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On the real line, the Dunkl operators are differential-difference operators associated with the reflection
group Z, on R. In this paper, we obtain necessary and sufficient conditions on the parameters for the
boundedness of the fractional maximal operator associated with the Dunkl operator on R from the spaces
L, «(R) to the spaces L, (IR) and from the spaces L; o (R) to the weak spaces WL, o (R).
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operator; fractional integral operator
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1. Introduction

On the real line, the Dunkl operators are differential-difference operators introduced in 1989 by
Dunkl [8] and are denoted by A,, where « > —1/2 is a real parameter (see (4)). These operators
are associated with the reflection group Z, on R. The Dunkl kernel E, is used to define the Dunkl
transform F,, which was introduced by Dunkl [9]. Rosler [18] showed that the Dunkl kernels
verify a product formula. This allows us to define the Dunkl translation ., x € R. As a result, we
have the Dunkl convolution.

The Hardy-Littlewood maximal function is an important tool of harmonic analysis. It was first
introduced by Hardy and Littlewood in 1930 [15] for functions defined on the circle and later it
was extended to the Euclidean spaces, various Lie groups, symmetric spaces, and some weighted
measure spaces [4,10,22,24,25]. In the setting of hypergroups, the versions of Hardy—L.ittlewood
maximal functions were given in [5] for the Jacobi hypergroups of compact type, in [6] for the
Jacobi-type hypergroups, in [22] for the one-dimensional Bessel-Kingman hypergroups, in [2] for
the one-dimensional Chebli-Trimeche hypergroups, in [11] (see also [12]) for the n-dimensional
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Bessel-Kingman hypergroups (r > 1), in [13] for the Laguerre hypergroups, and in [1,14,16,21]
for the Dunkl operator on the real line.

In the paper, we define and study the fractional maximal function using harmonic analysis
associated with the Dunkl operator on R. We obtain the necessary and sufficient conditions for
the boundedness of the fractional maximal operator associated with the Dunkl operator on R
from the spaces L, ,(IR) to the spaces L, ,(R) and from the spaces L1, (R) to the weak spaces
WL, 4(R).

The paper is organized as follows. In Section 2, we give the main result on the boundness
of the fractional maximal function associated with the Dunkl operator on R. In Section 3, we
present some definitions and auxiliary results. In Section 4, we give some lemmas needed to
facilitate the proofs of our theorems. The main result of the paper is the boundedness of the
fractional maximal operator associated with the Dunkl operator on R, established in Section 5.
We prove the boundedness of the fractional maximal operator from the spaces L, o (R) to L, o (R),
l<p<QRa+2)/8,1/p—1/q = B/Qa + 2), from the spaces L; ,(R) to the weak Lebesgue
spaces WL, (R),1 —1/g = B/(2a + 2) and from the spaces L 2y42)/8(R) t0 Lo (R). We show
that the conditions on the parameters ensuring the boundedness cannot be weakened.

2. Mainresult

Let @ > —1/2 be a fixed number and ., be the weighted Lebesgue measure on R, given by
dpte (x) := (20 (a + 1)) 71 x|+ dx.

For every 1 < p < oo, we denote by L, ,(R) = L,(du,)(R) the spaces of complex-valued
functions f, measurable on R such that

1/p
1 lpe=1SlL,, = </R | fCo)P dua(x)) < oo, ifpell, 00)
and
I flloow =1 fllie, = ess?glplf(x)l, if p=oo.

Forl < p < oo, wedenote by WL, ,(R) the weak L, ., (R) spaces defined as the set of locally
integrable functions f(x), x € R, with the finite norm

I fllwz,. = sup r(polx e R:[f(x)] > rhhr.

Note that
Lyw CWL,, and | fllwe,, <Ifllpe forall feL,,®).
Forall x, y, z € R, we put
Wo(x,y,2) = =0y y:+ 000y +02,y0)Aa(x, y, 2),

where

x2 4 y2 — g2
2xy

0, otherwise,

, ifx,yeR\O,

Ox,y,z =
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and A, is the Bessel kernel given by

g QLaxT+ lyD? = 2%1[z% = (x| = [yD?D* 2

Ay(x,y,2) = |xyz|?
0, otherwise,

, if|z| € Ay,

where d, = (I'(e + 1))%/(2* /7T (e + (1/2))) and Ay = [||x] — [yI]. |x] + [y]].
ProposITION 2.1 [24] The signed kernel W, is even and satisfies the following properties:

Wo(x,y,2) = Wo(y, x,2) = Wol(—x, 2, ),
Walx, y,2) = Wo(=2,y, —x) = Wo(=x, =y, —2),
and
/RIWa(x, ¥, Dl due(z) < 4.

In the sequel, we consider the signed measure v, , on R, given by

Wo(x,y,z)due(z), ifx,y e R\O,
Vry = 108, (2), ify=0,
d8y(z)v |fx =0.

DErINITION 2.2 For x, y € R and f a continuous function on R, we put

W f () = /R £ v, ().

The operators z,, x € R, are called Dunkl translation operators on R and it can be expressed
in the following form [18]:

T f(¥) = Cq /77 fe <\/x2 + y2 — 2|xy] COSG) hi(x, y,0)(sin 9)2" do
0

T
+ Ca/ fo (\/x2 + y2 = 2|xy| cose) ha(x, y, 0)(sin0)%* do,
0

where f = fo + fo. fo and fe being the odd and the even parts of f, respectively, with C,, =
(e +1)/(Jm T+ 1/2)),
hi(x,y,0) =1—sgn(xy)cos® and
(x + y)[1 — sgn(xy) cos O]
ha(x,y,0) = | /x4 y? —2|xy|cos6
0, if xy =0.

, ifxy #0,

PROPOSITION 2.3 [17]

(i) Theoperator z,, x € R, isa continuous linear operator from £(RR) onto itself.
(ii) Forall f € ER) and x, y € R, we have

L. fO) =1,fx), wfx) = fx),

Ty 0Ty =Ty 0Ty, NgOTy=Tx0A,.
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Let B(x,t) = {y € R: |y| e]lmax{0, |x| — ¢}, |x| +¢[}and r > 0. Then B(0,¢) =] — ¢, ¢[ and
ta(I—1,10) = 2 (@ + D T (a + 1) 112+,

Now we define the fractional maximal function associated with the Dunkl operator by

Mg f(x) = sup(jeq B(O, r))P/@etd=1 / TIfI) dpe(v), 0<B <2a+2.
r>0 B(0,r)

If 8 =0, then M = M, is the Hardy-Littlewood maximal operator associated with the Dunkl
operator [16].

In [1,16,21] the following theorem was proved (see also [14]).
THEOREM 2.4

(1) If f € L1,4(R), then for every 8 > 0,

C
ol € B MF () > B < /R )] it (),

where C; > 0 isindependent of f.
@IffeL,,(R),1<p<oo, thenMf eL,,R)and

”Mf”p,ot = C2||f||17,oz’

where C, > 0 isindependent of f.

COROLLARY 25 If f € L%(R), then

lim — « - due(y) =0,
lim (B B(O,r)|r fO) = fO)due(y)

for a.e x e R.

COROLLARY 2.6 If f € LY (R), then

lim ——— . dug(y) = ,
lim 1 (BO.1) B(O,r)r fOMdue(y) = f(x)

for ae x e R.

For the fractional maximal operator associated with the Dunkl operator M, the following
theorem is valid.

THEOREM 2.7 Let0<pB <2a+2, 1/p—1/g=8/Qa+2), 1 <p =< (Ca+2)/B.
D) Ifp=1 feLiR),thenforalé >0,

C q
/ dpte (x) < (73 / If(X)IdMa(X)> : @)
{xeR:My f (x)>6} R

where C3 isindependent of f.
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@) Letl<p<Qu+2)/B. feL,qR), then Myf € L, o(R) and

1/q 1/p
(/R(Mﬁf(X))" dua(x)) <C4 (/le(X)IPdMQ(X)> . (2)

where C, isindependent of f.
(3) Letp=Qa+2)/B, feLya®),then Mg f € Loo(R) and

1/p
supMpf(x) <4 </R If(X)I”d/La(X)) . 3

xeR

The following theorem is our main result in which we obtain the necessary and sufficient condi-
tions for the fractional maximal operator My to be bounded from the spaces L, o (R) to L, o (R),
1 < p < g < oo, and from the spaces L (R) to the weak spaces WL, ,(R), 1 < ¢ < oco.

THEOREM 2.8 Let0 < <2a+2andl < p < (2u +2)/B.

(1) If p =1, then the condition 1 —1/g = 8/(2a + 2) is necessary and sufficient for the
boundedness of Mg from Ly ,(R) to WL, ,(R).

2 If 1< p< Qa+2)/8, then the condition 1/p —1/q = B/(2a + 2) is necessary and
sufficient for the boundedness of Mg from L, (R) to L, o (R).

(3) If p = (20 4 2)/B, then Mg isbounded from L, , (R) to L (R).

3. Préiminaries

For a real parameter o > —1/2, we consider the Dunkl operator associated with the reflection
group Z, on R:

d 20 +1 _ f—
Aa(f)(x)=af(x)+ o+ <f(x) S x)).

5 @

Note that A_;,, = d/dx.
Fora > —1/2 and A € C, the initial value problem

Ao(S)(X) =Af(x), f(O)=1 xeR,

has a unique solution E, (1x) called the Dunkl kernel [8,19,26] and is given by

A
Eq(x) = Ju(idx) + Z(O[—il)jaﬂ(m), x eR,

where j, is the normalized Bessel function of the first kind and order o [27], defined by

e Ju(z) — (—D)"(z/2)*
]a(Z)—Z F(O(+1) a —F(a—i‘l);m, ze€C.

We can write for x € Rand A € C [18, p. 295],

Fa+1)

1
_ 42\a—1/2 _ irxt
NCICESYE) /_1(1 %) (1 —1)e* ds.

Ey(—idx) =

Note that E_1/,(Ax) = e,
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The Dunkl transform F,, of a function f € L1 ,(R) is given by

Faf ) = / Eo(=irx) f(x) dpa(x), A €R.
R

Here, the integral makes sense since |E, (ix)| < 1 for every x € R [18, p. 295].
Note that F_,, agrees with the Fourier transform F, given by

Ff) = (2n)—1/2/ e ™™ f(x)dx, reR.

R
ProposiTION 3.1 [7,20]

(i) Forall f € L1,(R), wehave |7y flloca < | fll1e-
(ii) For al f € S(R), we have

Foa(Aa IR) =idFo(f)R), A €R,
where A, isthe Dunkl operator given by (4).
(iii) F, isatopological automorphismon S(R), which extends to a topological automorphism
on S’ (R).

THEOREM 3.2 [7,20]

(i) Plancherel theorem: The Dunkl transform F, is an isometric automorphism of L, ,(R). In
particular, || 7y fllz.e = Il fll2,a-
(ii) Inversion formula: Let f beafunctionin L; ,(R), such that 7, f € L1 ,(R), then
Flf(x)=Fuf(=x), ae xeR.
THEOREM 3.3 [18]

(i) Letw > —1/2 and 1 € C. The Dunkl kernel E, satisfies the following product formula:

E,(Ax)E,(Ay) = / E,(A2) dvx,y(z)a X,y € R.
R

(if) The measures v, , have the following properties:
SUPP(vy,y) = Axy U (=Axy), eyl = / diveyl(2) <4
R

PropoSITION 3.4 [20]

(i) If f isan even positive continuous function, then t, f is positive.
(i) For all x € R, the operator 7, extendsto L, ,(R), p > 1, andwehavefor f € L, ,(R),

It fllpe <41 fllpa- (5)
(iif) For all x, » e R, and f € L1 4(R), we have

Fa(te fIA) = Eq(idx)Fo f(X).
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Let f and g be two continuous functions on R with compact support. We define the generalized
convolution %, of f and g by

F o g2) = /R t f=0g) dua(y), x € R.

The generalized convolution =, is associative and commutative [24]. Note that _;, agrees
with the standard convolution x.

ProposITION 3.5 [20]

(i) If f isan even positive function and g a positive function with compact support, then f %, g
is positive.

(if) Assumethat p, ¢, r € [1, +oo[ satisfying1l/p + 1/g = 1 + 1/r (theYoung condition). Then
themap (f, g) — f *, g, definedon &, x &, extendsto a continuous map from L , ., (R) x
L, «[R)toL,,(R), and we have

If *a 8llra < 4l fllpallgllg.a-

(iii) For all f € L1,(R) and g € L2, (R), we have

Falf *a 8) = (Fa [)(Fag)-

4. Proof of Theorems 2.7 and 2.8

Proof of Theorem2.7  The fractional maximal function M f (x) may be interpreted as a fractional
maximal function defined on a space of homogeneous type. By this, we mean a topological space
X equipped with a continuous pseudometric p and a positive measure u satisfying

w(E(x,2r)) < Cou(E(x,r)) (6)

with a constant Cy independent of x and » > 0. Here, E(x,r) ={y € X: p(x,y) <r} and
o(x,y) = |x —y|. Let (X, p, u) be a space of homogeneous type. Define

My 5 f(x) = sup u(E(x, r)) tHP/@etd / lfFO)Idp(y), 0<pB <2a+2.
r>0 E(x,r)

It is well known that the fractional maximal operator M, g is of weak type (1,¢),1 —1/q =
B/a + 2) and is bounded from L ,(X, u) to L, (X, w),1/p —1/q = B/QRo +2)forl < p <
(2o + 2)/B [3]. We shall use this result in the case in which X =R, p(x,y) = |x — y|, and
du(x) = dug (x). Itis clear that this measure satisfies the doubling condition (6).

We will show that

Mg f(x) = CsMy p f(x), ()

where Cs > 0 is independent of f.

From the definition of the generalized shift operator, it follows that t, x . () is supported
in B(x, r).

Moreover,

. 2C, /ry\20+1
0 <t xBo.»(¥) < min {1, a1 1 (;) } . VyeB(x,r). (8)

In the case |x| < r, this follows from the simple inequality 0 < 7, x .~ (y) < 1.
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To prove (8) in the case |x| > r, we proceed as follows:

Tx XB(0.r) (y) = Ca/

{9€(0,):(x24y2—r?2)/2|xy|<Cc0S O}

1
=C, / (1 — > Y2 s
(

x24+y2—r2)/2|xy|

(sin9)> do

< 21—1/2Ca / 1- t)otfl/Z dt
(x2+y2=r2)/2|xy|

2171/26,(! (1 ~ xz + yz _ r2>a+l/2

20 +1 2|xy|

2C PN = N a+1/2
< Y - 7 ,
<mri(m) ()

|yl
wherea, =aifa>0anda, =0ifa < 0.
In the case |y| > |x],

o) < 2C, A\
Tx r = .
XBONY) =501 |

and in the case |y| < |x|, the inequality (r — |x — y|)/|y| < (r/|x]) is equivalent to r < |x|.
Therefore, we have

=20 +1\ x|
which proves (8) in the case |y| < |x]| as well.
Also,

2C r\ %
T XBO,nH (V) = - < )

paB(x.r) = (2T (@ + 1)) /

20+1
ly|**tdy
B(x,r)

[x[+r

2a+ld
(2a+1r(a +1))_1 |x|—r y y, r< |x|
2/0|X\+r y2a+l dy, > x|

- 2o+l rlx)?* < x|
T I'(a+1) |r2et2

IA

r > x|

1 2042
2 i {(|x|/r> 2,

r < |x|
MNa+1) 1,

r=|x|.

Then,

Mg f(x) = sugwaBm, r))P/ 2t / Tl f D xson () due ()
r> R

= sugwaB(o, r))P/ et / Lf DT xB0.) () dite ()
r> R

— sugwaB(o, r))P/@et=1 / | Ot xB0.0) () dita (3)-
r> B(x,r)
Thus,

Mgf(x) < Mygf(x)+ Mpgf(x),
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where

My g f(x) = SUp (11q B(O, r))P/ @421 f IOl du)
B(0,r)

r=|x|

Mag f(x) = SUP (1o B(O, r))P/2e+2)1 / 0180
B(O,r

r<|x|
If » > |x|, then e B(x, r) < 271/ T (a + 1))r?*+2, also
/,LC(B(O, r) = (2(1+1 ((X + 1) F((X + 1))—1 r20¢+2

and z, xpo.,)(y) < 1forall y € B(x, r). This yields

Mapf(x) = SUp (1o B(O, 1)) P/Ce+2)1 / O T xmi0m () da(y)
B(x,r)

r=lx|

IA

(222 (@ + 1)1~/ 42) sup (B (x, r)) P/ (MZ))_l/ Ftdre)
B(x,r)

r>0

<CeM,pf(x).

Ifr < [x], then by (8) UaeB(x,r) < (20t+1/ o+ 1))r|x|2a+l and

2C, 2+l
<< —
TeXBO,n)(Y) < P+ 1<x)

forall y € B(x, r). Thus, we have

My f(x) = sup (e B(0, r))P/@et=t / o | F )T xB0.n (V) dita (v)
B(x,r

r<|x|

< CrsUp(uB(x, r)) /D)L / FO)dr(y) < CoMyp ().
B(x,r)

r>0

Therefore we get (7), which completes the proof (1) and (2).
() Letp = R+ 2)/B, f € L, (R), then applying the Holders inequality and inequality (5)
we have

(11a B(O, 1)) #2121 / Tl () [da ()
B(0,r)

1/p
< (g B(O, r)) B/t D)=14A/p) ( / AN dua(y)>
B(,r)

=t fllpa = 41fllpa-

Theorem 2.7 has been proved. ]
Proof of Theorem 2.8 Sufficiency part of the proof follows from Theorem 3.3.

Necessity (1) Let Mg be bounded from Ly ,(R) to WL, (R).
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Define f,(x) := f(rx), then

I frll o = 7~ @2/ £,

and
Mg frllwe,, =r~ "2 My fllwe,,
By the boundedness Mg from L1 o (R) to WL, o (R),

2042
Mg flwe,, = rPH @219 Mg fllwe,,,

< CrPH@BIO| £ o = CpPHCIO=CaD py

where C depends only on ¢ and «.

If1<1/q + (B/(a +2)),thenforall f € Ly ,(R) we have | Mg flwr,, = 0asr — 0.
Similarly, if 1 > 1/g + (8/(2a + 2)), then for all f € L, (R) we obtain | Mg flwr,, =0
asr — 00.

Hence, we get1 = (1/q) + (B8/(2a + 2)).

(2) Letl < p < @a+2/8), f € L,(R) and assume that the inequality

Mg fllga = Clfllpe )
holds, where C depends only on p, ¢, and 8.
We have
IMp fillg.o = r P AV M £l 0
By inequality (9),

Mg fllge < CrPH(a+2)/9)—(2a+2)/p) Il

Ifl/p > 1/q + (B/(2a + 2)),thenforall f € L, ,(R)wehave |[Mgfll,o =0asr — 0,
which is impossible. Similarly, if 1/p < 1/g + (8/(2c 4 2)), then for all f € L, ,(R) we
obtain || Mg f |4, = 0asr — oo, which is also impossible.

Therefore, 1/p = 1/q + (8/2a + 2).

Thus, the proof of Theorem 2.8 is completed. |
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