B |B|7 |B|

Proof: (i) = (ii). Suppose that b € Ag(R") and b > 0 a.e. in R”. Combining Lemma 3.5
and Theorem 3.3, we get

”[b:Ma]f”M};c;A(Rn) < ”M‘Z’Bf”Mf;ff;i(R”)
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< ||b||A/}(Rn) ||Ma+ﬁ'f||M;‘?§l(R")
S N6HA gy U llagioe, oy

loc

Thus, we obtain that [b, M, ] is bounded from the space M},"f ,(R™) to M. o) (R™).
(i1) = (iii). Assume that [b, M, ] is bounded from the space M})"rC L(R™) to M;OSC LR,
Let B = B(x, r) be a fixed ball. Since from the Lemma 4.6

My (byp) = My p(b) and M, (xp) = Mys(xs) = |B|",

we have
|Mg,p(b) — bIB|" | = |My (bys) — bMy (1) = (b, Ma]xsl.
Hence
1BI™" Mo (B) = bzplygoe, ry = 11 1106 Mo 28 o,y
Thus we get

1 1= 1B Map®) gsllygee, 1Mol (t8) g,
i A

2 ~ gt
1|5 ||XB||M};SC;2 |B| ||XB||M};?SC;A
1 xBllppec _atf 1 1,7
=7 P BT T T =

~Y
|B| IIJCBIIZ\,I};;c;A

which deduces that (iif).
(#ii) = (iv). Assume that (4.4) holds, then for any fixed ball B, by Corollary 2.1, we

conclude that

1 _a
B / |b(x) - |B| n Ma,B(b)(X)l dx
|B|'*n /B
_a L/_i_i
5 1L “(b — |B|™n Ma,B(b))XB”M}IO; |B|9 "¢
L Ie—1BI7" MG,B(b))XB”M;O;A
Bl I8,
1 b, Ma](XB)”M;oc%
< 5
< —7
|B| Bl pgee,
1 ”XBHM};?ZA - | |_a:/}+%_%_é+% L

~ a+p
|B| » IIXBIIM;?:J

(iv) = (i). Assume that (4.5) holds, we will prove b € /\ﬁ (R™yand b > 0 a.e.in R".
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Denote by
E:={xeB: b(x) <bg}, F:={xeB: bx)> bg}.
Since

/|b(t>—b3|dt=/|b(r)—b3|dt,
E F

in view of the inequality b(x) < bp < |B|_% Mg p(b), x € E, we get

1
[ 16— bal =
By Ja B

<
B+

/Ew— B Myp(b)|

<
B+

/w— B Mys(b)] < 1.
B

Consequently, by Lemma 3.3 b € Az(R"). In order to show that b > 0 a.e. in R”, it suf-
fices to show b~ = 0 a.e. in R". Observe that 0 < b~ (y) < |b(y)| < Mp(b)(y) for y € B,
therefore, for any y € B, there holds

0<b™ () = 6O — b7 () < Mp(B)(y) — bT () + b () = Mp(b)(y) — b(y).
Since b € Ay (R"), then for any ball B from Lemma 3.4 we have

1 _ 1
& [r0d < = | (00 -10)

_ %/‘b(}/)—MB(b)(y)’dy

|B|
|B|1+ﬁ

[ 160) = Ma(er0] & < CIB1%.
Let |B| — 0 with x € B. Lebesgue’s differentiation theorem assures that

1
0<b (x)=lim — [ b-(y)dy=0.
< ® B0 |B| JB N dy

Thus b € Aﬁ (R™) and b > 0 a.e. in R”. Thus the proof of the theorem is completed. W
In the case r = p, s = q from Theorem 4.4 we get the following new corollary.

Corollary44; Let0<a<n0<i<1,0<p <], 1<p<”(1+;) 1 <g<o0and
1 1 _ _a+

p g n(l=7)

. The following assertions are equivalent:

(i) be Aﬁ(]R”) and b > 0 a.e. in R",
(ii) The operator My, is bounded from the space WL1-, (R") to WL1-, (R").
p q
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(iii) There exists a constant C > 0 such that

[ (60) = 18175 Ms®)()) 1,

WL 11 (R")
q

1
sup <C.

B |B|é lxsllwe,_; ®m
q
(iv) There exists a constant C > 0 such that

|6 = 1B M) ) 2

sup
B |B|§ |B|

Ll (Rn) < C

In the case 4 = 0 from Theorem 4.4 we get the following corollary.

Corollary 4.5 ([22]): Let0<a <n 0<f <1,1<r<s<oo,1<g<oo 1l<pc<

Z4p and }) — L = %L The following assertions are equivalent:

q n

(i) be /\ﬂ(R”) and b > 0 a.e. in R",
(ii) The operator [b, M,] is bounded from the space L, ,(R") to Lgs(R").
(iii) There exists a constant C > 0 such that

(60 =187 M ®0) 24

L,y (R"

sup — 2:(®") <C
B |B|n [ VG-t
(iv) There exists a constant C > 0 such that
b(-) — |BI™% Myp(b )

A [CORE R TAICI0) Al N,

sup — <C.
B |B|% |B|

Remark 1: It should be noted that, in the case @ = 0 Theorems 3.3 and 4.4 were already
proved in [34]. Also, in the case a = 0 from Corollaries 3.2 and 4.4 we obtain the correct
version of Corollaries 3.1 and 4.1 in [34].

5. Conclusion

The paper gives necessary and sufficient conditions for the boundedness of fractional max-
imal commutator operator My, and the commutators of the fractional maximal operator
C

[b, M, ] in the local Morrey-Lorentz spaces M;;”r; ,(R™) when b belongs to Lipschitz spaces

Aﬂ (R™) As an application, new characterizations of some subclasses of Lipschitz spaces
Ap(R™) are obtained.
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