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1. INTRODUCTION

In [3], if R is a local Cohen-Macaulay ring, it is given necessary and sufficient
conditions for R <1 I to be a Gorenstein ring, where [ is an ideal of R. The
amalgamated duplication R <1 E of a commutative ring R along an R-module F
(that it is assumed to be an ideal in some overring of R and so F is an R-submodule
of the total ring of fractions K of R), introduced by D’Anna and Fontana [4], is a
subring Rt E = {(r,r74+e¢) | r € Rand e € E} of R x K (endowed with the usual
componentwise operations).

Let A and B be arbitrary rings with unity and I be a proper ideal of B and
f: A — B be a ring homomorphism. We consider the following subring of A x B:

Avad T:={(a,f(a)+x)|ac Az ecl}

called the amalgamation of A with B along I with respect to f. This ring is a
generalization of the amalgamated duplication of a commutative ring along an
ideal which is introduced and studied by D’Anna and Fontana in [4, 5].

In [5], the authors studied characterizations for A </ I to be a Noetherian
ring, an integral domain, a reduced ring and they characterized those distinguished
pullbacks that can be expressed as an amalgamation provided the rings are commu-
tative. Moreover, in [4], they investigated also the prime spectrum, chain properties
and Krull dimension of A >/ I. This paper aims at studying the transfer of the
notion of reversible rings, weakly reversible rings, symmetric rings, weak symmetric
rings, generalized weakly symmetric rings and weakly symmetric rings to the amal-

gamation of rings along ideals. In addition to the Introduction, it is divided sections
1
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and each section is devoted to a notion related to the versions of reversibility or
symmetricity.

In the sequel, nil(A) will denote the set of nilpotent elements of a ring A, also by
Z and Z,,, we denote the integers and the ring of integers modulo n for a positive

integer n.

2. REVERSIBILITY OF AMALGAMATED RINGS

A ring R is called reversible if for any a, b € R, ab = 0 implies ba = 0. In [2],
Cohn studied reversible rings. Further studies are done in [1], [7], [9] and [12]. In
this section, we investigate the conditions on the reversibility of the rings of the

form A</ I. We start with some examples to illustrate the definition.

Ly Lo
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Example 2.1. Let A =75 and B = the

0 Z
be the rings and I = 2
0 0

0
ideal of B and f : A — B defined by f(a) = g where a € Zy. Then A is a
a

0 0| (1 1 0 0|1 1
) EBi
01][001 [01100

reversible ring, B is not reversible. For

but Ll) (1) 8 (1) #0. Also f(A) + 1 is reversible, and
AMf I: O’ ) 07 9 1; 3 15
{( 0 0]) ( L) O]) ( L) 1]) ( L) 1])}

18 reversible.

Theorem 2.2. Let A and B be a pair of rings, f: A — B a ring homomorphism
and I a proper ideal of B. Then the following hold.

(1) If A</ I is reversible, then A is reversible.

(2) If A and f(A) + I are reversible, so is A</ I.

(3) Assume that f is injective. If f(A) + I is reversible, then so are A and
Al T

(4) Let (1) = {0}.
(a) If B is reversible, then A</ I is reversible.
(b) If f(A) + I is reversible, then A I is reversible.

Proof. (1) Let a, b € A with ab = 0. Then (a, f(a))(b, f(b)) = 0in A/ I. By
hypothesis, (b, f(b))(a, f(a)) =0. So ba = 0.

(2) Let (a, f(a)+z), (b, f(b) +y) € Af I with (a, f(a)+x)(b, f(b)+y) = 0. Then
ab=0and (f(a)+z)(f(b)+y) = 0. By hypothesis, ba = 0 and (f(b)+y)(f(a)+x) =
0. It follows that A</ I is reversible.
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(3) We first show that A is reversible. Let a, b € A with ab = 0. Then f(a) +
0,f(b) +0 € f(A) + I and (f(a) + 0)(f(b) +0) = f(ab) = 0. By hypothesis,
(f(b)+0)(f(a)+0) =0 = f(ba). By the injectivity of f, ba = 0. So A is reversible.
By (2), A/ I is reversible.

(4) (a) Note that f(A) + I is reversible as a subring of the reversible ring B. It is
clear that f(A) + I is isomorphic to A >/ I by the homomorphism « defined by
a(a, f(a) + 2) = f(a) + = where (a, f(a) + ) € A</ I

(b) Clear by the property that reversibility is preserved under isomorphism. O

Zy 0 Zs
Example 2.3. Let A = Zs and B = |0 Zo 0| be the rings and I =
0 0 Z
0 0 O a 0 0
0 Zo 0| theideal of B and f: A — B defined by f(a) = [0 a 0|. Then A
0 0 O 0 0 a

is reversible and B is not reversible. Also f is injective and

00 0] [o o 0] [1
f(A)+1={l0o 0 o|,|0 1 0],]o0
000 [0 0 0] [0

is reversible. By Theorem 2.2 (3), A</ I is a reversible ring.

The following example shows that the reverse implication of (1) in Theorem 2.2

0 Zy
0 Zs
0
the ideal of B and f : A — B defined by f(a) = g where a € Z,. Let

0 1 1
u—(O,[ )70_(17[0

0 0
. . o 0 1 10
A<’ I is not reversible. Similarly, let 2 = 0 11 , Y= lo 0] € f(A) + I. Then

zy = 0 and yx # 0. Hence f(A) + I is not reversible.

need not be true in general.

Zo Zs

2

Example 2.4. Let A = Z5 and B =

1 be the rings and I =

1
0 ) € A</ I. Then uv = 0 and vu # 0. Hence

The following lemma is clear from definitions.

Lemma 2.5. Let A and B be a pair of rings, f : A — B a ring homomorphism
and I a proper ideal of B. Then the following hold.

(1) If A and B are reversible rings, then A</ I is reversible.

(2) Let B=A, f =idy and I = (0). In this situation, A</ I is reversible if

and only if A and B are reversible.
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(3) If A</ I is reversible, then every subring is reversible, in particular, the
ideals (0) >/ I, Aw<xf (0) and I, ><f I are reversible where Iy is any ideal
of A.

Definition 2.6. We recall that, if « : A — C, §: B — C are ring homomorphisms,
the subring D := a x¢ 8 := {(a,b) € A x B | a(a) = 8(b)} of A x B is called the
pullback (or fiber product) of o and B (see [5]).

Theorem 2.7. Let A and B be rings and I an ideal of B and f : A — B a
homomorphism. Let u: A — A x ((f(A) +I)/1) defined by u(a) = (a, f(a) + I)
andv: Ax(f(A)+1) = Ax ((f(A)+1)/I) defined by v(a, f(b)+z) = (a, f(b)+1),
where a,b € A and x € I. Then A</ I is the pullback of the maps u and v.

Proof. Consider the following diagram with a(a, f(a) +t) = a and 5(a, f(a) +t) =
(a, f(a) +t) € Ax (f(A)+I) where (a, f(a) +t) € A/ I.

A (f(A) +1) —= Ax[(f(A) + /1]

Then ua = vp. For if (a, f(a) +t) € A >/ I, then ua(a, f(a) +t) = u(a) =
(a, f(a) +I), vB(a, f(a) +t) = (a, f(a) + I). Let X be any ring and v and § ring
homomorphisms such that v§ = wy. For any x € X, set y(z) = a € A. Then
u(a) = (a, f(a) + I) and §(z) = (b, f(c) + i) for some b, ¢ € A and ¢ € I. Hence
vd = wy implies a = b and f(c¢) — f(a) € I. Define 6(z) = (a, f(a) +i). Then
B0 = § and af = ~. On the other hand, @ is unique, for if v satisfies av = v and

Bv = 6, then v = 6 since § is a monomorphism. This completes the proof. (|

Proposition 2.8. With the notation of Definition 2.6, we have:
(1) If A is reversible and 8 is injective, then D is reversible.

(2) If at least one of the following conditions holds

(a) A is reversible and nil(B) N Kerf = {0},

(b) B is reversible and nil(A) N Kera = {0},

then D s reversible.

Proof. (1) Assume that A is reversible. Let (a, b) and (¢, d) be in D with (a, b)(¢,d) =
0, then ac = 0, bd = 0. We have ca = 0 and a(ca) = alc)a(a) = B(d)3(b) =
B(db) = 0, then db = 0 since § is injective. So D is reversible.

(2) By the symmetry of conditions (a) and (b), it is enough to show that condition
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(a) holds. Let (a,b) and (¢, d) be in D with (a,b)(c,d) = 0. Then ac = 0 and bd = 0.
Since A is reversible, we have ca = 0. Also, 3(db) = B(d)B(b) = a(c)a(a) = 0, so
db € KerB. Also (db)? = dbdb = 0, this implies that db € nil(B) N KerB = {0}.

Therefore D is reversible. O

3. WEAKLY REVERSIBILITY OF AMALGAMATED RINGS

Reversible rings are generalized by Liang-Gang in [11], that is, a ring R is called
weakly reversible if for all a,b,7 € R such that ab = 0, Rbra is a nil left ideal of
R (equivalently, braR is a nil right ideal of R). Weakly reversible rings are also
studied in [7]. Reversible rings are weakly reversible. There are weakly reversible

rings that are not reversible as the following example shows.

Lo 7o

Example 3.1. Let A =75 and B = 7
2

0 Z
be the rings and I = *| the
0 Zs

0
ideal of B and f : A — B defined by f(a) = lg 1 where a € Zy. Then f is
a

injective, f(A) NI = {0} and A is weakly reversible. By [11, Proposition 2.3|, B is
weakly reversible. Note that A >/ I has the following elements

00 0 1 00 0 1 10 11
0, 3 O, 3 07 ) 0, 3 17 ) 17 )
( o 0_) ( L) O]) ( [0 1]) ( [O 1]) ( 0 1]) ( L) 1])
1 0] 11 . : ,
(1, 0 0 ), (1, lo 0 ). It is easy to check that A </ I is weakly reversible. Now
0 0] 11 1 1], Jo o
0, 1, —0in A/ I, but (1, 0, 0. So Avaf T
( 01 ) L) 0]) ( lo 0_)( [0 11) #

is not reversible.

Theorem 3.2. Let A and B be rings, f : A — B a ring homomorphism and I a
proper ideal of B. Then the following hold.

(1) Assume that f is injective. If A</ I is weakly reversible and f(A) NI =
{0}, then both A and f(A) + I are weakly reversible.

(2) If A and f(A) + I are weakly reversible, so is Av<? I.

(3) Assume that f is injective. If f(A) + I is weakly reversible, then so are A
and A<l 1.

(4) Let f~1(I) = {0}.
(a) If B is weakly reversible, then A</ I is weakly reversible.
(b) If f(A) 4 I is weakly reversible, then A</ I is weakly reversible.

Proof. (1) Let a, b € A with ab = 0. Then (a, f(a) + 0)(b, f(b) +0) = 0 in A >/ I.
By hypothesis, (A </ I)(b, f(b) + 0)(c, f(c) + 2)(a, f(a) + 0) is a nil left ideal of
A/ I for all (¢, f(c) +z) € A</ I. Since operations are componentwise, Abca is
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a nil left ideal of A, and so A is weakly reversible. Let f(a)+z, f(b)+y € f(A)+1
with (f(a) +z)(f(b) +y) = 0. Then (a, f(a) + x)(b, f(b) +y) = 0. By hypothesis,
(A saf 1) (b, £(b) +y)(c, f(c) + 2)(a, f(a) + ) is a nil left ideal of A </ I. Then
(FLA) +D(fb)+y)(f(c)+ 2)(f(a) + z) is a nil left ideal of f(A) + I.

(2) Let (a, f(a)+z), (b, f(b)+y) € A</ I with (a, f(a)+z)(b, f(b)+y) = 0. Hence
ab=0and (f(a)+2)(f(b)+y) =0. Since A and f(A)+1I are weakly reversible, we
have Abca is a nil left ideal of A for all ¢ € A and (f(A)+I)(f(b)+y)(f(c)+2)(f(a)+
x) is a nil left ideal of f(A)+1 for all f(c)+z € f(A)+I. Thus there exist m > 0 and
n > 0 such that (rbca)™ = 0 for all € A and [(f(r) +s)(f(b)+y)(f(c)+2)(f(a)+
)" = 0. For k = maz{n,m}, [(r, f(r)+s)(b, f(b)+y)(c, f(c)+2)(a, f(a)+2)]* = 0.
We have (A >/ I)(b, f(b) +y)(c, f(c) + 2)(a, f(a) + z) is a nil left ideal of A > I
for all (c, f(c) + z) € A</ I

(3) It is enough to show that A is weakly reversible. Let a,b € A with ab = 0.
Since f(A) 4 I is weakly reversible, (f(A) + I)f(b)(f(c) + x)f(a) is a nil left ideal
of f(A)+1I. That is, (f(r)+s)f(b)(f(c)+z)f(a) is a nilpotent element of f(A)+T
for all ,c € A and s,z € I. In particular, for s = z = 0 we have f(r)f(b)f(c)f(a)
is nilpotent. So there exists m > 0 such that f((rbca)™) = 0. By hypothesis,
(rbca)™ = 0 in A. So A is weakly reversible. By (2), A </ I is also weakly
reversible.

(4)(a) Let a,b € A with ab = 0. Then f(a)f(b) = 0 in B. Since the subring
f(A) of B is weakly reversible, we have f(A)f(b)f(c)f(a) is a nil left ideal of f(A)
for all ¢ € A. So there exists m > 0 such that f((Abca)™) = 0 € I. Thus
(Abca)™ C f=1(I) = {0}, we have (Abca)™ = 0. That is, Abca is a nilpotent left
ideal, hence it is a nil left ideal of A. So A is weakly reversible. By (2), we have
that A >/ T is weakly reversible.

(b) It is clear from (a). O

There are rings A and B with an injective homomorphism f : A — B and an
ideal I of B with f(A) NI =0 but A</ I is not weakly reversible.

Lo Zs

Example 3.3. Let A = Zs and X = [
2 L

1 be the rings and Y =

Zo Zs
0 Zs

X 0 ) ) X 0 .
and B = 0y the ring direct sum of X and Y. Let [ = 0 0 be the ideal

of B and f(a) = a(e11 + €22 + €33 + eaq) for a € A where e;; denotes the 4x4
matrix units in B for each 4, 5. Let U = (1,e11 + e12+e33+ea4a), V = (0,12 + €22)
and T = (0,e12 + e21). Then UV = 0. But VTU = (0,e11 + €12 + €21 + €a2) is
a nilpotent element. Then f is injective and f(A) NI = {0}. On the other hand,
(Axaf I)VTU is not a nil left ideal. For if Z = (0, e11), then ZVTU = (0, e11 +e12)
and (ZVTU)? = ZVTU. Hence A</ I is not weakly reversible.
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4. SYMMETRICITY OF AMALGAMATED RINGS

Symmetric rings are defined by Lambek in [10]. A ring R is called symmetric
if abc = 0 implies acb = 0 for a, b, ¢ € R. In [6], this concept is extended to the
central symmetric ring, that is, if abc = 0 implies acb is central in R for a, b, ¢ € R.
Clearly symmetric property of rings are preserved under isomorphisms and under
subrings. In this section we study necessary and sufficient conditions for A 0/ I to

be symmetric.

Theorem 4.1. Let A and B be a pair of rings, f : A — B a ring homomorphism
and I a proper ideal of B. Then the following hold.
(1) If A</ I is symmetric, then so is A.
(2) If A and f(A) + I are symmetric, then so is A</ I.
(3) Assume that I NS # (0 where S is the set of regular central elements of
B. Then A <! I is a symmetric ring if and only if f(A) + I and A are
symmetric rings.
(4) Assume that f is injective and f(A)+1I is a symmetric ring. Then A</ T
18 a symmelric ring.
(5) Assume that f~1(I) = {0}. If f(A) + I is a symmetric ring, then A/ I

18 a symmetric ring.

Proof. (1) Assume that A </ I is symmetric. Let a, b, ¢ € A with abc = 0. Then
(a, f(a))(b, f(b))(c, f(c)) = 0in Ap</ I. By assumption, (a, f(a))(c, f(c))(b, f(b)) =
0 from which we have ach = 0. So A is symmetric.

(2) Assume that A and f(A) + I are symmetric. Let (a, f(a) + z), (b, f(b) + y),
(¢, f(c) + 2) € A >/ I with (a, f(a) + 2)(b, f(b) + y)(c, f(c) + z) = 0. Then
abc = 0 and (f(a) + 2)(f(b) + y)(f(c) + 2) = 0. By assumption, acb = 0 and
(f(@)+2)(f(e) + 2)(F(B) +) = 0. Hence (a, f(a) +2)(c, £(c) + 2)(b, f(B) +5) = 0.
So A</ I is symmetric.

(3) It is enough to show that if A </ I is symmetric, then f(A) + I is sym-
metric. Forif s € SN I and f(a) + z, f(b) + vy, f(c) + 2z € f(A) + I such that
(F(@)+2) (F(B)+)(f(c)+2) = 0, then (0, 5(F(a)+2))(0, s(F(B)+1))(0, s(F(0)+2)) =
0. By hypothesis, (0,s(f(a) + 2))(0,s(f(c) + 2))(0,s(f(b) + y)) = 0. Hence
s3((f(a) + 2)(f(c) + 2)(f(b) + y)) = 0. By the regularity of s, we have (f(a) +
)(f(e) + 2)(f(b) +3) = 0.

(4) Assume that f is injective and f(A) 4+ I is symmetric. Let a,b,¢c € A with
abc = 0. Hence f(a)f(b)f(c) = 0 in f(A) + I. Since f(A) + I is symmetric,
fla)f(e)f(b) = 0. Then f(achb) = 0. By hypothesis, acb = 0 in A. So A is a
symmetric ring. By (2), we have that A </ I is symmetric.

(5) Assume that f~1(I) = {0} and f(A)+1 is a symmetric ring. It is enough to show
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that A is symmetric. Let abc = 0 for a,b,c € A. Then f(a)f(b)f(c) =0in f(A)+1.
Since the subring f(A) of f(A) + I is symmetric, we have f(a)f(c)f(b) =0 € I.
Thus acb € f~1(I) = {0}. Hence acb = 0. That is, A is symmetric. By (2), A</ T

is symmetric. O

Example 4.2. Let x, y and z be indeterminates and consider the set
R ={ap + a17 + agy + azzlag, a1, az, a3 € Z}

with componentwise addition and defining multiplication
(ao + a17 + agy + az2)(bo + biw + boy + b32) =
agbg + (aghy + a1bo)x + (agbs + abo)y + (aobs + asby + a1bs)z.
Then R is a ring with identity. From this multiplication all products are zero
except that xy = z and that 1 acts as an identity. Let A= B = R. For every ring
homomorphism f: A — B and every proper ideal I of B, A<f I is not symmetric

because A is not symmetric [6, Example 2.2].

5. WEAK SYMMETRICITY OF AMALGAMATED RINGS

In this section we study weak symmetric rings. In [13], Ouyang and Chen dis-
cussed weak symmetric rings. A ring R is called weak symmetric if abc € nil(R)
implies acb € nil(R) for all a, b, ¢ € R. In [13], it is proved that all symmetric rings
are weak symmetric. Clearly weak symmetric property of rings are preserved under
isomorphisms and under subrings. In this section we study necessary and sufficient

conditions for A >/ I to be weak symmetric.

Theorem 5.1. Let A and B be a pair of rings, f: A — B a ring homomorphism
and I a proper ideal of B. Then the following hold.

(1) If A< I is weak symmetric, then so is A.

(2) If A and f(A) + I are weak symmetric, then so is A/ I.

(3) Assume that I NS # () where S is the set of reqular central elements of B.
Then A</ I is a weak symmetric ring if and only if f(A) + 1 and A are
weak symmetric rings.

(4) Assume that f~2(I) C nil(A). If f(A)+ I is a weak symmetric ring, then
A<l I is a weak symmetric ring.

(5) If f(A) + I is a weak symmetric ring and f is injective, then A and I are

weak symmetric.

Proof. (1) Assume that A >/ I is weak symmetric. Let a, b, ¢ € A such that abe
is nilpotent. Then (a, f(a))(b, f(b))(c, f(c)) = (abe, f(abc)) is nilpotent in A </
I. By assumption (a, f(a))(c, f(c))(b, f(b)) = (ach, f(acb)) is nilpotent. So acb is

nilpotent. It follows that A is weak symmetric.
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(2) Assume that A and f(A) + I are weak symmetric. Let (a, f(a) + x)(b, f(b)
y)(c, f(c)+2) be nilpotent in A >/ I. Then abe € A and (f(a)+z)(f(b)+y)(f(c)
z) € f(A)+I are nilpotent. By assumption, acb and (f(a)+z)(f(c)+2)(f(b)+y) are
nilpotent respectively, in A and f(A)+1. Hence (a, f(a)+z)(c, f(c)+2)(b, f(b)+y
is nilpotent in A >4/ I and so A >/ I is weak symmetric.

o+

~

(3) Necessity. By (1), A is weak symmetric. To prove f(A)+ I is weak symmetric,

let f(a) + =, f(0) +y, f(c) + 2 € f(A)+ T with (f(a) +2)(f(0) +y)(f(c) + 2)
nilpotent and s € I'NS. Then

(0, f(0) + s(f(a) +2))(0, f(0) + s(f(b) + ))(0, f(0) + s(f(c) + 2))

is nilpotent in A >/ I. By hypothesis,

(0, f(0) + s(f(a) +2))(0, f(0) + s(f(c) + 2))(0, f(0) + s(f(b) + )

is nilpotent in A 0/ I. Then s3(f(a) + 2)(f(c) + 2)(f(b) + y) is nilpotent and
(f(a)+x)(f(c)+2)(f(b) +y) is nilpotent since s is central regular. Hence f(A)+ T
is weak symmetric.

Sufficiency. It is clear from (2).

(4) Assume that f=1(I) C nil(A). It is sufficient to prove that A is weak symmetric.
Let a, b, c € A with abc € nil(A). So there exists m > 0 such that (abc)™ = 0. Hence
f(a)f(b)f(c) is a nilpotent element of f(A)+I. Since f(A)+ 1 is weak symmetric,
f(a)f(c)f(b) is nilpotent. So there exists n > 0 such that f(acb)” = 0 € I. Thus
(ach)™ € f~1(I). By assumption (ach)™ € nil(A). So acb is a nilpotent element of
A. By (2), we have that A </ I is weak symmetric.

(5) Let a,b,c € A with abc nilpotent. So f(a)f(b)f(c) is nilpotent in f(A) + I.
Since f(A)+ 1 is weak symmetric, f(a)f(c)f(b) is nilpotent. So there exists m > 0
such that (f(a)f(c)f(0)™ =0 = f((acb)™). By hypothesis (ach)™ = 0. We have
that A is weak symmetric. Since weak symmetric property of rings are preserved

under subrings, I is weak symmetric. This completes the proof. O

Example 5.2. Let R be a domain and T3(R) the ring of 3 X 3 upper triangular

R R R
matrices. Consider the ideal I = | 0 0 0 of Ts(R). Let A = T3(R) and
0 0 0

B =T3(R)/I and f: A — B be the natural projection. By [13, Example 2.2.], A
is weak symmetric. Since B is isomorphic to the ring of 2 X 2 upper triangular
matrices, B is also weak symmetric by [13, Proposition 2.3]. Being f(A)+1 =B
and Theorem 5.1(2) imply A</ I is weak symmetric.
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6. GENERALIZED WEAKLY SYMMETRICITY OF AMALGAMATED RINGS

In [14], generalized weakly symmetric rings (or GWS, for short) are discussed.
A ring R is called GWS if abc = 0 implies bac is nilpotent for a, b, ¢ € R. Clearly,
abc = 0 implies bac is nilpotent for a, b, ¢ € R if and only if abc = 0 implies acb
is nilpotent for a, b, ¢ € R if and only if abc = 0 implies Racrbd is a nil left ideal
of R for any r € R if and only if abc = 0 implies brcaR is a nil right ideal of R
for any r € R. The class of GWS rings is a proper generalization of that of central

symmetric rings.

Theorem 6.1. Let A and B be a pair of rings, f : A — B a ring homomorphism
and I a proper ideal of B. Then the following hold.

(1) If Ao<? I is GWS, then A is GWS.
(2) If A and f(A) + 1 are GWS, so is A</ 1.
(3) Assume that f is injective. If f(A)+1 is GWS, then so are A and A</ I.
(4) Let f~1(I) ={0}.
(a) If B is GWS, then A</ I is GWS.
(b) If f(A) + I is GWS, then A/ I is GWS.

Proof. (1) Assume that A </ I is GWS. Let a, b, ¢ € A with abc = 0. Then
(a, f(a) + 0)(b, £(8) + 0)(c, f(c) +0) = 0. By assumption, (a, f(a) + 0)(c, f(¢) +
0)(b, f(b) + 0) is nilpotent. Then acb is nilpotent.

(2) Suppose that A and f(A)+1 are GWS and (a, f(a)+z)(b, f(b)+y)(c, f(c)+z) =
0 for some (a, f(a) + ), (b, f(b) +y), (¢, f(c) + 2) € A/ I. Then abe = 0 and
(f(a) + z)(f(b) + y)(f(c) + 2) = 0. By supposition, acb and (f(a) + =)(f(c) +
z)(f(b) +y) are nilpotent with (acb)™ = 0 and ((f(a)+ z)(f(c)+ 2)(f(b) —i—y))t =0
for some positive integers n and ¢. Let m = maz{n,t}. Then ((a, f(a)+z)(c, f(c)+
z)(b, f(b) + y))m = 0. Hence (a, f(a) +x)(c, f(c) + 2)(b, f(b) + y) is nilpotent, and
so A</ I is GWS.

(3) Let a, b, ¢ € A with abc = 0. Then (f(a) + 0)(f(b) + 0)(f(c) +0) = 0. By
hypothesis, (f(a) + 0)(f(c) + 0)(f(b) + 0) is nilpotent and so acb is nilpotent since
f is injective. Then A is GWS. By (2), A</ I is GWS.

(4) Let f=1(I) = {0}. (a) Assume that B is GWS, then f(A) + I is GWS since
GWS property is preserved under subrings. Let a, b, ¢ € A with abc = 0. Then
fla)f(b)f(c) = f(abe) is zero. Hence f(A) + I being GWS implies that f(acbh) is
nilpotent. So there exists n > 0 such that f(acb)® =0 € I. Thus (ach)” € f~1(I).
Therefore (ach)” = 0 and so A is GWS. By (2), A</ I is GWS.

(b) Tt is clear from (4)(a). O
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Example 6.2. Let F be a field and consider the ring R = and the

© O M

F
F
0

ST S TS

ideal I = . Let A= R and B = R/I and f be the natural projection

o o o
o o o
ESTES IS

m: A — B. By [14, Theorem 2.7] A is GWS. Since B is isomorphic to the ring of
2 x 2 upper triangular matrices over F, B is GWS. Note that f(A)+ 1 = B. Then
Al is GWS by Theorem 6.1(2).

7. WEAKLY SYMMETRICITY OF AMALGAMATED RINGS

The present authors discussed weakly symmetric rings in [8]. A ring R is weakly
symmetric if for all a, b, ¢, r € R, abc is nilpotent implies Racrbd is a nil left ideal of
R (equivalently, acrbR is a nil right ideal of R). Every symmetric ring is reversible,
similarly every weakly symmetric ring is weakly reversible. In fact, if R is a weakly
symmetric ring and ab = 0, then lab = 0 and so Rlbra is a nil left ideal for all
r € R. Hence Rbra is a nil left ideal of R.

Theorem 7.1. Let A and B be rings, f : A — B a ring homomorphism and I a
proper ideal of B. Then the following hold.

(1) If A/ I is weakly symmetric, then A is weakly symmetric.

(2) If A and f(A) + I are weakly symmetric, so is A</ I.

(3) Assume that [ is injective. If f(A) + I is weakly symmetric, then so are A
and A</ I.

(4) Let (1) = {0}.
(a) If B is weakly symmetric, then A</ I is weakly symmetric.
(b) If f(A) + I is weakly symmetric, then A</ I is weakly symmetric.

Proof. (1) Assume that A >/ I is weakly symmetric. Let a, b, ¢ € R. If abc is
nilpotent, then (a, f(a) + 0)(b, £(b) + 0)(c, f(c) + 0) is nilpotent in A >/ I. So
(Af I)(a, f(a)+0)(c, f(c) +0)(, f(z)+1t)(b, f(b)+0) is a nil left ideal of A >/ T
for all (x, f(x) +t) € A</ I. Then Aaczb is a nil left ideal for all x € A.

(2) Suppose that A and f(A)+ I are weakly symmetric. Let (a, f(a)+x), (b, f(b)+
Y), (¢, fle)+2) € Af 1. If (a, f(a) +z)(b, f(b) +y)(c, f(c) + 2) is nilpotent, then
abc and (f(a)+x)(f(b) +y)(f(c)+ z) are nilpotent in A and f(A)+ I, respectively.
Hence Aaczxb is a nil left ideal of A for all z € A and (f(A) +1I)(f(a) + 2)(f(c) +
2)(f(d) +v)(f(b) + y) is a nil left ideal of f(A) + I for all f(d) +v € f(A) + I.
Thus (A <f I)(a, f(a) +z)(c, f(c) + 2)(d, f(d) +v)(b, f(b) +y) is a nil left ideal of
Af 1.
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(3) Assume that f is injective and f(A) + I is weakly symmetric. Let a, b, ¢ € A.
If abe is nilpotent, then (f(a)+ 0)(f(b) +0)(f(c)+ 0) is nilpotent in f(A)+I. By
assumption, (f(A) +I)(f(a)+0)(f(c) +0)(f(d) + 2z)(f(b) + 0) is a nil left ideal of
f(A) + 1 for all f(d) + z € f(A)+ I. It implies that f(Aacdb) is a nil subset of
f(A) + I. Since f is injective, Aacdb is a nil left ideal of A for all d € A. Since A
and f(A) + I are weakly symmetric, by (2), A >/ I is weakly symmetric.

(4) (a) Suppose that f~1(I) = {0} and B is weakly symmetric. Let (a, f(a) + ),
(b, 1) + 1), (e f(c) +2) € A ! L 1 (a, f(a) + 2)(b, FB) + p)(e S(0) + 2) s
nilpotent, then abc and (f(a)+x)(f(b)+y)(f(c)+2) are nilpotent in A and f(A)+1
respectively. The ring B being weakly symmetric, Bf(a)f(c)zf(b) is a nil left ideal
of B for all x € B. For any ¢, d € A, f(tacdb) is nilpotent, say f((tacdb)™) = 0 for
some positive integer n. Then (tacdb)™ € f~1(I). Hence (tacdb)™ = 0. Thus Aacdb
is a nil left ideal of A. On the other hand, any subring of a weakly symmetric ring
is weakly symmetric. Therefore f(A) -+ I is weakly symmetric. By (2), 4 >/ I is
weakly symmetric.

(b) Suppose that f=*(I) = {0} and f(A)+1 is weakly symmetric. Let (a, f(a)+x),
(b, f(b)+y), (c, f(c)+2) € A I. Assume that (a, f(a)+z)(b, f(b)+y)(c, f(c)+2)
is nilpotent in A >4/ I. Then abe, f(a)f(b)f(c) and (f(a) +2)(f(b) +3)(f(c) + 2)
are nilpotent. Hence f(A)f(a)f(c)f(d)f(b) is a nil left ideal and (f(A)+1)(f(a )

x)(f(c)+2)(f(d)+t)(f(b)+y) is a nil left ideal of f(A)+1 for all f(d)+t € f(A)+
It follows that (A o</ I)(a, f(a)+z)(c, f(c) +2)(d, f(d) +t)(b, f(b) +y) is a nil left
(

ideal of A</ I for all (d, f(d) +t) € A</ I O

Example 7.2. Let F be a field and consider the ring R = 0 and the ideal
F F .

I= o o | Let A= B =R and f: A — B be a homomorphism defined by

b —b
S (l g ) = [ g . Note that f(A) + I = B. It is easy to check that A
c c

is weakly symmetric. Therefore At I is weakly symmetric by Theorem 7.1(2).
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