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Abstract

In this paper, we study spacelike rotational surfaces which are called
boost invariant surfaces in Minkowski 4-space Ef. We give necessary and
sufficient condition for flat spacelike rotational surface to have pointwise
1-type Gauss map. Also, we obtain a characterization for boost invariant
marginally trapped surface with pointwise 1-type Gauss map.
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1 Introduction

The notion of finite type mapping was introduced by B.Y. Chen in late 1970’s.
A pseudo- Riemannian submanifold M of the m—dimensional pseudo-Euclidean
space E7" is said to be of finite type if its position vector z can be expressed as a
finite sum of eigenvectors of the Laplacian A of M, that is, x = xg+x1 + ... + T4,
where x( is a constant map, x1, ..., r; are non-constant maps such that Ax; =
ANixi, A € R4 = 1,2,..., k. If A\, X\o,....\, are all different, then M is said to
be of k—type. This notion of finite type immersions is naturally extended to
differentiable maps of M in particular, to Gauss maps of submanifolds [7].

If a submanifold M of a Euclidean space or pseudo-Euclidean space has 1-
type Gauss map G, then G satisfies AG = A (G + C) for some A € R and
some constant vector C. Chen and Piccinni made a general study on compact
submanifolds of Euclidean spaces with finite type Gauss map and they proved
that a compact hypersurface M of E**! has 1-type Gauss map if and only if M
is a hypersphere in E"*1 [7].

Hovewer the Laplacian of the Gauss map of some typical well-known surfaces
such as a helicoid, a catenoid and right cone in 3-dimensional Euclidean space E?
and a helicoids of the 1st,2nd and 3rd kind, conjugate Enneper’s surface of the
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second kind and B-scrolls in 3- dimensional Minkowski space E$ take a somewhat
different form namely,

AG = f(G+C) (1)

for some non-zero smooth function f on M and some constant vector C. This
equation is similar to an eigenvalue problem but the smooth function f is not
always constant. So a submanifold M of a pseudo-Euclidean space E" is said to
have pointwise 1-type Gauss map if its Gauss map satisfies (1) for some smooth
function f on M and some constant vector C. A submanifold with pointwise 1-
type Gauss map is said to be of the first kind if the vector C'in (1) is zero vector.
Otherwise, the pointwise 1-type Gauss map is said to be of the second kind.

Surfaces in Euclidean space and in pseudo-Euclidean space with pointwise
1-type Gauss map were recently studied in [6], [9], [10], [I1], [13], [14], [15],
[16], [20], [23], [24]. Also Dursun and Turgay in [12] gave all general rotational
surfaces in E* with proper pointwise 1-type Gauss map of the first kind and
classified minimal rotational surfaces with proper pointwise 1-type Gauss map of
the second kind. Arslan et al. in [3] investigated rotational embedded surface
with pointwise 1-type Gauss map. Arslan at el. in [4] gave necessary and sufficent
conditions for Vranceanu rotation surface to have pointwise 1-type Gauss map.
Yoon in [26] showed that flat Vranceanu rotation surface with pointwise 1-type
Gauss map is a Clifford torus and in [25] studied rotation surfaces in the 4-
dimensional Euclidean space with finite type Gauss map. Kim and Yoon in [21]
obtained the complete classification theorems for the flat rotation surfaces with
finite type Gauss map and pointwise 1-type Gauss map. The authors in [I]
studied flat general rotational surfaces in the 4- dimensional Euclidean space E*
with pointwise 1-type Gauss map and they showed that a non-planar flat general
rotational surfaces with pointwise 1-type Gauss map is a Lie group if and only if
it is a Clifford Torus. Also they gave a characterization for flat general rotation
surfaces with pointwise 1-type Gauss map in the 4- dimensional pseudo-Euclidean
space Ej [2].

On the other hand, trapped surfaces, introduced by Penrose in 1965, have a
fundamental role in the study of the singularity theorems in General Relativity.
If the mean curvature vector of a surface in EY is timelike everywhere, 1t is called
trapped surfaces; if the mean curvature vector is always null (the mean curvature
vector is proportional to one of the null normals), the surface is called marginally
trapped surface. Since the mean curvature of such spacelike surface H satisfy
|H|| = 0, in mathematical literature these surfaces are called quasi-minimal. In
general relativity, marginally trapped surfaces are used the study of the surfaces
of black hole.

S.Haesen and M. Ortega in [I8] and [19] classified marginally trapped sur-
faces which are invariant under a spacelike rotations and boost transformations
in Minkowski 4-space. Also B. Y. Chen classify marginally trapped Lorentzian
flat surfaces and biharmonic surfaces in the Pseudo Euclidean space Ej [§]. Milou-



sheva in [22] studied marginally trapped surface with pointwise 1-type Gauss map
in Minkowski 4-space and proved that marginally trapped surface is of pointwise
1-type Gauss map if and only if it has parallel mean curvature vector field.

In this paper, we study spacelike surfaces which are invariant under boost
transformation (hyperbolic rotations) in Minkowski 4-space. We give a charac-
terization of flat spacelike rotational surface with pointwise 1-type Gauss map.
Also we obtain a characterization for boost invariant marginally trapped surface
with pointwise 1-type Gauss map and give an example of such surfaces.

2 Preliminaries

Let E" be the m—dimensional pseudo-Euclidean space with signature (s, m —s).
Then the metric tensor g in E7" has the form

9= (di’fz’)z - Z (dl‘i)2

i=1 i=m—s+1

where (x1, ..., Z,,) is a standard rectangular coordinate system in E".

Let M be an n—dimensional pseudo-Riemannian submanifold of a m—dimensional
pseudo-Euclidean space EI'. We denote Levi-Civita connections of E7* and M by
V and V, respectively. Let eq,...,e,, €n41,...,6;n be an adapted local orthonor-
mal frame in E* such that es,...,e, are tangent to M and e,41,...,6,, normal to
M. We use the following convention on the ranges of indices: 1 < 1,7, k,...< n,
n+1<rst..<m,1 <A B C,..<m.

Let wq be the dual-1 form of e4 defined by ws (X) = (ea, X) and €4 =
(ea,ea) = +1. Also, the connection forms wap are defined by

dey = E epwapep, wap+wpa =0
B

Then we have

n m
=e; r
Vi = E ejwij (ex) e; + E e-hi e,
i=1

r=n+1
and
n m m
= s e E
vez = — E €j kjej + E ErWgy (ek) €r, Dez = Wgr (ek) €r, (2)
j=1 r=n+1 r=n+1

where D is the normal connection, hf, the coefficients of the second fundamental
form h. The mean curvature vector H of M in EI" is defined by

H :% Zm: zn:eieshfies

s=n+1 i=1
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and the Gaussian curvature K of M is given by

m
K = Z gs (hi1h3y — hish3y)

s=n+1

Also normal curvature tensor R” of M in E™="*2 is given by

n

RD(ej, ek; €y €5) = Zgi ( ;kh'fj - :j fk) (3)

i=1

We recall that a surface M in E{ is called extremal surface if its mean curvature
vector vanishes. If its Gaussian curvature vanishes, the surface M is called flat
surface. If its normal curvature tensor R” vanishes identically then a surface M
in Ef is said to have flat normal bundle.

For any real function f on M the Laplacian Af of f is given by

Af ==& (VeVef = Veuf) ()

)

Let us now define the Gauss map G of a submanifold M into G(n,m) in A"ET,
where G(n, m) is the Grassmannian manifold consisting of all oriented n—planes
through the origin of EI* and A"E?" is the vector space obtained by the exterior
product of n vectors in E". Let e;; A ... Ae;, and f;, A ... A f; be two vectors of
A'E™, where {ey, ....e,, } and {f1,...,fm} are orthonormal bases of E*. Define an
indefinite inner product (,) on A"EZ* by

(e Ao Neiy, fin N A ) = det (Ces fie)) -
Therefore, for some positive integer ¢, we may identify A"E" with some Euclidean

space EY where N = ") The map G : M — G(n,m) C EN defined by

G(p) = (e1 A ... Aey) (p) is called the Gauss map of M, that is, a smooth map
which carries a point p in M into the oriented n—plane in EI* obtained from
parallel translation of the tangent space of M at p in EI".

3 Boost Invariant Surfaces with Pointwise 1-
Type Gauss Map in E

In this section, we consider spacelike surfaces in the Minkowski space E{ which
are invariant under the following subgroup of direct, linear isometries of Ef:

cost —sint 0 O
sint cost 0 O
G = 0 0 1 0 teR,,

0 0 01



well-known as boost isometries.

cost —sint 0 0 ay(s)
(t5) = sint cost 0 0 0
LA I 0 1 0] ass)
0 0 0 1 ay(s)
M: o (t,s) = (on(s) cosht, o (s) sinh £, ag(s), aa(s)) (5)

where the profile curve of M is unit speed spacelike curve, that is, — (/}(s))* +
(a4(s))* + (a}(s))* = 1. We choose a moving frame ey, ey, €3, e4 such that ey, e
are tangent to M and es, e, are normal to M which are given by the following:

er = (af(s)cosht,a)(s)sinht, as(s),a)(s))
es = (sinht,cosht,0,0)
1
e3 = (14 (a)(s))*) cosh t, (1 + (o, (s))?) sinh ¢

L+ (ai(s))”

()05 ().l (5)a5 ()
(= e (0,0, ~a(s), 0 (5)
L+ (a)(s)

Then it is easily seen that
(e1,e1) = (eg,€9) = (eg,e4) =1, (e3,e3) = —1
we have the dual 1-forms as:
wy=ds and  wy = ay(s)dt (6)

By a direct computation we have components of the second fundamental form
and the connection forms as:

h?l = —C(S), h?2 =0, h§’2 = —b(S) (7)
hill = d(s), hil2 =0, h§2 =0

w2 = a(s)b(s)we, wiz = —c(s)wi, wis=d(s)w (8)

way = —b(s)wa, waa =0, wsy =a(s)d(s)w



By covariant differentiation with respect to e; and e; a straightforward calculation

gives:
Veer = cs)es+d(s)ey
Ve,er = a(s)b(s)es
@eleg =0
Ve,ea = —a(s)b(s)ey +b(s)es
Vees = c(s)er + a(s)d(s)ey
Vees = b(s)e
Vees = —d(s)e; + a(s)d(s)es
65264 =0

where ,

als) = ay(s)

—ag(s)a)(s) + af(s)ag(s)

d(s) = -
1+ (e (s))

The Gaussian curvature K of M is given by
K = —b(s)c(s)

The mean curvature H of M is given by

H =

N | —

(—hleg + h264) hl = — (b + C) and hg =d

(9)

(10)

(11)

(12)

(14)

(15)

By using (4), (9) and straight-forward computation, the Laplacian AG of the

Gauss map G can be expressed as

AG = A(s) (e1 Nea) + B(s) (ea Aes) + D(s) (e2 A ey)

where

A(s) = d* (s) — b* (s5) — 2 (s)
B(s) =V (s) + ¢ (s) + a(s)d* (s)

a(s)
D(s) =d (s) +a(s)d (s) (b (s)

+c(s))

(16)

—~
—_
0¢)

~—



Theorem 1. Let M be the flat rotation surface given by the parametrization (5).
Then M has pointwise 1-type Gauss map if and only if the profile curve of M is
parametrized by

a(s) = a (20)
1 1
as(s) = — (1+ a)? cos (azs + as)
2
1 1
au(s) = - (1+ af)?sin (azs + as)
2
or
Oél(S) = b18—|—bg (21)
az(s) = /(1+bz) cos (b1n |bys + by) ds
ay(s) = /(1+b2) sin (bIn |bys + b|) ds
where a1, ag, az by # 0, by, by and b = b are real constants.
b1 (1463) 2

Proof. Let M be the flat rotation surface given by the parametrization (5). We
suppose that M has pointwise 1-type Gauss map. By using (1) and (16), we have

fH[{Ceine) = Afs) (22)
f(CleaNes) = —B(s)
f(Cieanes) = D(s)
and
<C, A €3> = <C, A €4> = <C, €3 A €4> =0 (23)

By differentiating (23) covariantly with respect to s, we have

—a(s)B(s) + A(s) = f = 0
()D(S) =0
D(s) 0

In this case, firstly, we assume that a(s) = 0 and D(s) = 0. From (10), we obtain
that a(s) = ay. Since the profile curve is unit speed spacelike curve, we can write
(a4(5))? + (y(5))” = 1 + a?. Also we can put

[NIES

ay(s) = (1+aj)
ay(s) = (1+a)

cosf (s) (24)
sin 6 (s)

(SIS



where 6 is smooth angle function. On the other hand, since D(s) = 0, from (19)
we obtain as
d(s) =as,  ayisnon zero constant. (25)

By using (13), (24) and (25) we get

0(s) = azs + ag (26)
So from (24) and (26) we have
1 1
as(s) = — (14 a})? cos (ass + as)
2
1 1
ay(s) = - (1+ a%); sin (ags + a3)
2

Now we assume that a(s) # 0 and D(s) = 0. Since M is flat, (12) and (14) imply
that
061(8) = blS + bg (27)

for some constants b; # 0 and b, = 0. Since the profile curve is unit speed
spacelike curve, we can write (a(s))” + (4(s))? = 1+ 2. Also we can put

(NI

ay(s) = (1+107)
ay(s) = (1+b))

cosf (s) (28)
sin 6 (s)

(NI

where 6 is smooth angle function. By using (10), (11) and (19), we get
bs

W) = st (29)
On the other hand, by using (13), (27) and (28) we have
d(s) = (1+12)2 0/ (s) (30)
By combining (29) and (30) we obtain
0 (s) =bln|bys + b (31)
where b = bl(li’:’b%)% . So by substituting (31) into (28) we can write

1

az(s) = /(1+b§)2cos(bln|bls+bg|)ds

1

ay(s) = /(1+b%)2sin(b1n|bls+bg|)ds



Conversely, the surface M which is parametrized by (20) and (21) is pointwise
1-type Gauss map for

fs) = —a(s)l/ (s) — a*(s)d*(s) + d*(s) — b*(s)

and
/ 2( )72
)= LWL () VO LA
where it can be easily seen that e; (C(s)) = 0 and ey (C(s)) = 0. This completes
the proof. O

Corollary 1. Let M be the flat rotation surface given by the parametrization (5).
If M has pointwise 1-type Gauss map then the profile curve of M is a helix curve.

We will also use the following theorems and corollary.

Theorem 2. [17] Let M be an oriented mazimal surface in the Minkowski space
Et. Then M has pointwise 1-type Gauss map of the first kind if and only if M
has flat normal bundle. Hence the Gauss map G satisfies (1.1) for f = ||h||* and
C=0.

Theorem 3. [18] Let M be a spacelike rotational surface in Minkowski 4-space
given by the parametrization (5). If M marginally trapped surface then

az(s) = / (1 + (0/1)2)é cos® (s)ds (32)
ay(s) = / (1 + (0/1)2)% sinf (s) ds

and

1+ (o)) +
0(s) = —¢ ; 33
) /al (l—l—(Ozl)z)§ %)

where e = +.

Corollary 2. [18] Let M be a spacelike rotational surface in Minkowski 4-space
given by the parametrization (5). If M is a extremal surface then a unit profile
curve is given by

a(s) = < £(s),0 cosgofamtan< f+(8) ) smgofamtan< f+(£2)),

where f(s) = \/a; — (s +a2)2cmd ay,az, (o € R, a; > 0, being integration con-
stants. In particular, the surface M is immersed in a totally geodesic Lorentzian
3-space.



Theorem 4. Let M be the marginally trapped surface given by the parametriza-
tion (5) in Minkowski 4-space. Then M has pointwise 1-type Gauss map if and
only if the profile curve is given by or

an(s) = (= 1% (u2(s) +A2)* (34)

2 \2\ %
asz(s) = /(%) cosf (s)ds

2 2\ 3
au(s) = /(%) $in 6 (s) ds

2 \2\3
0(s) = —e Al 1/(u +>\)ds
(A —1)2J A+ A2

where u (s) = 05+ A3, A= 22\, \o, A3, a1 and ay are real constants.
-1

and

Proof. Let M be marginally trapped surface. This means ||H| = 0 that is
(H,H) = 0. By using (15), we get

= (b(s) + c(s)) = ed(s) (35)

where e = +. In this case, by using (35) we can rewrite the Laplacian AG of the
Gauss map G as

AG = A(s) (e Nea) —eN(s) (e2 Aeg) + N(s) (ea A ey) (36)

where

N(s) =d (s) — ea(s)d® (s) (37)
We assume that M has pointwise 1-type Gauss map. Then we have
f+f({Cene) = A(s) (38)

f(CieaNes) = eN(s)
f(C,eaNes) = N(s)

and
(Cieg Neg)y = (Crer Neq) = (Crez Aey) =0 (39)

By differentiating (39) covariantly with respect to s, we have

ea(s)N(s) + (8) o=

)
N(s) = 0

10



In this case, firstly, we assume that a(s) = 0 and N(s) = 0. From (10) and (12),
we obtain that aq(s) = a; and ¢(s) = 0, respectively. Hence from (35) we get

—b(s) = ed(s) (40)

By using (40) and (17) we obtain that A(s) = 0. So we have that f = 0. This is
a contradiction.

Now we assume that a(s) # 0 and N(s) = 0. By combining (10), (11), (12),
(13), (35) and (37), we obtain a differential equation as follows:

(14 (4(9)” + 0 (5)ad(s)) aa(s) (1 + (04(5))%) = 0
Since a; > 0 and 1+ (¢ (s))* # 0 we have
L+ ((5)* + al(s)af(s) = M

whose the solition

[NIES

ai(s) = (A — 1) ((53 +A3) + L)% (41)

(A —1)°
By using (33) and (41) we get

0(s) = —eu / %ds (42)

_ _ A _ A1
where u(s) = ds + A3, A = 725 and p = TR
Conversely, the surface M which is parametrized by (34) has pointwise 1-type
Gauss map with

f(s)=2b(s)c(s)
and
C(s)=0

This completes the proof. O

Corollary 3. Let M be marginally trapped surface given by the parametrization
(5) in Minkowski 4-space. Then M has pointwise 1-type Gauss map then M is
pointwise 1-type Gauss map of the first kind.

Corollary 4. Let M be a spacelike rotational surface in Minkowski 4-space given
by the parametrization (5). If M is extremal surface then M has pointwise 1-type
Gauss map of the first kind.

Proof. We assume that M is a spacelike rotational surface given by the parametriza-
tion (5). In that case by using (3) and (7) we obtain that M has flat normal
bundle. Hence from Theorem (@) If M is extremal surface then M has pointwise
1-type Gauss map of the first kind. O
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