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Abstract

We study some necessary and sufficient conditions for the boundedness of the Riesz
potential operator /, and its commutator on the total Morrey spaces L, ;. , (R"). We
characterize the strong and weak Spanne type and Adams type boundedness of I,
on L, ;. . (R"), respectively. We also give necessary and sufficient conditions for the
boundedness of the commutator of the Riesz potential operator [b, I] on L 3, (R™)
when b belongs to the spaces BM O (R"). As applications, we obtain some estimates
for the Marcinkiewicz operator and fractional powers of some analytic semigroups on
the total Morrey spaces.
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Introduction

Morrey spaces, denoted as L, 3 (R") and named after Charles Morrey [20], generalize
Lebesgue spaces by incorporating a parameter X that captures the local behavior of
functions within a given region, whereas Lebesgue spaces typically consider the global
properties of a function. By adding this new parameter, Morrey spaces provide a
more detailed analysis of functions, which is particularly useful in the study of partial
differential equations (PDEs).

The total Morrey spaces L ; ,,(R"), introduced by the author in [14], extend the
Morrey space L, ; (R") by including the second parameter (. The norm in these spaces
is defined by a combination of the norms of L, 3 (R") and L, , (R"), which allows a
wider range of behavior. The space L, 3, (IR") is defined as the set of functions whose
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norm is finite, where the norm in the case i < A is equal to the maximum of the norms
of L, (R") and L, , (R"). Total Morrey spaces can be viewed as generalizations of
both classical and modified Morrey spaces. In particular, the case where A =
corresponds to a classical Morrey space, and the case where ;. = 0 corresponds to a
modified Morrey space, see [1, 4, 8, 12, 15-18, 21, 22].

The Hardy-Littlewood-Sobolev (HLS) inequality, which bounds the Riesz poten-
tial operator in Lebesgue spaces, has been extended to total Morrey spaces. These
inequalities specify conditions under which the Riesz potential maps functions from a
total Morrey space to another total Morrey space with potentially different parameters.
In particular, the HLS inequality in total Morrey spaces investigates how applying the
Riesz potential affects the integrability and decay of a function, as measured by the
norms of the total Morrey space.

For x € R" and ¢t > 0, let B(x, t) denote the open ball centered at x of radius r
and B(x, ) = R" \ B(x, 1).

One of the most important variants of the Hardy-Littlewood maximal function is
the so-called fractional maximal function defined by the formula

Mo f(x) = sup |B(x, 1)| e/ /B< fldy. 0= a=n
x,1

t>0

where |B(x,t)| = v,t" is the Lebesgue measure of the ball B(x, t) and v, is the
volume of the unit ball in R”. It coincides with the Hardy-Littlewood maximal function
Mf = My f and is intimately related to the Riesz potential

Iaf(x):/ Li_ady, O<a<n
Re X — ¥l

(see, for example, [2] and [3]). The operators M, and I, play important role in real
and harmonic analysis (see, for example [10] and [26]).

The aim of this paper is to establish necessary and sufficient conditions for
the boundedness of the Riesz potential operator I, and its commutator [b, ] on
Ly 5. (R"), when b belongs to the spaces BM O (R").

The structure of the paper is as follows. Section 1 presents definitions, auxiliary
results, and some embeddings into the total Morrey space L 3 ,(R"). Section 2
characterizes the strong and weak boundedness of the Spanne and Adams types for
the Riesz potential operator I, on the spaces L ,(R"), respectively. Section 3
provides necessary and sufficient conditions for the boundedness of the commutator
of the Riesz potential operator [b, I,] on the spaces L, ; ,(R"). Section 4 providgs
sufficient conditions for the boundedness of the modified Riesz potential operator
on the spaces L ; , (R"). In Section 5, as an application, estimates are obtained for
the Marcinkiewicz operator and fractional powers of some analytic semigroups in total
Morrey spaces.

By A < B we mean that A < C B with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A & B and say that A and B
are equivalent.
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1 Basic properties of total Morrey spaces

At first, define the total Morrey space L ; ,(R"). In [14] the author introduced a
variant of Morrey spaces on n-dimensional Euclidean space R” called total Morrey

spaces Lp 3, (R"), see also [1, 15-17, 21, 22].

Definition 1.1 Let0 < p <00, L € R, € R, [¢]1 = min{l, ¢}, > 0. We denote by
L, (R") the classical Morrey space, by L ; (R") the modified Morrey space [12],
and by L ; . (R") the total Morrey space the set of all classes of locally integrable

functions f with the finite quasi-norms

A

_A _x
Iflle,, = sup 7 fllL,Bx0): ||f||zm = sup [1]; 7 IFIlL, BCx.0)-
xeR?, >0 xeR? >0
_x ©
Iflle,,,, = sup [t] vk 1AL, B(x,0)
xeR?, >0
respectively.

Definition 1.2 Let 0 < p < 00, » € R and n € R. We define the weak Morrey space
WL, ;[R"), the weak modified Morrey space WL 3 (R") [12] and the weak total
Morrey space WL, , (R") as the set of all locally integrable functions f with finite

quasi-norms

_a -2
Wfllwe,, = sup 7 (I fllwe,Bany 1wz, = sup [t " 1 fllwe,@om.
xeR", >0 : xeR", >0
_x ©
Nfllwe,,, = Dzup O[t]1 P/ N WL, (B
xeR" 1>
respectively.

Lemma 1.3 ([14,Lemma 2]) If0 < p < 00,0 < u < A <n, then
Lp,A,M(Rn) = Lp,A(Rn) N Lp,u(Rn)

and

1f WLy, =max {Il £z, 1flL,,.}-
Lemma 1.4 ([14,Lemma 3])If0 < p < 00,0 < u < A <n, then

WL, u(R")Y =WL,,(R")YNWL, ,(R")

and
1ALy, @y =max {| fllwe,,. I fllwe,,} -

Remark 1.5 Let 0 < p < oco.If u < 0 or A > n, then
Lp,k,u(Rn) = WLp,A,u(Rn) = G(Rn)’

where ® = ©(R") is the set of all functions equivalent to 0 on R”.
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Lemma16 If0<p <00,0<Ay; <A1 <nand0 < u; < uz <n, then
Ly RY) > Lp s, 0, RY)

and
WALy = WLy, -

Lemmal1.7 If0 < p <00,0 <A <nand0 < pu <n, then
Lp,n,u(Rn) — LOO(RH) — Lp,A,iz(Rn)

and y
NN, < Un Plfllee < WALy

Lemmal18 If0<Xi<nO0<pu<nO<a<n—Xrand0 < B < n — u, then for
Q7

o-2 oO—n
=p==3

o

Lp,A,M(Rn) — Ll,n—a,n—ﬁ(Rn)
and for f € L ;. . (R") the following inequality

1/p'
WALy anp S V0" WS llL,

is valid.
Theorem 1.9 [14, Theorem 1], [17, Corollary 3.1] Let 1 < p < 00, 0 < A < n and

0<u<n
1.Ifp>1,feLly; R", then Mf € L, ,(R") and

IMFILys,. < Coap 1L, 0

where C), ;. ,, depends only on p, A, |1 and n.
2IffeLiuR"), then Mf € WLy, ,(R") and

IMfllwey s, < Craulf L, ..
where Cy ., depends only on p, A, i and n.

Theorem 1.10 [14, Theorem 3], [17, Corollary 3.1] Let 1 < p < 00,0 < A < n,
O0<wpu<nandbec BMOR").If f € Ly, (R"), then Mpf € L ;. , (R") and

IMpfllL,,, < CpaulblsfllL, ;..
where Cp ;. . depends only on p, A, u and n.

Theorem 1.11 [23, Theorem 5.4] Let0 <o <n, 1 <p < 2,0<i <n—ap,

% — 5 = & Then operator I, is bounded from L ; (R") to Lq’/\% (R™).

@ Springer



Hardy-Littlewood-Sobolev inequality in total Morrey spaces Page50f20 9

Theorem 1.12 [2]Let0<a<n,1<p<§,0§k<n—ap,%—i:%.Then

q
operator ly is bounded from L, ; (R") to Ly (R").

Theorem 1.13 [24, Theorem 3.1]Let0 < <n, 1 < p < 3, O0<Xi<n—apand

% - ql = . Then the following conditions are equivalent:

(a) be BMO[R").
(b) [b, 1y] is bounded from L, 5 (R") to Lysa (R™).
AL

Theorem114 [19, Theorem 1] Let0 < o <n, 1 < p < 3,0 <A <n-—uap,

1 1 _
+ — 7 = 7= Then the following conditions are equivalent:

(a) be BMO(]R")
(b) [b, Iy] is bounded from L, 5 (R") to Ly ; (R").

2 Hardy-Littlewood-Sobolev inequality in total Morrey spaces

The classical by Hardy-Littlewood-Sobolev states that if 1 < p < g < oo, then 1, is
bounded from L, (R") to L, (R") if and only if & = % — g andforp=1< ¢ < oo,

I, is bounded from L; (R") to WL, (R") if and only if & = n (1 - ql)
The following local estimate is valid (see also [11]).

Lemma2.1 [11, Theorem 5.1]Let0 <a <n, 1 < p < g and % — é = % Then,
for p > 1 the inequality
n [ _a dt
Mo fllL, By ST4 , ta fllL,Bex.) . (2.1
r
holds for all B(x,r) and for all f € L?C(R”).
Moreover if p = 1, then the inequality
n [ _a dt
Mo fllwL, By ST o fllL B0y " (2.2)
2r

holds for all B(x,r) and for all f € LIIOC(R”).

Below is a Spanne type result for the Riesz potential in total Morrey spaces (see,
for example, [11]).

Theorem 2.2 (Spanne type result) Ler 1 < p < 00,0 < A, u < n, 0 < a <

mln{" A onp nafl——:g
PP q — n
L.Ifp>1,f¢€ Lp,)»,p.(R ), then I, f € Lq r ng (R™) and
PP
e fliL T S Cpoanllflle, . (2.3)
PP

where Cp, 5 . depends only on p,\,u and n.
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2Ifp=1,fe L R"), thenlyf € WWLy 4,4R") and

Mo fIWLy g g < Clou 1Ly, (2.4)
where Cy ., is independent of f.

Proof Let 1 < p < oo. From the inequality (2.1) (see Lemma 2.1) we get
_ I3
1o f||L g g = SUp [r]y "I/r1] e fllL, By
PP xeR?, r>0

-2 L dt
< sup [r]lp[l/r]frq/ I e

xeR”, r>0 2r

—a *© a—n % —% dt
SIAIL,,, sup[r]l 1/r] » e ey /e, " —

=11flL,,. sup[r]l‘)‘+ NIV / W e 7

—a+k dt

||f||LM,L/ T

S AL

which implies that the operator I, f is bounded from L, ; , (R") to Lq A w

A9 1g
p°p

R").
Let p = 1. From the inequality (2.2) (see Lemma 2.1) we get

Mo fllwLygp = sup [P 0/r W o fllwe, B
xeR? r>0
< —A n n o0 dt
S osup [r] M (1/rlre t ”||f||L1(B(x N T
xeR”, r>0 2r t

ST SV e / U

dt

= 1f g1 suplrly™ RV / e IV P

o a—(n—A>) —a+(n—p) dt
~ N flleys, 1 (71} [1/t] "
5 “f”[‘l«)»,/l’

which implies that the operator I, f is bounded from Ly ; , (R") to WL 54,4 (R").
O

From Theorem 2.2 in the case A = p or = 0 we get the following corollaries.

Corollary 2.3 [23, Theorem 54]Let1 < p <00,0 <A <n, 0 <a < ";A and
1_1_«

p q n’
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L.Ifp>1,feL,;,R", thenl,f € Lq 2q (R™) and
P

Mo fllz, sy = CpallfllL,.. 2.5

T

where C, ;. depends only on p, A and n.
2Ifp=1,f e Liy(R"), then Iy f € WL, ;(R") and

e fllwe, g < Crallflley, (2.6)

where C| j, is independent of f.

Remark 2.4 Note that in the case of

1

a2 and———:

Corollary 2.5 Letl < p <00, 0 <A <n 0<a<
LIfp>1,feL,;,[R", thenl,f € Zq 2 (R") and
P

Q
IR

I fl7

v

= Cpallfllz,, - 2.7

P

where C, 5 depends only on p, A and n.
2Ifp=1, fe Ll AR, then I, f € WLq »(R") and

Vaflwz, ,, < Cra 1z, . 2.8)

where C\  is independent of f.

Below is a Adams type result for the Riesz potential in total Morrey spaces, see,
for example, [11, 13].

Theorem 2.6 (Adams type result) Let 1 < p < 00, 0 < u <i<n0<a< =2

NIfl < p< "; , then condition —# <1 —ql < ;% is necessary and sufficient
for the boundedness ofthe operator Iy from Lp A M(R )to Ly (R?).
2)Ifp=1< ”a , then condition m <l1- 5 < % is necessary and sufficient

for the boundedness of the operator I, from Ly , (R") to WL, 5 , (R").

<

. A —A
Proof Sufficiency. Let 1 < p < "=%,0 < a < "p ey =

f €Ly, (R") and r arbitrary positive number.

=
< [
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Ialfl(x)=/ Ly)l_dy%/ (/ t"“"‘ldt)lf(y)ldy
R X —y[" R" N J|x—y
- / | @ lardy
=/ (/ Xux_y\,oo)(t)lf(y)ldy) t""""dt=/ Nl @) —
O ]Rn 0 t

_ dt e dt
= fo 7l B " +/ N f iy B e
r

SrOME@) 4+ fllL, B

n A .y
<rCMfE) +r e ) el Pl
_n—>X _ n—pu

=M+ T T I,
< min {r* Mf (O + 177 [l 0 r Mf ().

n—p
Py )

Minimizing with respect to r, at

T T
= Mjf(x) )" and r=( MfL(X) )

we have

ap

Ll £ = min{ (M7@)' T F 071G (Mp@) T I L @9

where we have used that the supremum is achieved when the minimum parts are
balanced. From Theorem 1.9 and inequality (2.9), we get

_P

P
Mo fllLgsn S IIfIIL L MM L, ,
p P

= IIfIILpW IMfIL,, S WALy,

ifl < p<gq <ooand

_1 1
Vo flwigny S 1AL 1ML, S 1 e

ifp=1<gq < oo.

: n—»A o
Necessity. Let 1 < p < %2 <

’n
that /,, is bounded from L ; ,(R") to L

<%, f € Ly u(R") and assume

@ Springer
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Define f;(x) =: f(tx), [t]1 + = max{l, t}. Then

i n
|51, o= sup [r]y P [/r)] I fille, B
b eR",r>0
_n - £
=r 7 sup [l " (U/r) 1 fllL, By
xeR", r>0
n [trli 5 (1/rli \%
= Fsup (S0) sup ()T sup (o], 1P e
o N T I A AN DTS T A o bR B
n A ©
=t 7 [tl]  [1/1] 1+||f||L,,A,“
and

Iofi(x) =t7% I f(1x),

_a 7
=17 sup [l P [U/r]] e f @)L, e

' xeR?, r>0
't [tr]1 \*a [1/r]1 \n/4
=1%"dsu sup sup  [rr], o [1 (tr)]” e fllL,
rié([rJl) ,>o<[1/(zr)h) reRPrn0 JEN e F ey ienim
=l 0y s
Ly

By the boundedness of I, from L ; , (R") to L, ;. ,,(R") we have

n -2 i
_ ot [t]l,i [l/l]fﬂ_ “I‘)‘ft”L%A-M

Lgap

n _A i
,S ta+5 [t]l j_ []/t]f,+ ”fl ”L,,,x,u

)L _Kr
01+ﬂ Tq
— i) [t]" WaRARR T
_n=hn—h n—p_n—p

=0, [1/t]1f;7T I FllL, .

1 1 _
If;<a H_Oforallfe
Ly R,
As well as if L > é + %5, then at t — 0o we obtain ||/, fIIL‘M = 0 for all
feLy;  (R").
1
Therefore ﬁ <53—-z°% nfk.

1
q
L, (R") and assume that /, is bounded from L ; , (R")

a

to WL 5, . (R"). Then

1 £,y = 0 T/ U D,

@ Springer



9 Page 10 0f 20 V. Guliyev et al.

and

_a L
=t sup [l P OU/r]] Haf @ )WL, ey

WLyiu xeR™, r>0
g [tr]i\*/a [1/r]1 \n/4
= qsup( ) s (o) s iy P O] Voo
r>0 [r]l r>0 1/(2‘}")]1 xeR" r>0 ! (Bl
=Y 1/t I H .
[] L1y ]1 of Wigss

By the boundedness of I, from Ly ; ,(R") to WL, ; , (R") we have

n -2 7
=, 1, |l fi] WLy

WLG
i -2 a
SO0 A,

Ol+* nty
", [
—ntat
=t0l [t]1’+ ! 1/t]1+ q ”f”LL)LJ,_‘

If 1
f € L @Y.
As well as if 1 > 1 4 -2 then at t — oo we obtain || lo f Iy, , , = O forall

q
f e Ly (R).
Therefore ﬁ <1-

letting + — 0 we have ||10,f||WLqW = 0 for all

o
= o= O

L
q

From Theorem 2.6 in the case A = p or u = 0 we get the following corollaries.

Corollary2.7 [2] Let0 <o <n, 0 <A <n —aandl <p< ";)‘.

Ifl <p< ”;)‘, then condition % - é = % is necessary and sufficient for the

boundedness of the operator 1y from L, 3 (R") to L, ; (R").
2)Ifp=1< "a_)\, then condition 1 — % = %5 is necessary and sufficient for the
boundedness of the operator I, from L1 3 (R") to WL, ; (R").

Corollary 2.8 [12, Theorem 2] Let0O <a <n, 0 <A <n—aandl1 <p < "ai

1)If1 <p< "; , then condition 5 < %N— é <z A
for the boundedness of the operator I, from L ; (R") to Lq, L(R™).

2)Ifp=1< ";}‘, then condition % <1 — % <%

for the boundedness of the operator Iy from L1, L(R™) to qu, L(R™).

is necessary and sufficient

is necessary and sufficient

3 Commutator of the Riesz potential in total Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness of the
commutator of Riesz potential [b, 1] in the L, 3 , (R") spaces.

@ Springer
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Definition 3.1 We define the space BM O(R") as the set of all locally integrable
functions f with finite norm

I fll+ = sup |B(X,f)|_1/ [ f () = fBx.nldy < o0,
B(x.,1)

xeR", >0

where fB(x,t) = |B(x, l)|71 fB(x,t) f(Y)dy

The following local estimate is valid (see also [13]).

n

Lemma3.2 [13, Lemma 74] Let0 < ¢ < n, 1 < p < =

o % = 2 and
b € BMO(R"). Then the inequality

1
q n

n o0 t, _n dt
16, ) fllL, By S IDNsre / log (e + ;)l Nz, Bk - (3.1

2r

holds for all B(x,r) and forall f € LI;C(R”).

The following is Spanne type result for commutator of Riesz potential in total
Morrey spaces.

Theorem 3.3 (Spanne’s type result) Let 1 < p < 00,0 < A, u < n 0 < a <
inln=A n-pl 1 1 _« n

mm{ P O =S andb € BMO(R").
If f € Lpyu(R"), then [b, Io]f € Lq,‘%q’w (R") and

N

ID. Ll flle = Conp b N f Nz (3.2)

A g
PP

where Cp, ;. ;. depends only on p,A, i and n.
Proof Let 1 < p < oo. From the inequality (3.1) we get

_ A I3
5, Iot]f”Lq A opg sup [r]l P [l/r]lp 1o, Ia]f”Lq(B(x,r))
4

P xeR™, r>0

_A) E} n oo t. _n dt

<Ibl, sup mu[erQ/I%&+—qum%ww»—
xeR? r>0 2r r t

A dt

- & _gyn [ Iy g_n % -£
S sl ” (0] 5 [Chog e+ Dy Rl "
r> r

/ log (e + ;) [I]T_

—n=k —a+E dt
Vo T

n—»\ n—p

B =7
= 1fllz,,, suplrl (1/rl,
r>0

n=t —a+ =t dt
Vo -

0 o
wmmMﬂ log(e + 1) [1]°
— 1Ly,

which implies that the operator [b, 1] is bounded from L, ; , (R") to Lq 2 ug (R™).
AL

3
O
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Remark 3.4 We note that in the case A = pu from Theorem 3.3 we obtain the Corollary
1.13.

The following theorem is one of our main s, in which we obtain conditions that
guarantee the boundedness of the commutator of Riesz potential [b, I, ] from the space
Lpu@®)toL,; (R")forbe BMOR").

Theorem3.5 Let0 <a <n, 0 <pu <i<n 1 <p<™%andb e BMOR").

Then the condition —%- < l — l < % is sufficient for the boundedness of the
n—u n—»\

operator |b, 1] from L, ;. M(R )to Ly s (R,

ProofLet0<a<n O<u<i<nl<pc< ”a;)‘andbeBMO(R") Let also
@ < 1 —l <= A and f € L, ,(R"). For arbitrary xo € R", set B = B(xo, r).

ertef f1 + fa with f1 = fx,; and f2 = fXg28

b —b
b, I1fix)| < /23 1p&) = 5] Lf D)l dy S r% My f(x). (3.3)

|x — ylm=

For x € B we have

b(x)—b

|[b, Io] f2(x)| sf M |f ()l dy
G |x —yl

- / |b(x) = b(y)|

Cyp |xo—y|"«

Lf)ldy

Analogously to [13, Section 7.1], for all p € (1, c0) and x € B we get

o Py g_n dt
b, I1f>()| < 1Bl log (¢ + ;)f P flL, B e (3.4)

2r

Then from inequalities (3.3) and (3.4) we get

[e°]

t _n dt
|6, I f ()| S 7% My f(x) + 1Ib ]l / log (¢ + ;) 7 Hf”L,,(B(xA,t)) —

2r

o e ty a—n ‘;dt
=My fOO) BN N F L5 log(e+f)t v [t] [/t " —

N e s d
< My f@) + 1B N f Nz, p[rl[l/rh"/l log(e +1) 1% 7 [1]] [1/r]1'—’

. _n
~r My f ) + 11 1 f Il 7 U1 (/)"
n—up

a—@ —a+
=r"Mpf)+ bl 1 flle,,, Py 7 /el
< min {r* My f(x) + ra_% Ly, 7 M f(x), P NfllL, s, }. (3.5)

Minimizing with respect to r, at

T 1y o
=<Mb;(x)> and rz(Mbijm)
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we have

16, 11 £ )] = min { (M, £ )" A (M F ) N I

Lpin

(3.6)

where we have used that the supremum is achieved when the minimum parts are
balanced. From Theorem 1.10 and inequality (3.6), we get

b, L) fllg,, S IIfIIL

IIfIIL

_r
q

o (M ) g0
_r r
q
AL

¢ <
IMofliL,, , S WLy,

4 Modified Riesz potential in total Morrey spaces

We consider the modified Riesz potential

Io,f(x)sz (b = ¥ = 191 X0 ) ) FOIY.

Note that in the limit case =2 <p< g, assertion 1) of Theorem 2.6 does not

hold. Moreover, there exists f € L ; ,(R") such that I, f(x) = oo for all x € R".
In [17, Theorem 3.2] we showed that if ”;)‘ <p=< % then the operator My, is
bounded from L 5 ,(R") to Leo(R"). However, as will be shown, statement 1) is
valid for the modified Riesz potential I, if the space Lo (R") is replaced by the wider
space BM O (R").

The following theorem is one of our main results, in which we obtain conditions
that guarantee that the modified Riesz potential operator I, is bounded from the space
Ly u(R")to BMO®R").

Theorem4.1 Let0 <o <n,0<pu <Xt <nand % <p< % then the operator
Iy is bounded from L ; ,(R") to BM O(R"). Moreover, if the integral I, f exists
almost everywhere for f € Ly ,(R"), "ai <p=< ";M, then I, f € BMO((R")
and the following inequality is valid

e flls = CIFllL, 0

where C > 0 is independent of f.

Proof For givenx € R", y € B(x,t) andt > 0 we denote

SO = FMxse2n), L) =) — i), 4.1)
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where xp(x,2r) is the characteristic function of the set B(x, 2¢). Then

Inf ) = I i) + Iu o) = F1(y) + F2(y), (4.2)

where

B(x,1)

A0 = [ (=2l = = 2, @) FQ
B(x,21)

— _ja—n __ __ja—n
Fa(y) = /GB(X’M(W 2T e = 2 ey, (D) £z,

Note that the function f] has compact (bounded) support and thus

a) = —/ lx —z|7" f(2)dz
B(x,2t)\B(x,min{1,2t})

is finite.
Note also that

FiG) —ai = / v — 217 f @)z
B(x,21)
- / lx — 217" f(2)dz
B(x,20)\ B(x,min{1,2t})
+f lx —z|*7" f(2)dz
B(x,20)\ B (x,min{1,2¢})
= / ly —zI*7" fi(2)dz = Iy f1 (D).

Therefore

IFL) — atl = | fi)] 5/

|7 f(y — 2)ldz.
B(0,31)

Then

IB(x, t>|—1/ IFi(y) — au| dy
B(x.0)

SIB(x,t)I“/ (/ |z|“—"|f<y—z>|dz>dy
B(x,t) B(0,31)

=|B(x,r)|—1f (f If(y—Z)Idy>Iz|“‘"dz
B(0,31) B(x,t)

< Cu A, / 2" dz
’ B(0,31)

<G (') flz,, < CflE,, 4.3)
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Denote

a = / I — 2" F()dz.
B(x,max{1,2¢t})\B(x,2t)

If2|x — y| < |x — z|, then
lly =z — |x — 2| < Clx — y|lx — z|*™" .

By the Holder’s inequality we have

[F2(y) — a2 SCIJC—yIﬁ3 L F@llx — z|* " 'dz
B(x,2t)

o
sC|x—y|Z/ If@1x — 2“7 dz
=0 B(x, 220\ B (x,2/+11)
o0
<Cle—y e [
20 B(x,2/%2t)

o0

. n . A

< Clx = YIS Ly Y @2 @200
Jj=0

_n=h_ |
<Cle =y 7 Ty = 1Lt - 4.4)

Therefore, from (4.3) and (4.4) we have

sup ———— TF ) —ap|dy STFNLinona (4.5)
x.t |B(x,1)] B(x,t)| q b

Finally let "a;’\ <p< ";“ and f € L 3 ,(R"), then from (4.5) and Lemma 1.8
we get

|7af], < 2sup [Taf ) = agdy < CUf ey

x.t B, D] Jp.n
The Theorem 4.1 is proved. O

Corollary4.2 Let0 <a <n,0 <A <nand p = 7, then the operator INO[ is bounded
Sfrom L, ; (R") to BM O(R"). Moreover, if the integral 1, f exists almost everywhere
for f e Lp,(R"), p =%, then I, f € BMO(R") and the following inequality is
valid
o flls = ClIfllL,,

where C > 0 is independent of f.

Corollary4.3 Let0 <o <n, 0 < A < nand ";)‘ <p=< 3, then the operator ZX
is bounded from L 5 (R") to BM O (R"). Moreover, if the integral 1, f exists almost
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everywhere for f € ZP,A(R”), ";A < p < g then I,f € BMO(R") and the
following inequality is valid

Mo £l = CIfIE,,

where C > 0 is independent of f.

5 Some applications

In this section, we shall apply Theorems 2.2, 2.6, 3.3 and 3.5 to several particular oper-
ators such as the Marcinkiewicz operator and fractional powers of the some analytic
semigroups.

5.1 Marcinkiewicz operator

Let $"~! = {x € R" : |x| = 1} be the unit sphere in R", equipped with Lebesgue
measure do. Suppose that €2 is a homogeneous function of degree zero on R”, has
zero mean on S” !, and satisfies the condition € Lo (5" 1).

The Marcinkiewicz integral operator jg is defined by

Qx — 241\ /2
usz(f)(x)=(/ | e 2E=D fyay ) |
X—Yy|<t

As is known, the Marcinkiewicz integral is one of the classical operators of har-
monic analysis, belonging to a wide class of Littlewood-Paley g-functions and playing
an important role in harmonic analysis and the theory of partial differential equations.
Research into the mapping properties of the Marcinkiewicz integral and its commuta-
tors in various functional spaces is a topical issue. In 1958, Stein [25] first introduced
the operator (g, which is the higher dimensional generalization of Marcinkiewicz
integral in one-dimension, and showed that jg is bounded on L ,(R") for 1 < p <2
and weak type (1.1), provided Q2 € Lipy(S"’l), O<y=<l

For 0 < o < n the fractional Marcinkiewicz operator (g o is defined by (see [27])

Q 241\ '/?
Msz,a(f)(x)=</ |/ E (’;V, )y t) .
x—y|<t -

Note that uo f = uq.of.
The sublinear commutator of the operator j1q o is defined by

o 12
.ol = (7] f b —sonson[ %)
x—y

<t |Xx —yI" I-a
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By Minkowski inequality and the conditions on €2, we get

Qx — ©dr\'/
paa(HE < | %wm(/ —§) av=c | SO,y
lx =yl | t R [X — |

R x=yl

It is known that for b € BM O(R") the operators g o and [b, uq o] are bounded
from L ,(R") to Ly (R") for p > 1, and bounded from L (R") to WL, (R") (see [27,
28]), then from Theorems 2.2, 2.6, 3.3 and 3.5 we get

Corollary5.1 Let 1 < p < 00,0 < A, <n, 0 < a < min{%,%}, and

é = % — o Then pq o is bounded from L ; , to Lq a ng for p > 1 and from
pp

Liy,puto WLy vg,uq for p=1.

n—Ai

A
=
|

Corollary5.2 Letl < p <00, 0<pu<i<nl<a< , and

o 1
. S5
5. Then i o is bounded from Ly , to Ly ;. . for p > 1 and from Ly
WLy uforp=1

Corollary 5.3 Letl<p<oo,0§/\,u<n,0<oz<min{%,%},%:%_%
andb € BMOR"). Then [b, j1q «] is bounded from L, to Lq A pq
>p’p
—A 1 1
Corollary 5.4 Let 1 <p<oo,0§u§k<n,0<a<"7, ni‘ﬂ 5;—55,,3

andb € BM O (R"). Then [b, g ] is bounded from Ly 5, to Ly . .

5.2 Fractional powers of the some analytic semigroups

The theorems of the previous sections can be applied to various operators which are
estimated from above by Riesz potentials. We give some examples.

Suppose that L is a linear operator on L, which generates an analytic semigroup
e~ 'L with the kernel p; (x, y) satisfying a Gaussian upper bound, that is,

—C

ey
277

C1
[P, Y = Spe 5.1
for x, y € R" and all t > 0, where ¢, ¢ > 0 are independent of x, y and 7.
For 0 < a < n, the fractional powers L~/ of the operator L are defined by

1 < dt
F(a/Z)/(.) e f(x)t—a/2+1'

Note that if L = —A is the Laplacian on R”, then L~%/? is the Riesz potential .
See, for example, Chapter 5 in [26].

Property (5.1) is satisfied for large classes of differential operators (see, for example
[5]). In [5] also other examples of operators which are estimates from above by Riesz
potentials are given. In these cases Theorems 2.2 and 2.6 are also applicable for proving
boundedness of those operators and commutators from L, ; , to Lq »¢ ng and from

L™ f(x) =

PP
LpjutoLgipu.
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Corollary 5.5 Let condition (5.1) be satisfied. Moreover, let 1 < p <00, 0 < A, u <
A on—p 1 _ 1 —w/2
n0<a< mln{”p 5 } and ; = & — & Then L™*/% is bounded from L, . .
to Lq s pg for p > land from Ly ; , to WLy 5q.uq for p=1.
>p’p
Proof Since the semigroup e~/ has the kernel p, (x, y) which satisfies condition (5.1),
it follows that

IL™? f(0)] S La(IfD(x)

(see [9]). Hence by the aforementioned theorems we have
1L, g g S WMal DL, sg s S0 e
ifl < p<gq <ooand

NL= F WLy sgg S M0 FDIWLy gy S I N

ifp=1<gq < o0. O

Corollary 5.6 Let condition (5.1) be satisfied. Moreover, let 1 < p < 00,0 < pu <

A<n0<a< =2 andn‘" <i—l_n .Then L™ O‘/zlsboundedfromLp;Lﬂ

"
toLq;LMforp>landfromLMMtoWLq;LMforp—1

Let b be a locally integrable function on R”, the commutator of b and L~%/? is
defined as follows

[b, L= f(x) = b(x)L™"* f(x) — L™ (bf)(x).

In [9], Chanillo’s result was generalized from (—A) to the more general operator
L defined above. More precisely, they showed that if » € BM O (R"), then the com-

mutator operator [b, L~%/?] is bounded from L p(R") to Ly(R") for 1 < p < oo and
1 1

=7 % Then, from theorems 3.3 and 3.5 it follows

Corollary 5.7 Let condition (5.1) be satisfied. Moreover; let 1 < p < 00,0 < A, u <
n, 0 < ¢ < min [”p)‘, ”p“ }, (—; = % — % andb € BMOR"). Then [b, L=/2] s
bounded from L ., to L Aq g -

q, p’p
Corollary 5.8 Let condition (5.1) be satisfied. Moreover; let 1 < p < 00,0 < pu <

r<nO<a< ";*, n < % - [ll <-% ). Then [b, L~%/?] is
bounded from L ., to Ly -

6 Conclusion

In this paper, we present necessary and sufficient conditions for the boundedness of
the Riesz potential I, and the commutator of the Riesz potential [b, I,] in the total
Morrey spaces L ;. (R"), when b belongs to the BMO spaces BM O(R"). As an
application, we obtain estimates for the Marcinkiewicz operator and fractional powers
of some analytic semigroups in the total Morrey spaces.
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