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1. Introduction

A positive sequence (b,) is said to be almost increasing if there exists a positive
increasing sequence (z,) and two positive constants A and B such that Az, <b, < Bz,
(see [1]). For any sequence (\,) we write that

A2\, = Adp — Adns1 and Al = Ay — A1
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A sequence () is said to be of bounded variation, denoted by (A,) € BY, if

o

Z AN, < o00.

n=1

Let > a, be a given infinite series with partial sums (s,). By t% we denote the nth
Cesaro means of order «, with @ > —1, of the sequence (na,), that is (see [23])

1 n B
== D A vay,  (th =tn)
n oy=1
where

Ao~ (e + 1)(a+‘2)...(a+n) —Om®), A% =0 for n>0.
n!

The series Y a, is said to be summable |C, ok, k > 1, if (see [25])

<1

n=1

If we take o = 1, then |C, a|; summability reduces to |C, 1|, summability.
Let (p,) be a sequence of positive real numbers such that

n
Pn=ZpU—>oo as n—oo, (Po;=p_;=0, i>1).

v=0

The sequence-to-sequence transformation (s,) — (v,,) with

1 n
'Un:FUZ_(:)pvsva Pn?’éo

n

defines the sequence (v,,) of the Riesz mean or simply the (]\7 ,Pn) mean of the sequence
(sn) generated by the sequence of coefficients (p,,) (see [26]).
The series 3 a,, is said to be summable |N,p,|x, k > 1, if (see [2])

[e%e) k—1

P,
E (—") | Up — vn_1 |F< 0.
=1 \Pn

When p,, = 1 for all values of n, then we get |C, 1|, summability.

Let A = (an,) be a normal matrix, i.e., a lower triangular matrix with nonzero
diagonal entries. Then A defines the sequence-to-sequence transformation, mapping the
sequence s = (s,,) to As = (A,(s)), where
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n
An(s) = Zamsv, n=20,1,..
v=0

The series ) a, is said to be summable |A, p,|,, k > 1, if (see [29])

i (&yl |An(s) — Ap_1(s)[* < oo

Pn

n=1

If we take p, = 1 for all n, then |A, p,|, summability reduces to |A|, summability (see
[28]). If we take a,, = &=, then |A, p, |, summability reduces to |N,pn|k summability. If
we take a,, = & and k = 1, then |A, p, |, summability reduces to ‘N 7pn‘ summability

(see [30]). Also if we take a,, = - and p, = 1 for all n, then |A, p,[; summability is

the same as |C, 1|, summability.
2. Known result

Many works dealing with absolute matrix summability and the absolute summability
factors of infinite series and Fourier series have been done in (see [3-22], [27], [31-30]).
Among them, in [22], the following theorem has been proved.

Theorem 1. Let (X,,) be an almost increasing sequence. If the sequences (X,), (An), and
(pn) satisfy the conditions

[Am|Xm =O(1) as n — oo, (1)
Zan|A2)\n| =0(1) as m— oo, (2)
n=1
i " =0(Xp) as m— oo (3)
n=1 nXﬁ_l " ,
\~ Do [ta]®
Z P_Xk|—1 =0(X,) as m— oo, (4)
n=1""4n
and
P,
Z —= =0(Pn) as m — oo, (5)
n
n=1

then the series S anA, is summable N, py|k, k > 1.
3. Main result

Given a normal matrix A = (a,,), we associate two lower semimatrices A = ()
and A = (Gy,) as follows:
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n
Qpy = E Qni, n,v=0,1, (6)
1=
and
CALOO - &00 = aoo, anv = anv - dn—l,va n= 17 27 (7)

It may be noted that A and A are the well-known matrices of series-to-sequence and
series-to-series transformations, respectively. Then, we have

An(s) = i ApySy = i&nvav (8)
v=0

v=0

and
AA,(s) = Z QG- (9)
v=0

The aim of this paper is to generalize Theorem 1 for |A, p,|r summability method by
using the above notations. Now, we shall prove the following general theorem.

Theorem 2. Let (X,,) be an almost increasing sequence and A = (any) be a positive
normal matriz such that

a71,0 = 1; ’I’L:O,l,...7 (10)
p—1p 2 Apy, for n>v+1, (11)
Dn
nn — O = 5 12
eeo(3) o
S Janon|
> = = O(ann), (13)
v
v=1
and
- |tn]*
Z annF =0(X;n) as m— oo. (14)
n=1 n

If the conditions (1)-(3) of Theorem 1 are satisfied, then the series Y anAy, is summable
|Aapn|k; k 2 1

Remark. It should be noted that we apply to Theorem 2 to the weighted mean in which
A = (any) is defined as a,, = &= when 0 < v < n, where P, = po + p1 + ... + pn. In
this case, the conditions (10)-(12) are obvious, the condition (13) reduces to (5) and the

condition (14) reduces to (4). So, Theorem 2 returns to Theorem 1.
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We need the following lemma for the proof of Theorem 2.
Lemma ([7]). Under the conditions of Theorem 1 we have the following
nX,|AN,| =0(1) as n — oo,

i Xn|AN,| < c0.

n=1

Proof of Theorem 2. Let (WW,,) denote the A-transform of the series > anA,. Then, by
(8) and (9), we have

n
= E Apyy )\v
v=0

Applying Abel’s transformation to this sum, we have that

an’U v an’u ’U ann
AW,, = E VA, = E A( g ra, + E Vay

- ZA (B2 0 )ty + A
n
_ Z Av(d v+1
v=1 v=1
= n+1
—+ Zan v+1)\7j+1 —l—a,m)\ t
v=1

= n,1 + Wn,2 + Wn,3 + Wn,4-

To complete the proof of Theorem 2, by Minkowski’s inequality, it is sufficient to show
that

[e%s} P k—1
Z (p”) | W |F< 00, for r=1,234. (15)

Firstly, by using the conditions (6)-(7) and (10)-(11), we have Zz;ll AL (Gno)| < ann,
and ZZZ}IH |[Ay(Gne)| < ayy. Now, applying Holder’s inequality with indices k and ¥/,
where k> 1 and 1 + 77 = 1, we obtain that

m+1 k-1 m+1 k-1 k
P, P, v+1
T (p—) W < S (—) {D A (@ >|AU||tU|}
n=2

2 n DPn
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m+1 k-1 n—1 k-1
—omy" (P—) {Z TNRCR LTS |’f} x {Z |Av<am>}

Pn v=1
m+1 P k—1
—omy (3%) {Zm DA, k}
n=2 n
m+1
ZI/\ P L S Vi (]
n=v+1
- |t
:O(l)ZCLUUF|>\U|
v=1 v
AN, i r‘ + O(1)|A Y ‘tv|k
Z ‘ |Za7r (1) m|ZQWF
v=1 v
m—1
1) Y ANX, + O1) A | X,
v=1

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 2 and Lemma. By using Holder’s inequality, and
also the fact that Zn Cot1 l@npr1] <1, we obtain

k
m—+1 k—1 m—+1 k—1
n . P, v+1
T (—) W< 3 (—) Z| i | AN 1]
DPn o Pn 1

k—1 (n—1 k
—") {Z |an,v+1||mv||tv|}
p v=1

(
_o<1>m+1(;)“{nzl|am+l| mw'f'} {Z'“"““'} :
(

n=2
m+1 k—1 n—1 |t |k
— o) —”) a5 S (AN DF T AN [l g 2
n=2 Dn v=1 v
m |t ‘k m—+1
=0(1)> —Z0AN] D Jans]
— v Xy =
v=1 n=v+1
:0(1)§: B A
v=1 X’]f_l b
5 ~ It ol
=0(1) A(U\A)\UDZTX,C -+ 0(1 )m\mm|z o

v=1 r=1
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m—1
(1) > [A@IAN DX, + O(1)m| ANy, [ X,
v=1

H

m—1
ZUX [AZX ]+ 0(1) D Xy|AX| + O(1)m| ANy, | Xy,
v=1

v=1

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 2 and Lemma. Again, we have that

m—+1 P k—1 m—+1 P k—1|n—1 k
Z <_n> | Wn73 ‘k: Z <_n) Zan v+1)‘v+1_
—o \Pn o \Pn

m—+1 P k=1 (n—1 |t ‘
<> () (X el
n=2 Pn v=1 v
k—1
m+1 Pn k—1 . |t n—1 an ’U+1|
<5 (2) S it S
n=2 n

v=1

S ()T e e ltol?

n — A v

—o > () ait T lanslial
n=2 v=1

Pn

m+1

m k
- 25 .
DY el P 537

v=1 n=v+1

m

[tol*
1)Z|)‘v+l|vXk,1
AlA LA g 1
ny umz O Pl S Al
v=1 v=1 v Xy

m—1

=0(1) AN 41| X1+ O(1)[ A1 [ Ximt1

<
Il
_

3
[

=0()

M

|A)\ ‘X +O( )‘)\m+1|X'm+1

S
I|
N

3
L

=0(1) ) [AN[Xy + O(M)[Amta [ X1

S
Il
—

=0(1) as m— oo,

by virtue of the hypotheses of Theorem 2 and Lemma. Finally, as in W,, 1, we have that

m P k—1 m P k—1
- WoalfF =001 (—") D W L D | L
S () Wt =0m S (T ekl
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[tn]®

nnP‘n‘Xk_l
n

=0(1) as m — oo,

m P k—1
mn}j@j) R L W T

by virtue of hypotheses of Theorem 2 and Lemma. This completes the proof of Theo-
rem 2. O

If we take an, = %> in Theorem 2, then we obtain Theorem 1 dealing with |N , pn|k
summability method. If we take p, = 1 for all n in Theorem 2, then we have a new
result for |A], summability method. Also if we take p, = 1 for all n and a,, = & in
Theorem 2, then we have a new theorem on |C, 1|, summability method. Finally, if we

take an, = %= and k = 1 in Theorem 2, then we have another new result for |N, p,|
summability method.

4. An application of absolute matrix summability to trigonometric Fourier series

Let f be a periodic function with period 27 and integrable (L) over (—m,x). The
trigonometric Fourier series of f is defined as

1 oo ) o0
f(x) ~ 540 + Z(an cosnx + by, sinnx) = Z Cr(x)

n=1

Set

o) = 5 (e + 1)+ Flw— 1)},
:%/t—u (w)du, (o> 0).

It is well known that if ¢;(¢t) € BV(0,7), then t,(x) = O(1), where t,(z) is the (C,1)
mean of the sequence (nCy(x)) (see [24]).

The following theorem is known dealing with |V, p,,|x summability factors of Fourier
series.

Theorem 3 (/22]). Let (X,,) be an almost increasing sequence. If ¢1(t) € BV(0,7) and
the sequences (pn), (An), and (X,,) satisfy the conditions of Theorem 1, then the series
S C(x)\, is summable |N,pple, k > 1.

Now, we generalize Theorem 3 for |A, p,|r summability method in the following form.

Theorem 4. Let (X,,) be an almost increasing sequence, and A be a positive normal
matriz as in Theorem 2. If ¢1(t) € BV(0,7), and the sequences (pn), (An), and (X)
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satisfy the conditions of Theorem 2, then the series > Cp(x)\, is summable |A, pplk,
k>1.

Applications

1. If we take ay, = ;@,—Z in Theorem 4, then we have Theorem 3 for the factored trigono-
metric Fourier series.

2. If we take p, = 1 for all values of n in Theorem 4, then we have a new result on |A|,
summability method for the factored trigonometric Fourier series.

3. If we take a,, = 1’;—1’1 and p, = 1 for all values of n in Theorem 4, then we have a new
result concerning |C, 1|, summability method for the factored trigonometric Fourier

series.

4. If we take a,, = ;;—“ and k£ = 1 in Theorem 4, then we have another new result for

|N , pn| summability method for the factored trigonometric Fourier series.
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