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Abstract—In this paper, two known theorems on |N,pn‘k summability methods of Fourier series
have been generalized for |A, p,|, summability factors of Fourier series by using different matrix
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1. INTRODUCTION

Let )" a,, be a given infinite series with the partial sums (s,,), and let (p,,) be a sequence of positive
numbers such that

Pn:va—>oo as n—oo (Py=p_;=0, i>1). (1.1)
v=0
The sequence-to-sequence transformation
1 n
wn=p Uzzopvsv (1.2)
defines the sequence (wy,) of the Riesz mean or simply the (N, p,,) mean of the sequence (s,,) generated

by the sequence of coefficients (p,,) (see [15]).

The series > ay, is said to be summable ‘]\_f,pn

w k> 1 (see[l1])

00 k—1
Z <P"> | wy, — wp—1 |k< 0. (1.3)

=1 \Pn

In the special case when p,, = 1 for all values of n (resp. k = 1), |N,pn
|C, 1, (resp. | N, py,|) summability.

‘k summability is the same as

Let A = (an,) be a normal matrix. i.e., a lower triangular matrix with nonzero diagonal entries. Given

a normal matrix A = (an, ), we associate two lower semimatrices A = (@) and A = (apy)
as follows:

n
Any = g Qni, n,v=0,1,... (1.4)
1=v
agp = oo = Ao, (py = Qpy — Qp—10, n=12,.. (1.5)
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In this case, A defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to
As = (An(s)), where

:Zamsv, n=20,1,.... (1.6)
=0

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. Then we have

n n v n
= E AnySy = 5 Qny 5 a; = 5 a; E Uny = E ;G = 5 Ay Gy - (17)
v=0 v=0 =0 v=0

=0 v=1

Since ap—1,, = 0, we have

AA”(S) = An(s) - An—l(s) = QpyQy — Zan 1,00y
v=0
—Z v — Qp— 1v av+an 1nan—zanvav (18)
v=0

The series ) ay, is said to be summable |A, p,|,, k > 1, if (see [19])

[e.e]

Pkl i
Z( > [AAn(3)]" < oo, (19)
=1 \Pn

where AA,(s) = Ay (s) — Any1(s) and AA,(s) = An(s) — An_1(s).

If we take p, =1 for all n, |A, p,|, summability is the same as |A|, summability (see [20]) and if
we take any = py/ Py, then |A, p,|, summability is the same as ‘N,pﬂk summability. Also, if we take
Ay = Py/ P, and p, = 1 for all n, then |A, p,|, summability is the same as |C, 1|, summability (see
[16]).

Let f be a 2m-periodic function integrable (L) over (—m, 7). Without any loss of generality, we may
assume that the constant term in the Fourier series of f(¢) is zero, so that

i ft)dt =0, f@) Ni(ancosnt—l—bnsinnt) :iCn(t). (1.10)
i n=1 =
We write
o(t) = ;{f(a? +t)+ fx—1t)} ~ Z Cy(x) cosnt, e1(t) = / u) du ~ Z Ch( smnt

n=1

(111)

2. KNOWN RESULTS

Many works dealing with absolute summability methods of infinite and Fourier series have been
published (see [2]—[14]). Among them, in [2], two important theorems have been proved in the following
forms.

Theorem 1. Let (p,) be a sequence such that
P, Apy = O(pppn+t1)- (2.2)
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If v1(t) is of bounded variation in (0, ) for any x € (—m,7) and (\,) is a sequence such that

oo

1 k
;%Mﬂ<m, (2.3)
D AN < oo, (2.4)
n=1

then the series > Cp(t) Py /npy is summable ‘N,pn

Sk

Theorem 2. [f the sequences (p,) and (\,) satisfy conditions (2.1)—(2.4) of Theorem I and

B, = Zvav = O(n), n — 0o, (2.5)
v=1

then the series Y anPpy\n/npy is summable ‘]\_f,pn

k>

3. MAIN RESULTS

Many studies have been carried out in order to obtain matrix generalizations of Fourier series
(see [18], [21]). The aim of this paper is to generalize Theorem | and Theorem 2, under suitable and
different conditions, by using general summability factors for | A, p,, |x summability methods dealing with
Fourier series.

Theorem 3. If A = (any) is a positive normal matrix such that

Uno = 1, n=20,1,..., (3.1)
Ap—1,0 > Gny for n>v+1, (3.2)
A Pn
anw+1 = O(v]Ay(any)l), (3.4)
and all the conditions of Theorem 1 are satisfied, then the series >, Cy,(t) Py\n/npy is summable

Theorem 4. [ conditions (2.1)—(2.5) of Theorems | and 2 and also conditions (3.1)—(3.4) of
Theorem 3 are satisfied, then the series ) a,Pp\, /npy is summable |A, p,|,., k > 1.

Remark 1. It should be noted that if we take a,,, = p,,/P,, in Theorem 3 and Theorem 4, then we obtain
Theorem 1 and Theorem 2, respectively.

We need the following lemmas for the proof of our theorems.

Lemma 1. /] ¢1(t) is of bounded variation in (0, ) for any x € (—m,7), then
Zva(ac) = O(n) as n— oo, (3.5)
(see[l7]).

Lemma 2. If the sequence (py,) satisfies conditions (2.1)and (2.2) of Theorem 1, then

A{;;}:O<;>, (3.6)
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4. PROOF OF THEOREM 4
Proof. Let (7},) denote the A-transform of the series 3~ a, P, An(npy,) L. Then, by (1.7) and (1.8),

T, = Z am)avpvkv(vpv)_la AT’n =T, -T,_1 = Z dnvavpv)\v(vpv)_l
v=0 v=0

and since ano = ano — an—1,0 = 0, we have

AT, = Z &mavPU)\v(va)_l.

v=1

Applying Abel’s transformation to this sum and the relation

B, = ZU% = O(n)
v=1

which holds by condition (2.5), we obtain

ATn—Zam}avPA Q}p,v ZA <anyp>\ >zv:7“a7« annp)\ ZT(IT

v=1
n—1 n—1 .
Ay (Gpe ) Py A P, P
D L R0y ( ) | e
v=1 Vv v=1 v p VPv r=1
Grin P An o
+ ra
i P An )Py Ay i, P, P,
= ann2 " B + Z am) Bv + Z &n,v-i-l)\v-i-lAU < > B + Z an v+1 A)\ B
n=pn v—1 p v—1 % pv

= 4in,1 + Tn72 + Tn73 + Tn74-
To complete the proof of Theorem 4, by Minkowski’s inequality, it is sufficient to show that
© s p k-1
Z( ”> Tpr¥ <00,  for r=1,2,34. (4.1)

n=1 n

First, since ann = ann, and anp, = O(p,/P,), we have

“ Pn ol k - <Pn>k_1 ann)\npn
T, .|F = B,
S () mat = ()|
"o rp A\t 1 P
=0(1 8 Anl¥|Bnl* o, =0(1 8 g
0<>;<pn) MBI L O”;(pn) v
O(1) zm: Al =0(1) as m— oo
n=1 n ’

by condition (2.3) and by virtue of the assumptions of Theorem 4. Now, applying Holder’s inequality, we
obtain

m—+1 k—1 m—+1 k—1 |n—1
P, & <Pn>

> Tool* =
<p > |T.2] »

k
2 Al D,
n=2 n n=2 n Py

< nf:l < >k_l {g |A ()] <v§;v>k IAU\’“\BUW} {g |Av(am)|}k_l.
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By the definitions of A and A matrices of series-to-sequence and series-to-series transformations,

Av(&m}) = dnv - &n,v—i-l = Qpy — an—l,v - an,v—i—l + an—l,v—l—l

n n—1 n n—1
= E Qnj — § Ap—1,4 — E ani + § Gp—1,4 = Opy — Qn—1,v, (42)
1=V 1=v

1=v+1 1=v+1
and since an—1.4 > Gny, and a,o = 1, we have

n—1

n—
Z ‘AU(&H’U)‘ = Z(an—lﬂ) - anv) =1- Gp—1,0 — 1+ apo + Gnp < Ann - (43)
v=1

By using conditions (4.2), (4.3) and the assumptions of Theorem 4, we can write

m+1 P, k—1 3 m+1 P, k—1 N 1n—1 P, k N )
S () mat=omd (jh) e Z|Av<am>|<vgp> 7 H1B,
n=2 n=2 v

Pn Pn
m m—+1
S5 () s S A
v=1 n=v+1

Using the equality A, (Gny) = any — an—1,» and condition (3.2), we obtain

m+1 m+1
Z |Av(&nv)| = Z (an—Lv - anv) = Qv — Om+1v < Qyv, (44)
n=v+1 n=v+1

mil b\ kel . m P NE
n T, _ 1 v JIFIB, v
g(p) T O();<v2pv> B2
(PN el S
_0(1);<pv> Aol vk_0(1); oo=0(1)  as m .
On the other hand, since A { P,/v?p, } = O (1/v?) by Lemma 2, we have

m+1 P k—1 m+1 P k—1|n—1 P
n k n ~ v
3 () mot =S () [ metienta () 2

n=2 n Pn v=1

< nfj (7 )k {nzlmmﬂnw’fl} {i ””“'}H.

1

k

Using (3.4) and (4.3), we obtain
m-+1 P\ k1 . m+1 P\ k1 n—1 k-1
Z( ) T 3] =O<1>Z< > {Damﬂnw }X{va(anm}
n=2 Pn n=2 Pn v=1
m m+41 k—1
1 P, 1y
DY el 3 (1) alitinen

n=v-+1 Pn
m 1 m+41
DY o D il
v=1 Un:v-‘,—l

Since
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it follows that

m+1 m+1 v v m+l
S anpial = DD (@n-1i—ani) =Y > (an-1i — ani)
n=v+1 n=v+1 =0 =0 n=v+1
v v
= Z(avi — A1) < Zavi =1 (4.5)
i=0 1=0

and, by virtue of the assumptions of Theorem 4 and Lemma 2, we can write

P\ . ” L1 1
Z(p) T3 :0(1);\Av+1| U+1<1+y>=0(1) as m — 0.

n=2 n

Finally, we also have

m+1 k—1 m+1 k—1 |n—1
Z <Pn> |Tn4| < > anv+1P AN, B,
n=2 Pn v=1
n— 1CL k
nv—i—lA)\ B

’““<Pn> 1
DPn
m+1 <

k—1
P, B,|F
p > {Z‘anv-i-lHA)‘ || | }{Zmnvﬁ-lHA)‘ ‘} ;

taking into account Egs. (3. l)and 2),forl <v <n -1, weobtain
n—1
dn,v+1 = Z(an—l,i - anz E an 1,4 — anz = Qp—1,0 — On,0 T Gnn = Ann,
i=0 =0

which implies

n—1 n—1
Z ‘dn,v+1|‘A)\v| < ann Z ‘A)‘v| = O(anﬂ)
v=1 v=1

by condition (2.4). Therefore,

m—+1 k1 m+1 k—1 n—1 k
P, . AL (S 5|
> () mar=ow > (1) {Z|an,u+1\|muw WL

n=2 n n=2 Pn v=1

as in T, 3, and we have

m+1 P k—1 m |B |k m+1
> () mat=ow 3 iant B 3 o
v=

n=2 Pn n=v+1
DY AN =0(1)  as m — oo

This completes the proof of Theorem 4.

Proof of Theorem 3. Theorem 3 is a direct consequence of Theorem 4 and Lemma 1.

5. CONCLUSIONS

First, if we take p, = 1 for all values of n in Theorem 3 and Theorem 4, then we obtain a result
concerning | A, summability. And if we take ay, = p, /P, in Theorem 3 and Theorem 4, then we obtain
Theorem 1 and Theorem 2, respectively. Finally, if we take a,, = p,/P, and p, = 1 for all values of n in
Theorem 3 and Theorem 4, then we obtain a result for |C, 1|,, summability.
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