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1 Introduction

Let R™ be the n-dimension Euclidean space with the norm |z| for each z € R?, §7~!
denotes the unit sphere on R™. For z € R™ and » > 0, let B(z,r) denote the open ball
centered at x of radius r and CB(ZL‘, r) denote the set R"\ B(x,r). Let d = (dy,...,d,),
di>1,i=1,...,n,|d = >0 diand t%s = (t%a4,...,t%x,). By [4,6], the function
F(z,p) =" 22p~2%, considered for any fixed x € R", is a decreasing one with respect
to p > 0 and the equation F'(z, p) = 1 is uniquely solvable. This unique solution will be
denoted by p(x). It is a simple matter to check that p(x — y) defines a distance between any
two points z, y € R™. Thus R", endowed with the metric p, defines a homogeneous metric
space ([4—6]). The balls with respect to p, centered at x of radius r, are just the ellipsoids

2 2
£(x,r)55d(x,r)={y€R :7( 1T2d11) +"‘+7( 3, ) <1},

with the Lebesgue measure |€(z,7)| = v,r!d, where v, is the volume of the unit ball in
R™. Let also II(z,r) = Hi(z,r) = {y € R® : maxj<i<p |T; — yi|1/di < r} denote
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the parallelopiped, ES(x,r) = R™\ &(x,r) be the complement of £(0,r). If d = 1 =
(1,...,1), then clearly p(z) = |z| and & (z,7) = B(z,r). Note that in the standard
parabolic case d = (1,...,1,2) we have

x/2+ .'L',4+$2
:0(95):\/’ | 2‘ | = x = (2 ).

Let f € Llloc(]R”). The anisotropic fractional maximal operator M is given by

Mf@) =sup e [ pwlay, 0<a <
t>0 E(x,t)
where |E(x,t)| is the Lebesgue measure of the ellipsoid &(,t). If a = 0, then M? =
M¢ is the anisotropic Hardy-Littlewood maximal operator. If d = 1, then M, = MZ is
the fractional maximal operator and M = M is the classical Hardy-Littlewood maximal
operator.

Morrey spaces, introduced by C. B. Morrey [12], play important roles in the regularity
theory of PDE, including heat equations and Navier-Stokes equations. In [10] Guliyev in-
troduce a variant of Morrey spaces called total Morrey spaces Ly, » ,(R™), 0 < p < oo,
A € Rand g € R. In [1] Abasova and Omarova consider the total anisotropic Morrey

spaces Lg »,u(R™), give basic properties of the spaces Lg »,u(R™) and study some embed-

dings into the Morrey space Li A (R™).In [11] Guliyev find necessary and sufficient condi-
tions for the boundedness of the fractional maximal operator M, in the total Morrey spaces
Ly, (R™).

The aim of this paper is to give necessary and sufficient conditions for the bounded-
ness of the anisotropic fractional maximal operator A% on total anisotropic Morrey spaces

Lg‘f N M(R”). We prove the strong and weak type Spanne and Adams type boundedness of

M¢ on Lz au(R™), respectively.
By A < B we mean that A < CB with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and B are

equivalent.

2 Anisotropic fractional maximal operator in total anisotropic Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness of
the anisotropic fractional maximal operator M¢ in the total anisotropic Morrey spaces
d

Lp)\,u<Rn>‘
Definition 2.1 Let d = (dy,...,dy), d; > 1,1 = 1,...,n. Let also 0 < p < oo,

A €R peR [ty = min{l,t}, t > 0. We denote by Lg)\(R”) the anisotropic Mor-
rey space, by Eg \(R™) the modified anisotropic Morrey space [9], and by Lg A #(R”) the

total anisotropic Morrey space [1] the set of all classes of locally integrable functions f
with the finite norms

_a
1Allpa, = xe£53>ot P | fll, )
A
\|J"1||z;g7A = xeﬂzgpbo[th "Wl @) and
_2 22
[fllga, = sup [t]y * [1/t]7 (|2,

PR peR™ES0
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respectively.

Definition 2.2 Let d = (dy,...,dy),d; > 1, i =1,...,n. Letalso0 < p < oo, A € R
and p € R. We define the weak anisotropic Morrey space WL;I A(R™), the weak modified

anisotropic Morrey space Wzi A(R™) [9] and the weak total anisotropic Morrey space

WL;‘i N #(Rn) [1] as the set of all locally integrable functions f with finite norms
A
= sup t » ,
1 Fllvwra e | F 1w L, (& (0))
_2A
~ = sup tl, F and
||fHWL1;-§A xeRn7t>0[ P N llw e, (e,
A 22
f « = sup [t " [1/H7 S ,
ez, = s 17 07 1w e
respectively.
Lemma 2.1 [10, Lemma 2]If0 <p <00, 0 < A <|d|and 0 < p < |d|, then
d d d
Lp«\,u(Rn) = Lp,min{&u} (R") N Lp,maX{Ayu} (R™)
and
1z, ey = max {f e e b= D
Lemma 2.2 [10, Lemma 3]If0 <p <o0,0<\<|d|and0 < pu <|d|, then
d d d
WLp,)\,u(Rn) = WLp,min{)\”u} (Rn) N WLp,max{)\,,u.} (Rn)
and
||f||WLz,)\,#(Rn) = nax { ||f||WLz,min{/\,y}’ ||f||WLz,max{/\¢;L} } ’

Remark 2.1 Let 0 < p < oo. If min{\, u} < 0 or max{\, u} > |d|, then

Lyru(R") = WL, ,(R") = O(R"),

where © = O(R") is the set of all functions equivalent to 0 on R™.

The following local estimate is valid.
||

Lemma 2.3 [8, Lemma 4.1] Let0 < o < |d|, 1 < p < = and % — % = ﬁ Then, for
p > 1 the inequality
4 Ldl _la
IMefllLyE@ry ST supt @ (| fllL, @) (2.1)
t>2r
holds for all E(x,r) and for all f € L;;’C(R").
Moreover if p = 1, then the inequality
p 14| _ldl
M fllw ey (@ry) ST ° tS;lQPt 9 fllzy ety (2.2)
T

holds for all £(x,r) and for all f € L°¢(R™).



4 Boundedness of the anisotropic fractional maximal operator in ...

The following is Spanne’s type result for the anisotropic fractional maximal operators
in total anisotropic Morrey spaces.

Theorem 2.1 (Spanne type result) Let 1 < p < 0o, 0 < min{\, u} < max{\, u} < |d|,
0< q< ld=max{ip} h1 1 _ o«
= P P

¢ = Td
LIfp>1, f €Ly, (RY), then M{f € L, ,, (R") and
"p’p
d
HMafHLZ, A pa < Cpapd |f||Lg,A7#> (2.3)

s?

3|

where Cy, ) ;.4 depends only on p,\, jn and n.

2Ifp=1, f € L‘i/\’u(R”), then M2f € WL;l,)\q#q(Rn) and

d
||Maf||WLZ’>\q’uq < Cl,/\,u,d HfHL‘f,A,#’ (2.4
where C ) .4 IS independent of f.

Proof. Let 1 < p < co. From the inequality (2.1) (see Lemma 2.3) we get

A I
d p P d
IMafllga = sup [r]y " [1/r]f IMESIlL, (e
@5 zER™, r>0
A B
S sup [r]y 7

o
[L/r]f ra supt™ @ |[fllL, (@)
t>2r

_ I3 —a+M a_@ A _K
Sl Sulg[rh Py suptt e [t (18] 7
Ol >

I o ld=n ld] =2 o lal=p
p

o+ o
= Ifllga, sup[rly " [1/r}y " suplt], 7 [1/t]
PR >0 t>

which implies that the operator M2 f is bounded from L;‘f, au(R™) o LZ A pg (R™).
PP

Let p = 1. From the inequality (2.2) (see Lemma 2.3) we get

d _ —-A © d
M3 g, ,,, = 3w 0 /7 IS ey

_ ldl _ld
S sup [/ supt @ || flly e
z€R™ r>0 t>2r

SUAllge, suplrfT™ (/e ot sup =l [ 1]+
OB r>0 t>r
—at|d|—X —(|d|—- —(ld|-X —a+(|d|—
= £l suplrly @92 )0 gupfag g~ o et =s)
OB r>0 t>r

=t -

which implies that the operator M f is bounded from ch, Au(R™) o WL;{ g g (R™)-

From Theorem 2.1 in the case a = 0 we get the following corollaries.
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Corollary 2.1 [10, Theorem 1] Let1 <p < 00,0 < A < |d|and 0 < p < [d|.
Lifp>1, fell, (R"), then M*f € L¢, (R")and

1Ml < Compnalf g,

where C), w,d depends only on p, A, ji, d and n.
2.If f € L‘li’/\M(R"), then Mf € WL{ /\VM(R”) and

d
1M fllwrg, < Cramalfllzg, s

where C1 ) ,.q depends only on p, A, i, d and n.

From Theorem 2.1 in the case A = p or u = 0 we get the following corollaries.

Corollary 2.2 [3] Let 1 <p < o0, 0 <A< |d, 0 <a <2 anal -1 =5

LIfp>1 fe L;‘i/\(IR{"), then M2f LZM(RH) and
' p

Q|

||Mgf||Ld g < Cp«\d Hf”LZ)\? (2.5)
Y ,

P

where C), \ q depends only on p, \, d and n.
2.Ifp=1f€ L}, (R"), then M f € WLZA(]R”) and

d
HMafHWL;l,Aq < C’1,/\,d HfHLtliAa (2-6)

where C1 ) q is independent of f.

d)—X

Corollary 2.3 [9, Theorem 2.1] Let1 < p < 00,0 < A < |d, 0 < a < = and
1 1 _ o
pq d _ _
LIfp>1 fe L;‘i/\(Rn), then M2f ¢ LZ e (R™) and
P
IMEfllze < Coralfliza 2.7)
q,% A
where C,, \ q depends only on p, \ and n.
2.Ifp=1, f € LY \(R™), then M3 f € WLI | (R") and
IMEfllwza < Ciaalflize (2.8)

where C ) q is independent of f.

The following is Adam’s type result for the anisotropic fractional maximal operators in
total anisotropic Morrey spaces.

Theorem 2.2 (Adams type result) Let 1 < p < 0o, 0 < min{\, u} < max{\,u} < |d|,

0 < q < ld=max{Au}
. . 1 1
])I‘f].<p< ,thenthECOVldlthnmSﬁ*agm
is necessary and sufficient for the boundedness of the operator M2 from L%, (R™) to

p DA
Lq,x\,u(Rn)'

]~ max{ A}
(e}
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- |d| —max{A,u} i 1
Z)Up =1< —a thenthecondltlonm § 1-& S m
is necessary and sufficient for the boundedness of the operator M from Lf’ A #(R”) to
WL, (R™). .
3)1]‘% <p< W, then the operator M is bounded from Lg)\,#(Rn)
to Lo (R™).

; |d|—max{A,u}
Proof. Sufficiency. Let1 < p < Z =
f € Ly u(R").

@ 1 1 «@
: <l_ 1o _a
w5 T g S d-max(gy and

Mlf(z) ~ Sglgra_‘d‘ 1 f1 L (&)

o ol
< Sl;%mln{r Mdf(l‘), ror HfHLp(S(x,r))}

QG

Jd] = g ldi=s

Siggmin{r“Mdf(l‘),[rﬁ_ o g, 3

< supmin{r® M f(x),r*"
>0

[d]—A
< max{ sup min{r® Mef(), v o |[fllpa b
0<r<1 Pt

d|

sup min{r® Mdf(x)ﬂ“ai o 1 £1l }}
r>1 s

Minimizing with respect to r, at

d d
. (HfHLp,)\,u)d_mﬁ‘{)\M} and 1 — (HfHLM,#>m—m§W
MAf(z) Mif(x)

we have

R —
RO | F
prhu

MEf(2) < max { (M*f ()

I o | || T
AR || £ 1 } (2.9)

DA

(M7 f(x))

where we have used that the supremum is achieved when the minimum parts are balanced.
From Corollary 2.1 and inequality (2.9), we get

p
1)
q, A1

aA,p

d 1-7
IMafllpa, S Il
P

— Ifls

P
q
DA

P
o
IMFIE S WAl

if 1l <p<qg<ooand

1 1
d =3 dr|a
1M fllwea,, S 170" M e S I,

ifp=1<¢g< 0.

; |d|—max{A,u} a 11 a
Necessity. Let 1 < p < > s Td=min{ug] < 5;—7 S (A =maxDo) f €
LZ’ML(R”) and assume that M is bounded from Lg’)\#(R”) to LiA’H(R”).
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Define fia(x) =: f(tz), [t]1+ = max{1,t}. Then

A u

= su rl, P (1/r|F

Hfthsz\’# IER”,I:>O[ I 7 /)L 1 falln, ey
ldl

_2 3
=t sup [7”]1 P [1/7‘]f HfHLp E(a,tr))
z€R™, r>0

=P o () 5 () e, s 06 ey
a2

_la A ~v
=t v [0 0/ Il

and
MG fra(z) =t M3 f(t"2),

_A I3
(Mg, = sup WL M) e

G z€R" r>0

o ldl [tr]1\Ma [1/7] w/a -2 u
=t i‘ip<[r]1l) r>o([ 1 (tr 1] ) sup [tr]y 7 [1/(tr)]} M3 FII L, e @amary)

0 z€R™, r>0
ld 2

q

1?

— e, 1/,

By the boundedness of M from L

p/\u(Rn> to L¢

g u(R™) we have

L lal _2 I
|pads| = T 0 ML)
97,
la -2 -
_['_7
ST /ATl
L ld_ldl A_A +u
=t T LT L If
_ = >\+\d\ A \dl—u_\dl ©

SO T WAL T Il

Ao
Since Lg)w(]R”) =
max{)\,u} = [L.
1 1 : d _
If > <o+ m, then by letting ¢ — 0 we have HMafHL;A’H = 0 for all
fe Lp/\ L(R™).
el 1 : d _
As well as if - > - + m then at ¢ — oo we obtain HMafHLg,M = 0 for all
fe Lp/\ 4 (R™).

o <l 1l o
Therefore |[d]—min{\,u} — p q |d|—max{Au}

Letp = 1 < M . f € Lp)\ﬂ(R”) and assume that M¢ is bounded from

A\ (R™), we can assume that A < p, and then min{\, u} = A,
p A

<
L{, (R toWLZ, (R").Then

Wosllgg, = e /O S,
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and
d -3 5 dgsd
M =t% sup |[r]; " [1/r]] [|MES(t- o
[pasill =t s T T WM Yy
o ldl trli\Ma [1/r]1 \m/4 _2 w 4
=t 7 su sup | ——— su trly P [1/(tr)]7 || M,
T;g( ]1) op (7)o B L IV i ennany

=t H [/t 2

¢t
WLZ’/\,H

By the boundedness of M¢ from L4 AR to WLZ A, (R™) we have

d
WLqM

A L©
d g G d
HMafH =t [t L1/t HMOéfthWLg/\M

atld =3 i
St [t]1,+ 1/t1 HfthLd

_ g g ||f||m

S T L

LI VA V%

1)\“

—|d|+X+
=1 [t]1,+

1 : d _
Ifl< i m, then by letting ¢ — 0 we have HMafHWLgYW = 0 for all
f S leu(Rn)'

: 1 : d _
Aswell asif 1 > o + m, then at ¢ — oo we obtain HMafHWLg,M = 0 for
all f € LY AM(R”)
Therefore 7|d‘ min ] <1-— 7‘(1‘ max D]

3) Let us show that, if W <p< W, then the operator MY is
bounded from Ld u(R™) t0 Loo (R™).

Let |d]— max{)\ ﬂ} <p< |d]— mm{)\ ©} and f c Lp)\,u(Rn)‘
Since Lg A H(R”) Lg# )\(R”), we can assume that A > i, and then max{\, u} = A,
min{\, y} = p.
_ldl
Mif(z) ~ Sglgra 0l oy ey < Sup?“ » | fllLy @)
T
ol 2 u o ldl=x el
<supr™ v [l [1/r]y P [ fll e SSUP[T] S L V2 PR VA VN
r>0 PyA DA
| _ldl=p I*
<max{ sup r* » ¢ L supr® S
< mae { sup. e Fle, 3 <0l
B S T G
P P « «
|d| — maX{)‘aM} < p < |d| — mln{)\nu}’
a a

which implies that the operator M is bounded from Lg, au(R™) 10 Log(R™).

From Theorem 2.2 in the case A = p or u = 0 we get the following corollaries.



V.S. Guliyev, F.A. Isayev, A. Serbetci 9

ld[=A
o
NIfl<p< = |d| < Is necessary and sufficient for the

boundedness of the operator M¢ from Ld AR ”; to Ld L(R™).

2)Ifp=1< |d| A then the condmon 1-— % = = d\ 5, Is necessary and sufficient for the
boundedness of the operator M2 from L4 AR™) 10 WLd L(R™).

3)Ifp |d| , then the operator Md is bounded from Ld L(R™) to Lo (R™).

ldl=2 ‘ A , then the condition; 1

Corollary 2.5 [7, Corollary 1]Let1 <p<oo,0<A<n 0<a< |d‘ A,

HIfl<p< ldi=2 | , then the condition . < % — % < |d| 5 Is necessary and sufficient
for the boundedness of the operator M2 from Ed A(R™) to Li A(R™).

2Q)Ifp=1< |d| A , then the condition & [d <1- 1 < Wl%/\ is necessary and sufficient
for the boundedness of the operator M¢ from L‘ll’ /\(R”) to WE;{ A(R™).

3) IfMT_/\ <p< %l, then the operator M is bounded from Ez)\ (R™) t0 Lo (R™).

Remark 2.2 Note that in the case of d = 1 = (1,...,1) from Theorem 2.1 we get [11,
Theorem 2.1] and from Theorem 2.2 we get [11, Theorem 2.2].
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