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1. Introduction

In mathematics, a Lie group is a group which is also a differentiable manifold
with the property that the group operations are differentiable. To establish
group structure on the surface is quite difficult. Even if the spheres that ad-
mit the structure of a Lie group are only the O-sphere S° (real numbers with
absolute value 1), the circle S' (complex numbers with absolute value 1),
the 3-sphere S? (the set of quaternions of unit form) and S7 [3]. A manifold
M carrying n linearly independent non-vanishing vector fields is called par-
allelisable and a Lie group is parallelisable. For even n > 1 S™ is not a Lie
group because it can not be parallelisable as a differentiable manifold. Thus
S™ is parallelisable if and only n =0,1,3,7.

In [5] and [6], Mihai et al. deal with tensor product surfaces of Euclidean
planar curves and Lorentzian planar curves, respectively. Ozkald1 and Yayl
[7] showed that a hyperquadric P in R* is a Lie group by using bicomplex
number product. They determined some special subgroups of this Lie group
P, by using the tensor product surfaces of Euclidean planar curves. Karakus
and Yayl [4] showed that a hyperquadric @ in R} is a Lie group by using
bicomplex number product. They changed the rule of tensor product and
they gave a new tensor product rule in R3. By means of the tensor product
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surfaces of a Lorentzian plane curve and a Euclidean plane curve, they deter-
mined some special subgroups of this Lie group Q. In [1,2], by using curves
and surfaces which are obtained by homothetic motion, were obtained some
special subgroups of these Lie groups P and @, respectively. In [8], Olmez
studied on generalized quaternions and applications.

In this paper, we define the generalized bicomplex numbers and give
some algebraic properties of them. Also, we show that some hyperquadrics in
R* and R} are Lie groups by using generalized bicomplex number product and
obtain Lie algebras of these Lie groups. Morever, by means of tensor product
surfaces, we determine some special Lie subgroups of these hyperquadrics
and obtain left invariant vector fields of these tensor product surfaces which
are Lie groups.

2. Preliminaries

Bicomplex number is defined by the basis {1,1,j,ij} where i,j,ij satisfy
i2 = —1, j2 = —1, ij = ji. Thus any bicomplex number z can be expressed as
x = x114+x0i423)+ 2417, VX1, 22, 23, 24 € R. We denote the set of bicomplex
numbers by Cs. For any x = z114+x9i+x3j+x4ij and y = y114+y2i+y3j+yaij
in C5 the bicomplex number addition is defined as

r4+y=(zr1+y1)+ (22 +y2)i + (x3 + y3)j + (x4 + ya)ij.

The multiplication of a bicomplex number x = x11 + x2i + x3j + 477 by a
real scalar A\ is defined as

With this addition and scalar multiplication, C5 is a real vector space.
Bicomplex number product, denoted by X, over the set of bicomplex
numbers C5 is given by

T Xy = (T1y1 — ToYo — T3Y3 + TaYs) + (1Yo + Toy1 — T3Ys — T4Y3)i
+H(w1y3 + w3y1 — Toys — Tay2)j + (T1Ys + Tay1 + T2y3 + T3Y2)0].

Vector space Co together with the bicomplex number product x is a real
algebra [9)].
Since the bicomplex algebra is associative, it can be considered in terms
of matrices. Consider the set of matrices
1 —I2 —IT3 T4
M=2{|" "1 TP T R 1<i<4
xr3 —T4 T1 —T2
T4 T3 o X1
The set M together with matrix addition and scalar matrix multiplication
is a real vector space. Furthermore, the vector space together with matrix

product is an algebra.
The transformation

g:Co— M
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given by
X1 —X2 —T3 T4
. . .. To X1 —T4 —X3
g(x =211 + woi + 23] + 2475) =
T3 —T4 X7 —Z2

Ty I3 T2 €1

is one to one and onto. Morever Vz,y € Cy and A € R, we have

9z +y) = g(x) +9(y)
9(Ar) = Ag(x)
9(zy) = g(x)g(y)-
Thus the algebras C; and M are isomorphic.
Let € Cy. Then z can be expressed as @ = (21 + x2i) + (3 + 247)7.

In that case, there is three different conjugations for bicomplex numbers as
follows:

(21 + w21) + (23 + 241)]" = (21 — 200) + (23 — 247)]
(21 + m21) + (23 + 241)]" = (21 + 220) — (23 + 241)]
(21 + m21) + (w3 + 241)7]" = (21 — 221) — (T3 — 47)].

(E
13
.73

[10]. Then we can write

o x ot = (22 + 23 — 23 — 22) + 2(x123 + 2014

rxat = (22 — 25 4+ 22 — 23) + 2(x120 + 2324)i

xx o' = (2] 4+ 23 + 25 + 23) + 2(v174 — T273)i].

3. Generalized Bicomplex Numbers

In this section we define generalized bicomplex numbers and give some alge-
braic properties of them.

Definition 1. A generalized bicomplex number z is defined by the basis
{1,i,4,ij} as follows

T =x11 + T2t + T3] + T417,
where @1, 23, x3 and 4 are real numbers and 2 = —a, j2 = -8, (ij)* =
O[ﬂ,ij :]'L, aaﬁ eR.

Definition 2. We denote the set of generalized bicomplex numbers by Cqg.
For any = 211 + x2i + 235 + x495 and y = y11 + yoi + Y37 + yaij in Cag,
the generalized bicomplex number addition is defined as

r+y= (21 +y1) + @2+ y2)i + (¥3 + y3)j + (24 + ya)ij

and the multiplication of a generalized bicomplex number = = 11 + z2i +
r3j + x41j by a real scalar A is defined as

Az = Az1l + Azoi + Axzj + A\wygij

Corollary 1. The set of generalized bicomplex numbers Cop is a real vector
space with this addition and scalar multiplication operations.
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Definition 3. Generalized bicomplex number product, denoted by -, over the
set of generalized bicomplex numbers C,3 is given by

r-y = (v1y1 — awoyz — Brsys + afBrays) + (x1y2 + xoy1 — Br3ys — frays)i
+ (21Y3 + x3y1 — axays — axay2) j + (T1Ys + Tay1 + T2y3 + T3Yy2) i].

Theorem 1. Vector space Copg together with the generalized bicomplex prod-
uct - 15 a real algebra.

Proof. - : Cop X Cap — Cop Vp,q,7 € Cop and A € R satisfy the following
conditions

)p-(g+r)=p-q+p-r

i) p-(g-r)=(p-q-r
i) (Ap)-q=p-(Ag) =A(p-q)
So, the real vector space C,p is a real algebra with generalized bicomplex
number product. O

Since the generalized bicomplex algebra is associative, it can be consid-
ered in terms of matrices. Consider the set of matrices

1 —axy —frz afxy

T T —pPT —pPx .
Mup = 2 Pra =Bz oz eR, 1<i<4

r3 —Qxry X1 — QT

Ty T3 xT9 €Tq

The set M,p together with matrix addition and scalar matrix multiplication
is a real vector space. Furthermore, the vector space together with matrix
product is an algebra.

Theorem 2. The algebras Cop and Mg are isomorphic.

Proof. The transformation

h: Cag — Mag
given by
1 —axs —Br3 afxy
. . . RN Y —fbxy —fx3
h(z =zl + xoi + x3) + 241)) = vy —azy o it
Ty T3 X9 X1

is one to one and onto. Morever Vz,y € Cog and A € R, we have
h(z+y) =h(z)+h(y)
h(Ax) = Ah (2)
h(z.y) =h(z)h(y).
Thus the algebras C,g and M,g are isomorphic. O

Remark 1. In Theorem 2, we showed that any generalized bicomplex num-
ber is represented a matrix in form 4 x 4. So generalized bicomplex number
addition and product can be expressed as matrix addition and product too,
respectively.
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Definition 4. Let # € Cy3. Then z can be expressed as x = (z1 + z21) +
(x5 + x47) j. Conjugations of generalized bicomplex numbers with respect to
1,7, both 7 and j are given by

a = (w1 + wad) + (3 + @4d) j]" = (21 — wai) + (w3 — 247) j
' = [(w1 + @2i) + (w3 + 24i) 17 = (w1 + 220) — (w3 + 24i) j
29 = [(@n + ) + (3 + 221) 1 = (@1 — i) — (3 — 240) .
where 2%, 2% and x' denote conjugations of x with respect to i, j, both i

and j respectively. Also we can compute
z-xlh = (x% + aac% — ﬁx% — aﬁxi) + 2 (z123 + axamy) j
z-2% = (27 — axd + Baj — afr}) + 2 (z122 + Prsza) i
z -2 = (2} + axd + B} + aBz]) + 2 (v124 — Ta23) ).

Proposition 1. Conjugations of generalized bicomplexr numbers with respect
to i,7, both i and j have following properties

D) (Ap+0g)™ = A" + 3¢
i) ()" =p
i) (p-q)™ =p - g™,
where p,q € Cup, A\, 0 € R and t, represent the conjugations with respect to
1,7, both v and j.

Proof. The proofs of the properties can be easily seen by directly computa-
tion. ]

4. Some Hyperquadrics and Lie Groups

In this section we show that some hyperquadrics together with generalized
bicomplex number product are Lie groups and find their Lie algebras. We
deal with the hyperquadric M,

M, = {x = (x1,22,23,24) € R 223 + axoxy = 0, g4, (7, 7) # O}
We consider M;, as the set of generalized bicomplex numbers
M, = {x =211 + 290 + 235 + 24ij € RE: 2125 + aaozy = 0, g4, (2, 2) # 0}

The components of M;, are easily obtained by representing generalized bi-
complex number multiplication in matrix form

1 —axy —fBr3 afzs
~ T2 X1 —pPxr4 —Px3
M, =< x = p B ,  T1x3 + awews = 0, g, ($7$) 76 0
x3 —QTr4 X1 —Qx2
r4 X3 xr2 X1

where ¢, is Euclidean or pseudo-Euclidean metric and it is defined by g, =
dz? + adxd — Bdx? — afdzi.

Remark 2. The norm of any element = on the hyperquadric M, is given by
Ny=x- zh = gt; (l‘,l‘)
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Now we define the hyperquadric M;, as
M, = {:v = (x1,29,23,24) € Rﬁ sz + Brzry =0, g4, (v, 2) # O}
We consider My, as the set of generalized bicomplex numbers
M, = {x =x11 + 00 + w3j + 241) € Rﬁ s xx2 + Brzry =0, g¢, (v, 2) # ()}

The components of M;, are easily obtained by representing generalized bi-
complex number multiplication in matrix form

r1 —axe —fzr3 afza
~ T2 T1 —fBrs —PBxs3
M, =< x= 1T =0 .
¢ v —ams T Cam, | ¥1%2 +Prsza =0, gy, (2,2) # 0
T4 T3 X2 T1

where g, is Euclidean or pseudo-Euclidean metric and it is defined by g;, =
dz? — adxd + fdz? — afdzi.

Remark 3. The norm of any element x on the hyperquadric My, is given by
Ny, =x-a% =g (2, ).

We define the hyperquadric My,
My, = {x = (z1,22,23,24) € Rﬁ D1y — wox3 =0, gy, (2, 1) # O}
We consider My, as the set of generalized bicomplex numbers
My, = {x =x11 + T2t + 23] + 1417 € Rﬁ D 1Ty — 2223 =0, gy, (T, 7) # 0}

The components of My, are easily obtained by representing generalized bi-
complex number multiplication in matrix form

r1 —arz —fBrs afza
~ T2 X1 —Bxs —Px3
M. =<z = — =0, g,
t vs  —ars @ s, | F1Ea — 2223 =0, g, (z,7) #0
T4 I3 T2 1

where g;,. is Euclidean or pseudo-Euclidean metric and it is defined by g;,, =
dz? + adr3 + fdz3 + afds.
Remark 4. The norm of any element = on the hyperquadric My, is given by
Ny =z 2" =g, (@, ).
Theorem 3. The set of M, with generalized bicomplex number product is a
Lie group.
Proof. ]\thi differentiable manifold and at the same time Z\Zti is a group with
group operation given by matrix multiplication. The group function is given
by
. Mti X Mti — Mti
(z,y) =y,

! is obtained as a element of M;, as follows:

where y~
Y 1

Ny yi+oays — Byi — aByi.
Since the transformation h is an isomorphism (M, -) is a Lie group. O

(yla —Y2,Ys3, *94) .

Y
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We denote the set of all unit generalized bicomplex numbers x on My,
by M. M{ is defined as
M ={x € My, : g, (v,2) = 1}
or
M; ={z € My, : 23 + azj — Bzi — afa] = 1}
My is a group with the group operation of generalized bicomplex multipli-
cation. So we can give the following corollary.

Corollary 2. My is 2-dimensional Lie subgroup of My, .

Theorem 4. The Lie algebra of Lie group My, is sp{X1, X2 X4} such that
left invariant vector fields X1, X2 X4 are given by

Xy = (w1, 72,73, 74)

X2 == (*aan Ty, —Qly4, .Tg)

Xy = (afry, —Br3, —az2, 1)
Proof. Let us find the Lie algebra of Lie group M;,. Let

a(t)y=a1 (t)1+as(t)i+as(t)j+as(t)ij

be a curve on My, such that a (0) = 1, i.e. a3 (0) = 1, a,, (0) = 0 for m =
2,3, 4. Differentiation of the equation

ay (t) az (t) + caz (t)aq (t) =0
yields the equation

ah () ag (£) + a1 (£) aj (£) + adh (£) aa (1) + aaz (1) () = 0

Substituting ¢ = 0, we obtain a4 (0) = 0. The Lie algebra is thus constituted
by vectors of the form ( = (, (% ‘ )
¢ is formally written in the form ¢ = Cal_—i— Coj + C4ij. Let us find the left
invariant vector field X on M, for which X|,_;, = (. Let b(t) be a curve
on M, such that b(0) = 1, b (0) = ¢. Then L, (b(t)) = xb(t) is the left
translation of the curve b (t) by the generalized bicomplex number z. Let L}

be the differentiation of L, left translation. In that case L% (&' (0)) = 2¢. In
particular, denote by X,, those left invariant vector fields on My, for which

0

Otm |,

where m = 1,2,4. The vector

Xmla:l =

where m = 1,2, 4. These three vector fields are represented at the point a = 1
by the generalized bicomplex units 1,4, ij. For the components of these vector
fields at the point © = x11+x9i+x3j+ 2417, we have (X;), = 21, (X2), = xi
and (Xy), = wij.

Xl - (xla T2,X3, .134) )

Xy = (—azg, 21, —aw4, 73)

Xy = (afzy, —fr3, —x2,71),

where all the partial derivatives are at the point z. O
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Corollary 3. The Lie algebra of Lie group M is sp{Xo X4}.

Theorem 5. The set of My, together with generalized bicomplex number prod-
uct 15 a Lie group.

Corollary 4. Mt*j is 2-dimensional Lie subgroup of My, .
Theorem 6. The Lie algebra of Lie group My, is sp{X1, X3 Xa} such that
left invariant vector fields X1, X3 X4 are given by
Xy = (z1,22,73,74),
X3 = (—Br3, —Br4,71,22),
X4 = (afry, —fr3, —axa, 1)
Corollary 5. The Lie algebra of Lie group My, is sp{X3 Xa}

Theorem 7. The set of My, together with generalized bicomplex number prod-
uct 1s a Lie group.

Corollary 6. Mt*i]_ is 2-dimensional Lie subgroup of My,;.

Theorem 8. The Lie algebra of Lie group My, is sp{X1, Xo X3} such that
left invariant vector fields X1, Xo X3 are given by

X1 = (21,22, 23, 24) ,

X = (—axg, 21, —axy, 3) ,

X3 = (—Bx3, —Br4,71,22) .
Corollary 7. The Lie algebra of Lie group M;; is sp{X2 X3} .

5. Tensor Product Surfaces and Lie Groups

In this section we define the tensor product surfaces on the hyperquadrics
My, , My, and My, .. By means of tensor product surfaces, we determine some
special subgroups of these Lie groups My,, M;; and M, in R* and Rj.

5.1. Tensor Product Surfaces on M;, Hyperquadric and Some Special Lie
Subgroups

In this subsection, we change the definition of tensor product as follows:
Let v : R =R} (+ —af) and § : R — R} (4 a) be planar curves

in FEuclidean or Lorentzian space. Put v (t) = (71 (¢),72(t)) and d(s) =

(61 (8),02 (s)). Let us define their tensor product as

f=’y®(5:R2—>Ri (+a—p—apf),
ft,s)=(n(t)d1(s),7 (t)d2(s), —ay2 (t) 62 (s) ;72 (t) 61 (s)). (1)

Tensor product surface given by (1) is a surface on M;, hyperquadric. Tangent
vector fields of f (¢, s) can be easily computed as

% = (71 (t) 61 (s) ;71 () 62 (), —aryy () 62 (s) , 5 () 61 (s))

% = (m (£) 81 (), 71 (1) 05 (5) , —ay2 () 05 (s) ;72 () 61 (s)) . (2)
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By using (2), we have
of o
=g (f f) =91(7,7')92(6,9)

g2 =g (af aﬁ) =91(7,7")g2 (6,6")

of 0
g2 =g <8£ 5§> =g1(7,7)g2 (6",0"),

where g1 = da? — afdz3 and gy = dz? + adr} are the metrics of RZ and R?,
respectively.

Remark 5. Tensor product surface given by (1) is a surface in R* or R}
according to the case of a and (. If we take as &« = 3 = 1, we obtain a tensor
product surface of a Lorentzian plane curve and a Euclidean plane curve in
Rj. If we take as a = 1, 8 = —1, we obtain a tensor product surface of two
Euclidean plane curves in R*. If we take as « = —1 , 8 = 1, we obtain a tensor
product surface of a Euclidean plane curve and a Lorentzian plane curve in
R3. If we take as @ = —1, 3 = —1 we obtain a tensor product surface of two
Lorentzian plane curves in Rj.

Now we investigate Lie group structure of tensor product surfaces given
by the parametrization (1) in R* or R3 according to above cases. Morever we
obtain left invariant vector fields of the tensor product surface that has the
structure of Lie group.

51.1. Case : a = 3 = 1.

Proposition 2. Let v : R — R% (+ —) be a hyperbolic spiral and § : R — R?
(+ +) be a spiral with the same parameter, i.e. v (t) = e** (cosht,sinht) and
§(t) = e (cost,sint) (a,b € R). Their tensor product is a one parameter
subgroup of Lie group My,.

Proof. We obtain
@ (t) =~ (t) @6 (t) = el @ (coshtcost, cosh tsint, —sinh ¢ sin ¢, sinh ¢ cos t)
It can be easily seen that

@ (t1) - (t2) = ¢ (t1 + t2)

)
for all t1,ts. Also =1 (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (M,,-). O

Corollary 8. Let v : R — R? be a Lorentzian circle centered at O and § :
R — R? be circle centered at O with the same parameter, i.e., v (t) = (cosht,
sinht) and 6 (t) = (cost,sint). Then their tensor product is a one parameter
subgroup of Lie group M.

Proof. Since g, (v () @ 6 (t),v (t) ® § (t)) = 1, it follows that v (t) ® § () C

M . If we take as a = b = 0 in Proposition 2, we obtain that 7 is a Lorentzian
mrcle centered at O and § is a circle centered at O. Then their tensor product
is a one parameter Lie subgroup in Lie group My’ . O
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Proposition 3. Let ¢ (t) be tensor product of a Lorentzian circle centered at O
and a circle centered at O with the same parameter. Then the left invariant
vector field on ¢ (t) is X = Xo + X4, where Xo and X4 are left invariant
vector fields on M.

Proof. Since ¢ (t) is tensor product of a Lorentzian circle centered at O and
a circle centered at O with the same parameter we write

¢ (t) = (coshtcost, coshtsint, —sinh¢sint,sinh ¢ cost)
¢ (0) =(1,0,0,0) = e and ¢’ (0) = (0,1,0,1) = X.. Then
L; (Xe) =9 Xe = (211 + moi + 235 + 2437) - (1 + 1))
=Xo+ Xy
This completes the proof. O

Proposition 4. Let v : R — R?, ~(t) = e (cosht,sinht) be a hyperbolic
spiral and 6 : R — R? §(s) = e® (coss,sins) be a spiral (a,b € R). Then
their tensor product is 2-dimensional Lie subgroup of My, .

Proof. By using tensor product rule given by (1), we get
f(t,s) = e (coshtcos s, cosh tsin s, — sinh t sin s, sinh ¢ cos s)

Every point of f (¢, s) is on the hyperquadric My,. Since f (¢, s) is both sub-
group and submanifold of a Lie group M, , it is a 2-dimensional Lie subgroup
of Mj,,. O

Proposition 5. Let v : R — R?, ~ (t) = (cosht,sinht) be a Lorentzian circle
centered at O and § : R — R? §(s) = (cos s,sins) be a circle centered at O
(a,b € R). Then their tensor product is 2-dimensional Lie subgroup of M .

Proof. In Proposition 4 taking a = b = 0, we can see that the tensor product
surface f (t,s) C M . Hence, it is 2-dimensional Lie subgroup of M; . O

Proposition 6. Let v : R — R}, v (t) = (cosht,sinht) be a Lorentzian circle
at centered O and § : R — R? §(s) = (coss,sins) be a circle at centered
O (a,b € R). Then, the left invariant vector fields on tensor product surface
f(t,s)=v({)®d(s) are Xo and X4 which are the left invariant vector fields
on M.

Proof. The unit element of 2-dimensional Lie subgroup is the point e =
£(0,0). Let us find the left invariant vector fields on f(¢, s) to the vectors

0 0

and us = —

:Ee 0s

for the vector u; we obtain

Uy
e

Ly (u1) = g-up = (211 + 20 + 235 + 2473]) - i

Analogously, for the vector us we obtain left invariant vector field Xos. O
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5.1.2. CaseI. a = 1,8 = —1.

Proposition 7. Let v : R — R? (+ +) and § : R — R? (+ +) be two spirals
with the same parameter, i.e. v (t) = e (cost,sint) and & (t) = e’ (cost,sint)
(a,b € R). Then their tensor product is a one parameter subgroup of Lie group
M, .

i

Proof. We obtain
et)=7(t) @6 (t) = el@tV? (cos?t,costsint, —sin®¢, cost sint)
It can be easily seen that

@ (t1) ¢ (t2) = o (t1 +t2)

for all t1,ty. Also =1 (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (M, ). O

Corollary 9. Let v : R — R? and 6 : R — R? be two circles centered at O with
the same parameter, i.e., v (t) = (cost,sint) and 6 (t) = (cost,sint). Then
their tensor product is a one parameter subgroup of Lie group M, .

Proposition 8. Let ¢ (t) be tensor product of two circles centered at O with the
same parameter. Then the left invariant vector field on ¢ (t) is X = Xo+ X4,
where Xo and Xy are left invariant vector fields on M.

Proposition 9. Let v : R — R?, v (t) = e (cost,sint) and § : R — R?
§ (s) = e’ (cos s,sin s) be two spirals (a,b € R). Then their tensor product is
2-dimensional Lie subgroup of My, .

Proof. By using tensor product rule given by (1), we get
f(t,s) = e (costcoss,costsins, —sintsin s, sint cos s)

Every point of f (¢, s) is on the hyperquadric M,,. Since f (t,s) is both sub-
group and submanifold of a Lie group M,,, it is a 2-dimensional Lie subgroup
of Mtij . ]

Corollary 10. Let v : R — R? ~(t) = (cost,sint) and § : R — R? §(s) =
(cos s,sin s) be two circles centered at O (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of M.

Proposition 10. Let v : R — R, v (t) = (cost,sint) and § : R — R* §(s) =
(cos s,sin s) be two circles centered at O (a,b € R). Then, the left invariant
vector fields on tensor product surface f (t,s) = v (t) ® § (s) are Xy and X4
which are the left invariant vector fields on M .

5.1.3. Case III: « = —1,3 = —1.

Proposition 11. Let v : R = R} (+ —) and 6 : R — R} (+ —) be two hy-
perbolic spirals with the same parameter, i.e. vy (t) = e (cosht,sinht) and
§(t) = e’ (cosht,sinht) (a,b € R). Then their tensor product is a one para-
meter subgroup of Lie group My,.
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Proof. We obtain
e(t) =~ () @6 (t) = elatd) (cosh2 t,coshtsinh t,sinh? ¢, cosh  sinh t)
It can be easily seen that

@ (1) ¢ (t2) =@ (t1 +t2)

for all t1,ts. Also =1 (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (M,,-). O

Corollary 11. Let v : R - R? and § : R — R? be two Lorentzian circles
centered at O with the same parameter, i.e., v (t) = (cosht,sinht) and § (t) =
(cosht,sinht). Then their tensor product is a one parameter subgroup of Lie
group M.

Proposition 12. Let ¢ (t) be tensor product of two Lorentzian circles centered
at O with the same parameter. Then the left invariant vector field on ¢ (t) is
X = X5 + Xy, where Xy and Xy are left invariant vector fields on M.

Proposition 13. Let v : R — R3, v (t) = e (cosht,sinht) and § : R — R}
5 (s) = € (cosh s,sinh s) be two spirals (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of My, .

Proof. By using tensor product rule given by (1), we get
f(t,s) = e (coshtcosh s, cosh tsinh s, — sinh ¢ sinh s, sinh ¢ cosh )

Every point of f (¢, s) is on the hyperquadric My,. Since f (¢, s) is both sub-
group and submanifold of a Lie group M, , it is a 2-dimensional Lie subgroup
of My,. O

Corollary 12. Let v : R — R}, v (t) = (cosht,sinht) and 6 : R — R} § (s) =
(cosh s, sinh s) be two Lorentzian circles centered at O (a,b € R). Then their
tensor product is 2-dimensional Lie subgroup of M.

Proposition 14. Lety : R — R, v (t) = (cosht,sinht) and § : R — R § (s) =
(cosh s,sinh s) be two Lorentzian circles centered at O (a,b € R). Then, the
left invariant vector fields on tensor product surface f (t,s) = v (t) @4 (s) are
Xo and X4 which are the left invariant vector fields on M.

Remark 6. If we take as o = [ = 1 in the hyperquadric M,,, the hyperquadric
M, coincides the hyperquadric @ in the paper studied by Karakug O. and
Yayli [4], where the hyperquadric @ is given by

Q={z=(21,22,23,24) #0 123 + 2224 =0, 27 + 23 — 23 — 2] #0}.
In [4], they showed that the hyperquadric @ is a Lie group by using bicomplex

number product. Also they defined a new tensor product surface in Rj as
follows:

(Y®0) (t,5) = (1 ()01 (s) s 71(8)d2 (s) , =72()32 (5) , 72(1)d1 (5))

where v : R — R% and 0 : R — R? is respectively, a Lorentzian plane curve
and a Euclidean plane curve. By means of this tensor product surfaces, they
determined some special Lie subgroups of this Lie group Q. So, the case I in
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Sect. 5.1 coincides the paper studied by Karakusg and Yayli [4]. Hence, it can
be considered that the Sect. 5.1 is a generalization of that study.

5.2. Tensor Product Surfaces on M;, Hyperquadric and Some Special Lie
Subgroups
In this subsection, we change the definition of tensor product as follows:
Let v : R—R? (+ —af) and § : R — R? (+ ) be planar curves
in Euclidean or Lorentzian space. Put v (¢t) = (y1(t),72 (¢)) and d(s) =
(01 (s),02(s)) . Let us define their tensor product as
f=7©8:R? =R, (+a -3 -af),
fts) = (71 () 61 (s), =572 (1) 62 (s) , 71 (1) 62 (5) , 72 (1) 61 (5))  (3)
tensor product surface given by (3) is a surface on M;, hyperquadric. Tangent
vector fields of f (¢, s) can be easily computed as

O = (131 (), 7% (1) 32 (), 24 ()82 () 74 (1)1 (5)

%ﬁ = (1 (1) 01 (s), =By2 () 05 (s) , 71 () 05 (5) , 72 (£) 01 (s)) (4)

By using (4), we have

of

Gii=g (a{ 8?) =g1(v,7")g2 (6,0)
aof 0 ) ,

g12=9 (8{ aﬁ) = g1(7,7")92 (9,9")
of 0

g2 =g (aj; aﬁ) = g1(7,7)g2 (8",0")

where g1 = da? — afdx3 and g, = dz? + Bdx3 are the metrics of R? and RZ,
respectively.

Remark 7. Tensor product surface given by (3) is a surface in R* or R}
according to the case of a and (. If we take as &« = 3 = 1, we obtain a tensor
product surface of a Lorentzian plane curve and a Euclidean plane curve in
Rj. If we take as o = 1, 3 = —1, we obtain a tensor product surface of
a Euclidean plane curve and a Lorentzian plane curve in R3. If we take as
a = —1, 8 = 1, we obtain a tensor product surface of two Euclidean plane
curves in R*. If we take as @« = —1, § = —1 we obtain a tensor product
surface of two Lorentzian plane curves in Rj.

Now we investigate Lie group structure of tensor product surfaces given
by the parametrization (3) in R* or R3 according to above cases. Morever we
obtain left invariant vector fields of the tensor product surface that has the
structure of Lie group.

52.1. Case Il a = 3 = 1.

Proposition 15. Let v : R — R% (+ —) be a hyperbolic spiral and § : R — R?
(+ +) be a spiral with the same parameter, i.e. v (t) = e* (cosht,sinht) and
§(t) = e’ (cost,sint) (a,b € R). Their tensor product is a one parameter
subgroup of Lie group My, .
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Proof. We obtain
@ (t) =~ (t) @6 (t) = e (coshtcost, —sinh tsint, cosh t sint, sinh  cost)
It can be easily seen that

@ (t1) - (tz) = @ (t1 + t2)
for all t1,ta. Also =1 (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (M, -). O

Corollary 13. Let ~ : RHR% be a Lorentzian circle centered at O and
§ : R — R? be circle centered at O with the same parameter, i.e., ~(t) =
(cosht,sinht) and 6 (t) = (cost,sint). Then their tensor product is a one
parameter subgroup of Lie group Mg;

Proposition 16. Let ¢ (t) be tensor product of a Lorentzian circle centered at
O and a circle centered at O with the same parameter. Then the left invariant
vector field on ¢ (t) is X = X3 + Xy, where X3 and X4 are left invariant
vector fields on My .

Proposition 17. Let v : R — R}, v (t) = e (cosht,sinht) be a hyperbolic
spiral and § : R — R? §(s) = e (coss,sins) be a spiral (a,b € R). Then
their tensor product is 2-dimensional Lie subgroup of My, .
Proof. By using tensor product rule given by (3), we get

f(t,s) = e (coshtcos s, —sinhtsin s, cosh tsin s, sinh ¢ cos s)

Every point of f (¢, s) is on the hyperquadric M;,. Since f (t,s) is both sub-
group and submanifold of a Lie group My, it is a 2-dimensional Lie subgroup
of Mj,. O

Proposition 18. Let vy : R — R3, 4 (t) = (cosht,sinht) be a Lorentzian circle
and § : R — R? §(s) = (cos s,sins) be a circle (a,b € R). Then their tensor
product is 2-dimensional Lie subgroup of Mt*,»'

Proposition 19. Let 7y : R — R?, « (t) = (cosht,sinht) be a Lorentzian circle
at centered O and 6 : R — R? §(s) = (coss,sins) be a circle at centered
O (a,b € R). Then, the left invariant vector fields on tensor product surface
ft,s) =~ ({)®06(s) are X3 and X4 which are the left invariant vector fields
on My .

5.2.2. Case Il a = —1,8 = 1.
Proposition 20. Let v: R — R* (+ +) and § : R — R? (+ +) be two spirals
with the same parameter, i.e. v (t) = e* (cost,sint) and § (t) = e (cost,sint)

(a,b € R). Then their tensor product is a one parameter subgroup of Lie group
My, .
Proof. We obtain

et)=7t) @0 (t) = el@tV! (cost, —sin®t, costsint, cost sint)
It can be easily seen that

@ (t1) ¢ (t2) = (t1 +t2)
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for all t1,ts. Also ¢! (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (Mtj , ) . O

Corollary 14. Let v : R — R? and & : R — R? be two circles centered at O
with the same parameter, i.e., v (t) = (cost,sint) and § (t) = (cost,sint).
Then their tensor product is a one parameter subgroup of Lie group Mt*]

Proposition 21. Let ¢ (t) be tensor product of two circles centered at O with
the same parameter. Then the left invariant vector field on ¢ (t) is X =
X3+ Xy, where X3 and X4 are left invariant vector fields on Mt*]

Proposition 22. Let v : R — R?, ~(t) = e* (cost,sint) and § : R — R?
§ (s) = € (cos s,sin s) be two spirals (a,b € R). Then their tensor product is
2-dimensional Lie subgroup of My;.

Proof. By using tensor product rule given by (3), we get

f(t,s) = e (costcos s, —sintsin s, costsin s, ,sint cos s)

Every point of f(t,s) is on the hyperquadric M,. Since f (¢, s) is both sub-
group and submanifold of a Lie group My, it is a 2-dimensional Lie subgroup
Of Mtj . O

Corollary 15. Let v : R — R?, ~(t) = (cost,sint) and § : R — R? §(s) =
(cos s,sin s) be two circles centered at O (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of My .

Proposition 23. Let v : R — R, v (t) = (cost,sint) and § : R — R* §(s) =
(coss,sins) be two circles centered at O (a,b € R). Then, the left invariant
vector fields on tensor product surface f (t,s) = v (t) @ § (s) are X3 and X4
which are the left invariant vector fields on MZ;

5.2.3. CaseIll a« = —1,8 = —1.

Proposition 24. Let v : R = R} (+ —) and 6 : R — R} (+ —) be two hy-
perbolic spirals with the same parameter, i.e. v (t) = e (cosht,sinht) and
§ (t) = e’ (cosht,sinht) (a,b € R). Then their tensor product is a one para-
meter subgroup of Lie group M.

Proof. We obtain
o) =7 (t) @6 (t) = elatd? (Cosh2 t,sinh? ¢, cosh ¢ sinh ¢, cosh ¢, sinh t)
It can be easily seen that
@ (t1) - @ (t2) = @ (t1 + t2)
for all t1,ts. Also ¢! (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (Mtj , ) O

Corollary 16. Let v : R = R? and § : R — R? be two Lorentzian circles
centered at O with the same parameter, i.e., v (t) = (cosht,sinht) and § (t) =
(cosht,sinht). Then their tensor product is a one parameter subgroup of Lie
group Mt*]
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Proposition 25. Let ¢ (t) be tensor product of two Lorentzian circles centered
at O with the same parameter. Then the left invariant vector field on o (t) is
X = X3+ Xy, where X3 and X4 are left invariant vector fields on Mt*]

Proposition 26. Let v : R — R?, v (t) = e (cosht,sinht) and § : R — R?
§ (s) = €’ (cosh s,sinh s) be two spirals (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of My, .

Proof. By using tensor product rule given by (3), we get
f(t,s) = e (cosht cosh s, sinh ¢ sinh s, cosh ¢ sinh s, sinh ¢ cosh s)

Every point of f (t,s) is on the hyperquadric M;,. Since f (t,s) is both sub-
group and submanifold of a Lie group My, it is a 2-dimensional Lie subgroup
of Mtj . O

Corollary 17. Let v : R — R, ~(t) = (cosht,sinht) and 6 : R — R? §(s) =
(cosh s, sinh s) be two Lorentzian circles centered at O (a,b € R). Then their
tensor product is 2-dimensional Lie subgroup of Mt’;.

Proposition 27. Let~ : R — R?, ~ (t) = (cosht,sinht) and § : R — R? § (s) =
(cosh s,sinh s) be two Lorentzian circles centered at O (a,b € R). Then, the
left invariant vector fields on tensor product surface f (t,s) = v (t) @4 (s) are
X3 and X4 which are the left invariant vector fields on My .

5.3. Tensor Product Surfaces on M;,, Hyperquadric and Some Special Lie
Subgroups

In this subsection, we use the definition of tensor product given by Mihai.
Let v : R — R? (+ ) and 6 : R — R? (4 a) be planar curves in Euclid-

ean or Lorentzian space. Put v (t) = (71 (¢) , 72 (¢)) and 6 (s) = (61 (s), 02 (s)) .

f=7®0:R? >R (+ aBap),
ft,8)= (v (#)d1(s),7 (t)d2(s),72 (t) 01 (s),72 (t) 02 (5)) (5)

tensor product surface given by (5) is a surface on My, hyperquadric. Tangent
vector fields of f (¢, s) can be easily computed as

%{ = (v, (£) 61 (s), 7} (£) 82 (5) , 7h (£) 61 (5) 17 (£) 62 (s))

U 08 (51 (D), 05 ()2 (D) (6)

By using (6), we have

of 0
Gii=g ((9{ af) =g1(v,7")g2 (6,0)

of 0
gi2=9 (af ai) =g1(7,7)g2 (8,9

of of
— _— — 5/ 6’
g =g (as’ 58> 91(7,7)g2 (6", 6")
where g1 = da? + Bdz} and go = dz? + adz? are the metrics of RZ and R?,
respectively.
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Remark 8. Tensor product surface given by (5) is a surface in R* or R}
according to the case of o and . If we take as a = 3 = 1, we obtain a tensor
product surface of two Euclidean plane curves in R*. If we take as a = 1,
[ = —1, we obtain a tensor product surface of a Lorentzian plane curve and a
Euclidean plane curve in R3. If we take as o = —1, 3 = 1, we obtain a tensor
product surface of a Euclidean plane curve and a Lorentzian plane curve in
R3. If we take as @ = —1, 3 = —1 we obtain a tensor product surface of two
Lorentzian plane curves in Rj.

Now we investigate Lie group structure of tensor product surfaces given
by the parametrization (5) in R* or Rj according to above cases. Morever we
obtain left invariant vector fields of the tensor product surface that has the
structure of Lie group.

53.1. Case l =3 = 1.
Proposition 28. Let v : R — R? (+ +) and § : R — R? (+ +) be two spirals
with the same parameter, i.e. v (t) = e (cost,sint) and & (t) = e (cost,sint)
(a,b € R). Then their tensor product is a one parameter subgroup of Lie group
M, .

ij
Proof. We obtain

@ (t) =~ (t) @6 (t) = elatt)t (cos?t,costsint,costsint,sin® t)

It can be easily seen that

@ (t1) - (t2) = @ (t1 +t2)
for all ¢1,ts. Also ¢! (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (Mtij , ) O

Corollary 18. Let v : R — R? and 6 : R — R? be two circles centered at O
with the same parameter, i.e., v (t) = (cost,sint) and § (t) = (cost,sint).
Then their tensor product is a one parameter subgroup of Lie group Mt*J

Proposition 29. Let ¢ (t) be tensor product of two circles centered at O with
the same parameter. Then the left invariant vector field on ¢ (t) is X =
X5 4 X3, where Xo and X3 are left invariant vector fields on My, .

Proposition 30. Let v : R — R?, ~(t) = e*(cost,sint) and § : R — R?
§(s) = e’ (cos s,sin s) be two spirals (a,b € R). Then their tensor product is
2-dimensional Lie subgroup of My, .
Proof. By using tensor product rule given by (5), we get

f(t,s) = e (costcoss,costsin s, sint cos s, sint sin s)

Every point of f(t,s) is on the hyperquadric M . Since f(t,s) is both
subgroup and submanifold of a Lie group My, , it is a 2-dimensional Lie
subgroup of My, . O

Corollary 19. Let v : R — R?, ~(t) = (cost,sint) and § : R — R? §(s) =
(cos s,sin s) be two circles centered at O (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of My,
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Proposition 31. Let v : R — R3, 7 (t) = (cost,sint) and § : R — R? §(s) =
(cos s,sins) be two circles centered at O (a,b € R). Then, the left invariant
vector fields on tensor product surface f (t,s) = (t) ® d (s) are X2 and X3
which are the left invariant vector fields on My, .

5.3.2. Case Il a=1,8 = —1.

Proposition 32. Let v: R — R% (+ —) be a hyperbolic spiral and § : R — R?
(+ +) be a spiral with the same parameter, i.e. v (t) = e* (cosht,sinht) and
§(t) = e’ (cost,sint) (a,b € R). Their tensor product is a one parameter
subgroup of Lie group My, ;.

Proof. We obtain
©(t) =~ () ®6(t) = el (coshtcost, cosh tsint, sinh t cos ¢, sinh ¢ sin t)
It can be easily seen that

@ (t1) ¢ (t2) = ¢ (t1 +t2)

for all t1,ts. Also ¢! (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (Mtij , ) O
Corollary 20. Let ~ : R—>Rf be a Lorentzian circle centered at O and
§ : R — R? be circle centered at O with the same parameter, i.e., v (t) =
(cosht,sinht) and 6 (t) = (cost,sint). Then their tensor product is a one
parameter subgroup of Lie group Mt*]

Proposition 33. Let ¢ (t) be tensor product of a Lorentzian circle centered at
O and a circle centered at O with the same parameter. Then the left invariant
vector field on ¢ (t) is X = Xo + X3, where Xy and X5 are left invariant
vector fields on My, .

Proposition 34. Let v : R — R}, v (t) = e (cosht,sinht) be a hyperbolic
spiral and 6 : R — R? §(s) = e’ (coss,sins) be a spiral (a,b € R). Then
their tensor product is 2-dimensional Lie subgroup of My, .

Proof. By using tensor product rule given by (5), we get
f(t,s) = e (coshtcos s, coshtsin s, sinh ¢ cos s, sinh # sin s)

Every point of f(Z,s) is on the hyperquadric M,,. Since f (t,s) is both
subgroup and submanifold of a Lie group My, it is a 2-dimensional Lie
subgroup of M, . O

Proposition 35. Let v : R — R?, ~ (t) = (cosht,sinht) be a Lorentzian circle
and § : R — R? §(s) = (cos s,sins) be a circle (a,b € R). Then their tensor
product is 2-dimensional Lie subgroup of Mt*ij.

Proposition 36. Let v : R — R?, 4 (t) = (cosht,sinht) be a Lorentzian circle
at centered O and § : R — R? §(s) = (coss,sins) be a circle at centered
O (a,b € R). Then, the left invariant vector fields on tensor product surface
ft,s) =~ ({t)®06(s) are Xy and X3 which are the left invariant vector fields
on My, .
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5.3.3. Case Ill « = —1,8 = —1.

Proposition 37. Let v : R = R} (+ —) and 6 : R — R} (+ —) be two hy-
perbolic spirals with the same parameter, i.e. v (t) = e (cosht,sinht) and
§(t) = e’ (cosht,sinht) (a,b € R). Then their tensor product is a one para-
meter subgroup of Lie group My, .

Proof. We obtain
e(t)=vt) @6 (t) = el@tD! (cosh2 t,coshtsinht,cosht,sinh ¢, sinh? t)
It can be easily seen that

@ (t1) ¢ (t2) = @ (t1 +t2)

for all t1,ts. Also ¢! (t) = ¢ (—t). Hence (¢ (t),-) is a one parameter Lie
subgroup of Lie group (Mti]. ,0). O
Corollary 21. Let v : R - R? and § : R — R? be two Lorentzian circles
centered at O with the same parameter, i.e., vy (t) = (cosht,sinht) and § (t) =
(cosht,sinht). Then their tensor product is a one parameter subgroup of Lie
group M, .

Proposition 38. Let ¢ (t) be tensor product of two Lorentzian circles centered
at O with the same parameter. Then the left invariant vector field on o (t) is
X = X5 + X3, where Xy and X3 are left invariant vector fields on Mt*”

Proposition 39. Let v : R — R3, v (t) = e (cosht,sinht) and § : R — R}
§ (s) = e’ (cosh s,sinh s) be two spirals (a,b € R). Then their tensor product
is 2-dimensional Lie subgroup of My,;.

Proof. By using tensor product rule given by (5), we get
f(t,s) = e (cosht cosh s, cosh t sinh s, sinh ¢ cosh s, , sinh ¢ sinh s)

Every point of f(t,s) is on the hyperquadric My, . Since f(t,s) is both
subgroup and submanifold of a Lie group My, , it is a 2-dimensional Lie
subgroup of My, .. O

Corollary 22. Let v : R — R}, v (t) = (cosht,sinht) and § : R — R} 5 (s) =
(cosh s,sinh s) be two Lorentzian circles centered at O (a,b € R). Then their
tensor product is 2-dimensional Lie subgroup of Mt’:j.

Proposition 40. Let~ : R — R%, ~ (t) = (cosht,sinht) and § : R — R? § (s) =
(cosh s,sinh s) be two Lorentzian circles centered at O (a,b € R). Then, the
left invariant vector fields on tensor product surface f (t,s) = v (t)®4 (s) are
X5 and X3 which are the left invariant vector fields on M.

Remark 9. If we take as a = 8 = 1 in the hyperquadric M, ;, the hyper-
quadric My, coincides the hyperquadric P in the paper studied by
Ozkald1 and Yayh [7], where the hyperquadric P is given by

P ={r= (21,22, 73,74) #0; 7174 = T273}.
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In [7], they showed that the hyperquadric P is a Lie group by using bicomplex
number product. Also they use the tensor product surface in R* as follows:

(y®0) (t,5) = (11(t)d1 (s) , 71(t)2 (5) , 12(t) 1 (s) , 12(t)2 (s))
where 7 : R — R? and ¢ : R — R? are Euclidean plane curves. They deter-
mined some special Lie subgroups of this Lie group P by using the tensor
product surfaces of Euclidean planar curves. So the case I in Sect. 5.1.2 coin-
cides the paper studied by Ozkald: and Yayh [7]. Hence, it can be considered
that the Sect. 5.1.2 is a generalization of that study.
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