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Characterization of associate spaces of generalized weighted
weak-Lorentz spaces and embeddings

by

AMIRAN GOGATISHVILI (Praha), CANAY AYKOL (Ankara) and
VAcIF S. GULIYEV (Kirsehir and Baku)

Abstract. We characterize associate spaces of generalized weighted weak-Lorentz
spaces and use this characterization to study embeddings between these spaces.

1. Introduction and main results. Let (R, u) be a totally o-finite
non-atomic measure space with b := pu(R) € (0,00]. We denote by M(R, )
the set of all p-measurable functions on R whose values belong to [—o0, 00].
By 9™ (R, 1) we denote the set of all non-negative functions from (R, p).
For f € M(R, u), the non-increasing rearrangement of f is defined by

fr(@t) =inf{s > 0; u({z € R; [f(z)| > s}) < t}, L €[0,u(R)).

We use here the convention inf ) = co. Thus, if u({z € R; |f(x)| > s}) >t
for all s € [0, u(R)), then f*(t) = oo.

We shall assume throughout that pu(R) = co. Moreover, u, v, w, ¢ and ¢
will always denote weights, that is, locally integrable non-negative functions
on (0,00). We set, once and for all,

Up(t) = [[ullp0.0, Vo) = lvlpoe,  Wolt) = [wlpog, 0<p< oo,

where ||[|:(c.q), P € (0, 0], denotes the usual LP-(quasi-)norm on the interval
(¢,d) C R, defined by

d

1/p
(Nreray) ™ it p< o,
”f”p;(c,d) = c
esssup | f(y)| if p= 0.
y€(c,d)
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When p = 1, we will omit the subscript p. We assume that U(t) > 0 for
every t € (0,00). We then denote

t
1
=—\f te (0 .
When u =1 (hence U(t) = t), we will omit the subscript .
The function “space” GI'(p,m,w)(R), introduced and studied in [FR]
and [FRZ], is defined as the collection of all functions f € M(R, u) such
that

b L m/p 1/m
I largma = (Ju@ (16 as) ™" ar) ™ < o,
0 0

where m, p € (0,00) and w is a weight on (0, b). In [GPS] the associate space
of GI'(p, m,w)(R) was characterized.

We note that in general GI'(p, m,w)(R) is not a linear space. There are
a number of natural and important function spaces which are not normable
and even not linear: see for example [CKMP].

The spaces GI'(p, m,w) cover several types of important function spaces
and have plenty of applications. For example, when b = oo, p =1, m > 1
and w(t) = t~"™v(t), where v is another weight on (0,b), then GI'(p, m,w)
reduces to the space I'"™(v), whose norm reads

HgHFm(U) = <S g* ( )m ( )dt)l/m
0

This space was introduced by Sawyer [S] who used it to describe the behavior
of classical operators on Lorentz spaces and observed, among other things,
that, under certain restrictions on the parameters involved, this space is
the associate space of the space Am/(ﬁ), introduced by Lorentz [L], where
m' = m/(m — 1), ¥ is an appropriate weight, and the norm in A™ () is
given by

1/m’

gl ame ey = (§ o)™ 5(0) )
0

Spaces of type A and I' have been extensively investigated during the
last 25 years under the common label of classical Lorentz spaces, and
an avalanche of papers by many authors devoted to their detailed study
is available.

In this paper we introduce a weak variant of GI'(p, m, w)(R) correspond-
ing to m = oo.

First, we have to recall some definitions and basic facts.
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DEFINITION 1.1. Let 6 be a continuous strictly increasing function on
[0, 00) such that 6(0) = 0 and lim;_, o, () = co. Then we say 6 is admissible.
Let 6 be an admissible function. We say that a function h is 6-quasi-
concave if h is equivalent to a non-decreasing function on [0,00) and h/6 is
equivalent to a non-increasing function on (0,00). We say that a 6-quasi-
concave function h is non-degenerate if
. ht) . 6(@)

1
lim h(t) = lim —— = lim —~ = lim —— = 0.
Jim h(t) = lim, WO o) o h =0

The family of non-degenerate #-quasiconcave functions will be denoted
by .Qg.

DEFINITION 1.2. Let 0 < p < oo and let ¢, v € MMT(0,00) be such that
Vp is admissible function and ¢V, € 2y,. We denote by GI'(p, o0;p,v)(R)
the generalized weighted weak-Lorentz space, consisting of all measurable
functions f € M(R, p) such that

1 llar@.eciew) = esssup () [o(-) £ ()l < oo
T

The spaces GI'(p,o0;¢,v)(R) cover several types of important func-
tion spaces and have plenty of applications. For example, if p = 1 and
o(t) = w(t)/V(t), t € (0,00), where w is another weight on (0,00), then
GI'(p,00;¢,v)(R) reduces to the space I'S°(w), introduced in [GP2], whose
norm is

£l e (wy = esssupw(t) f57(¢).

te(0,00)
Carro and Soria [CS1] introduced weak classical Lorentz spaces I'P*°(v),
with p € (0, 00), determined by the norm

[£llrneeqey = sup f*@OV(0)7 < oo.
te(0,00)

In our notation, I'">®(v) = GI'(1,00;V(t)/?/t,1). Weak Lorentz spaces
were further investigated e.g. in [CS2], [CS3], [CGS] and [CSPS].

It is also easy to see that

[fllGr(oo.c0i0,0) = esssup f*(t)v(t) ess sup p(s) = A% (w),
t>0 s€(t,00)
where w(t) = v(t) ess SUPye(1,00) P(5)-

Our restriction V), € 2y, excludes the case p = 1. In this case the space
GI'(p,o0;1,v)(R) reduces to the classical Lorentz space A%(v?)(R).

We note that in general GI'(p,o0,¢,v)(R) need not be a linear
space. It will be of interest to give necessary and sufficient conditions for
GI'(p,00,¢,v)(R) to be a linear space.
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Our main goal is to give a precise and easily-computable character-
ization of the norm in the associate space (sometimes also called the
Kothe dual) of GI'(p, 00;¢,v)(R). The associate space GI'(p, 00; p,v)(R)
of GI'(p, 00; p,v)(R) is defined as the collection of all f € M(R) such that

[e.9]

(11) Hf”GF(p,oo;go,v)(R)’ = sup S f*(t)g*(t) dt < 0.
||g||GF(p¢oo;(p,v)S1 0

Using this result we obtain a characterization of embeddings
GI'(p,00; ¢, v)(R) = GI'(¢,00; ¢, w)(R).

Such embeddings have not yet been characterized in a satisfactory way; only
a characterization of embeddings

GI'(1,00;¢0,v)(R) = A%(w)(R)

was obtained in [GP2].
Thus, given p,q € (0,00], our aim will be to establish necessary and
sufficient conditions on the weight functions ¢, ¥, w, v for the inequality

(1'2) HfHGF(q,oo;w,w) < CHfHGF(p,oo;go,u)

to hold for every f € M(R, u).

Throughout the paper, we write A < B if there exists a positive con-
stant C, independent of appropriate quantities such as functions, satisfying
A < CB. We write A~ Bwhen A < Band B < A. Asusual, for p € (1, 00),
we write p’ =p/(p—1).

LEMMA 1.3. Let 0 < p < 00, and let ¢ and v be weights. Define
(1.3) o(t) :=esssup Vp(s)esssup p(t), te (0,00).

s€(0,t) te(s,00)
Then o s the least V),-quasiconcave majorant of ¢, and

(1.4) GI'(p,00;9,v) = GI'(p,00;0/Vy,v)

with identical norms. Further, fort € (0,00),

] esssup vls Vp—(t)
U(t) ~ sE(O,ooI; ( )‘/;7(3) + Vp(t)

This is a generalization of [GP2, Lemma 1.5]; the proof is similar and
we omit it.
It follows from Lemma 1.3 that in Definition 1.2 the assumption that

V) is Vp-quasiconcave is not a real restriction. On the other hand, we have
not been able to avoid the assumption that ¢V}, is non-degenerate.
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DEFINITION 1.4. Let 6 be an admissible function and let v be a non-
negative Borel measure on [0, 00). We say that function h defined as

h(t) :=0(t) | #ﬁ;@)’ t e (0,00),

[0,00)
is the fundamental function of the measure v with respect to . We will also
say that v is a representation measure of h with respect to 6.

We say that the measure v is non-degenerate if for every t € (0, ),
dv(s dv(s
) | )

[O’L B0 o) " 0(s)

Let us recall [GP1, Remark 2.10(ii)] that if h € {2y, then there always
exists a representation measure v of h with respect to 6.

S dv(s) = oo.

[0,1] [1,00)

REMARK 1.5. It will be useful to note that if oV}, € {2y, then also
p 1 e vaq for all 0 < ¢ < oo. Let v be a representation measure of ¢~ ¢

with respect to V}, i.e.

1 dv(s)
iy = [0,§>o) V()2 + Vy(t)?

N (s dv(s)
~éﬁ<>+%sz@@p

We shall now formulate our main results.

THEOREM 1.6. Let 0 < p,q < oo and let v, w, ¢ be weights. Assume
that v is such that Vj is an admissible function and oV, € 2y, and v is a
representation measure of =1 with respect to Vy'. Then the inequality

(1'5) Hf”/lq(w) < CHfHGF(p,oo;go,v)
holds for all f if and only if one of the following conditions holds:
(i) 0<p<g<ooand

Al = G: (ses(lz‘,l,lso) V‘z((j)))qdy(t))l/q =

(i) 0<g<p<ooand
o= (1) ) )

Moreover, the best constant C' in (1.5) satisfies C ~ A(1) in case (i) and
C =~ A(2) in case (ii).
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THEOREM 1.7. Let 0 < p < oo and let v, ¢ be weights. Assume that
v 1s such that Vj, is an admissible function and oV, € 2y, and v is a
representation measure of 7 with respect to V,'. Then the associate space
of GI'(p,o0;p,v) can be described as follows:

(i) If 0 < p <1, then
T sf*(s)

| fllarp.oopwy /= | esssup dv(t).
F(p7 7@70) § Se(t7oo) ‘/p(s)

(ii) If 1 < p < oo, then

oo /00 Kk P’ 1/p’
||f||GF(p,oo;<p,v)’ ~ (S) <§ <8Vf})(s(;)> U(S)p dS) dl/(t).

THEOREM 1.8. Let 0 < p,q < oo and let v, w, @, ¥ be weights. Assume
that v and w are such that Vi, and Wy are admissible functions, oV, € (v,
and YWy € Qw,. Let v be a representation measure of ¢~% with respect
to V. Then the inequality (1.2) holds for some C > 0 and all f if and only
if one of the following conditions holds:

(i) 0<p<g<ooand

A(3) := sup Wq(s)¢(s)(§ V, () du(t))l/ ! < o0,

s>0 s

A) = sup Vo 5) 7 Wy (s)04(s) (g du(t))l/ T < 0,
s> 0

S

A(5) :=sup(s) <S sup V,(t) W, (t)? du(t))l/q < 00.

s>0 0 t<t<s

Moreover, the best constant C in (1.2) satisfies C =~ A(3) + A(4)
+ A(5).

(i) 0 < ¢ <p< oo and A(3) + A(4) + )<oo where
o

p=q

+ A6
A(6) ::iggw(s)< (( tt) ) Pdt) ’ dy(t))l/q.

Moreover, the best constant C in (1.2) satisfies C =~ A(3) + A(4)
+ A(6).

2. Proofs

Proof of Theorem 1.6. Our aim is to estimate the quantity

11129 )

rem(r) 1 lare,son)
J£0

(2.1) C =
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Rewriting the norm in (2.1) in a more convenient way and setting h* = (f*)?,
we get

adt) "/
C =sup 7p
720 esssup, () (1) f*(0)Po(t)? di)
[ (Sgo h* ()P (t)1 dt)p/q ] 1/p
su
ko esssup,g p(r)? S h* (E)o () dt
[ (Sgo h*(t)‘I/pw(t)q dt)p/q ] 1/p
= [su Kok
h#0 €SSSUPr~ gO(?")pV]-g(T)phvp (7")

(Jo fr @)t
0

*

)
(

Raising this to the power p, we arrive at

(122 B* () 1/Pa(t)? dt)"

C? = sup .
ho£0 €SP, @ (1)PVp(r)Phys (1)

(i) Let 0 < p < q. If we take ¢ := q/p, w := w?, u = vP, v := PPV},
and let v be the representation measure of ¢ ¢ with respect to Vj/, then
1 < ¢ < oo and [GP2, Theorem 1.8(i)] yields

o0 W (S)q p/4q
CP ~ ( sup g dv(t ) )
(S) s€(t,00) Vp(s)q ( )

Taking the pth root, we get

o (1 s 1) a0)

(ii) Let 0 < ¢ < p < oo. If we take ¢ := q/p, w(t) := wi(t), u(t) := vP,
v(t) := (t)PV,(t)P, and let v be the representation measure of =9 with
respect to V!, then using [GP2, Theorem 1.8(ii)], we get

N oo C(t) , p/q
Cp”(ﬁ%(t)q“”) ’

) P 1—q/
o0 = woy + w0 (T (FAT) Tuwtsyras) L v 0.
Furthermore, we have

22) )=~ mt)‘l(oxo(w"(s)q)“v«ﬂp )" = a0,
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Indeed,
Y WNV:@‘Qi}MW%@{Y;fﬁdQﬁQ
S%wﬂfé%%v&“”@p?—mw

Also, integrating by parts, we get

(2.4) § (I?//;((j))?;]) Ew(s)q ds

b—q - .
=—=\V p— qd W p—q
p § o(s) 71 d(Wy(s)7=1)
=2 Wols)Pm | R gy )3 (v (s) )
qp Vzp(s)p—q t qp L

L pZa V1T e
AT O ’
Then from (2.3) and (2.4) we get

(2.5) ¢(t) S Q).

Conversely, from (2.4) we also have

Gi(t) S Valt)? <Wq(t>pqpq < -

V(1) ) qd3> p
< VO (01V, (1) (?( )w@ﬁ@)km]

= ((1).

Therefore, together with (2.5) we get (2.2), and consequently

o= (17 "ore) o)

Proof of Theorem 1.7. By the definition of the associate norm,

o)

I lermosiemy®y = sup | Fet)gr(t) dt
”gIIGF(p,oo;Ap,v) <1 0

_ o S )

g#0 HQHGF(p,oo;go,v) '
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This supremum is equal to the optimal constant in (1.5) with ¢ = 1 and
w = f*. By Theorem 1.6, this optimal constant is comparable to the corre-
sponding value of A(1) if 0 < p <1 and A(2) if 1 < p < oo. Therefore, we
obtain the required results from Theorem 1.6. m

Proof of Theorem 1.8. Our ultimate aim is to estimate the quantity
(2.6) O- I Nl g o0:0,w)

rem®) 1fllarepsoiew)
170

(i) Assume that 0 < p < co. Then we can rewrite C' in the form
T ok 1

C — sup ess Sup,.~ 1/1(7’)(80 () %w(t)? dt) /a
f#0 esssup,. go(r)(gg Fx(t)Po(t)? dt) 1/p

00 1/q

* (1) 9w () (. () dt
= esssup ¥ (r)su (o /() w(1X(07)() ) 7
>0 [#0 esssup,. ¢(r) (So fr)ro(t)p dt)
Using Theorem 1.6(i), we get
q 1/q
dv(t )

C =~ esssup ¢(r )<S ( sup (min(

>0 s€(t,00) >
q 1/q
~ esssup (r (S( sup (min(s, r) ) dv(t )
r>0 r \8€(t,00)
T q 1/q
+ esssup ¥ (r (S( sup (min(s, r ) dv(t )
r>0 0 \s€(r,00)
T q 1/q
+ esssup ¢(r <S< sup mln(s T))> du(t))
r>0 0 \sE(t,r) P(S)

= ess supT/)(r)Wq(r)(S V()™ qdl/(t)) i

r>0 r

+ esssup (1) Wy (r)Vp(r) ™! (S du(t)) a

r>0 0
r : q 1/q
+ esssup ¢(r) (S( sup W*(S’T))) du(t))
>0 0 \s€(t,r) P(S)
=A(3)+ A(4) + A(5).
This establishes the assertion in case (i).

(ii) Now assume that 0 < ¢ < p < oo. Then using Theorem 1.6(ii) we
obtain
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e o) (] (T () o) i)
~eswoon(§ @(Wq Walinle 00Y ) )
" esffélp¢( ") Q( (W) ﬁv(s)p ds) B du(t)) v
Fesspel) (g( (Pl ey is) B an)) .

)
|
~ esssup Y1)V, (1) (OSO (OSO WeEera) ” ww)

r>0

+ esssup ¢ (r)Wy(r) (OSO Vp(,s)ﬁv(.s)p ds) o ( dl/(t)> Ha

r>0

'+‘$SSUP¢4T)(§<$(iZ?f;f)'fqvugpds>zzqdy(o>l/q

r>0
~ A(3) + A(4) + A(6).

The proof is complete. m
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