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Abstract: In this study, we utilize the Gram-Schmidt orthogonalization method to construct a new set of
orthogonal polynomials called OB,(x, q) from the g-Bernoulli polynomials. We demonstrate the relationship
between polynomials OB, (x, ) and the little g-Legendre polynomials, and derive a generalized formula for
OB, (x, q) by leveraging the little g-Legendre polynomials. Furthermore, we present some properties of poly-
nomials OB,(x, q). Finally, we introduce a hybrid of block-pulse function and orthogonal polynomials
OB, (x, q) and examine various properties of these polynomials.
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1 Introduction

Orthogonal polynomials have been the focus of many mathematicians, initially appearing in mathematical
analysis. However, in terms of functionality, they have become an indispensable part of many fields of
mathematics today, including numerical analysis, data analysis, physics, and engineering. From a historical
perspective, we can see that their first systematic use began with Legendre polynomials and Chebyshev
polynomials [1,2]. The objectives and benefits of using orthogonal polynomials can be listed as follows: mini-
mizing error in approximation theory, improving numerical stability in operations involving higher-degree
polynomials in numerical analysis, enabling the analysis of functions through their independent components,
facilitating easier results in differentiation and integration processes. They are widely used in numerical
analysis, particularly in approximation theory and solving differential equations, as they provide efficient
and accurate solutions. In quantum mechanics, they play a crucial role as solutions to the Schrédinger
equation, helping to describe the behavior of quantum systems. In statistics, orthogonal polynomials are
applied in regression analysis to model complex relationships between variables, reducing multicollinearity
and improving model accuracy. Additionally, they are fundamental in signal processing and image compres-
sion techniques, such as the use of Legendre and Chebyshev polynomials, enhancing data representation and
transformation. Moreover, orthogonal polynomials are extensively utilized in spectral methods for solving
partial differential equations in engineering and physics, making computations more efficient and precise.
Their broad applications and mathematical significance make them a powerful tool in both theoretical and
applied sciences.

On the other hand, with the increasing attention given to g-calculus in recent times, we observe that
certain special g-polynomials and g-analogues of orthogonal polynomials are frequently appearing. g-
Bernoulli polynomials and g-Legendre polynomials are among these polynomials [3-7]. Koekoek et al. has
studied various hypergeometric orthogonal polynomials and written their g-hypergeometric representations
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[8]. Mboutngam has defined g-hypergeometric Bernoulli polynomials with one and two real parameters and
obtained various recurrence relations [9].

Hybrid functions simplify computational processes in areas such as numerical analysis, function approx-
imation, and integral equations by combining various mathematical structures. Their integration with ortho-
gonal polynomials enhances numerical stability and improves approximation accuracy. In particular, the
hybridization of orthogonal polynomials with block-pulse functions simplifies computations and offers flex-
ibility in representing functions over specific intervals. Thus, in function approximation, this integration
enables more efficient and precise numerical analysis methods. As a result, these functions have become
an important research area in both theoretical and applied mathematics. Over time, hybrid functions have
been explored by various researchers in different forms, with an increasing number of numerical examples.
Recent works have highlighted the utility of such hybrid approaches in diverse mathematical and applied
contexts [10-14]. These developments align closely with the objectives of this study, reinforcing the signifi-
cance of hybrid functions for improved performance in numerical analysis and approximation theory.

The primary motivation of our study is to render non-orthogonal g-Bernoulli polynomials orthogonal
through the Gram-Schmidt orthogonalization process and then combine them with block-pulse functions to
construct a hybrid function. This approach aims to make these polynomials more practical in mathematical
fields such as approximation theory and numerical analysis, contributing to the simplification of integral
solutions for complex functions.

The fundamental concepts we use throughout our study are presented to you with the following

properties.
In this article, we give some definition for a real number q € (0, 1). The quantum integer is defined by
-1
[n]q - q -1 )

for any positive integer n [15]. The g-analogue of n! is
. 1, if n=0,
(Rlat =, = 1gln - 2l [y (0 =12, ...
g-Shifted factorial (a; q), is
) ~ 1, if n=0,
@ Dn =112 @)1 - ag)n(d - ag™™), ifn=12 ...
The g-binomial coefficient is defined as
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) [n],! _ (@ Dn k=0,12..,n M

q [n - k]q![k]q! B (@ DG Dn-x

n
k

= 0 for n < k. g-Binomial coefficients have the following property:
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with[g] =1 and Z

q
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Gauss’s binomial formula is given by
n K
(X + a)g = Z [n] q[z]akxn—k’
k=0\K g

for n = 1. If yx = gxy, where ¢ is a number that varies by both x and y, then we have
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The Jackson integral is defined as
b b a
Jroodex = [roode - [roode,
a 0 0
where
[reodgx = att - 3 gf(agh,
0 i=0

for 0 < a < b [15]. Specifically, using the description of the g-integral, we can obtain

b
Ix”dqx =

a

bn+1 — an+1

3

[n+1],

for n > -1, and

Let P, = {f(x) : deg(f(x)) = n} with inner product

1
(F00, 800) = [Fg00dx,
0

where f(x), g(x) € P, [7].

In this research, inspired by the functionality of orthogonal polynomials and hybrid functions, we struc-
tured our article as follows: In Section 2 of our study, we present the definitions and various properties of g-
Bernoulli polynomials and little g-Legendre polynomials. By orthogonalizing the g-Bernoulli polynomials, we
establish connections with the little g-Legendre polynomials. In Section 3, we introduce hybrid functions and
define a hybrid of the orthogonalized g-Bernoulli polynomials with block-pulse functions. We represent this
function defined for the first time by OBH,,,(t, ). Moreover, by obtaining the operational matrix of integration
for the OBH,n(t, q), we exemplify the solution of the g-variational problem we defined with the help of the
hybrid of block-pulse function and orthogonal polynomials OB,(x, ). Section 4 discusses the contributions and
significance of our study.

2 Orthogonalizing g-Bernoulli polynomials

Orthogonal polynomials constitute a specialized class of polynomials widely employed in various fields such as
mathematics, applied mathematics, statistics, analysis, quantum mechanics, physics, and engineering. They
serve the purpose of organizing and enhancing the comprehensibility of mathematical calculations. Examples
of orthogonal polynomials include Hermite, Laguerre, Chebyshev, and Legendre polynomials [16]. Bernoulli
polynomials have also gained particular significance among orthogonal polynomials, especially when ren-
dered orthogonal [17].

In this section, first, we mention g- Bernoulli polynomials and generalized g-Bernoulli polynomials. Then,
we give the definition of little g-Legendre polynomials and their some properties. Finally, we apply the Gram-
Schmidt orthogonalization method to g-Bernoulli polynomials.

The g-Bernoulli polynomials B,(X, q) are defined by the following generating function:

teq(xt) il tn
e(t) -1 ,ZOB"(X’ 2 [n]g!
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It is clear that when x = 0, B,(0, q) = Bn(q) are g-Bernoulli numbers [3,5]. Specifically, with the help of g-
Bernoulli numbers, g-Bernoulli polynomials can be expressed as

n

Bu(x, @) = z

k=0

n
k

] Bi(q@)x" k.,
q

The first few g-Bernoulli polynomials are as follows:

n Bu(x, @)

0 1

1 x—%

2 Xz—%x+%

3 Xa_%“%

5 5= Blayg, Bll¥le 5 (S

2 12 720

Ismail and Mansour [18] studied g-pair of analogues of the Bernoulli polynomials using the generating
functions:

teq(Xt) — Z bn(X, q)[r:_;"
eq[é]Eq %] -1 0 v
ﬂ - ZBn(X; Q)L,

E] -1 n=0 [n]q!
2

t
eq[E]Eq

and the g-Bernoulli numbers are defined by

B(@) = Bn(0; @)
Moreover, the g-Bernoulli polynomials B,(x, q) and bp(x, q) are given by Bo(x; q) = bo(x; q) =1,

n n ~
By @)= ). [k] 4" Buil@®,
k=0 q

2 (n
bn(X; q) = z [k] Bn—k(Q)Xk,
k=0\R/q
for n € N [18]. Ismail and Mansour showed that

1
X; —
q

;
qf
forq # 0.

Eweis and Mansour studied three g-analogues of the generalized Bernoulli polynomials that were pre-
sented by Frappier in his previous works [7,19-21]. The generalized g-Bernoulli polynomials B,Efg,(x; q) are
defined by

n(n-1)

By(x; 9)=q > by

il

n(n-1)

B@=q > B,

(n
BOOG =) k] Brr (X",
k=0 q
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n
n kw 1)
Bt = 2 | | 4% Buokal X",
k=0 q
®) Tk RIS k
B )= ) K, + BY, J(Ox
k=0

with Bé’sg(x; @) =1"fors=1,2,3,andn €N.
Specifically, writing a = i% and s = 1 in the generalized g-Bernoulli polynomials B,ﬁfg(x; q), they showed

that the g-Bernoulli polynomials are given by Bn(X; q) and b,(x; ¢) in [18].
The little g-Legendre polynomials B,(x|q) are defined by

q™, q""q, qx
q

) % @™ O™ O _x g~
o @@k (@ O’

B(xlq) = (01[

for n € N [4,6]. By means of (1), the little g-Legendre polynomials B,(x|q) can be written as

n

Bl = Y

k=0

n
k

n+ k +1
k ] ke x0k, )
q q

The little g-Legendre polynomials provide an orthogonality relation given in the following:

q"1-q)

—_— 3
R ®)

[P xigdyex) =
0

for m,n € Z*, where &y, is the Kronecker delta function [4]. Some little g-Legendre polynomials are as
follows:

P(xlg) =1,
Pi(x|q) = —[2]ex + 1,
(41431 ,  [214[3]

Py(Xlq) = al2l, X q x+1,
__[6lglSlgl4lg 5 [Slg[41a3lg ,  [4lg[3]g
Py(x|q) FEENE) X3+ 72, X o x + 1.

Eweis and Mansour [7] showed relations between the generalized g-Bernoulli polynomials B,ﬁ}{)z(x; q) and little
g-Legendre polynomials B,(x|q) and they obtained

BOG @) = 3 Cea@PiCi) @
k=0
where
2k+1
o) = = jB@(x OPxIq)dp. ®

If we write a = ++ in g-Bernoulli polynomials B,(l,l?z(x ; @), (4) and (5) reduce to

By(%; @) = Y G(@)Pr(xlq)
k=0

and

2k+1

1-
G(@) = = IBn(x DPXIq)dx. ©)
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Now, we apply the Gram-Schmidt orthogonalization method to certain g-Bernoulli polynomials in the fol-
lowing example and then generalize the process using the following theorem. These newly obtained poly-
nomials are denoted as OB,(x, q) forn €N.

OBy(x, @) = Bo(x, @) = 1,
<B1(X, q)r OBO(X) Q»

OBl(X’ CI) = Bl(x’ CI) - <OB0(X, q), OBo(X, q)) OB()(X, CI)
X - 1 ,1>
2 D
Y
21,
_ _ <BZ(X’ CI); OBl(X’ q)) _ (BZ(X’ q)! OBO(X’ q))
006 0= B 0™ Tom, i ), 08106, 9 2 P 0By, @, OBy, @y O P
— 2 _ 2]q q
T @ D@D
2 - [Z]q q

2+ (@Bl

If we reconsider these polynomials, we see that the polynomials OB,(x, q) can be expressed in terms of
a type of little g-Legendre polynomials,

OBy(x, q) = Po(x|q),

1
OB1(x, 4) =~ 5 Pixa),
OBy (x, q) = al2l, xlq),
: [Hﬂz
OBs(x, q) = —%%(XW)-

Theorem 1. Let {Bn(X, q)} be the family of g-Bernoulli polynomials. Then, when the Gram-Schmidt orthogona-
lization method is applied to the q-Bernoulli polynomials, the orthogonal set {OB(x, q)} is obtained and

OBn(x, @) = G(@)B(XIQ), Y
where By(x|q) are the little q-Legendre polynomials and
(In]gh?

[2n]q!

C(q) = (-Dnq"

Proof. Let us proceed with a proof by induction. For n = 1, we have

<B1(X1 CI), OB()(X, CI))
(OBo(x, ), OBo(x, q))
([1]q‘)2

2, (-D(-[2lex + D
= G(OP1(X|).

OBl(X! Q) = Bl(X’ Q) - OBO(Xr CI)

Assuming that the statement is true for n - 1, i.e,,

([n - 1]q!)2
[2n - 2],!

(n-1)°-(n-1) l) —(n- 1)

OB,-1(x, @) = -D"q ! By (xlq).
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We show that it is true for n. First, we calculate

n-1
<BH(X) CI); OBk(X’ q))
OB, (x, = Bu(x, -
060 = B @) = 2 0n (o080, @)

OB (x, q). (€)]

Using the orthogonality relations in equation (3), we obtain following equation:

2 (kgD . (1-¢)
(OBy(x, q), OBk(x, q)) = I ([2k 2( 1%k qK*Pr(x|q)Pr(x]q) = ([Zqu!)zq" 1 g 9)

If we substitute the equation for (9) into equation (8), we obtain

<[2k1 '>2( 1ykqhk _[ Bu(X, QPi(X|q)dgx

OBy (X, q) = Ba(X, q) = ZO ) Pi(x|q)
([Zk]q qu 1- q2k+1
n-1 1- 2k+1
B0~ T o IB 0, P(HIq)dgx [Pe(xlq)-
k=0
If we use equation (6), we obtain
n-1
OBy(x, q) = ch<q)Pk(x|q> - 2 Gd@)P(xlq)
k=0 k=0
n-1 n-1
= C@B(XIQ) + Y G(@Pr(XIq) = Y C(q@)Pk(XIq)
k=0 k=0
= Gu(@)B(X19). -

If we utilize the definition of little g-Legendre polynomials as presented in equation (2) and make neces-
sary adjustments, we arrive at the following expression:

N2
OB (x, ) = ([[Z]]) (-10q""B(xl0)
([n] 1? X(n n+k] LK)
1 e D ey
i  Ze ), g
C(ng? n+k] iy ek
[Zn].kzokq k q(l) X

If the last equation is rearranged according to decreasing powers of X,

([n]q!)zi n)(2n -k

2n],! 5 \k

k
2 Xn—k

OB.(x, q) =

] (-Dkq
q

q

is obtained.

Proposition 1. The polynomials OB,(x, q) have the following property:

n—1[kr+l1] [n;] (‘1)kq[k;1]xn_l_k
OB,(x,q) = x™ - Z 1 1
k=0 (qn + 1)[2" 1]

q
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Proof. Let us use the definition of polynomials OB,(x, q) for proof:

([ngH?* & (n
[2n],! ,ZO k),
([n]gH?* &

[2n]y! o

n n-1 —1)k+1 2 n-1-k
s f[kn]q[ k ]q( Yl ® x Inl,
Prar [Zn—l] [2n],
q

k

e[ o
4 xn-1-k,

k=0 (q" + 1)[2" 1]

2n
n

Xnk

( D¥q

[Zn—k]
k ¢ [n = k]! [n],!

OB.(x, q) =

]Xn—k

T(-Dq®

— yn

— 3y _

If we check the orthogonality of the polynomials OB,(x, q), we find the following result:

(OBo(x, ), OBn(x, 0)) = [OBy(X, 0)OBn(x, Q)dq(x)
0

1

([n]gH? (Im],1?
= m,mom > d
{[ T D' B D B0
! 2 ' 2 fl n+m -m
J{Zr]s)u ({ ]])( D*Mq _[P(XIq)Pm(XIq)dq(X)
;!
=M( )n+m n? ”*m MM
[2n],![2m],! (1 - q¥) nm-

Thus, we see that they are orthogonal for V n,m € N,

Theorem 2. The orthonormal set of polynomials OB, (X, q) is given by

08,x,q) = "R+ Tl 3 . k ] 1yl e
k=0 q

Proof. Let us use the relationship between inner product and norm

0B (X, QI3 4 = (OBa(x, q), OBm(x, q))
_ ([n]q!)z ([n]q!)z( )Zn 2n o0 (1= Q)qn
[2n],! [2n],! a-qmhH™

_(ng* -9
R AEEYCaE

Then, we have
q"([n]y")?

10Bx(X, Dllog = [2n)JI2n + 1),

DE GRUYTER
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Using this result, we can write

OB,.(x, @)
[I0Bn(x, Q)llz,q

(nlg ) < k e
a3 1] 1] cvrsal e
k=0\ /q q

q"([n]g 2
[2n]q ! (I2n+1]q

=q/[2n + 1], Z[Z
k=0

Also, if we rewrite the last equation according to the decreasing powers of x, we obtain

, n on -k K
OB, (x, @) = q™J[2n + 1] ). " n ] (-1)’%1[2
k=0 q

n
~

OB,(x, q) =

n-k
2

n ; K ]q(—l)”‘kq[ e

q

X"k, O

q

Now, let ¢ — 1, then we have

n
limOB(x, q) =2n +1 ) n
a1 k=0\K

2n-k
—_N\kyn-k
n—k]( 1Fx" X,

Thus, we have shown that the orthonormal Bernoulli polynomial of degree n is given by [17,22].

In Figure 1, the graphs of some OB, (X, q) polynomials are shown. When we orthogonalize the g-Bernoulli
polynomials, the resulting orthogonal polynomials OB, (x, q) exhibit behavior similar to the orthogonal forms
of classical Bernoulli polynomials as the value approaches 1. Additionally, because g-Bernoulli polynomials are
not orthogonal, the OB,(x, q) orthogonal polynomials make the maximum and minimum points more pro-
nounced, especially in higher-degree polynomials.

In the subsequent section of our study, we associate the polynomials OB,(x, q) with block-pulse functions,
enhancing their utility through hybrid functions. Hybrid functions are frequently employed, particularly for
their ability to simplify the solution of differential equations and the use of complex functions with multiple
terms. Specifically, the hybrid of orthogonal polynomials and block-pulse functions combines the advantages
of both types, facilitating numerical analysis and various derivative computations.

3 Hybrid of block-pulse function and orthogonal polynomials

Hybrid functions find applications in various applied fields such as function approximation, numerical ana-
lysis, integral equations, and mathematical modeling. They prove to be highly useful, particularly in

0.5

— OBy(z, q)

— OBs(=z,q)
— OBi(z,q)
OBg(x,q

(a) (b) (c)

Figure 1: OB, (x, q) fork = 0,1, 2,3, 4, 5. (@) q = 0.1, (b) g = 0.5, and (c) g = 0.999.
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simplifying and augmenting the functionality of a function in function approximation. In the context of
function approximation, hybrid functions are obtained by combining various special polynomials, notably
including block-pulse functions. With the aid of hybrid functions, it becomes feasible to construct a polynomial
series for a function over a specific interval. Hence, the hybrid of various polynomials and their properties has
recently become a topic of interest and research for many authors [10,23-25].

Razzaghi et al. [26] defined a hybrid of block-pulse and Bernoulli polynomials and presented a direct
method for solving variational problems using a hybrid approach combining block-pulse functions and
Bernoulli polynomials, thus simplifying the computational processes of complex variational problems.

Hashemizadeh and Mohsenyzadeh [27] obtained a hybrid of block-pulse and orthonormal Bernoulli
polynomials and developed a method that allows solving systems of linear Volterra integral equations directly
by means of operational matrices of Bernoulli polynomials.

The main goal of this part of our work is to contribute to the computation of integrals in a more under-
standable matrix form by using a hybrid function that combines the properties of block-pulse functions and
polynomials OB,(x, q).

In this section of our study, we construct a new function of orthogonal polynomials OB,(x, q) obtained by
using the Gram-Schmidt orthogonalization method, together with the block-pulse function in the interval
[0, tr]. We call these functions hybrid of block-pulse function and orthogonal polynomials OB,(x, q).

Hybrid functions OBH,y(t, q), wheren =1,2,..., N,m = 0, 1,..., M, are defined over the interval [0, t/] as:

n

te Ntf], 10)

N
OBp|—t—-n+1,
OBHw(t, @ ={ "t " 1

0 otherwise.

n-1,
N 7

where n and m are the order of block-pulse function and orthogonal polynomials OB,(x, ¢) in equation (7),
respectively.

For example, when N = 3, M = 2, ty = 1 in equation (10), a hybrid of block-pulse function and orthogonal
polynomials OB,(x, q) is given by

0B,3t-n+1,¢q) te

n-1n ]
3 '3/
0 otherwise,

OBH,m(t, q) = (11)

In equation (11), we have
OBHyo(t, @) =1

OBHy(¢, q) = 3t - L
11(L, q 2], ‘e
3[2]4 q

Z+1 " @+ B,

)
0)_)

OBHyy(t, q) = 9¢t* -

OBHy(t, q) =1

OBHZl(t, q) =3t - L -1 1 2
[2]4 [2]q q
02 _
OBHy(t, q) = 9t 3[[2]q * g + 1]t ¥ ¢ +1 ¥ (q* + DI3], "
OBH3(t, q) = 1
1
OBHy(t, q) = 3t — - - 2 2
[2]q te [g, 1]
— 02 _
OBHin(t, g) = 9t [6[2lq o 1] fEe1 @eop, M
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3.1 Function approximation

Let H=Lg[0,1] = {f=1[0,1] - [0,1] : J';f;(t)dqt < oof be the Hilbert space and

{OBHuo(t, q), OBHy(t, q), ..,OBHnum(t, )} € H
be the set of hybrid of block-pulse and orthogonal polynomials OB,(x, q) and
Y = span{OBH;(t, q), O0BHy(t, q), ...,0BHyo(t, q), OBHy(¢, @), OBHy(t, q),
weey OBHNl(t’ (I), :OBHlM(tJ (I): OBHZM(t) Q); )OBHNM(t’ Q)}

is finite-dimensional vector subspace of H [28,29]. Unmatched best approach for any arbitrary elements of H
like f is f; € Y such that for any y € Y, the inequality

If = follg < IIf = Yllag

where the norm is defined by

1
2

1
flleq = [JU2Oldt
0
in [28]. Since f; € Y, there exist the unique coefficients ¢ 4, Go,g, ..., Cvar,q Such that
M N
f=fy= 2 2 cmqOBHun(t, q) = CT(q)OBH(, q), (12)
m=0 n=1
where
OBHI(t, q) = [0BHo(t, q), OBHy(t, q), ...,0BHy((t, q), OBHy(t, q), OBHy(t, q),
ey OBHNl(tﬁ ‘I)» 10BH1M(t1 ‘I)» OBHZM(t) q)a )OBHNM(ta Q)]
and

CT(q) = [Co,g» Go,g» -+>CNO,> Citgs Cogs -+ CNLGs -+>CiM, g G, g +->CNMq]-
For example, N = 3, M = 2, these are
OBH'(t, q) = [OBHyp, OBHy, OBHsy, OBHy;, OBHy;, OBHz;, OBHyy, OBH,,, OBHs,]
and
C T(CI) = [Cio,g» ©0,g» Go,» G, CLg» Gl C2.qp C2,q0 G2,
Thus,

2 3
fo = z chm,qOBHnm(ty q).
m=0 n=1

Using equation (12) we obtain

M N M N .
fi = < Y D CungOBHum(t, @), OBHy(t, q)> =2 2 Cmading
m=0 n=1

m=0 n=1
Fori=1,2,..,N and j = 0,1,..., M we have
f; = (. by(t, @)
and
dinq = (OBHun(t, @), OBHy(t, q)).
We obtain
@(q) = D" ()C(q),
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with

CI)(q) = [in’fZO’ ""fNO’fil’fél’ ""le’ ""flM’fZM’ ""fNM]T'
Additionally, we obtain D(q) = [dgM,q], which is a matrix of order N(M + 1) x N(M + 1) and

1
D(q) = JOBH(t, @)OBH'(¢, q)dt.
0

For N = 3 and M = 2, D(q) matrix is

PORE PN
D=3\a7 4l
where
1 0 0 0 0 0 0
q-1
0 1 0 0 - 0 0
[2]q
2 -
0 0 1 0 0 - (¢ - 1) 0
[2]q
q
0 0 0 0 0 0
A = [213[3], ’
-1 4 _ 43 _ 2 2 4g - 1
0 4 o L@t 0 0
[2]q (214131
2(q -1 4q* - 4q® - 6q%* + 9q - 2
0 o D 0 (i S A 0
[2]q (21513l
q4
0 0 0 0 0 0 —
(¢* + D33 [5],
0 0
-4 -¢-¢-2) 0
(@* + D3],
0 _2(2¢° - 8¢* - 5¢> - 9¢* - 8¢ - 2)
(@* + D[3],
AZ = 0 0 )
_q(q-1(q*-2¢° - 2¢° +4q + 1) 0
(@* + D[2],[3],
0 _ 4(2q° - 10¢° - 3q* + 9¢° - 5q* + 6q + 2)
(q* + 1)[2]11 [3]11
0 0
and
€
_ (¢* + D3L[5],
3 = 0 e )
(¢* + 1BI;[5],
where

e = q14 - 3q13 - qlz + 4q11 + q10 + 9q9 - 5q7 - 11q6 - 9q5 + 15q4 — 3q3 + q + 2,
e, =16q™ - 112q™ - 32q'2 + 256q™1 + 82041 + 1756q° + 2560q8 + 3172q" + 3170q°
+ 2770¢° + 2045q* + 1158¢° + 466q> + 180q + 16.



DE GRUYTER Orthogonalizing g-Bernoulli polynomials =— 13

3.2 Operational matrix of integration

Let K(q) be the N(M + 1) x N(M + 1) operational matrix of integration [26,30]; thus, the integration of the
OBH;m(t, q) is given by

t
IOBH(t’, Q)d,t' = K(q)OBH(t, ).
0

For example with M = 2, N = 2, and ¢; = 1, we have

OBH(t, q) = [0BHo(t, q), OBHy(t, q), OBHy(t, q), OBHy(t, @), OBHy,(t, @), OBHy(t, )17,

OBHjo(t, @) =1

1
OBHu(t, q) = 2t -~ —— !
[z]q t e {0, E]:
2[2], q
- a2 —
OBHu(t, @) =48~ 1t @+ 113l
OBHy(t,q) =1
1
OBHy(t,q) = 2t - — -1 :
[z]q te E, 1]

OBHy(t, q) = 4t* - 2[[2]q +

Thus, we obtain

t t, t€|0, %]
JoBH(t, )yt =
0 1 te 1 1] (13)
2’ 2’
-LOBH t,q + 1OBH (t,q) + 1OBH (t, q)
2021, 10(L, 4 9 ooll, 4 9 11(L, ),
t 0, te lO, %]
JoBHA(t", )yt = .
0 - = € |- 14
—LOBH (t q) + lOBH (t, q)
= Z[Z]q 2olL, 9 21(L, q),
2 1 1
—t2- —t, teE|o, —]
t R (7T i 2
JoBHu(t, )yt = .
0 0, te —,1] 15)
2
7 q(q-1) 1
=-——"——OBHy(t, q) + |- OBHy(t, @) + ——OBHyy(t, q),
2[3]‘1[2]‘21 1o(t, q) [ 214, 1(t, q) 2121, 1o(t, @)
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1
¢ 0, te€ |0, E
JOBH21(t/, Qdgt’ = 5 1 1 1
0 —t2-|—+1t+ =, tE€ —,1]
(2], l[z]q 2 2
' qq -1 1
=—-———0BHy(t,q) + |- OBHy(t, q) + ———0BHy(t, q),
23], 121 bo(t, ) [ 2041, n(t, q) 212, 2(t, q)
4 2 q 1
¢ — 3 - 2+ t, te|0, =
(3] ¢ +1 (@*+ D3]~ ’ 2]
IOBle(t', Qdgt’ = ! ! 1
0 0, te 5,1]
=.+ LOBH (t,q)
2031, 13(L, ),
and
1
‘ > relog]
JoBrnt, g =, ¢ +2 2] q - +2q 1
0 —zf3—2[2 ]t2+ L — tqlt- G[—,l]
(3] q°+1 g¢+1 (¢°+DI3q 2q°+ 1) 2
1
=.. + T:;]IIOBHB(I, Q).
Using equations (13)—(18) and disregarding OBHys(t, q) and OBHys(t, q), we obtain
t
JoBH(t', gt
0
t
IOBHzo(t', Qdgt’
0
t
I JoBHy(, @)yt
JOBH(t’, Qdgt' = °
° JoBHAt', gt
0
t
IOBHQ(I’, q)dqtl
0
t
JoBr(t, gy
0
1 1 1
2[2], 2 2 0 0 0
0 L 0 1 0 0
2[2], 2
' q@q-1 1
= 0 -— 0 —— 0 |OBH(t, q).
2031, 22 20al, 202, *.q)
' qq-1 1
0 0 - 0 —
2[3]q[2]é 2[4], 2[2],
0 0 0 0 0 0
0 0 0 0 0 0

(16)

an

(18)
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Therefore, 6 x 6 the K(g) matrix is

1
— 1 1 0 0 0
21,
0 L 0 1 0 0
2,
Y@ _a@-1 1
KO = 5 Buee 141, O
¢ _q@-1 1
* B ° 4, O 2L
0 0 0 0 0
0 0 0 0 0 0

Let I and O be N x N identity and zero matrices, respectively, and we have

Ko(q) I 0]
1l ¢ q@-1) 1
K@ =~- I - I —I|,
@B’ @D’ 2,
0 0] 0
where the Ky(q) is
-0B4(0, q) 1 1
0 -0B4(0,q) .. 1
Ko(q) = : : :
0 .. —0By(0,q) 1
0 0 0 -0B4(0, q)

3.3 g-Variational problems

In this chapter, we focus on the following problems:
In [31], for 0 < a < B < + and k € Z", g-variational problem is defined as follows:

qﬁ
JO0)) = [P, y00, Dy(x), ... DY),
qﬂ

(S qﬂ
- q)zaxF(x, YO, DY), ., DIy (x))
q

under the boundary constraints

(@) = y(@F*) = ¢,
Dy(q®) = Dy(qP*h) = ¢,

Dy 'y(q = D y(qP*Y) = G,

where

Do = L@ =1

qx-x

15

19)

20)
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for any function f, while the summation is performed by x on the set
L={q qf, ...q"", q°}.
In equations (19) and (20), for @ — 0 and  — +o, we have the g-variational problem
1
Jox)) = IF(x,y(x), Dyy(x), ...,ley(x))dqx 21)
0
and Diy(0) = Diy(1),i=0,1,..., k - 1.
In equation (21), for ¢ — 1, we can easily see the variational problem given in [10,26].
Now, we define the g-variational problem similar to Example 2 in [10] and show that we can solve this

problem with the help of a hybrid of block-pulse function and orthogonal polynomials OB,(x, q).

Example 1. We have the g-variational problem given in the following:

1
J= I[%(qu(t))z ~ tD2y(t)|dt, (22)
0
where
1, 0<y0) <
$l - - 41
D=3 ~<yp<t 23)
@ 47 VA
-1, % <y) =<1,

with the boundary conditions
¥(0) =0, Dy(0)=0 and Dyl =0.

The exact solution of the g-variational problem in equation (22) is

1 1
) < < =
[Z]qt’ O—Y(t)— 4)
—_it2+[+L—1 l<(t)<1
YO=1"1 ), & 12 VY
1 3 3 1
2 - — 4 = - < <
2, A, T 2 sy =1

Now, we solve the g-variational problem in equation (22) using the hybrid of block-pulse function and
orthogonal polynomials OB,(x, q). Let

Dy(t) = CT(q)OBH(t, q).

By writing equation (23) in equation (22), we obtain

1 1
1

1 2 2
1
J= EI(DQV(I))qut + 4Iy(t)dqt - 4Iy(t)dqt + Iy(t)dqt.
0 0 0 0
Thus, we have

1
1 1
J= %_[CT(q)OBH(t, q)OBH'(t, q)C(q)d,t + ACT (@)K (q)_[OBH(t, Qdgt
0 0
1

2 1
- 4CT(@K(9)[OBH(t, )yt + CT(K(@) [ OBH(, q)dt.
0 0
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For
t
W(t) = IOBH(t’, Qdgt,
0
using the equation

1
D(q) = [OBH(t, q)OBH'(t, q)dyt,
0

we obtain
1 1 1
J= ECT(Q)D(Q)C(Q) + CT (@K (4w 1l 4W[§] + WD) (24)
The boundary conditions in equation (22) can be represented using hybrid functions as
CT(q@)OBH(0,q) = 0, CT(q)OBH(1, q) = 0. (25)

Now, we obtain the extremum of equation (24) subject to equation (25) using the Lagrange multiplier tech-
nique. For two multipliers 4(q) and A(q), let us assume

J* =]+ A(@)CT(q)OBH(0, q) + A4(q)CT(q)OBH(, q).

We obtain the following necessary conditions:
1 1 1
Dyct]” = ZD(@)C() + K(q)[4W[Z] - 4W[§] + W<1)] + W(@)OBH(0, q) + J(q)OBH(L, @) = 0. (26)

By choosing M = 2 and N = 4, equations (25) and (26) define a set of simultaneous linear algebraic equations
from which the coefficient vector C(q) and the multipliers 4,(q) and A,(q) can be found.

4 Conclusion

In this article, the polynomials OB,(x, q) obtained by applying the Gram-Schmidt orthogonalization method to
g-Bernoulli polynomials are introduced and various properties are mentioned. In particular, the relations of
polynomials OB, (x, q) to little g-Legendre polynomials are shown. Then, the hybrid of block-pulse function
and orthogonal polynomials OB, (x, q) is defined. In addition, a special g-variational problem is defined and the
functionality of the hybrid function is demonstrated to solve this problem. Thus, the importance of the
practical and functional contributions that hybrid functions provide in future research is emphasized.
Acknowledgment: The authors thank the reviewers for giving valuable comments to improve the manuscript.
Funding information: The authors state no funding involved.

Author contributions: All authors contributed equally to this work.

Conflict of interest: The authors state no conflict of interest.

Ethical approval: This article does not contain any studies with human participants or animals performed by
any of the authors.

Data availability statement: No data were used to support this study.



18 —— Semra Kus and Naim Tuglu DE GRUYTER

References

[11 J. C. Mason and D. C. Handscomb, Chebyshev Polynomials, Chapman and Hall/CRC, New York, 2002.

[21 R. Askey, Orthogonal Polynomials and Special Functions, SIAM, Philadelphia, 1975.

[31 A.S.Hegazi and M. Mansour, A Note on g-Bernoulli numbers and polynomials, J. Nonlinear Math. Phys. 13 (2005), 9-18, DOI: https://
doi.org/10.2991/jnmp.2006.13.1.2.

[4] A. L. Schmidt, Generalized g-Legendre polynomials, . Comput. Appl. Math. 49 (1993), 243-249, DOI: https://doi.org/10.1016/0377-
0427(93)90156-6.

[51 D.Kimand T.Kim, g-Bernoulli polynomials and q-umbral calculus, Sci. China Math. 57 (2014), 1867-1874, DOL: https://doi.org/10.1007/
s11425-014-4821-3.

[6] W.V. Assche, Little g-Legendre polynomials and irrationality of certain Lambert series, Ramanujan J. 5 (2001), no. 2, 95-310,
DOL: https://doi.org/10.1023/A:1012930828917.

[71 S.Z. H. Eweis and Z. S. I. Mansour, Generalized g-Bernoulli polynomials generated by Jackson q-Bessel functions, Results Math. 77
(2022), 132, DOLI: https://doi.org/10.1007/s00025-022-01656-x.

[8] R. Koekoek, P. A. Lesky, and R. F. Swarttouw, Hypergeometric Orthogonal Polynomials and Their g-Analogues, Springer-Verlag, Berlin
Heidelberg, 2010, DOI: https://doi.org/10.1007/978-3-642-05014-5.

[9] S. Mboutngam and P. N. Sadjang, On g-Hypergeometric Bernoulli polynomials and numbers, Hacet. J. Math. Stat. 50 (2021), no. 5,
1251-1267, DOI: https://doi.org/10.15672/hujms.669940.

[10] M. Razzaghi and H. R. Marzban, Direct method for variational problems via hybrid of block-pulse and Chebyshev functions, Math. Probl.
Eng. 6 (2000), 85-97, DOI: http://dx.doi.org/10.1155/51024123X00001265.

[111 M.S. Alatawi, M. Kumar, N. Raza, and W. A. Khan, Exploring zeros of Hermite-A matrix polynomials a numerical approach, Mathematics
12 (2024), no. 10, 1497, DOL: https://doi.org/10.3390/math12101497.

[12] N. Raza, M. Kumar, and M. Mursaleen, Approximation with Szdsz-Chlodowsky operators employing general-Appell polynomials,
J. Inequal. Appl. 2024 (2024), 26, DOLI: https://doi.org/10.1186/513660-024-03105-5.

[131 N. Raza, M. Kumar, and M. Mursaleen, On approximation operators involving tricomi function, Bull. Malays. Math. Sci. Soc. 47 (2024),
154, DOL: https://doi.org/10.1007/s40840-024-01750-z.

[14] N. Raza, M. Kumar, and M. Mursaleen, Approximation operators explored through the lens of degenerate Hermite polynomials, Numer.
Algorithms 2024 (2024), 1-20, DOL: https://doi.org/10.1007/511075-024-01985-8.

[15] V. Kac and P. Cheung, Quantum Calculus, Springer, New York, 2002.

[16] P. N. Sadjang, W. Koepf, and M. Foupouagnigni, On moments of classical orthogonal polynomials, ). Math. Anal. Appl. 424 (2015),
122-151.

[171 A.Pourdarvish, K. Sayevand, I. Masti, and S. Kumar, Orthonormal Bernoulli polynomials for solving a class of two dimensional stochastic
Volterra-Fredholm integral equations, Int. J. Appl. Comput. Math. 8 (2022), 31, DOI: https://doi.org/10.1007/540819-022-01246-z.

[18] M. E. H. Ismail and Z. S. I. Mansour, q-Analogs of Lidstone expansion theorem, two point Taylor expansion theorem, and Bernoulli
polynomials, Anal. Appl. (Singap.) 17 (2019), no. 6, 853-895, DOI: https://doi.org/10.1142/50219530518500264.

[19] C.Frappier, Representation formulas for entire functions of exponential type and generalized Bernoulli polynomials, ). Aust. Math. Soc. 64
(1998), 307-316, DOL: https://doi.org/10.1017/51446788700039185.

[20] C. Frappier, Generalized Bernoulli polynomials and series, Bull. Aust. Math. Soc. 61 (2000), 289-304, DOI: https://doi.org/10.1017/
$0004972700022292.

[21] C. Frappier, A unified calculus using the generalized Bernoulli polynomial, ). Approx. Theory 109 (2001), 279-313, DOL: https://doi.org/
10.1006/jath.2000.3550.

[22] F. Mirzaee and N. Samadyar, Explicit representation of orthonormal Bernoulli polynomials and its application for solving Volterra-
Fredholm-Hammerstein integral equations, SeMA ). 77 (2020), 81-96, DOI: https://doi.org/10.1007/s40324-019-00203-z.

[23] G.Yasmin and A. Muhyi, On a family of (p, q)-hybrid polynomials, Kragujevac J. Math. 45 (2021), no. 3, 409-426, DOL: https://doi.org/
10.46793/Kg)Mat2103.409Y.

[24] M. Riyasat and S. Khan, Some results on g-hermite based hybrid polynomials, Glas. Mat. Ser. III 53 (2018), no. 1, 9-31, DOI: https://doi.
org/10.3336/gm.53.1.02.

[25] S.Mashayekhi, M. Razzaghi, and O. Tripak, Solution of the nonlinear mixed Volterra-Fredholm integral equations by hybrid of block-pulse
functions and Bernoulli polynomials, Sci. World J. 2014 (2014), no. 1, 413623.

[26] M. Razzaghi, Y. Ordokhani, and N. Haddadi, Direct method for variational problems by using hybrid of block-pulse and Bernoulli
polynomials, Rom. ). Math. Comput. Sci. 2 (2012), 1-17.

[27] E. Hashemizadeh and M. Mohsenyzadeh, Bernoulli operational matrix method for system of linear Volterra integral equations, Int. ).
Ind. Math. 8 (2016), no. 3, JJIM-00775, 7.

[28] M. Momenzadeh and I. Y. Kakangi, Approximation properties of g-Bernoulli polynomials, Abstr. Appl. Anal. 2017 (2017), 9828065,
DOL: https://doi.org/10.1155/2017/9828065.

[29]1 M. H. Annaby and Z. S. Mansour, g-fractional Calculus and Equation, Springer, Heidelberg, 2012.

[30] S. Mashayekhi, Y. Ordokhani, and M. Razzaghi, Hybrid functions approach for nonlinear constrained optimal control problems,
Commun. Nonlinear Sci. Numer. Simul. 17 (2012), 1831-1843, DOL: https://doi.org/10.1016/j.cnsns.2011.09.008.

[31] G. Bangerezako, Variational g-calculus, J. Math. Anal. Appl. 289 (2004), 650-665, DOI: https://doi.org/10.1016/j.jmaa.2003.09.004.


https://doi.org/10.2991/jnmp.2006.13.1.2
https://doi.org/10.2991/jnmp.2006.13.1.2
https://doi.org/10.1016/0377-0427(93)90156-6
https://doi.org/10.1016/0377-0427(93)90156-6
https://doi.org/10.1007/s11425-014-4821-3
https://doi.org/10.1007/s11425-014-4821-3
https://doi.org/10.1023/A:1012930828917
https://doi.org/10.1007/s00025-022-01656-x
https://doi.org/10.1007/978-3-642-05014-5
https://doi.org/10.15672/hujms.669940
http://dx.doi.org/10.1155/S1024123X00001265
https://doi.org/10.3390/math12101497
https://doi.org/10.1186/s13660-024-03105-5
https://doi.org/10.1007/s40840-024-01750-z
https://doi.org/10.1007/s11075-024-01985-8
https://doi.org/10.1007/s40819-022-01246-z
https://doi.org/10.1142/S0219530518500264
https://doi.org/10.1017/S1446788700039185
https://doi.org/10.1017/S0004972700022292
https://doi.org/10.1017/S0004972700022292
https://doi.org/10.1006/jath.2000.3550
https://doi.org/10.1006/jath.2000.3550
https://doi.org/10.1007/s40324-019-00203-z
https://doi.org/10.46793/KgJMat2103.409Y
https://doi.org/10.46793/KgJMat2103.409Y
https://doi.org/10.3336/gm.53.1.02
https://doi.org/10.3336/gm.53.1.02
https://doi.org/10.1155/2017/9828065
https://doi.org/10.1016/j.cnsns.2011.09.008
https://doi.org/10.1016/j.jmaa.2003.09.004

	1 Introduction
	2 Orthogonalizing q-Bernoulli polynomials
	3 Hybrid of block-pulse function and orthogonal polynomials
	3.1 Function approximation
	3.2 Operational matrix of integration
	3.3 q-Variational problems

	4 Conclusion
	Acknowledgment
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


