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Abstract

This paper investigates the dynamical behavior of hybrid fractional-neural multi-agent systems
with neutral delays modeled using Caputo fractional derivatives to capture nonlocal memory
effects in neural dynamics. The proposed framework establishes positivity, boundedness, equilib-
rium existence, and stability using Lyapunov functionals, fractional Gronwall inequalities, and
Mittag—Leffler stability theory. Positivity guarantees nonnegative solutions for biological and
computational interpretations, while boundedness ensures finite state trajectories. Existence
and uniqueness of equilibrium points are derived under Lipschitz conditions. A unified hybrid
fractional-neural predictive architecture integrates fractional dynamic processing, deep neural
feature extraction, time-delay embedding, and adaptive feedback control. The associated predic-
tive control procedure is formalized in Algorithm where fractional operators, neural mappings,
and delay interactions are fused through a coupled transformation to generate predictive outputs
and adaptive control signals. Lyapunov-based adaptation laws ensure asymptotic convergence
and closed-loop stability. Simulation results for fractional orders o« = 0.3,0.5,0.7,0.8,0.9, 1.0,
and demonstrate consistent convergence and accurate Al-based parameter prediction. The pro-
posed methodology contributes to the stability theory of fractional-order systems and enhances
predictive modeling capability for complex multi-agent neural networks.

Keywords: Fractional Calculus; Neural Networks; Multi-Agent System; Neutral Delay; Pred-

icative Artificial Intelligence.

1. INTRODUCTION

A more sophisticated form of networked systems
involves hybrid neural multi-agent systems with
neutral delay terms, such that agents can commu-
nicate by using both a fractional-order dynamics
and delayed feedback. Terms of neutral delay intro-
duce complex memory effects that complicate sta-
bility analysis but are important for the reliability of
system behavior. Neural computation coupled with
fractional calculus has the potential to represent
long-range dependencies and nonlinear interactions
better than traditional integer-order models. Com-
bining predictive AI models would also allow such
networks to predict the future, optimize control lev-
els, and improve uncertainty-based decisions. On
the whole, the strategy offers an effective model for
analyzing, controlling, and forecasting the behav-
ior of complex multi-agent systems in engineering,
robotics, and economics.

Mathias and Rech! studied the effects of
hyperbolic-tangent and piecewise-linear activation
functions in a Hopfield neural network, providing
insight into the network’s performance profiles. Hu
et al? examined multi-stability in delayed hybrid
impulsive neural networks and demonstrated their
applications to associative memory systems with
complex dynamical behavior. Aggarwal® provided
a comprehensive textbook on neural networks and

deep learning, serving as a basic source of the-
ory and practical implementation. A global syn-
chronization in coupled delayed neural networks,
addressed by Chen et al. in which they applied
their results to chaotic cellular neural network mod-
els, supports the study of network stability.

The fundamental approach to the analysis of
time-delay systems was introduced by Hale and
Verduyn Lunel? who proposed rigorous meth-
ods for analyzing functional differential equa-
tions. Wu et al® investigated multi-agent neuro-
computation-based decision-making in robot soccer
games, analyzing strategic decision-making. Zhou
et al” observed synchronization in complex delayed
dynamical networks with impulsive effects, a step
forward in the control strategies for networked sys-
tems. A study by Leduc and Sill¥ uncovered the
relationship between expectations and economic
fluctuations, examining behavioral implications and
macroeconomic models. Adaptive consensus control
was presented by Luo et al? for fractional multi-
agent systems with distributed event-triggered
strategies, which enhance efficiency and robust-
ness. A review of deep learning methodologies is
as follows. LeCun et al' focused on new achieve-
ments in neural network architectures and learning
algorithms. Li et al™ investigated stability crite-
ria for several nonlinear fractional-order dynamic

2740016-2



Hybrid Fractional-Neural Multi-Agent Systems with Neutral Delay

systems using Lyapunov and Mittag—Leffler meth-
ods. Lundstrom et all? explored fractional differen-
tiation in neocortical pyramidal neurons, providing
biological insight into complex signal processing.

Parida et al™® also introduced a multivari-
ate additive noise model for complete causal dis-
covery, enabling better inference in neural net-
works. Syed et al.’s% paper involves merging
Al with economic modeling by designing intel-
ligent autoregressive exogenous neuro-structures
for chaotic systems, rather than a differentiat-
ing publication in a fractional-order econometric
model. Tuan et al?® obtained strong finite-time
extended dissipativity results for uncertain neu-
ral networks with fractional-order dynamics. Addi-
tional criteria for the finite-time stability of non-
linear systems with fractional-order delays were
proposed by Phat and Thanh'® based on the Gron-
wall inequality. Mi and Qian proposed an adap-
tive rational-orthogonal-systems-based frequency-
domain identification algorithm, and Mi et all8
discussed fixed-time consensus tracking in multi-
agent systems with nonholonomic dynamics. Hou
et al* improved variational autoencoders by using
deep feature consistency and adversarial training.
Ye et al?l generalized Gronwall inequalities and
applied them to the area of fractional differential
equations, which contain the major tools for study-
ing stability. Ata and Kiymaz#! studied fractional
partial differential equations with a special ker-
nel and plotted some of their solutions in partic-
ular cases. Mohsen and Farzan?? studied the frac-
tional relaxation—oscillation equation for approxi-
mation solution. Muhammad and Younas studied
the nonlinear Zhiber-Shabat and Younas?? equa-
tion using the truncated M-fractional derivative.
Polat and Pektas?¥ examined the solution for space—
time fractional partial differential equation and dif-
ference Toda lattice equation using artificial neu-
ral network. Anitha et al?% studied the statistical
approach to solve the fuzzy multi-objective linear
fractional programming problems.

Research gap: Some gaps have already been iden-
tified in the existing literature, which has not yet
conducted comprehensive research on neural net-
works, fractional-order systems, and multi-agent
synchronization. Although activation in both Hop-
field and delayed neural conceptions, and stabil-
ity, have been examined, minimal consideration has
been given to incorporating fractional-order dynam-
ics in conjunction with impulsive or event-driven

control mechanisms in multi-agent systems. Also,
a majority of the literature either studies theoreti-
cal stability analysis or application-specific studies
(robotics, economic systems, or associative memo-
ries), and there is limited literature on coherent uni-
fied frameworks (combining robust finite-time sta-
bility, adaptive control, and causal inference) within
a framework of (fractional-order) neural networks.
Besides, more sophisticated deep learning meth-
ods, including variants of autoencoders, have been
studied independently of both fractional-order and
chaotic system modeling, and the gap remains in
combining the two disciplines to achieve better sys-
tem performance and predictability.

Our contribution: This study addresses the iden-
tified gaps by providing a framework for a unified
understanding of fractional-order neural networks
and multi-agent systems of impulsive and event-
driven controlled systems. Our new finite-time sta-
bility conditions, based on generalized Gronwall
inequalities and other Lyapunov-type conditions,
are proposed to guarantee robustness under uncer-
tainty. We also combine adaptive consensus schemes
and multivariate causal learning to control, pre-
dict, and learn in complex, chaotic, and economic
systems. Lastly, we show the complementary effect
of deep learning, including feature-consistent varia-
tional autoencoders and fractional-order neural net-
works, to enhance model accuracy, convergence, and
practical feasibility for real-life applications (Fig. .

Neutral-type delay in fractional-order neu-
ral multi-agent dynamics: We consider a gen-
eral neutral delay term of the form D®(xz(t)) —
g(t,z(t — 7)), where both the state and its delayed
counterpart appear inside the fractional deriva-
tive. This structure introduces significant analytical
challenges compared to standard retarded fractional
systems, as the neutral term couples the current and
delayed states at the derivative level, leading to a
more complex characteristic equation and requiring
refined Razumikhin-type conditions adapted to the
Caputo-Hadamard or Riemann—Liouville setting.

Hybrid neural activation with predictive Al
modeling: The multi-agent nodes are governed
by a hybrid fractional neural network where the
activation functions are not static but are dynam-
ically approximated via a lightweight predictive
AT module (based on a recurrent neural predic-
tor trained on historical trajectories). This predic-
tive component actively compensates for the neutral
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Fig. 1 Hybrid fractional-neural multi-agent system architecture.

delay effects in real time, transforming the stabil-
ity problem from pure analysis to a stability-plus-
prediction co-design. The Lyapunov functional is
therefore constructed to incorporate both the clas-
sical fractional energy terms and an additional cross
term that quantifies the prediction error, yielding a
new class of delay-dependent LMI conditions that
explicitly trade off prediction accuracy against sta-
bility margins.

Unified theoretical-computational frame-
work: We derive a complete set of sufficient
conditions for Mittag—Leffler stability and quasi-
synchronization under neutral delays that are
simultaneously verifiable through: Analytically
tractable fractional-order Lyapunov inequalities;
Convex LMI optimization solvable via standard
toolboxes (e.g. YALMIP + SeDuMi); and Real-time
validation on a predictive digital twin of the multi-
agent network.

This integration goes beyond a “standard com-
bination” by providing an end-to-end pipeline
from theoretical stability certificates to deployable
predictive control, which is particularly relevant
for large-scale delayed fractional-order systems in
applications such as distributed robotics, smart
grids with memory effects, and biological neural col-
lectives.

Representation of the predictive model:

)A(i(t + ’7') = fg(D?Xi,Xj(t — 51']‘), uz-(t),’Hi(t)),

where Df* is the Caputo fractional derivative of
order av € (0,1], d;; represents heterogeneous neu-
tral delays, and H;(t) is the fractional history via a
fractional gated recurrent unit (fGRU).

Unlike conventional feedforward architectures,
the hybrid fractional neural predictor (HFNP)
employs a neural integro-differential operator that
captures: Mittag—Lefller decay behavior and long-
range memory inherent in fractional-order systems.
Training does not rely solely on trajectory fitting.
Instead, the model learns the fractional flow map
using: Sobolev training, and Spectral fractional cal-
culus constraints (Tables .

Predictive architecture and

paradigm:

HFNP loss function:

training

»Ctotal = Epred + )\1 Estability + >\2£delay,consistencya

where Leq: is the prediction accuracy, Lgtability: iS
the Lyapunov consistency, and Lgelay consistency: 1S
the neutral delay alignment.

Novelty: Stability-guaranteed prediction: For
a fractional neutral multi-agent system (MAS), the
prediction error is bounded as

|zt +7) —2(t + 1)

< Cre ™M 4+ Coenny +C3 sup || Az(s)],
SEt—6,¢]

where eypn: is the neural approximation error
(bounded via spectral Barron norm).
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Table 1 Baseline Versus Enhanced Model.

Standard Feedforward

Aspect NN (Baseline) HFNP (Enhanced Model)
Architecture 2-3 hidden layers Fractional neural ODE with trainable kernel
Loss function MSE on trajectories Lyapunov-consistent composite loss

Delay handling  None Neural delay embedding

Prediction type Deterministic Uncertainty-aware ensemble

Stability Not guaranteed Certified via Lyapunov learning

Table 2 Validation and Benchmark Comparison.

Neutral Fractional Stability- RMSE Uncertainty

Model Delay Memory Aware (T =5s) Calibration
Standard FFNN No No No 0.218 N/A
LSTM Partial No No 0.137 Poor
Neural ODE No No No 0.094 No
HENP (proposed) Yes Yes Yes 0.041 ECE = 0.023

Table 3 Computational Complexity Analysis.

Module Operation Time Complexity Space Complexity
Fractional processing Griinwald-Letnikov summation O(L-n-d) O(L - d)
over memory length L (e.g.
L = 200)
Deep neural feature extraction  3-layer MLP: d — h1 — ha — hout  O(dh1 + h1ha + hahout)  O(weights) ~ 50KB
Delay module + Neutral term  Buffer lookup + vector operations O(nd) O(Tmaxnd)
Fusion operator ® Linear projections + gating O(3H;y Hgate) O(Hin + Hgate)
(attention mechanism)
Predictive decoding ¥ 2-layer feedforward network (e.g. O(Hpigm) O(Hpyig +m)
256 — 128 — m)
Lyapunov stability check Gradient evaluation + O(ng), nz < 256 O(ng)

matrix—vector operations

Fractional Gronwall inequality ensures bounded growth:

Algorithm 1. Hybrid fractional-neural predictive control algorithm.

Input Input: Multi-agent input data X ()

e Multi-agent state matrix: X (t) € R"*4 Output: Predictive output §(t) and adaptive
control signal u(t)

e Sampling time: T Initialize model parameters 6, fractional orders
(o, B);

e Fractional orders: «, 8 € (0,2)

Output Initialize delay buffer 7(¢) and controller gains;

e Predicted output: g(t) € R™ while system is running do

e Adaptive control input: u(t) € RP Acquire multi-agent data X (t);
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Parameters

e Deep Neural Network: DNNy (3 hidden layers,
128 neurons each, ReLLU activation with
dropout)

e Maximum delay buffer: m,.c = 50 steps

e Lyapunov gain matrix: K, = 0.85

Operator Definitions

Fractional Derivative Operator

DX (1
= ey Jo(t = T) 7OV X (7)dr + 8- RL;™

Combines Caputo and Riemann—Liouville
components

e Numerical implementation via Griinwald—
Letnikov (GL) scheme with step size h

Fusion Operator

O(F,N,T)
=o(WyF+W,N+W,T)OFPNPT)

where:

e o(.): sigmoid activation

e (P: concatenation

e (O: element-wise multiplication

Predictive Decoding Operator

(7)) =W ELUW ) Z + by) + by

e Two-layer feedforward decoder

e Residual-compatible structure

Lyapunov Function

V(Z)=2TPZ, P =0,

where P satisfies:

ATP 4+ PA=-Q

for the nominal linearized system

Step 1: Fractional Order Processing;

Compute fractional dynamics:

F(t) = DM’ X (t)

Step 2: Deep Neural Feature Extraction;

N(t) = DNNy (X (1))

Step 3: Time Delay Module;

T(t) = X(t—7(t))

Step 4: Hybrid Fractional-Neural
Integration;

Z(t) = ®(F(t), N(1), T(1))

Step 5: Predictive AI Output;

§(t) = W(Z(1))

Step 6: Lyapunov Stability Check;

Compute Lyapunov function V(Z(t));

if V(Z(t)) > 0 then

Adjust adaptive gains;

Step 7: Adaptive Feedback Control;

u(t) = K(1)j(t)

Update system using feedback u(t)

Algorithm Steps

Step 1: Initialization

1. Initialize network weights

2. Initialize delay buffer:

B={X(t—kTs)|k=1,...,Tmax}

3. Set fractional discretization step h = T}

Step 2: Fractional Feature Extraction

Compute fractional dynamics:

F(t) = DMPX(t)

using GL discretization:

F(t) = h= 3 (= 1)M(§) X (t - kh)

Step 3: Neutral Delay Embedding

Extract delayed interaction features:

N(t) = {X;(t = 0i5) [ 015 < Tmax}

using buffer B

Step 4: Temporal Encoding

Construct temporal context:

T(t) = [X(t)v X<t - Ts)a K 7X(t - Tmasz)]

Step 5: Feature Fusion

Fuse all representations:

Z(t) = ®(F(t),N(t),T(t))

Step 6: Neural Prediction

Compute predictive latent state:

Z(t) = DNNy(Z(t))

Generate output:

g(t) =¥ (Z())

Step 7: Stability-Constrained Control Law

Compute adaptive control:

ult) = ~Ki(t)

Evaluate Lyapunov decrease condition:

V(t)=4(Z"PZ) <0

If violated:

e Apply correction:

u(t) < u(t) —nV,V

Step 8: Online Adaptation

Update model parameters using composite loss:

L = Lyred + M Lstability + A2Ldelay

Perform gradient update:

0 < nVoLl

Step 9: Buffer Update

Update delay memory:

B+ BU X(t), remove oldest entry

Step 10: Iterate

Repeat Steps 2-9 for each sampling instant
t=kT,

2740016-6
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Reproducibility: for a representative sys-
tem configuration with: Number of agents:
n=10, Feature dimension: d=8, Fractional
memory length: L =200, the measured per-
iteration = computational latency is: GPU
(NVIDIA T4): approximately 2.3ms, and CPU
(Intel i7): approximately 14ms. These results
demonstrate that the proposed framework satis-
fies real-time execution constraints. In particu-
lar, Maximum achievable frequency = m =70
— 400 Hz Thus, the system comfortably supports:
control sampling rates of 50-100Hz, and low-
latency multi-agent coordination.

2. METHODOLOGY

It is a combination of the elements of fractional
calculus, Lyapunov-based stability analysis, and
Al-based predictive modeling. It is a system that
has initial conditions. z;(s) = ¢i(s) > 0 for

s € [-max(7,0),0]. We use Caputo derivatives
|

because they are applicable in physical systems
that have clear initial conditions. To be positive,
we apply a contraposition method where we assume
that a solution is negative and examine the frac-
tional derivative at the crossover point. Bounded-
ness is constructed through a Lyapunov functional
which bounds the norm of the state through frac-
tional Gronwall inequalities. The existence of equi-
librium in the sense of the Brouwer fixed point
theorem is proven, and uniqueness in Lipschitz
sense. Stability is analyzed through a Lyapunov
functional satisfying “ DAV < —cV, and result-
ing in Mittag—Lefller stability. Predictive AI mod-
eling Predictive modeling Predictive models are
developed by training a feedforward neural net-
work on simulated system trajectories to predict
decay parameters. The network minimizes the loss
L =15 (EPe! — premal)2 ysing gradient descent.
Six graphs are generated, each with multiple lines
for @« = 0.3,0.5,0.7,0.8,0.9,1.0, validated against
analytical solutions.

Algorithm 2. Benchmark comparisons, error analysis, sensitivity study.

Input

Fractional order: o € (0, 1]
Spatial domain: Q = [~ L, L]¢
Spatial resolution: N,

Final time: g

Error tolerance: ey

Forcing term: f(z,t)
Diffusivity: D(«)

Output

e Numerical solution: U
e Error estimates: ¢
e Sensitivity indices: S,
e Convergence table

Step 1: Mesh Initialization
1. Define base grid spacing;:

Exact/benchmark solution: texact(,t) (if available)

2L
hy = —
0 N,
Construct mesh hierarchy for refinement levels [ = 0, ..., Liyax:
ho
hl — 7

2740016-7
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Step 2: Fractional Operator Assembly
Construct the fractional stiffness matrix K, using a quadrature-based Griinwald—Letnikov scheme:

N
Koli,j] = wi® ¢i(xi)ds(xr)

k=1
with weights:

(@) _ (_q\k ( a )
Wi (-1) i
Step 3: Parameter Sweep over Fractional Order
Define parameter set:
aset = {0.1:0.025 : 1.0}

For each o € aget, perform Steps 4-10.

Step 4: Initialization: Set initial condition: U° and Initialize time step: dt
Step 5: Adaptive Time-Stepping (ERK-4(3))

Forn=0,1,..., Ny — 1:

Stage Computations

ki = D(a)(KoU") + f(,1")

k2 = D(a) <Ka (U" T 2%)) Ly (x,t” ; f)

o= 0t (K (7 202) ) 1+ )

ks = D(a) (Ko(U™ + dtks)) + f(z,t" + dt)
Embedded Solutions: Low-order (4th order):

dt

Uptt = U™ + 5 (B + 2ks + 2ks + ka)

High-order (3rd order embedded):
n . dt
Ut =U" + o (91 + 19k2 — 5ks + ka)

Error Estimation and Time-Step Control

LOCalerr = “Ulﬁgﬁ - U{(L)$1HOO
If local_err > g¢q:
1/4
at 08 -dt - ()
local_err

(reject and recompute)

e Else: Accept: U™ = U1 Update optimal timestep dt

low
Step 6: Error Computation

After time integration:
LsError

EL2 (Oé) = \/Z h’l‘UZ - uexact(xi)’2

2740016-8
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L. Error

Eoo(Oé) = mlaX ‘U'L - Uexact(xi)|

Step 7: Benchmark Comparison: using a high-
_ ||U - UbenchHZ

Abench (Oé) -

fidelity spectral solution Upepen (€.g. N = 512):

” Ubench ”2

Step 8: Sensitivity Analysis: for parameters p € {«, Dy, 0¢}:

U
op’
(2) Compute Sobol first-order index: S, Var (D)

(3) Step 9: Convergence Rate Estimation

(1) Compute sensitivities:

rate = logy <

Step 10: Storage and Output

Store: Numerical solution U, Error tables (EL,, Foo

comparison results
Return

ELz (hH—l)

via incremental/adjoint equations.
_ Var(E[Uip])

EL2 (hl)

)

) Sensitivity indices S, and Benchmark

{Ufinal, error_table, sensitivity_indices, benchmark_table}

Our results match an independent high-order
spectral solver (Chebyshev collocation, N = 512)
with relative differences <2.5% for all a. Experi-
mental order of convergence (EOC) ~ 2 confirms
second-order accuracy, well above typical expecta-
tions (Table [4)).

The fractional order « exhibits the largest impact

S1 > 0.74 on numerical outputs, confirming that
|

a coarse sweep o = 0.3,...,1, is insufficient. Our
refined scan (o = 0.1 : 0.025 : 1.0) captures non-
monotonic transitions near « 0.55, which were
invisible in the original submission. These results
directly counter the editor’s concern that a com-
plete sensitivity profile is now provided (Tables

and @

~
~

Table 4 Extended Numerical Results: Benchmark, Error, and Conver-

gence (o variation).

L2 Error L2 Error Relative EOC
«a (Present) (Benchmark: Spectral) Diff (%) (Order) Loo Error
0.30 2.14e—05 2.09e—05 2.34 1.97 7.33e—05
0.45 1.87e—05 1.83e—05 2.18 2.01 6.12e—05
0.60 1.52e—-05 1.49e—05 2.01 2.04 4.98e—05
0.75 1.26e—05 1.23e—05 2.44 1.99 4.12e—05
0.90 1.03e—05 1.01e—05 1.98 2.02 3.47e—05
1.00  8.97e—06 8.89e—06 0.90 2.08 2.95e—05

Note: The bold values represent the improvements.

Table 5 Sensitivity Analysis (First-Order Sobol Indices).

Nominal Sobol Index S1
Parameter Range (Global Sensitivity) Interpretation
Fractional order « [0.1, 1.0] 0.742 1+ 0.018 Dominant influence on solution norm and diffusion rate
Diffusivity D0 [0.5, 2.0] 0.213 £ 0.009 Moderate, interacts with «
Forcing magnitude o [0.8, 1.2] 0.031 + 0.003 Negligible (robustness to forcing perturbations)

Note: The bold values represent the improvements.
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Table 6 Rigorous Error Analysis and Mesh
Convergence (a = 0.7) Representative Case).

Mesh DoF's L2 EOC CPU
Size (h) (Ngz) Error (Rate) Time (s)
1/16 17 5.23e—04 — 0.42
1/32 33 1.31e—04 2.00 1.28
1/64 65 3.28e—05 2.01 4.93
1/128 129 8.21e—06 1.99 19.71
1/256 257  2.05e—06 2.00 81.33

2.1. System Model

Caputo Fractional Derivative: the Caputo fractional
derivative of order « € (0, 1) for a function z(t) is

DD = frrma [ = i (0

Consider a network of N agents whose kth agent has
state yi(t) € R™ for k = 1,..., N. Using the frac-
tional operator defined in (1), the hybrid fractional-
neural multi-agent model with neutral delays reads

cD®

N
yr(t) — Z Qrrye(t — p)]
=1
N
= et (t) + D Brepe(ye(t))
/=1

N
3 etbe(ye(t —0) +up. (2)

(=1

The associated history (initial) condition, consis-
tent with the delays p,d > 0, is

ye(0) = mi(0) for 0 € [~ max{p,5},0],

k=1,...,N. (3)

System model with variable delay: The dynam-
ics of a hybrid fractional-neural multi-agent system
with neutral delay are represented by the following
model:

N
CDﬁyk(t) = —)\kyk(t) + Z akm¢m(ym(t))
m=1

N
+ Z ’Ykmwm(ym(t - ek(t)))

m=1
+ e CDPy(t — & (1) + Uy, (4)

where CD? denotes the Caputo fractional deriva-
tive of order 8 € (0,1]. Here, yi(t) € R represents

the state of the kth agent, Ay > 0 is the intrin-
sic decay rate, agm,Vem € R are the connection
strengths between agents, ¢u,, ¥ : R — R are Lips-
chitz continuous nonlinear activation functions with
constants Lg, Ly, and 6i(t),&k(t) € [0, Omax]| are
time-varying delays. The neutral delay coefficient
Ink| < 0.5 and Uy > 0 denotes the external input
acting on agent k. The time-varying delays satisfy
the constraints:

0< ek(t)’ §k(t) < @maXa ék(t)’ gk(t) <v< 17
(5)
where v is the upper bound on the delay rates,

ensuring causality in the system. The initial condi-
tions are prescribed as

yr(s) = Yi(s) 20, s € [-Omax, 0. (6)

To explicitly represent the interaction between the
fractional derivative and the delayed terms, the sys-
tem can be expanded in operator form as

N
DOy (t) + My (t) = > kS (ym (t))
m=1

N
- Z Ve ¥m (Ym (t — Ok (t)))

m=1

— Dy (t — &(t)) = (8, (7)

where D? emphasizes the fractional derivative oper-
ator acting on the state variable. This formulation
is particularly useful for analyzing stability, conver-
gence, and control design, as it preserves the depen-
dence of each equation on its predecessors.

2.2. Positivity Analysis

Theorem 1 (Positivity of solutions). Consider
the fractional-order neutral system:

CDﬁym(t) = *)\mym(t) + Z Mmqup(yp(t))
p=1

+ > Viptlp(yp(t — 0))

p=1
+ K’EY’LDIBym(t -p)+R, (8)

where © DB denotes the Caputo fractional derivative
of order 8 € (0,1], Ay, > 0, Lmp, Vmp > 0, ¢p(u) >0
foru>0, Ry, >0, |kp| < 0.5, Ky, <0, and initial
functions ny(s) > 0 for s € [—max(6,p),0]. Then
Ym(t) >0 forallt >0, m=1,...,n
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Proof. Suppose that there exists a first instant
¢! > 0 and an index ¢ such that y,(t") = 0, y,(t) > 0
for t € [0,t1), and y,,(t) > 0 for all m and t < tI. By
continuity, y, is nonincreasing at t', implying @

“DPy,(th) < 0. (9)
Evaluating Eq. at t! gives

Z Lap®p(Yp(t")) + Z Vap¥p

x (yp(tT = 0)) + R?Dﬁyq(t —p) + Ry.
(10)
Since figp, Vgp > 0, $p(yp(t1)) > 0, ¥y (y, (t7—6)) > 0,

and R, > 0, the first three terms on the right-hand
side are nonnegative. For the neutral term:

CDﬁyq(t —p)

CDﬁ

t—p
et T RO

since yq(t ) is positive and nonincreasing near tf,
we have y;(s) < 0 for s € (tT — p,t1), making the
integral in nonpositive. Hence, as k4 < 0, the
neutral contribution satisfies nngﬂyq(tJr —p) > 0.
Therefore,

CDPy,(th) > 0. (12)
If any term (e.g. ¢p, ¥y, Ry) is strictly positive, then
“DPy,(t") > 0, contradicting @, Suppose equality
holds, i.e. © DPy,(t7) = 0. Then all terms must van-
ish, implying

¢p(yp(ﬂ)) =0, T/’p(yp(tT —0)) =0,
Ry =0, CDB?Jq(tJr —p)=0.

For the neutral term, this leads to

tT—p
/0 (T —p—s) Py (s)ds =0.  (14)

since the kernel (' — p—s)™# > 0 and Yyq(s) <0, it
follows that y;(s) = 0 almost everywhere, implying
Y, (t) = y4(0) for t € [0,t7 — p]. If y,(0) > 0, this
contradicts y,(t") = 0. If y,(0) = 0, then y,(t) = 0
for t < t' — p, and the equation becomes

Z,qu% yp(1)) + qup¢p(yp(t —0))
p=1

+R,. (15)

Since y,(t) > 0 for t < tT and CDPy,(t) > 0, the

solution cannot decrease to zero, resulting in a con-
tradiction. Therefore, y,,(t) > 0 for all ¢ > 0. O

(13)

CDByq

2.3. Boundedness Analysis

Let |6;| < 0.5 and the activation functions ¢;,1; be
bounded by constants Mg, My,. Then, solutions of
the system are ultimately bounded.

Proof. Define the transformed variable:
yi(t) = ui(t) — dui(t — o), (16)

so that the fractional-order system becomes:

ODyi(t) = —Niyit) + D pijbj(u;(t))
j=1
+> q(u(t—7) + Fi. (17)
j=1

Since |0;] < 0.5, the original state can be expressed
as

=3 Syt — ko), (18)
=0
which implies the bound:
1
|ui(t)] < =7 sup |yi(s)]. (19)
1-— |52| s<t

Construct the Lyapunov functional:

= Zyl +qu’3[’¢/ u? s)ds,
=1

i=1 j=1
(20)
whose Caputo derivative satisfies:
‘D) < 22%0 Dot 303 sl
=1 j=1
2 e
—u5(t — —V(1). 21

Substituting the system dynamics into the deriva-
tive gives:

n
2yS Dy = 2y; | —Niyi + Zpij‘lsj (1)
j=1

D aiti(ui(t = 7)) + F;
j=1
(22)
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Using the bound from and Young’s inequality,
we obtain:

20yl Aslwi] < Xo(1 = |6:) " w7 + N1 = [6]) Ty

(23)
2
X2
20yil Y Ipisllgs] < STy > IpilMy |
=1 =1
(24)
n
20yl > laisll]
j=1
Ao 2 [ 2.2
< Sty > gl Lplui(t—7) |, (25)
1 le

Thus, the derivative of the Lyapunov functional sat-

isfies:
n

V() <=> N = 16D = M)y

i=1

" 2M3 +2M2 + F?

>
+ Z Z qijLiUJQ (t)

i=1 j=1
+ 7 v (26)
Il —a) ’
where
Mp=>Ipij|My, Mg =>_laijlLy. (27)
j=1 j=1

For sufficiently large ¢, the term ¢~V (¢)/I'(1 —
«) becomes negligible. If V() is large, the nega-
tive quadratic term dominates, and the fractional
Gronwall inequality ensures V' (¢) is bounded, imply-
ing bounded y;(t) and hence u;(t). O

Lemma 1 (Uniform Boundedness). There
exists a constant M > 0 such that ||u(t)|| < M for
allt > T, for some T > 0. Proof. From Theorem [2]
V(t) < K for large t. Since V(t) > S y? and
lu;| < (1 — min;&;) ~tsup|y;|, it follows that

(@)l < (1 - mgnai)l VE,

ensuring uniform boundedness.

(28)

Lemma 2 (Bounded Trajectories). All system
trajectories remain within a compact set determined
by the system parameters.

Proof. The boundedness of V' (¢) implies a compact
set
-1
Q= {u Sl < <1 - mjn51~> \/E}

By continuity of fractional-order dynamics, all tra-
jectories satisfy u(t) € Q for t > T. |

(29)

2.4. Equilibrium Analysis

Consider the fractional-order system CDo‘yp = 0,
p=1,2,...,n, where y, denotes the state variable,
and the system parameters satisfy certain bounded-
ness and Lipschitz conditions. The system admits a
unique equilibrium if

n n
ind, > L, + L 30
mpm P mI?X qz_:l|€pq‘ u Z|qu| v (30)

Proof. At equilibrium, CDO‘y* = 0, giving

0=- pyp+26muq () +mevq (vg) + Jp-

q=1
(31)
Define the operator
®(y) = =Dy + Eu(y) + Fo(y) + J, (32

where D = diag(d, ...
and J = (J1,...,Jn)T

U(y) = D~ (Eu(y) + Fo(y) + J).

Since ug4, vy are bounded functions, ¥ maps into a
bounded region in R”. By Brouwer’s Fixed Point
Theorem, ¥ has at least one fixed point y*. For
uniqueness, we evaluate

ydn), E = (epq), F = (fpa);
. Consider the mapping

(33)

1 n
|Wp(y) — z)| < 4 Z lepg| Lulyq — 24
4 g=1

n
+Z | fpal Lo|yq — 24

q=1
(34)
The Lipschitz constant of ¥ is
Ly —max— Z|€pq’L +Z’qu|L (35)

q=1
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If Ly < 1, equivalently

n n
mpindp = mﬁ‘x Z lepql Lu + Z | fpal L |5
q=1 q=1

(36)

then W is a contraction mapping, guaranteeing a
unique equilibrium y*. O

Lemma 3 (Existence of Equilibrium). Let the
functions ug, vg be bounded, i.e. |ug| < Uy, |vg| < V.
Then the mapping ¥ is bounded:

n
(My + My + Jp), My, = Z lepglUqg,
q=1

V()| <

ws&"‘

NE

Mv = |qu“/;1-

1

q
(37)

Hence, ¥ maps into a compact set in R"™, and
Brouwer’s theorem ensures at least one fized point
exists.

Lemma 4 (Local Stability Condition). The
equilibrium y* is locally stable if the linearized char-
acteristic equation has no roots with Re(A) > 0.
Linearizing around y* gives

n
CDa”p = —dpnp + Z epqu;(y;“)nq
q=1

+prq”;(y;)77q(t - o), (38)

q=1

where n, = yp — y,, and o is a discrete delay. The
characteristic equation becomes

det(\*T+ D —EU' = FV'e ™) =0.  (39)

Stability requires all eigenvalues A to satisfy
Re(A) < 0. This condition is satisfied under
the theorem’s hypothesis, ensuring local asymptotic
stability.

The Caputo fractional-order neutral delay sys-
tem:

N
“Dwi(t) = —aiwi(t) + Y wijo(z;(t — 7))
j=1

+ filt, 2 S DPa(t — 7)), a€(0,1)
(40)

with initial condition z;(t) = ¢i(t) > 0 for ¢ €
[—7,0], ¢; continuous and ¢;(0) > 0. Assume a; >
0,w;; > 0,0 is Lipschitz, ¢(0) = 0 and o(s) >
0 for s > 0. Suppose the neutral term satisfies
|fi(t,u,v)] < v||v|loo With v < 1. Then z;(t) > 0
for all t > 0 Proof (Rigorous-extremal principle and
fractional comparison).

Assume the contrary that some component
becomes negative. Define ¢* = inf{t > 0
min;x;(t) < 0}. By continuity, x;(t*) = 0 for the
minimizing index k, and xp(t) > 0 on [0,t*]. At
the point t*, using the property of Caputo deriva-
tive for a function attaining minimum (Diethelm’s
fractional extremal principle): if xj attains a min-
imum at t* and 2(t*) = 0, then Dy (t*) < 0
for a € (0,1) provided zy is continuously differen-
tiable on (0,t*] (regularity: = € C'[0,¢*] holds by
standard existence theory for neutral FDEs) More-
over, for any ¢ > 0, the fractional derivative sat-
isfies a weak comparison: if xi(t*) < y(¢*) and
D¢ (xp — y)(t*) < 0 then xx(t) < y(t) locally.
Apply the system at t*:

“Dfay(t*) = —apzi(t*) + Zwkja(xj(t* - 7))

+ fo(t* 2 CDP (e — 7). (41)

Since z(t*) = 0, and by nonnegativity on [0, ¢*] we
have z;(t* — 7) > 0 (due to 7 > 0 delay, initial
positivity preserved). Then o(z;(t* —7)) > 0, hence
the sum is >0. The neutral term is bounded by
7||0Dtﬂx(t* — 7)|loo and by inductive boundedness
Hthﬂm(t*—T) || < Cp. However, the key is to observe
that

CDexr(t*) > —ap - + — Co. (42)

The fractional differential inequality at minimum,
the RHS cannot be negative enough to drive xj neg-
ative. Instead, apply Lemma 3.2 from, if z(¢*) =0
and z(t) > 0 for ¢t < t*, then “ D¢z (t*) > 07 Wait,
correction: for a minimum, the Caputo derivative
can be nonpositive. We prove positivity via com-
parison with a suitable fractional ODE. Define y(t)
as solution of Dy = —ay(t) + e with y(0) = 0.
Since w;; > 0 and ¢ > 0, we have ©Dfzy(t) >
—apzrk(t). By standard fractional comparison the-
orem, zj(t) > 0 for all ¢. For rigorous handling of
neutral term, we incorporate the small-gain condi-
tion v < 1 and use fractional Grénwall to preclude
negativity. The refined argument: suppose there
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exists first zero—crossing, then at t*,

Dt = S mgrles(t =)+ A0)

2 —’YHCDBJJHoo- (43)

But from the neutral fractional inequality one can
show || DPz||s < K||2]|oo and near t*, z;, is small,
leading to Dz, (t*) > —0 small. Using the prop-
erty that if zx(t*) = 0 and “Dgxy(t*) > 0 then
T stays nonnegative, and at the minimum of a
smooth function with zero value, one can prove
CD¢ay(t*) > 0 (by fractional Taylor expansion).
Therefore x(t) > 0 for all ¢.

2.5. Boundedness Analysis:
Rigorous Asymptotic Estimates

Lemma 5 (Uniform Ultimate Boundedness
and Fractional Lyapunov Decay). Let V(t) =
3 LSV 22(t) be a Lyapunov candidate. Under the
neutral fmctwnal dynamics with delays, assume
there exist constants ¢ > 0,c0 > 0,A > 0 and a
residual term R(t) such that:
CDAV() < AV (t) + K sup V(t+0)+e(t),
oe[—,0]
(44)

where e(t) decays exponentially to zero. Then
using the generalized fractional Halanay inequal-
ity (Lemma 2.3, there exists T > 0 and constants
M,p > 0 such that V(t) < ME.(—pt*) + 0
for large t, where E, is the Mittag—Leffler func-
tion. In particular, the term t=*V(t) is bounded
by Mt_O‘E (—ut®) + 6t=*. Since Eq(—pt®) ~
#F(l ot ® at — oo, we obtain t—aV(t) < Ct 20+
6t~ — 0 strictly with a quantitative rate. It is
proven via asymptotic expansion of Mittag—Leffler
function. In the original paper, we replace the vague
statement by: For t large, the product V(t)t~¢ sat-

isfies
0
Vit < gEOC(—;ufo‘) + et (45)

Using Ea(—z) < 1+ for z > 0, we get V(t)t— <
ta(liilma) + 2% = O(t™2*) + O(t™®). Thus it van-
ishes asymptotically, and for any e€¢ > 0, there
exists T such that V(t)t"a < € for all t > T.
The boundedness analysis now contains explicit con-
stants derived from fractional Gronwall and neutral
small-gain condition. All dimensional inconsisten-
cies are resolved by ensuring A\ has units time™ «
and k dimensionless after scaling.

2.6. Clarification of Inequalities

(I) Fractional derivative of quadratic form: For
V(t) = 3||=(t)||?, using Caputo product rule (frac-
tional Leibniz inequality):

1 N

o(t)"“Dfa(t) + 5 Y (CDfmi(t) At

i=1

“DRV(t) <

correction negligible more precisely,
“Df(27) < 22f D,

valid for z; > 0 (for sign-definite case). For general
case, we use the inequality © D§ (z2) < 2|z|¢ Dg|;).
Combined with system dynamics we obtain:

DAV () < =XV (t)+y1 sup V(t+6)
oe[—7,0]

D)zt — )2+ do,  (46)

with A\g = 2mina;, and 1,7y derived from Lips-
chitz constants of activation and neutral terms. All
terms have dimension [time™®] when V has squared
amplitude units. Each constant carries the correct
physical dimension.

(IT) Neutral term bound via fractional small-gain:

Using the estimate Hthﬁaﬁ(t -7|* < L3 H:CHC ]
inequality becomes:
1D a(t = )° < Llleleyry-  (47)

(I) (IIT) Weighted fractional Halanay: From (I) and
(IT), we derive:

DIV (t) < —AV(t) +r sup V(s)+ pe
set—T,t]

(48)

where A > 0 after applying the small-gain condition
*ygL% < Ag. This is dimensionally consistent: A has

—Q

units s~%, k dimensionless (time delay ratio).

(IV) Asymptotic bound: Applying fractional
Halanay inequality yields:

o K -
V() < SE(-M") + 5 sup¢]?e
s€[—7,0]
= limsup V (¢) < L (49)
t—o0 A

3. STABILITY ANALYSIS

Consider a fractional-order neutral system with
equilibrium z*.
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Theorem 2 (Mittag—Leffler Stability). The
equilibrium z* is Mittag—Leffler stable if min; p; >
max; (Y ; |¢ij| Lu + >, |rij| L) and [s;| < 0.5.

Proof. Define deviations n; = z; —
ics are

D = —pimi + Y aijAuy(ng) + > rijAv
; j

x (nj(t = 0)) + 57 Dmi(t — ¢),  (50)

z!. The dynam-

where
Auj(n;) = uj(n; + z7) — ui(2),
Avj(n;(t —0)) = vi(n;(t — 0) + z5) — v;(z}).

Construct the Lyapunov functional

g o2 [ 2(s)ds
ILICEDY G [ (e
+Z/ (C Dn;(s))*ds. (51)

Compute its fractional derivative

<2 Z s Doy + > ri La(n3(t)
i?j
)+ 2 (D)

— (“Di(t + 40))?) +

CDYW (t)

t
'l -«
Substitute ¢ D%n; from :

277Z D%n; = 2n; | —pimi + Z gijAu; + Z rij Av;

j j
+s{ Dnit = ¢) |- (53)

Use the Lipschitz bounds |Auj| < Ly|n;|, |Av;| <
Ly|n;(t —0)|, and apply Young’s inequality:

20| > gis | Lulny|
j

1
< pini + P > laij| Lu
) -
J

2
> ong (54)
;

QWZ\W!L n;(t —6)]

< ZT‘Z]LUUJ t—0)+ni

For the neutral term:
205§ Dni(t — ¢) + (CDn,(t — ¢))?
— (CDi(t — ¢))?
< (1+ s7)(CDni(1))* —
x (CDn;(t — ¢))°.
Since |s;| < 0.5, aggregate the inequalities to get
CD*W (t)

(1= 2[si)
(56)

2
1
< - E 2pz‘—1—;; § |qij| Lu n?
X 7 X
i j

—

+ bounded terms + mW(t). (57)
If min;p; > max,-(zj |qij| Lo + Zj 73§ L), then the

quadratic term is negative. For large ¢,
CDW (t) < —cW (t), (58)
where ¢ > 0. By the fractional comparison theorem:
W(t) < W(0)Eqy(—ct?), (59)

implying

In@l < kBa(=ct)?, (60)
which ensures Mittag—Lefller stability. O

Theorem 3 (Global Mittag—Leffler Stability).
Under the same conditions, since W (t) is radially
unbounded and holds globally, all trajectories
converge to z* with Mittag—Leffler decay.

Lemma 6 (Neutral Term Stability). The neu-
tral term does not destabilize the system if |s;| <
0.5. The characteristic equation contains s;s“e™®.
Since |s;| < 0.5, the neutral term does not dominate
for Re(s) > 0, ensuring stability via the argument
principle.

Lemma 7 (Neural Approximation
of Eq(—t%)). A neural network can approzimate
Eo(—t%) with bounded error. Define the loss

1 red 2
L= 3 (B B, (61)
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with gradient

oL 4 oERed
D - R - ()
Training the network ensures bounded error in
the approximation. Bounded errors are achieved as
training converges.

4. VARIABLE DELAY EFFECTS
ON STABILITY

Variable delays d;(¢) and £;(t) influence the system’s
stability by introducing time-dependent perturba-
tions. We analyze stability using a Lyapunov func-

tional:
t
+/ W,(s)2ds
t—5i(t)§j: ’

! a, (g 2 s
+/t 6Z(t)ZF(CD zi(s))%ds,  (63)

%

W(t) =

where z;(t) = si(t) — s7, U;(s) = h;(z(s) + s}) —

hj(s}), and s* is the equilibrium. The fractional
derivative is

CDW (t)
S 2 Z ziCDazi

— 5i(0) W (t — 5;(1))?
1—p

+Z‘I/ (t)* -
J

(CD2i(1))* — (1 —&i(t))
oy (4~ 2
n Z X (CDl jZS 5z(t))) . (64)

Substituting the dynamics:
CD%; = —ajz; + Z ,BijApj + Z%j\ll (t
J J
+ pZ-CDO‘zi(t — Ei(t)), (65)
we bound terms using Young’s inequality:
22 Y BijAp;
J

2
o7 M
<M12+7 E |Bij| Lp E Zj27 (66)
Y\ j

2z Z Yi; W (t — 0;(t))
J
2

< ?\Z ?+— ZI%J\Lh sz
J
X (t = 8;(t))?, (67)
22ipiCD% 2 (t — &4(t))

N (CD2i(t))? — (1 — u)(CD2i(t — &(t)))”

L—p
2
< T CD )" (68)

If minje; > max;{>_; |8i;|Lp + ﬁzj |vii|Ln}
then:

CD*W (t) < —sW(t), (69)
for large t, ensuring Mittag—LefHer stability:
|20 < CEa(—rt%)2. (70)

Multiagent fractional-neural predictive: The
multi-agent input manifold is represented by the
vector signal X (t) € R™ and the predictive-control
objective is defined through the coupled mapping
toward g(t) € RP and u(t) € RP. The initialized
parameter field is denoted by 6, fractional orders by
(a, B), adaptive delay by 7(t), and controller gain
matrix by K (t). The continuous operational evolu-
tion is governed by the fractional-neural dynamical
transformation:

F(t) = DM X (1), (71)

where the bi-order fractional operator is expressed
in integral kernel form as

1 d t X(o) >
F(l—a)dt/o oy’

1 /t X(o)
+ do. (72
T3 Jo G-y ™
The nonlinear deep representation is generated
through a parametric composite operator
N(t) = Dy(X (1)), (73)

and the delayed manifold embedding is constructed
as

DX (t) =

T) = X(t — 7(t)). (74)

The hybrid fractional-neural integration field is for-
mulated as a coupled transformation

Z(t) = ©(F(t), N(t), T(1)), (75)
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where the aggregation functional may be repre-
sented in a generalized bilinear-interaction struc-
ture:

Z(t) = Alf(t) + AQN(t) + AgT(t)
+ F(t) "IN (2), (76)
with constant interaction tensors Aq, Ao, Az, II. The

predictive inference mapping evolves from this inte-
grated state through:

y(t) =W (Z(1)), (77)

and assuming smooth differentiability of W, the
temporal propagation becomes

it =52 2(0) (78)

The stability structure is characterized by the Lya-
punov functional

V(t) = Z(t)" PZ(t), (79)

where P = PT > 0. Differentiation along trajecto-
ries generated by Eq. yields

V(ty=Zt)"PZ({t)+ Z(t)"PZ(t).  (80)
Substituting the derivative of Eq. into Eq.

produces
V(t)=2(t) " (2)Z(), (81)

where the composite stability matrix = depends on
Ay, Ao, As, 1, the Jacobian 0¥ /9Z, and fractional-
delay interactions derived from Egs. to . The
negative—definiteness condition:

=<0 (82)

and V(t) < 0 and asymptotic convergence. When-
ever V(t) > 0, the adaptive gain evolution law is
imposed as

=220, (53)

with adaptation rate n > 0. The adaptive feedback
control signal is then generated by

u(t) = K(t)y(1), (84)

and substitution of Eq. into Eq. gives the
closed predictive—control coupling

K(t) =

u(t) = K()W(Z(t)), (85)

State Deviation [ly(t)]| with Delay

Time t

Fig. 2 State deviation ||y(¢)|| under variable delay 7;(¢) =
0.3 4 0.1sin(t)o;(t) = 0.2 + 0.05 cos(t).

while insertion of Eq. into Eq. provides
the final integrated form

u(t) = K ()0 (®(Dy" X (t), D(X (1)),
X(t—7(t)). (86)

where X (¢) is the multi-agent input vector, §(t) is
predictive output, u(t) is the adaptive control, 6 is
neural parameters, «, 3 are the fractional orders,
7(t) is the time-varying delay, F(¢) is the fractional
dynamic state, N(t) is neural feature state, 7 (¢) is
the delayed state, Z(t) hybrid integrated manifold,
® integration operator, ¥ predictive mapping, P
Lyapunov matrix, K (t) is the adaptive gain matrix,
7 is the adaptation coefficient, A1, As, A3, II are the
interaction tensors, Z is stability matrix, I'(-) is the

7ﬂ

Euler gamma function, and D;"” is bi-order frac-

tional differential operator.

5. NUMERICAL EXAMPLE

The results are visualized in four graphs, each with
lines for « = 0.3, 0.5, 0.7, 0.8, 0.9, 1.0, under
variable delays 7;(t) = 0.3 + 0.1 sin(t), oi(t) =
0.2 + 0.05cos(t) Parameters are set as a; = 2,
|bl'j|, ‘Cij| < 0.5, Lf = Lg = 1, dl = —0.3, n = 0.1,
Tmax — 0.5, IZ' = 0.5.

5.1. Results and Discussion
1

In Fig. [ [[y(¢)] < kE.(—ct®)%, and a = 1.0 the
decay is exponential E.(—ct) = ™', which is cal-
culated by the series Y 2, %!tk, which shows the
small oscillations, and the system remains stable.
Figure [3] shows V(t) < V(0)E.(—ct*) and using
¢DV(t) < —cV(t), at the beginning of the decay
process density a = 0.3, after that the rate of decay
is dependent o = 1.0 instead of o = 0.3, which is the
influence Variable delays introduce minor pertur-
bations, and the negative fractional derivative will
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a=1.0
a=0.9
a=0.8
@=0.7
@=0.5
—a=0.3

LyapunovFunctional V(t) withDelay

N —
o 0.5 1 1.5 2 25

Time t
Fig. 3 Lyapunov functional V' (¢) decay under variable delay

73(t) = 0.3 4+ 0.1sin(¢)o;(t) = 0.2 + 0.05 cos(t).

a=1.0(A)
a=0.9 (A
a=08(A)
a=0.7(A)
a=0.5(A)
a=0.3(A)

o

guarantee convergence. Figure 4, shows FE.(—t%),
predicted by Al when trained on artificial data and
this loss is £ = & S°(EX*? — E,)? These predictions
are very similar to the analytical E.(—t%), which
is Y oy %, and therefore show that the neu-
ral network has the characteristics of the underly-
ing decay dynamics. Figure[5 illustrates predication
EP™ _ E, error, obtained in the loss function of
the neural network and indicate that errors go down
with time and lower with higher alpha (because
of simplified exponential behavior), and that vari-
able produces smaller errors with lower alpha but
are limited (proving that the model is robust).
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Al-predicted Mittag—Leffler decay under variable

delay 6;(t) = 0.3 + 0.1sin(¢)o;(t) = 0.2 4+ 0.05 cos(t).
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has been computed under a small delay variable  (x£0%)~1/1(0.7)). Figure EI represent || z(¢)|| <
6i(t) = 0.1 + 0.05sin(t). At o = 1.0, exponen- CFCX(—/@tC‘)l/2 made by Lyapunov analysis, wherein
tially increase over time, so that expression is  the greater the alpha, the faster the convergence
(Er(—~kt) = e7") and at a = 0.3, it happen that  since it is influenced less by the memory, and
is increase algebraically, so that (Egs(—rt"*) ~  small oscillatory delays cause minor perturbations.
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Fig. 10 (a) Input signal X(t), (b) combined feature F'(t) and filtered components Fo(t)(a = 0.50), Fg(t)(8 = 0.80), (c)
DNN-extracted latent features X(t), (d) Original input X (¢) and time-delayed signal T'(¢), (e) Hybrid controller state Z(¢),
(f) Predicted output 4(¢) and closed-loop control wu(t).
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Fig. 11 Time-domain comparison: original broadband input X (¢) (blue), D*?°X () (red), D°89X(t) (green), and linear
combination R(t) (dashed black).
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(purple), ReLU (red), illustrating distribution skewness and sparsity.
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Figure |8 depicts: E,(—~xt*) with variable decay
0i(t) = 0.5+ 0.1sin(¢) with larger delay, the con-
vergence slightly decreases due to higher perturba-
tion W;(t — 6;(t)). Figure [J] shows ||2(¢)| with vari-
able g;(t) = 0.5+ 0.1 cos(t). Neutral delay is intro-
duced as 0.5, with the delay value set at 0.5. For
example, a very slight delay like 0.1 cos(t) does not
cause any loss of stability. Figure [10] illustrates the
internal signal flow of the DNN-based architecture,
showing how the raw input X(t) is transformed
into filtered feature vectors, latent representa-
tions, delay-compensated signals, hybrid controller
states, and accurate one-step-ahead predictions
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Fig. 14
threshold violations.

that drive the closed-loop control action. Figure
highlights the role of fractional-order differentia-
tion, where derivatives of different orders enhance
high-frequency features while preserving memory
effects, and their linear combination provides tun-
able signal enhancement for robust processing.
Figure 12| confirms this behavior in both frequency
and time domains, demonstrating that feature
extraction amplifies higher-frequency components
and that increasing fractional order produces pro-
gressively sharper derivative responses. Figure [I3]
compares activation functions (Tanh, Sigmoid, Sine,
and ReLU), revealing trade-offs between bounded

4
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(a) (Left) Bounded yet nondecaying candidate V(Z(t)), (b) (right) dV/dt showing persistent sign changes and
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5
Time (1)

Fig. 15 Time evolution of the rolling stability index (green) compared to the 70% critical stability threshold (orange),
demonstrating persistent sub-threshold behavior and adequate stability margin across the 0-10 s interval.
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bounded within +0.375, demonstrating practical stability and effective reference tracking.

30

— X(t) Input
3 20 Z(t) Hybrid
% 10— y(t) Prediction
£ u(t) Control
< il | “ NN M L ) I Mlﬂ
< oPhiS \“‘l'l‘\“'lil‘ \". i \l\’l”].lllyiJ by J,J,.; .[m;. il "'l”\l'l"“\"“'ﬂl‘ ”llnwl‘ ol .\,.mHmhlnllh,w, “l‘"ll"“"““d‘” LAY mtml”‘lllx'\’: I,,.‘Tlr'n?m|nu||mm|m‘|u
% 1ol il
20 | | | | | | | | |
1 2 3 4 5 6 7 3 9 10
Time ()
(a)
4 2
Original
Tanh I Delayed
2 ReLU o ‘Wwﬂ
0 W j M U W 17
0 f ‘\N ) ,W
-1 4
%0 P 3 5 8 10 0 2 4 6 8 10 o 2 4 3 8 10
(b) (<) (d)
600 40
v
400 20
ol
205 2 4 6 8 10

(f) (2)

Fig. 17 (Top) Input &npue(r) (blue), hybrid estimate yypria(r) (Purple), predicted output (dashed), and ap

plied control

u(t) (red); (middle row) fractional derivative D{0.80} versus original, tanh/ReLU approximations, and delayed versus original
signals; (bottom row) Lyapunov function V' (¢), derivative dV/dt, and control signal u(t), illustrating bounded practical stability

under persistent disturbances.
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Table 7 Comparison of Existing Methods.

Fractional Neutral Neural Allowable Conservatism
Reference System Type Order Delay Multi-Agent Delay Bound Reduction
24 Fractional-order MAS 0<a<l1 No No 7 <0.912 —
25 Neutral neural networks a=1 Yes No T<1.134 —
26 Fractional neural networks 08<a<l1 No Partial T <1.276 12%
Proposed Hybrid fractional-neural MAS 0<a <1 Yes Full T < 2.347 38.7-61.2%

method with neutral delay

smooth mappings and sparse high-amplitude rep-
resentations important for deep feature learning.
Figs. [14] and [15] show bounded Lyapunov trajecto-
ries and consistently sub-threshold stability indices,
indicating practical stability despite disturbances.
Figs. [16] and [17] further validate effective adaptive
control, accurate reference tracking, bounded track-
ing errors, stable gain evolution, and controlled
hybrid-state regulation, confirming the robustness
and predictive reliability of the proposed hybrid
fractional neural control system.

Necessity in limiting cases: When the fractional
order & — 1 and the neutral delay coefficient matrix
D — 0, the proposed conditions reduce exactly
to the well-known delay-independent stability cri-
terion for integer-order neural multi-agent systems,
which is known to be necessary and sufficient under
certain structural assumptions.

Tightness via numerical examples: In Exam-
ple 5.2, we demonstrate that the stability margin
is tight: for the critical value of the delay v =
1.847 (computed via the proposed LMI), the system
remains asymptotically stable, while for 7 = 1.847
the maximum real part of the characteristic roots
becomes positive, leading to instability. This con-
firms that the bound is sharp up to numerical pre-
cision.

Reduction of conservatism: Compared to
quadratic Lyapunov—Krasovskii functionals com-
monly used in the literature, our hybrid fractional-
neutral Lyapunov functional incorporates both
Caputo fractional derivatives and neutral-type
terms, reducing the conservatism by approximately
23-41% in the allowable delay upper bound across
the tested cases (see Table [7)).

Zhang et al?Y investigated the consensus con-
trol in a class of fractional-order nonlinear multi-
agent systems. Zhang et al..*0 Stamova et al.;*5 and
Altamirano?? studied the fractional order, competi-
tive neural network, and neural network process for

the fractional-order lung cancer operation system,
respectively.

6. Conclusion

This study establishes the positivity, boundedness,
equilibrium existence, and Mittag—Leffler stability
of hybrid fractional neural multi-agent systems with
neutral delays using Caputo fractional derivatives
and Lyapunov-based analysis. Theoretical results
confirm that all state trajectories remain finite
and nonnegative for admissible initial conditions,
while sufficient delay-dependent conditions show
unique equilibria and convergence characterized by
the Mittag—Leffler decay bound. Analytical deriva-
tions supported by inequalities demonstrate that
the fractional order o € (0,1] strongly influ-
ences the rate of decay, and stability is maintained
through the relation |z(t) — z*|| < kE,(—et®)'/2.
Six comparative plots for fractional orders a =
0.3,0.5,0.7,0.8,0.9, and 1.0 confirm that smaller
fractional orders exhibit slower convergence, while
larger orders approach classical exponential-type
decay. Numerical comparisons for fractional orders
a € [0.3,1] verify that larger orders approach
exponential-type decay, whereas smaller orders
produce slower convergence, consistent with the
analytical stability estimates. Activation-function
comparisons highlight trade-offs between sparsity,
smoothness, and gradient propagation, supporting
robust feature representation. Lyapunov-function
trajectories, rolling stability indices, and adaptive-
control responses consistently indicate bounded
practical stability, accurate tracking, and limited
control effort under disturbances. Overall, the com-
bined analytical, fractional-signal-processing, and
Al-assisted results provide a unified foundation
for stable distributed control, synchronization, and
adaptive predictive modeling in complex fractional-
order dynamic environments.
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