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Abstract. In this note, we introduce the concept of central CNZ rings, which is a generalization of CNZ
rings [1]. A ring R is called central CNZ if for any a,b € nil(R), ab = 0 implies that ba is central, where
nil(R) is the set of all nilpotent elements in R. We investigate the structure of central CNZ rings and their
related properties.
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1 Introduction

Throughout this paper R denotes an arbitrary associative ring with identity. Given a ring
R, nil(R) denote the set of all nilpotent elements in R. C(R) denote the center of R, that
is, C(R) = {a € R | ar = ra forall r € R}. The polynomial (resp., Laurent) ring with
an indeterminate x over R is denoted by R[z] (resp., R[x, 2~ !]). Z and Z,, denote the ring
of integers and modulo n, respectively. Given a ring R, M,,(R) and U,,(R) denote the n by
n full matrix ring and upper triangular matrix ring over R, respectively. Let D, (R) be the
ring of all matrices in U,,(R) whose diagonal entries are all equal.

In [5], aring R is called reversible if ab = 0 implies ba = 0 for any a, b € R. Following
[8], aring R is called central reversible if ab = 0 for any a,b € R implies ba is a central
element of R. Every reversible ring is central reversible ring by a simple computation.
Recently, a ring R is said to satisfy the commutativity of nilpotent elements at zero (simply,
a CNZ ring)[1, Definition 2.1] if ab = 0 implies ba = 0 for a, b € nil(R). In this note, we
will extend the concepts of CNZ of a ring to central CNZ. We will call aring R central CNZ
if ab = 0 implies ba is central for any a, b € nil(R).
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2 Central CNZ rings
Definition 2.1 A ring R is called central CNZ if ab = 0 for any a,b € nil(R) implies ba is
central in R.

Let R be a ring and consider the ring

na ag
Hg(R) = 0 a3z ay ’ ai,a9,a3,a4 € Ron € Z
00 n

with the usual matrix adddition and multiplication. Note that the set of all nilpotent elements
in H3(R) is

0a1 a9
nil(H3(R)) = { (0 as a4> | ai,a2,a4 € R, a3 € nil(R)}.
000

Recall that aring R is reduced if it has no nonzero nilpotent elements. We have the following
theorem.

Theorem 2.1 A ring R is reduced if and only if H3(R) is a central CNZ ring.
Proof. Assume that R is a reduced ring. Let X, Y € nil(H3(R)) such that XY = 0. Write

01 22 0y1 y2
X=100z4|,Y =00 ys | with XY = 0. We have z;y4 = 0. Then Y X =

000 000
00 y1xq n ai as 00 ny;xq
(00 0 ).ForanyZ:<0a3a4>eHg(R),Wehave(YX)Z:<00 0 ):
00 O 00 n 00 O

Z(Y X). Thatis Y X is central.
Conversely, Assume that H3(R) be central CNZ and that R is not reduced. Then there

000
exists 0 # a € R such that a®> = 0. If we take two matrices A = (0 a 1) and B =
000
000 000
0a0 | €nil(H3(R)), we have AB = 0. Also BA = [ 00 a | is not central. This is a
000 000
contradiction, so such a cannot exist. Thus R is reduced.

Clearly, every CNZ ring is central CNZ ring, but there exists a central CNZ ring which
is not CNZ.

Example 1 Let R be a reduced ring. Consider the ring H3(R) described in the statement of

001 011
Theorem 2.1. Then H3(R) is not CNZ. In fact, for A = (00 1) and B = (000) €
000 000

nil(H3(R)), we have AB = 0 but BA # 0.

In the next diagram we summarize implications among aforementioned classes of rings,
and we determine the position of the class of central CNZ rings.
reversible =——=> CNZ

M M

central reversible ———> central CNZ

The classes of CNZ rings and central reversible rings do not imply each other by the fol-
lowing examples.
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Example 2 Let R be a commutative reduced ring and consider S = Us(R). In [8, Example
2.2], S is central reversible. Note that

0bc
nil(S)= {(00d> | b,c,d e R}.
000

010 010
For X = (O 0 1) and Y = (0 0 O> € nil(S), we have XY = 0but YX # 0. Thus S
000 000
is not CNZ.
Recall that a ring R is abelian provided all its idempotents are central. The following
example shows that there exists a central CNZ ring R such that R is not abelian.

Example 3 Consider the ring Us(Z) = { (g i) | a,b,ce Z}. Note that

nil(Un(2)) = {(0 b) b€ z}

Forany X,Y € nil(Uz(Z)), XY = 0 implies Y X = 0. So Uz(Z) is a CNZ ring. Therefore

Uz(Z) is central CNZ. However for X = (8 (1)>, Y = <(1) _01> € U(Z), we have

XY =0butYX = <8 (1)> is not central in U (Z) for Z = <(1] é) € Us(Z). Thus U (Z)

is not central reversible.

Also all idempotent elements in Us(Z) are zero matrix, identity matrix and < (1) 8 ) , < 8 ll) >

01\ _ /(01
01) \01
Abelian. Thus Uy(Z) is not reversible.

Remark 2.1 If R is a reduced ring, then both Us(R) and D2(R) are central CNZ rings.
However, if R is not a reduced ring, then Us(R) need not be central CNZ ring.

for any b € Z. For ) € Ux(Z), which is not central. Hence Uz (Z) is not

Example 4 Consider the ring R = Us(Z4). Then nil(R)= { <3 g) |a,c€{0,2}, be Z4}.

For X = (2)(1) Y = (?)%) € nil(R), we have XY = 0. But for Z = <8§) € R,

(YX)Z # Z(Y X). Hence R is not a central CNZ ring.

The Dorroh extension D(R,Z) = {(r,n) | r € R, n € Z} of aring R is a ring with
operations (r1,n1) + (re,ng) = (r1 + ro,n1 + n2) and (r1,n1)(re2,n2) = (rire +nire +
nar1,ning), where r; € Randn; € Z fori = 1,2.

Proposition 2.1 A ring R is central CNZ if and only if the Dorroh extension D(R,7Z) of R
is central CNZ.

Proof. Note that nil(D(R,Z)) = {(r,0) | r € nil(R)}.

For necessity, let (r,0), (s 0) € nil(D(R,Z)) with (r,0)(s,0) = 0. Then rs = 0 in R.
Since R is central CNZ, sr is a central element of R. For any (t, ) € D(R,Z), we have
(s,0)(r,0)(t,m) = ((sr)t +msr,0) = (t(sr) + msr,0) = (t,m)(s,0)(r,0). So D(R,Z)
is central CNZ.

For sufficiency, let r, s € nil(R) with s = 0. This implies (r,0)(s,0) = 0 such that
(r,0) and (s,0) are nilpotents in D(R,Z). By hypothesis, (s,0)(r,0) is central. So sr is
central. Therefore R is a central CNZ ring.
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Remark 2.2 The property of central CNZ is preserved under isomorphisms and subrings.

The ring R is called Armendariz if for any f(x Z a;ix’, g(x Z bj 2/ € Rz

f(z)g(xz) = 0 implies a;b; = 0 for all 7 and j (See 6]). For example every reduced ring is
Armendariz.

Theorem 2.2 For an Armendariz ring R, R is central CNZ if and only if R[x] is central
CNZ

Proof. Note that since R is Armendariz, we have nil(R[z]) =nil(R)[z]| by [2, Corollary
5.2].

Assume that R is a central CNZ ring. Let f(z Z a;zt, g(x Z bja? € nil(R[z])

with f(z)g(z) = 0. Since R is Armendariz, for all 4 and J, aibj =0 w1th a;,b; € nil(R).
¢

By hypothesis, we have bja; is central for all 7 and j. Thus for any h(x) = Z e e Rix],
k=0
we have (g(z)f(x))h(z) = h(z)(g(x) f(x)). So R[z] is central CNZ.
Conversely, assume that R[z] is a central CNZ ring. Clearly, the central CNZ property
of rings are preserved under subrings. So R is a central CNZ ring.

One may ask whether the polynomial rings over central CNZ rings are Armendariz.
However the answer is negative by the following example.

R:{<82>|a,bez4}.

Then R is CNZ by [1, Example 2.5(2)] and so central CNZ. Consider the polynomial
ring over R. For f(z) = <§ ;) + ((2) (2)) z,g(z) = <(2) ;’) + <(2) g) x € R[z]. We have

f(x)g(x) = 0 but <2 O> (2 3> # 0. Hence R is not Armendariz.

Example 5 Consider the ring

02 02

A ring R is called right (left) principally quasi-Baer [3] if the right (left) annihilator of
a principal right ideal of R is generated by an idempotent. A ring R is called right (left)
principally projective [4] if the right (left) annihilator of an element of R is generated by an
idempotent.

Theorem 2.3 If R is a CNZ ring, then R is central CNZ. The converse holds if R satisfies
any of the following conditions:

(1) R is a semiprime ring.

(2) Ris a right (left) principally projective ring.
(3) Ris a right (left) principally quasi-Baer ring.
(4) R is a Von Neumann regular ring.

Proof. First statement is clear. Conversely assume that R is a central CNZ ring. Now con-
sider the following cases.

(1) Assume that R is a semiprime ring. Let a, b € nil(R) with ab = 0. Since R is central
CNZ, we have ba is central. Then baRba = b(ab)aR = 0. By hypothesis, we get ba = 0.
So R is CNZ.
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(2) Assume that R is a right principally projective ring and ab = 0 for any a, b € nil(R).
Then there exists an idempotent e € R such that rg(a) = eR. Thus we have b = eb also
ae = 0. Hence ba = (eb)a = (ba)e = b(ae) = 0, since R is central CNZ. So R is a CNZ
ring.

(3) It is similar to the proof of (2).

(4) Assume that R is a Von Neumann regular ring. Let a, b € nil(R) such that ab = 0.
So there exists an € R such that a = axa. Multiply by b from left, we get ba = (ba)xa =
z(ab)a = 0 since R is central CNZ. Hence ba = 0. So R is CNZ.

Proposition 2.2 Let R be a Von Neumann regular abelian ring. Then R is central CNZ.

Proof. Let a,b € nil(R) with ab = 0. Since R is Von Neumann regular abelian, there exists
an z € R such that a = axa. Multiply this equality by b from left, we have ba = b(axa).
Also, za is idempotent. Since R is abelian, we have ba = (za)ba = 0. So R is CNZ,
therefore R is central CNZ.

Proposition 2.3 For a ring R, suppose that R/I is a central CNZ ring, for some ideal I of
R. If I is reduced then R is central CNZ.

Proof. Assume that R/I is a central CNZ ring. Let a,b € nil(R) with ab = 0. As a,b €
nil(R), we have @, b are nilpotents in R/I and ab = 0, where@ = a + I and b = b + I.
Since R/I is central CNZ, we have ba is central in R/I. That is, bar — rba € I for all
r € R. On the other hand, if ab = 0 with a,b € R then we have bla = 0 since bla C I,
(bIa)? = 0 and I is reduced. Also (bar — rba)® = 0 then we get bar — rba = 0. Thus ba
is central in R. This implies that R is central CNZ.

n n
Remark 2.3 Let R; be rings for each 7. Note that nil(H R;) = H nil(R;).
i=1

=1
n
Theorem 2.4 Let Ry, Ro, ..., R, be rings. Then H R; is central CNZ if and only if R; is

i=1
central CNZ for each 1.

n
Proof. Assume that H R; is central CNZ. Since the central CNZ property of rings are pre-
i=1
served under subrings and isomorphisms, we have R; is central CNZ for each 7. Conversely,
assume that R; is central CNZ for each i. Let a = (a1, a2,...,a,), b = (b1,bo,...,by) €

n
nil(H R;) with ab = 0. Then we have a;b; = 0 for a;, b; € nil(R;) for each i. Since R; is
i=1 .
central CNZ, we get b;a; is central in R; for each i. So ba is central in H R;.
i=1
Proposition 2.4 Let R be a ring and e an idempotent of R. If e is central in R, then the
following statements are equivalent:

(1) Ris central CNZ.
(2) eR and (1 — e)R are central CNZ.

Proof. (1) = (2) It is obvious since eR and (1 — e) R are subrings of R.
(2) = (1) Since R =2 eR @ (1 — e)R, it follows from Theorem 2.4.
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Let S denote a multiplicatively closed subset of a ring R consisting of central regular ele-
ments. Let S~! R be the localization of R at S.

Proposition 2.5 A ring R is central CNZ if and only if S~ R is central CNZ.

Proof. It suffices to prove the necessary condition since the subrings of central CNZ rings
are also central CNZ. To prove this let z = u='a, y = v=!b € nil(S™!R) with zy = 0.
Then u,v € S, a,b € nil(R). Since S consists of central regular elements, we have 0 =
ry = (u ta)(v1b) = (uv)_lgab) and so ab = 0. Since R is central CNZ, it follows that
ba is central. For any z = w™!c € S7!R, we have (yz)z = [(v71b)(uta)](w™lc) =
(vuw)~Y(ba)c] = (vuw)~t[e(ba)] = z(yx). Hence S~!R is central CNZ.

Corollary 2.1 For a ring R, R[z] is central CNZ if and only if R[x,x~1] is central CNZ.

Proof. Assume that R[z] is central CNZ and let S = {1,z,2?,...}. Since R[z,z7!] =
S~LR[z], it follows that R[x,z~!] is central CNZ by Proposition 2.5. The sufficient is
clear, since the subrings of central CNZ rings are also central CNZ.

Remark 2.4 For any positive integer n, M, (R) need not be central CNZ. For example,
Ms(Zy) is not central CNZ.

Proposition 2.6 Let R be a ring. If R satisfies one of the following conditions, then R is
central CNZ:

(1) nil(R) € C(R).
(2) U(R) C C(R).

Proof. Let a, b €nil(R) with ab = 0. Then ba is nilpotent.

(1) By hypothesis, ba is central. So R is central CNZ.
(2) By hypothesis, 1 —ba € U(R) C C(R), we have 1 — ba € C(R). Hence ba is central.
So R is central CNZ.

The trivial extension of a ring R is the ring

TU%R)z{(SZ)\mbER}

with the usual matrix operations. Note that nil(7'(R, R)) = ab

0a IQEnZZ(R),bER}.

One may ask whether the trivial extension over central CNZ rings are central CNZ. However
the answer is negative by the following example.

Example 6 Let R = Uy(Z). Then R is central CNZ by Example 3. However, T’
central CNZ. For (a, b) and (c, d) are nilpotents, we have (a,b)(c,d) = 0. B d)

t(
. 01 0
is not central for (e, f) € T(R, R). Where a = < > b= ( > (0 ,d

00
11 11 00
(00) <= (60) 7= (55) =

\_/
|—r
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3 Some matrix subrings

In this section, we study the extension rings of central CNZ rings. Let S and 71" be any

rings, M an S-T-bimodule and R the formal triangular matrix ring (g Aﬁ) Note that

nil(R) = (mlés) m-%T)>

Proposition 3.1 Let S, T, M and R be as above. If R is central CNZ, then S and T are
central CNZ.

Proof. Assume that R = (g Ag) is central CNZ. For the idempotent e = ( (1) 8) ,eReis

central CNZ, since the subrings of central CNZ rings are central CNZ. As e Re is isomorphic
to S, so S is central CNZ. Replacing e by (8 (1)), a similar discussion reveals that 7' is
central CNZ.

The converse statement of Proposition 3.1 need not be true in general.

Example 7 Let R = <U2(SZ) ]\Uf((ZZ)) > Let e;; denote the 4x4 matrix unit having (i, j)
entry is 1 if ¢ = j elsewhere 0. Let a = e12 + e43 and b = e12 + e14. Then a and b are
nilpotents and ab = 0. ba = e;3 is not central. For if ¢ = es4, then (ba)c = ej3e34 = €14,
c(ba) = esse13 = 0. Hence ba is not central.

For any ring R and n > 2, D,,(R) = {(a;;) € Up(R) | a11 = a2 = ... = ann}-
Note that Dy(R) = T'(R, R). Example 6 shows that there exists a central CNZ ring such
that D2 (R) need not be central CNZ and consequently D,,(R) need not be central CNZ for
n > 2 by Remark 2.2.

For any ring R and n > 2, V;,(R) is the subring of M, (R),

ap a ag ... Gp—1 Qp
0aiag... Gpn—2 apn—1

0 0ai... an_3an_o
Va(R) = . .|l eR1<i<n
000.. a a
000 0 a

\ L o e |

The center of V,,(R) is given by
C(Va(R)) = {(a;) € Va(R) | a; € C(R)}.

By Example 6, in case R is central CNZ, V,,(R) need not be central CNZ. However, there
are rings R for which V,,(R) is central CNZ.

Theorem 3.1 Let R be a reduced ring. Then the following statements are equivalent.

(1) R is central CNZ.
(2) For any positive integer n, V,,(R) is central CNZ.

Proof. (1) = (2) Let R be a reduced ring and n > 2. Then V,,(R) is reversible by [7,
Theorem 2.5] and so it is central CNZ.
(2) = (1) It is obvious Remark 2.2.
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Let R be aring and S a subring of R and
T[R7S] :{<T17T27”' 7rn73757"’) 1Ty ER,SES,T’LZ 1,1 SZSH}

Then T'[R, S| is a ring under the componentwise addition and multiplication. In the follow-
ing we give necessary and sufficient conditions for T'[R, S| to be central CNZ.

Proposition 3.2 Let R be a ring and S a subring of R. Then the following are equivalent.

(1) TR, S] is central CNZ.
(2) Rand S are central CNZ.

Proof. (1) = (2) Let a, b € R be nilpotents with ab = 0. Let A = (a,0,0,0,...), B =
(b,0,0,0,...). Then A and B are nilpotents in T'[R, S| and AB = 0. By (1), BA is central
in TR, S]. Hence ba is central in R and R is central CNZ. Let s, t € S be nilpotents
with st = 0. Let X = (0,s,s,s,...), Y = (0,t,t,t,.....) € T[R,S]. Then X and Y are
nilpotents in T'[R, S] and XY = 0. By (1), Y X is central in T'[R, S]. So ts is central in S.
Hence S is central CNZ.

(2) = (I)Leta = (alaa@a”' 7anabab7"')’ ¢ = (017625"' ,Cm,d,d,"') € T[R,S]
be nilpotents with ac = 0. Then all components of a and c are nilpotents. We divide the
proof into some cases:

Case I: n < m. Then a;c; = 0for1 <i < n,bc; =0forn+1 < j < mandbd = 0.
By (2), cja; are central in R for 1 < i < n, c;b are central in R forn +1 < j < m and db
is central in .S. So ca is central in T[R, S].

A similar discussion reveals that for the cases n = m and n > m. It follows that T'[R, S]
is central CNZ.

The rings H, ,(R) : Let R be aring, and let s, € C(R). Let

a00
H(s,t)(R) = {(Cd€> € M3(R) | a,c,d,e, f € R,a—d:sgd—f:te}‘

00 f
a00
Then H ;) (R) is a subring of M3(R). Note that A = (c de ) € H 4 (R) if and only if
00 f

sct+te+f 0 O
Ae Ms(R)anda —d = sc,d — f =teifand only if A = c te+ fe |
0 0 f

Lemma 3.1 Let R be a ring, and let s and t be central invertible in R. Then

sc+te+f 0 O
C(H(s,t)(R)) = {( 8 tea_f ;) € H(s,t)(R) | Cveaf € C(R)}

sct+te+f 0 O
Proof. Let A = ( c te+ f e) € C(H(s4)(R)). Let e;; denote the matrix units
0 0 f
in M3(R).Letz € Rand B = (1+t)zey; + (1 +t)regs + veas + vess € H,y(R). Then
AB = BAimplies zf = fz and f € C(R). Let B = txe1; + twegs + weaz € Hgy)(R).
Then AB = BA implies, among others, ctx = txc, tex + fx = txe + xf. These imply
cx = xc and ex = xe since s and t are central invertible. Hence all components of A are
central.
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sct+te+f 0 O
Conversely, let A = ( c te+fe ) € H(,4) (R) and assume that all components
0 0 f
sy+tu+v 0 O
of A are central. Let B = ( Yy tu + v u> € Hsy)(R). We show that AB =
0 0 v
BA. In fact (3,3) component of AB is fv = vf is the (3,3) component of BA since f
is central in R. (2,3) component of AB is (te + f)u + ev. Since ev = ve, (te + flu =
u(te + f), hence u(te + f) + ve is the (2, 3) component of BA. (2,2) component of AB
is (te + f)(tu+v). Since te + f is central and (te + f)u = u(te + f), (tu 4+ v)(te + f) is
the (2, 2) component of BA. (2,1) component of AB is ¢(sy + tu + v) + (te + f)y, and
then c(sy + tu+v) + (te + fy = y(sc+te + f) + (tu+ v)cis (2, 1) component of BA.
(1,1) component of AB is (sc + te + f)(sy + tu + v). Since sc + te + f is central in R,
(sc+te+ f)(sy+tu+v) = (sy+tu+v)(sc+te+ f)isthe (1,1) component of BA.
Hence AB = BAforall B € H ;) (R). Thus A is central in H ;) (R).

Theorem 3.2 Let R be a ring, and let s and t be central invertible in R. Then R is central
CNZ if and only if H 4 ) (R) is central CNZ.

sct+te+f 0 O
Proof. Assume that R is central CNZ. Let A = ( c te+ f e) € H4)(R) and
0 0 f
sy+tu+v 0 O
B = ( Y tu+v u) € H, 4 (R) be nilpotents with AB = 0. Then sc +te + f,
0 0 v
te + f, f and sy + tu + v, tu + v, v are nilpotents and (sc + te + f)(sy + tu +v) = 0,
c(sy+tu+v)+ (te+ fly =0, (te + f)(tu +v) =0, (te + flu + ev =0, fv = 0. By
assumption v f, (tu + v)(te + f) and (sy + tu + v)(sc + te + f) are central in R. Since
(sy + tu + v)(sc + te + f) = sy(sc + te + f) + (tu + v)sc + (tu + v)(te + f) and
(tu+v)(te+ f) are central, sy(sc+te+ f)+ (tu+v)scis central. Since (tu+v)(te + f)
is central, we have (fu + v)e + uf is central in R. Hence all entries of BA are central. By
Lemma 3.1, BA is central in H, ;(R).

Suppose that H, ;) (R) is central CNZ. Let a, b € R be nilpotents such that ab = 0. Then

a00 b00

A= <0 a 0>, B = (O b 0> € H(sy)(R) are nilpotents with AB = 0. By supposition
00a 00b

BAis central in H,,(R). By Lemma 3.1, ba is central in R.
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